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FOREWORD 

/  The  Symposium  dealt  with  recent  research  results  concerning  the  understanding  and 

prediction  of  two-dimensional  and  three-dimensional  laminar  and  turbulent  separation 
phenomena  in  subsonic,  transonic,  and  supersonic  flows.  Numerical,  analytical,  theoretical, 
and  experimental  results  were  discussed. 

The  Symposium  consisted  of  three  Sessions,  each  of  which  started  with  an  invited 
survey  paper.  The  Symposium  concluded  with  a  Round  Table  Discussion,  initiated  by 
invited  experts,  which  assessed  and  evaluated  the  Meeting  papers  and  suggested  directions 
for  future  research  effort. 

The  Symposium  was  held  at  the  Stadthalle,  Gdttingen,  at  the  invitation  of  the  German 
National  Delegates  to  AGARD. 
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OrENlNG  REMARKS 


by 

D.Kuch'^mann 


The  Fluid  Dynimics  Panel  held  its  last  Symposium  in  the  eternal  city  of  Rome  -  now  we  have  come  together 
in  the  city  of  Cidttingen,  known  as  a  city  for  just  a  little  over  one  thousand  years,  with  a  Univenity  which  is  only 
some  two  hundred  years  old.  Yet  there  is  something  about  this  place,  which  I  think  is  relevant  to  what  we  are  going 
to  do,  and  which  I  should  like  to  recall.  My  remarks  will  be  partly  personal,  -  after  all,  I  was  born  here  and  I  grew 
up  here  but  I  seriously  believe  that  the  spirit  of  this  place  (idttingen  goes  beyond  personal  feelings  and  concerns 
us  all. 

It  has  been  called  the  “(idttingen  spirit",  der  Ciottinger  (ieist,  and  I  shall  try  to  explain  what  .'(  means  to  me 
and  what  it  can  do  to  people. 

On  the  one  hand,  the  (ioltingen  spirit  means  that  human  endeavours  and  scientific  enquiries  to  find  out  about 
and  to  understand  nature  around  us  and  also  human  nature  require  and  deserve  our  most  strenuous,  vigorous,  and 
persevering  efforts:  we  must  learn  to  think  clearly  and  to  reason  we  must  know,  and  we  shall  know!  On  the  other 
hand,  it  me.  ns  that  our  work  and  thinking,  however  hard  we  exert  ourselves,  cannot  be  done  in  exclusive  and 
splendid  isolation  and  be  justified  as  being  an  end  in  itself  and  done  for  its  own  sake:  whatever  we  do,  we  must  have 
some  aim  in  mind,  which  might  benefit  the  human  society  in  which  we  live,  and  we  must  go  far  enough  in  our  work 
to  convince  ourselves  that  the  outcome  of  our  endeavours  can  be  applied  usefully  in  some  way.  Many  very  great 
men  and  women  have  lived  and  worked  here  at  (iottingen  and  acted  according  to  these  tenets.  They  taught  and  set 
an  example  to  many  others,  and  it  is  a  remarkable  characteristic  of  this  Gottingen  spirit  that  quite  ordinary  people 
with  only  modest  talents,  like  myself,  could  so  greatly  benefit  from  it.  That  is  why  I  take  the  liberty  to  use  this 
occasion  to  speak  about  it  and.  at  the  same  time,  to  offer  my  own  personal  tribute  ti  the  spirit  to  which  I  owe  so 
much. 

It  may  be  in  order  to  remind  ourselves  briefly  of  some  historical  facts.  The  University  Georgia  Augusta  was 
founded  in  1737  hy  (ieorge  II.  Igiing  of  I  ngland  and  Klector  of  Hanover,  and  the  influence  of  George's  adopted 
country  can  be  felt  quite  strongly* here,  liven  the  Dukes  and  Princes  of  Hanover,  who  used  to  live  in  the  houses 
along  the  Prin/enstrasse,  gave  their  titles  in  l.nglish  rather  than  in  (ierman.  What  concerns  us  is  that  C-6ttingen  was 
one  of  the  first  modern  Universities,  as  we  know  them  today,  designed  by  the  enlightened  Baron  Munchhausen  (of 
the  same  lower- Saxon  family  as  the  famous  traveller),  who  from  the  beginning  gathered  here  some  of  the  most 
eminent  and  outstanding  teachers  and  researchers  and  immediately  founded  a  “Royal  Society  of  Science"  according 
to  a  pattern  already  set  before  in  London.  One  of  the  many  bright  people  then  at  Gottingen  was  Lichteiiberg  who 
maintained  that  “knowledge  does  not  mean  all  the  things  we  happen  to  know  but  only  those  we  have  thought  about 
enough  to  know  how  they  hang  together  and  how  they  can  be  applied  usefully".  This  proposition  describes  the 
Gottingen  spirit  very  clearly  and  is  still  worth  thinking  about.  It  sets  two  aims  before  us:  first.  Improving  Natural 
Knowledge,  and  here  I  would  quote  Kant  in  a  passage  which  Hilbert  chose  as  an  epitaph  fur  Gauss:  “All  human 
knowledge  begins  with  intuition,  then  passes  to  concepts,  and  ends  with  ideas".  Second.  Finding  an  Application 
which  can  be  useful  to  society.  I  would  hope  that  we  can  all  agree  on  these  two  aims,  and  that  we  can  demonstrate 
that  at  this  Symposium:  that  we  have  found  out  something  and  that  we  can  mcke  ourselves  useful,  realising  that 
nobody  owes  us  a  living. 

Lichtenberg's  proposition  differs  in  a  subtle  way  but  nevertheless  radically  from  the  demands  that  are  now  made 
on  many  of  us.  Nowadays,  we  are  expected  to  demonstrate  the  socio-political  relevancy  (die  gesellschaftspolitische 
Relevan/.)  of  our  work  before  we  even  start  it.  Before  we  obtain  any  results,  we  are  expected  to  demonstrate  that 
they  will  lead  to  cost-effective  products  which  can  be  sold  in  the  ma.ket  place  at  a  profit.  This  makes  no  sense  to 
me.  and  we  can  but  hope  that  the  Gottingen  spirit  of  Lichtenberg  will  prevail  in  the  end.  On  the  other  hand,  I  am 
confident  that  we  shall  be  able  to  demonstrate  at  this  Symposium  that  there  are  people  with  intuition  working  in 
fluid  dynamics:  that  we  can  come  up  with  new  concepts  and  ideas:  and  that  we  can  think  of  useful  applications. 

Our  subject  already  provides  an  excellent  example:  how  improving  our  knowledge  of  flow  separations  in  three 
dimensions  led  us  to  realise  the  constructive  role  that  flow  separation  can  play  in  the  aerodynamic  design  of  aircraft, 
which  in  turn  led  to  the  evolution  of  the  design  concept  of  slender  wings.  This  is  how  we  do  our  work. 

To  me,  the  Gottingen  spirit  means  something  which  came  from  people  who  worked  here  in  the  1920s  and  30s, 
such  as  Felix  Klein  who  brought  David  Hilbert  here  exactly  one  hundred  years  after  Gauss  and  who  inspired  the 
marvellous  growth  of  applied  sciences  here;  Albert  Betz.  Max  Born,  Constantin  Caratheodory,  Richard  Couiant, 

Kurt  Friedrichs,  Werner  Heisenberg,  Gustav  Herglotz.  Erich  von  Holst.  Pascual  Jordan,  Walther  Nernst,  Emmy 
Noether,  Ludwig  Prandtl,  Carl  Runge,  Hermann  Weyl.  These  people  worked  in  the  spirit  and  spread  it  generously. 

It  proved  to  be  a  blessing  for  life  to  many  who  had  the  fortune  to  be  here  in  those  glorious  days.  They  are  deeply 
in  debt  to  Gottingen  and  can  never  repay  it.  This  spirit  benefitted  even  those  who  only  went  to  school  here:  the 
Headmaster  of  one  of  your  schools  was  Walther  Lietzmann  who,  as  a  student,  led  a  successful  delegation  to  dissuade 
Hilbert  from  leaving  G5ttingen  for  Berlin,  and  who  later  transformed  the  teaching  of  mathematics  in  schools;  and 
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one  of  the  science  masters  was  I'ri'  drich  Seyt'arth.  the  last  personal  assistant  to  I'elix  Klein.  This  spirit  drew  bright 
young  men  from  all  over  thi.  world  to  (iottingen,  some  of  whom  Hilbert  called  his  Wunderkinder,  and  these  include 
Patrick  Blackett.  Sidney  (loldstein,  I'rederic  Lanchester  and  Herbert  Squire  This  spirit  went  further  than  just 
mathematics  arnl  physics;  people  like  Born  or  Heisenberg  would  sit  down  and  play  the  piano  part  of  Brahms’s  cello 
s*>nata  by  sight;  and  Kunge’s  daughter,  Nina  Couranf.  was  one  of  the  first  to  revive  an  interest  in  learning  to  play 
the  viola  da  gamba  and  thus  encouraged  others  to  do  the  same.  If  you  want  to  know  more  about  this,  then  read 
the  book  “Hilbert"  by  Constance  Keid  (Springer,  1970).  There,  on  page  238,  you  will  find  a  photograph  taken  on 
Hilbert's  sixtieth  birthday  in  January  1922,  and  you  will  see  in  the  party  Richard  and  Nina  Courant,  Peter  Debye, 
James  l-'ranck.  Pdmund  Landau.  Leonard  Nelson,  Cart  Kunge.  and  also  Theodore  von  Karman  and  Ludwig  PrandtI. 

In  Ludwig  PrandtI  the  (lottingen  spirit  abounded.  He  was  one  of  the  engineers  invited  by  I'elix  Klein  to  come 
here  to  foster  the  applied  sciences.  Typically,  when  he  thought  out  the  concept  of  boundary  layers,  he  immediately 
went  on  to  consider  how  this  could  be  applied  usefully,  and  concerned  himself  with  the  practical  problem  of  flow 
separations.  We  shall  hear  more  about  him  from  Professor  Schlichting  and  more  about  How  separations  during  our 
Symposium. 

What  does  all  this  mean  to  us  today  and  what  can  we  do  about  if  Wc  know  that  the  CiOttingen  spirit  was 
assaulted  here  in  1933  in  the  most  brutal  and  destructive  manner,  yet  it  is  not  dead.  It  proved  to  be  much  stronger 
than  the  forces  of  destruction.  These  failed  completely  and  ended  in  disaster;  they  are  dead.  But  the  spirit  lives. 

We  can  still  let  ourselves  be  guided  by  it.  We  can  apply  ourselves  as  hard  as  we  can  in  the  search  for  knowledge  in 
our  beautiful  field  of  lluid  dynamics  and  then  think  about  our  findings  enough  to  know  how  they  hang  together, 
and  how  they  can  be  applied  usefully.  In  the  course  of  this,  we  must  communicate  what  we  find  out  to  others,  and 
this  is  what  we  are  going  to  do  this  week.  In  this  regard.  I  would  again  refer  to  Hilbert;  it  has  been  said  that  he 
could  produce  the  most  beautiful  prose,  "the  style  in  the  literary  sense  being  the  accurate  image  of  the  way  of 
thinking”.  We  cannot  hope  to  reach  the  level  of  Hilbert  or  PrandtI  in  our  work  and  in  our  communications,  but  we 
can  at  least  aspire  to  reach  a  decent  level  so  that  we  can  earn  our  living  honestly.  Men  like  PrandtI  have  set  us  a 
standard  to  go  by.  and  we  can  at  least  try  to  understand  it  and  not  rest  content  loo  far  but  to  live  up  to  it.  I  should 
also  like  to  think  that  Von  Karman  injected  a  good  dose  of  the  (iollingen  spirit  into  A(iARI)  and  that  this  is  still 
alive  and  will  become  apparent  this  week. 

Thus  I  am  optimistic,  after  all.  and  so  our  motto  should  he  the  words  which  are  engraved  on  a  stone  over 
Hilbert’s  grave  here  at  (iotlingen; 

Wir  rniissen  wissen 
Wir  werden  wissen 
We  must  know.  We  shall  know. 


1-1 


AN  ACCOUNT  OF  THE  SCIENTIFIC  LIFE  OF  LUDWIG  PRANDTL 
by  H.  SCHLICHTING*) 

Deu'>.8che  Forschungg-  I'nd  Versuchsanstalt  fOr  Luft-  und  Raumfahrt  e.  V. 
-  Aerodynamische  Versucheanstalt  Gdttingen  - 


SUMMARY 

This  Lecture  is  presented  on  the  occasion  of  the  hundredth  anniversary  of  LUDWIG  PRANDTL' s  birth. 
It  consists  of  the  following  three  parts; 

I)  Highlights  of  PRANDTL’ s  scientific  work 

II)  PRANDTL  as  a  luiiversity  professor 

m)  PRANDTL  as  the  head  of  a  large  research  institute. 


After  an  introduction  on  PRANDTL  s  professional  career  the  following  subjects  accompanied  by  pictures 
showing  some  quantitative  results  will  be  dealt  with  in  Part  I:  boundary  layer  theory,  wing  theory  at 
subsonic  and  supersonic  speeds,  theory  of  stabUity  of  laminar  Row.  Furthermore,  in  this  section  the 
foUowing  problems  will  be  touched  on  briefly:  Fully  developed  turbulent  flow  with  application  to  boundary 
layers,  pipe  flow  and  meteorology.  PRANDTL’ s  contributions  to  development  of  wind-tunnel  techniques 
will  also  be  mentioned. 

In  Part  U  some  remarks  will  be  made  on  the  large  number  (about  80)  of  doctoral  theses  which  have  been 
supervised  by  PRANDTL  in  his  capacity  as  Professor  of  Applied  Mechanics  at  Goettingen  University. 

In  Part  III  some  remarks  will  be  given  on  PRANDTL’ s  work  as  Director  of  the  Aerodynamische  Ver¬ 
suchsanstalt  Gottingen  (AVA)  founded  in  1907  and  of  the  Kaiser-Wilhelm-Institut  filr  StrOmungsforschung 
(now  Max-Planck4nstitut),  founded  in  1925. 

At  the  end  we  give  a  few  concluding  remarks  concerning  the  things  that  we  all  should  learn  from  PRANDTL 
and  transmit  to  future  generations  of  research  workers  in  the  field  of  applied  mechanics,  and,  particularly, 
of  fluid  mechanics. 


)  Professor,  Technical  University  Braunschweig  and  Director,  Aerodynamische  Versuchsanstalt  Goettingen. 
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1)  INTRODUCTION 

Mr.  Chairman,  Ladies  and  Gentlemen, 

About  one  year  ago,  the  Chairman  of  the  Fluid  Dynamics  Panel  asked  me  to  deliver  a  survey  lecture 
on  PRANDTL’  8  work  during  this  year*  s  AGARD  Conference  on  FLOW  SEPARATION.  The  conference 
has  been  organized  here  in  Goettingen,  Ludwig  PRaNDTL' s  work  arena  for  many  years  on  the  occasion 
of  the  hundredth  anniversary  of  his  birth.  1  accepted  this  invitation  very  gladly  and  for  a  variety  of 
reasons:  In  the  first  place,  1  feel  myself  personally  very  close  to  PRANDTL  because  since  my  student 
days,  that  is  for  almost  fifty  years,  I  have  worked  almost  exclusively  in  the  field  of  the  new  mechanics 
of  fluids  whose  foundation  was  errected  by  him.  Secondly,  1  believe  that  I  have  made  some  contributions 
to  PRANDTL' s  heritage  in  that  I  have  been  directing  for  the  last  eighteen  years  the  Aerodynamische 
Versuchsanstalt  (AVA)  errected  by  him  in  the  year  1907  in  Goettingen.  Today  this  constitutes  one  of  the 
five  research  establishments  of  the  German  Research  Institute  for  Flight  and  Space  Travel  (Deutsche 
Forschungs-  und  Versuchsanstalt  fUr  Luft-  und  Raumfahrt,  or  DFVLR).  Last,  but  not  least,  I  should 
like  to  mention  that  of  all  members  of  the  AGARD  Fluid  Dynamics  Panel  I  am  the  only  one,  except  for 
our  Chairman,  Dr.  D.  KOCHEMANN,  who  worked  directly  under  PRANDTL.  This  I  did  from  1928 
until  1935. 

I  have  organized  my  lecture  under  the  following  headings:  After  a  few  introductory  remarks  concendng 
the  situation  of  the  physics  of  fluid  flow  at  the  time  when  PRANDTL  appeared  on  the  scientific  horizon 
that  is  at  the  beginning  of  this  century,  I  shall  present  you  with  reports  on 

1.  Some  highlights  of  PRANDTL*  s  scientific  work 

2.  On  PRANDTL*  s  influence  as  a  university  professor,  and, 
finally, 

3.  On  PRANDTL' s  influence  as  the  director  of  a  large  research 
establishment. 

At  the  end,  I  shall  make  several  remarks  on  the  lessons,  which  we  can  learn  from  PRANDTL' s  endeavor. 

I  shall  illustrate  my  remarks  w*th  many  pictures;  these  will,  principally,  relate  to  the  first  part  which 
deals  with  PRANDTL’ s  scientific  work. 

Figure  1  shows  a  picture  of  PRANDTL  when  he  was  about  sixty  years  old. 

Figure  2  reviews  the  most  important  dates  in  PRANDTL*  s  long  life.  PRANDTL  was  bom  on  the  -l.h  of 
February  1875  in  the  town  of  Freising  in  Bavaria;  he  died  on  the  15th  of  August  1953  in  Goettingen  at  the 
age  of  79  years. 

He  came  to  Goettingen  in  the  year  1904.  Thus  he  spent  almost  50  years  of  this  life  (1904-1953)  in  this 
city.  In  the  year  1900,  when  PRANDTL  was  25  years  old,  he  was  awarded  his  doctorate  (Dr.  Phil)  at  the 
University  of  Munich  after  having  completed  his  studies  at  the  Technical  University  of  Munich  under 
AUGUST  FOPPL;  the  latter  earned  him  his  engineer*  s  degree  (Dipl.  -Ing. )  in  machine  design.  PRANDTL*  s 
thesis  (1900)  contained  the  solution  of  a  problem  of  elasticity  theory  whose  absence  was  then  acutely  felt 
in  industry.  This  was  the  problem  of  buckling,  that  is  of  the  lateral  instability  of  a  rod  subjected  to  com¬ 
pressions.  At  first,  PRANDTL*  s  subsequent  scientific  papers  were  devoted  to  studies  in  the  theory  of 
elasticity.  In  the  year  1901,  after  he  had  worked  in  industry  at  M,  A,  N,  in  Nuernberg  for  one  year,  that 
is  at  the  age  of  26  years,  he  was  invited  to  join  the  Faculty  of  the  Technical  University  at  HANOVER 
as  professor  of  Mechanics.  He  remained  there  until  1904.  During  that  time  he  published  the  results  of 
his  studies  on  the  stress  distribution  in  a  bar  subjected  to  torsion;  on  this  occasion  he  discovered  the 
so-called  soap-bubble  analogy. 


4Febr.  1875:  Born  in  FREISING,  Bavaria 


1900:  Doctorate  (Dr.  Phil)  ot  the  University  of  MUNICH 

1900 - 1901 :  Engineer  at  MAN  in  NUERNBERG 
1901  - 1904  Professor  ui  IcChical  University  in  HANOVER 
1904  - 1947 ;  Professor  at  University  of  GOEIIINGEN 


1907  -  1937:  Director,  AERODYNAMISCHE  VERSUCHSANSTALT  (AVA) 

1914:  Elected  to  the  Acodemy  of  Sciences  in  GOETTINGEN 

1925-1947  :  Director,  Koiser- Wilhelm -Instifut  fur  Sfroemungsforschung 
(Koiser-Wilhelm-lnstitute  for  Fluid  Mechanics) 

1947;  Emeritus  Professor  at  GOETTINGEN 


Fig.  2:  PRANDTL*  s  PROFESSIONAL 
CAREER  1875  -  1953 


15  Aug.  1953  Died  in  GOETTINGEN 
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with°thf  aif  o/  PRANDTL  substantiated  his  boLdary  layer  theory 

with  the  aid  of  experiments  m  a  smaU  water  channel  (Fig,  3),  which  he  built  with  his  own  h-.nHp 

ln°aerrautrcs°'  engineers  who  work  in  fluid  mecha;iics  and 


The  young  PRANDTL  s  achievements  were  soon  recognized  by  FELIX  KLEIN  tho  o.-o  t 
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and  the  chair  of  the  same  name  connected  with  it  PRANDTI  Mechamcs.  Based  on  this  institute 
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2)  HIGHLIGHTS  OF  PRANDTL'  S  SCIENTIFIC  WORK 

I  now  propose  to  give  you  a  quick  review  of  aome  of  the  most  important  investigations  performed  by 
PRANDTL.  In  doing  so.  I  wish  to  restrict  myself  exclusively  to  a  consideration  of  PRANDTL' s  papers 
in  the  field  of  fluid  mechanics,  regardless  of  the  fact  that  he  made  fundamental  contributions  to  the  other 
branches  of  mechanics  (elasticity  theory,  plasticity).  PRANDTL' s  work  in  the  field  of  fluid  mechanics 
will  be  reviewed  under  the  following  headings; 

1)  Boundary  Layer  Theory 

2)  Turbulent  Flow 

3)  Origin  of  Turbulence  (Stability  Theory) 

4)  Boundary  Layer  Control 

5)  Wind  Tunnels 

6)  Airfoil  Theory 

7)  Compressible  Flow 

8)  Meteorological  Problems. 

In  discussing  this  vast  area,  I  shall  endeavor  to  be  brief. 

2. 1  Boundary  Layer  Theory 

Let  me  begin  with  PRANDTL' s  boundary  layer  theory  mentioned  earlier.  This  is  the  discipline  in  which 
he  earned  his  early  fame  in  the  professional,  scientific  circles  [3,4]  .  At  the  beginning  of  this  century 
the  view  prevaLed  that  it  was  hopeless  to  try  to  solve  the  NAVIER-STOKES  equations  for  a  viscous 
fluid,  especially,  as  far  as  the  problem  of  external  flow  about  a  body  was  concerned.  For  this  reason 
PRANDTL  searched  for  approximate  solutions  concerning  the  low-viscosity  fluids,  such  as  air  and  water, 
which  are  important  in  engineering  applications.  In  the  case  of  the  two-dimensional  steady  flow  problem 
involving  incomprensible  flow  about  a  body  (Fig.  4).  it  is  necessary  to  consider  the  following  system  of 
three  partial,  nonlinear  differential  equations  for  the  components  u  and  v  of  the  velocity  and  for  the 
pressure  p  : 


(1) 

(2) 

(3) 


The  boundary  conditions  are; 


y  =  0;u  =  v=  0  (absence  of  slip  at  wall) 

y  =  00  :  u  *  U  — ►U(x) 

00 


(4) 


Fig.  4:  REDUCTION  OF  THE  NAVIER-STOKES 
EQUATIONS  TO  OBTAIN  THE  BOUN¬ 
DARY  LAYER  EQUATIONS,  PRANDTL 

1904 
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This  is  a  system  of  three  nonlinenr  partial  differential  equations  for  the  unknown  functions  u,  v  and  p 
of  the  p'<8ition  coordinates  x  and  y  .  Since  this  system  of  equations  proved  to  be  insoluble  even  for 
simple  body  shapes  owing  to  the  attendant  mathematical  difficulties,  PRANDTL  sought  aij  approximate 
solution,  which  exploited  the  physical  simplifications  resulting  from  the  small  viscosity.  These  reduced 
the  mathematical  difficulties  to  such  an  extent  that  the  simplified  system  of  equations  could  be  solved 
with  the  aid  of  the  then  existing  nnethods.  Thus  he  was  led  to  the  so-called  boundary  layer  equations  in 
which  in  equation  (2)  the  indicated  term  was  stricken  and  equation  (3)  was  dropped  altogether.  From  a 
physical  point  of  view,  the  simplification  consists  in  the  following:  PRANDTL  divided  the  complete  flow 
field  into  two  regions;  first  he  considered  the  thin  boundary  layer  developed  very  close  to  the  solid  wall 
in  which  the  frictional  forces  are  as  important  as  the  inertia  forces;  secondly,  he  introduced  the  exter¬ 
nal  region  in  which  the  flow  is  practically  frictionless. 

Mathematically  speaking,  this  leads  to  the  following: 

The  continuity  equation  (1)  remains  unaltered.  In  the  equation  for  momentum  conservation  in  the  x-direc- 
tion,  only  the  larger  of  the  two  viscous  terms  is  retained,  whereas  equation  (3)  of  conservation  of 
y^omentum  is  completely  disregarded.  The  latter  is  equivalent  to  the  statement  that  the  Quid  particles 
have  zero  mass  as  far  as  their  motion  in  the  direction  normal  to  the  wall  In  concerned.  ISince  the  number 
of  equations  is  reduced  from  three  to  two,  it  is  necessary  similarly  to  reduce  the  number  of  unknown 
functions. 

This  is  achieved  in  that  in  the  reduced  system  of  equations,  the  presciure  p(x,y)  ceases  to  be  un¬ 
known.  Even  more,  the  pressure  distribution  can  be,  so  to  say,  determim  d  beforehand  from  the  friction¬ 
less  external  flow  LI(x);  it  plays  the  part  of  a  known  force  p(x)  ,  which  is  "impressed"  on  the  boundary 
layer.  It  is  clear  that  the  preceding  simplifications  (omissions)  are  "onerous",  as  far  as  the  equations 
of  motion  ai-e  concerned.  The  fact  that  such  "mutilated"  equations  can,  in  spite  of  all  this,  lead  to  results 
which  are  useful  in  practice,  must  be  ascribed  to  PRANDTL’ s  intuitive  genius  and  ability  to  grasp  the 
essence  of  physical  reality. 

What  has  just  been  said  constitutes  the  foundation  of  PRANDTL' s  boundary  layer  theory  of  1904.  For 
this  reason  I  may  be  permitted  to  develop  it  in  a  little  more  detail  on  the  example  of  a  Qat  plate  at  zero 
incidence  (Fig.  5).  The  equations  for  the  flat  plate  assume  the  form: 


^  + 

dx 

dy  ® 

au  du 

U  ~  +  V 

dx  dy 

=  v— 

y=0:u=v=0 
y  =  00  :  u  =  U 


> 


(5) 


Fig.  5:  LAMINAR  BOUNDARY  LAYER  ON  FLAT 
PLATE 

PRANDTL  1904  -  BLASIUS  1908 


Ua.  T-'' 

— ► 


.U(x.y) 
'fftOO 


The  first  hint  on  how  to  solve  these  equations  was  given  by  PRANDTL  himself  in  his  original  paper  [3] 
of  1904;  the  explicit  solution  was  successfully  achieved  in  the  1907  thesis  of  H.  BLASIUS  [s]  . 

Here  are  the  most  important  results: 

It  is  easy  to  show  that  the  boundary  layer  thickness,  0  ,  depends  on  the  dimensional  variables  via  the 
group: 


0 


By  applying  the  similarity  transformation  fj~y/0.  or 


(6) 


(7) 
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it  become!  poaeible  to  reduce  the  solution  of  both  partial  differential  equations  to  the  solution  of 
a  single  o  rdinary  d ifferential  equation  for  the  stream  function 


((i{x,y)  -"^i/  X  •  f(jj) 


(8) 


In  this  manner  we  are  led  to  BLASIUS*  s  differential  equation 


f .  f*  +  2  f*"  =  0 


(9) 


which  is  of  the  third  order  and  which  has  to  satisfy  the  boundary  conditions 


Tj»0:f=f’=0:  fj*oo:f'=l 


(10) 


As  the  most  important  result  we  can  now  calculate  the  shearing  stress  at  the  wall  at  position  x  ,  We 
obtain 


r  (x)  • 
o 


with  f''(0)  '  0,322  . 


This  leads  to  the  expression  for  the  local  skin  friction  coefficient 


*  0.66^ 


and  for  the  skin  friction  coefficient  of  whole  plate 


(11) 


n  1 

- ii—s —  «  c  «  (BLASIUS.  1907)  (lla) 

F.fU^/2 

with  Re  =  U  x/v  and  Re,  -  U  l/u  and  F  being  the  wetted  surface  of  the  plate. 

X  00  '  I  00 

Figure  6  compares  the  former  result  with  measurements;  agreement  is  excellent  in  the  Reynolds-number 
range  Re^  =  6  •  10^  to  6  .  10^  over  which  the  boundary  layer  remains  laminar. 

Finally  Figure  7  compares  the  theoretical  result  for  the  velocity  u/U  =  f  ’  (q)  with  measurements. 

These  very  carefully  executed  measurements  of  the  velocity  distribuSon  in  the  laminar  boundary  layer 
on  a  flat  plate  were  performed  by  J.  NIKURADSE  [6]  as  late  as  in  the  mid-thirties.  They  confirm 
in  exquisite  fashion,  first,  the  existence  of  similarity  of  velocity  profiles  at  various  distances,  x  . 
along  the  plate  demanded  by  the  theory  in  that  they  all  collapse  into  a  single  curve.  Beyond  that,  the 
actual  form  of  the  velocity  distribution  shows  complete  agreement  between  theory  and  experiment. 
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Fig.  6:  LAMINAR  BOUNDARY  LAVE?  ON  FLAT 
PLATE  LOCAL  COEFFICIENT  OF  SKIN 
FRICTION 


After  the  achievement  of  this  brilliant  confirmation  of  theory  by  experiment,  it  was  possible  to  accept 
the  complete  validity  of  boundary  layer  theory  for  laminar  flows.  The  application  of  boundary  layer 
theory  to  turbulent  Rows  will  be  discussed  later  in  this  lecture. 


2.  2  Turbulent  flows 

Sphere: It  was  known  since  Reynolds's  time  [7]  that  there  existed  two  fundamentally  different  flow  regimes 
in  pipesJaminar  and  turbulent.  The  existence  of  these  two  flow  regimes  in  boundary  layers  was  discovered 
by  PRANDTL  when  EIFFEL  [s]  published  in  1912  his  measurements  on  the  drag  of  spheres  which  showed 
large  and  unexplained  mutual  deviations.  As  soon  as  this  became  known.  PRANDTL  charged  C.  WIESELS* 
BERGER  [9a]  with  the  task  of  remeasuring  the  drag  of  spheres  in  the  new  wind-tunnel  constructed  In 
Goettingen  a  couple  of  years  earlier.  The  results  of  such  measurements  are  represented  in  Figure  8  , 
v/iiich  shows  the  flow  pattern  made  visible  with  the  aid  of  smoke  as  well  as  the  plot  of  drag  against  the 
Reynolds  number.  PRANDTL  discovered  that  the  large  differences  observed  in  the  drag  coefficient  of 
spheres  can  be  explained,  if  it  is  recognized  that  the  flow  in  the  boundary  layer  can  be  either  laminar  or 
turbulent.  When  the  flow  is  laminar,  the  line  of  separation  places  itself  far  upstream  and  produces  a  wide 
wake  thus  causing  the  drag  to  become  large.  When  the  flow  becomes  turbulent,  the  separation  line  moves 
far  downstream. 
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Fla.  8:  DRAG  COEFFICIENT  OF  SPHERES  AGAINST 
REYNOLDS  NUMBER;  PRANDTL  1914 


This  results  In  a  much  narrower  wake  and  a  drag  which  is  smaller  than  that  associated  with  laminar 
flow.  It  is  in  this  connection  that  PRANDTL  discovered  experimentally  the  existence  of  a  critical 
Reynolds  number  for  the  boundary  layer.  The  crucial  experiment  for  the  clarification  of  the  early  results 
on  spheres  and  for  the  discovery  of  the  two  flow  regimes  involved  the  use  of  a  tripping  wire.  This  put 
on  the  scientific  map  the  problem  of  turbulence  which  occupied  Ludwig  PRANDTL  during  the  whole  of 
his  life.  But  many  years  were  to  pass  before  a  satisfactory  theory  for  it  could  be  created  in  PRANDTL' s 
institute. 

Smooth  pipe:  Several  years  later,  after  the  First  World  War,  that  is  about  1920,  PRANDTL  reverted 
to  the  problem  of  developed  turbulent  flows  in  connection  with  his  s^udy  of  pipe  flow.  An  analysis  of  the 
measurements  known  at  that  time  led  him  to  the  conclusion  that  the  empirical  law  for  turbulent  flow  in 
a  pipe  employed  at  that  time  needed  to  be  corrected  at  high  Reynolds  numbers.  This  law  asserted  that 
the  coefficient  of  resistance  is: 


X  =  .  (BLASIUS,  1913) 


(12) 


where  Re  =  ud/i/ ,  so  that  the  pressure  drop  was  proportional  to  the  7/4th  power  of  the  mean  velocity 
[lO].  In  the  course  of  this  investigation  he  found  that  the  resistance  approaches  the  quadratic  law  more 
and  more  closely  as  the  Reynolds  number  is  increased.  Starting  with  the  very  careful  measurements  of 
his  co-worker  J.  NIKURADSE  [l2]  and  aided  by  some  theoretical  considerations.  PRANDTL  [ll] 
succeeded  in  deriving  the  so-called  asymptotic  resistance  law 


—  '  2,0  log  {Re  VT)  -  0, 8  (PRANDTL,  1933)  (13) 

TIT 


for  smooth  pipes.  Figure  9  compares  the  two  laws  one  with  the  other  and  with  the  measurements  of  many 
authors;  the  agreement  with  PRANDTL' s  law  is  excellent.  In  the  course  of  performing  these  now  classical 
investigations  it  was  possible  to  discover  the  relation  between  the  law  of  friction  and  the  velocity  distri¬ 
bution.  BLASIUS*  s  law  in  equation  (12)  implies  a  1/7  th  power  in  the  velocity  distribution  of  the  form 


-  =  (^) 
u  'r' 


1/7 


(PRANDTL,  1921) 


(14) 
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Fig.  9:  UNIVERSAL  LAW  OF  DRAG  FOR  A 

SMOOTH  PIPE  IN  TURBULENT  FLOW; 
PRANDTL  1932 
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where  u  denotes  the  local  and  U  the  maximum  velocity,  while  y  is  the  distance  from  the  wall  and 
R  the  pipe  radius.  The  diagram  in  Fig,  10  represents  this  law  of  velocity  distribution  as  well  as  the 
universal  law 


u 

V* 


yv* 

5.  75  log  —  +  5.  5 


(PRANDTL.  1933) 


(15) 


where  v,  «  l<f'  is  the  friction  velocity,  based  on  the  shearing  stress,  t  ,  at  the  wall.  The  so-called 
laminar  sublayer  played  an  important  role  in  the  derivation  which  led  to  thif  equation.  This  is  the  very 
thin  velocity  layer  adjacent  to  the  wall  which  always  remains  laminar,  even  though  the  layer  may  become 
turbulent  at  a  larger  distance.  In  this  layer  we  have  <p  =  tj  with  t)  ’  y  v^/i/  and  ^  »  u/v^  , 
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Fig,  10:  UNIVERSAL  LAW  OF  VELOCITY  DISTRIBUTION  IN  A  SMOOTH  PIPE  ;  PRANDTL  1932 
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Rough  pipe:  A  knowledge  of  the  resistance  of  rough  pipes  is  even  more  important  in  engineering  applica¬ 
tions  than  that  of  smooth  pipes.  Recognizing  that  it  is  ver>r  difficult  geometrically  to  characterize  the 
roughnesses  that  occur  in  practice.  PRANDTL  introduced  the  concept  of  a  "normal  roughness",  that  is 
the  roughness  which  is  produced  by  sand  of  equal  grain  size,  k-  ,  and  closest  packing  in  the  pipe. 

J.  NIKURADSE  [l3]  succeeded  in  obtaining  very  clear  exf>erirnents  for  this  case.  The  diagram  in 
Fig.  11  displays  the  resistance  law  for  rough  pipes  obtained  in  this  way.  In  this  case  the  resistanct 
coefficient.  X  >  depends  on  the  relative  roughness,  h^/R  ,  in  addition  to  the  normal  dependence  on  the 
Reynolds  number.  Re  ■  ud/P  .  From  the  point  of  view  of  practical  application  it  is  important  to  deter¬ 
mine  the  limiting  or  "admissible"  value,  k  of  roughness  which  produces  no  increase  in  resistance 
compared  with  that  of  a  smooth  pipe ,  This  satisfies  the  relation 


(16) 


When  this  is  the  case  the  roughness  element  is  completely  immersed  in  the  laminar  sublayer  whose 
thickness  is  of  the  order  p/v»  .  These  results,  obtained  by  PRANDTL  and  his  co-workers  in  the  thir¬ 
ties,  can  be  regarded  as  in  a  sense  definitive  for  the  imderstanding  of  the  problem  of  (low  in  a  pipe  which 
is  so  immensely  important  in  engineering. 


3)X  =  ^  (2)X  =  ^  (D  j^=2.0loglReYj:i-08 


Fig.  11:  LOSS  COEFr'ICIENTS  FOR  ROUGH 
PIPES;  NIKURADSE  1933 


Flat  Plate:  An  understanding  of  the  skin  friction  of  a  flat  plate  at  zero  incidence  (determined  theoretically 
for  laminar  flow  by  BLASIUS  in  1907,  see  equation  (11a)  and  Figure  7)  and  at  very  large  values  of  the 
Reynolds  number  which  occur  in  turbulent  Row,  is  of  paramount  importance  for  the  calculation  of  the  drag 
of  ships,  wings  and  airplane  fuselages.  As  early  as  1921,  PRANDTL  indicated  a  method,  based  on  the  use 
of  the  momentum  integral  theorem,  which  allowed  him  to  extend  the  results  obtained  for  pipes  to  the  case 
of  the  plate  [l4]  .  In  the  case  of  a  flat  plate  at  moderately  large  Reynolds  numbers.  Re  ^  10^  to  lO*^,  he 
obtained  the  equation 


^  ^  ^07£  ^  Re<lo’  (PRANDTL,  1921)  (17) 


with  Re  *  Vl/v ,  for  the  corresponding  skin  friction  of  a  flat  plate.  This  law  is  represented  in  Fig.  12. 
The  extension  from  the  pipe  to  the  plate  was  successful  in  this  case  on  the  assumption  that  the  velocity 
profiles  along  the  plate  were  similar,  and  on  the  supposition  that  the  pipe  radius  corresponded  to  the 
boimdary  layer  thickness,  the  external  velocity  of  the  boundary  layer  being  analogous  to  that  in  the  center 
of  the  pipe.  In  the  case  of  very  large  Reynolds  numbers,  that  is  in  the  case  when  the  universal  resistance 
law  of  equation  (13)  and  the  universal  velocity  distribution  law  from  equation  (15)  become  valid,  the 
transposition  from  pipe  to  plate  becomes  considerably  more  tedious. 


The  derivation  leade  to  the  mivereal  akin  friction  law  for  a  flat  plate  [  14J. 


c  »  .  Re>10’  (PRANDTL,  SCHLICHTING,  1932)  (18) 

f  <1  n  >2, 58 
(log  Re) 


which  la  alao  plotted  In  Klg.  1 2. 
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Fig.  1 2: SKIN  FRICTION  ON  SMOOTH  PIATES 
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The  validity  of  thla  unlveraal  skin  friction  law  extends  to  Reynolds  numbers  Re  >  10  to  10  ,  that  Is 
Into  the  range  which  is  encountered  nowadays  in  the  design  of  ships.  The  resistance  law  for  rough  pipes 
could  also  be  extended  to  include  rough  plates  [  IS]  ;  the  latter  Is  seen  plotted  in  Fig,  13,  The  "relative 
roughness"  is  now  meas  tred  by  the  ratio  k^/l ,  that  is  the  ratio  of  roughness  element  height  to  plate 
length.  The  limiting,  or  admissible,  height  of  roughness  element  satisfies  the  same  equation  (16)  as 
does  that  for  a  pipe. 


Fig.  13:  SKIN  FRICTION  ON  ROUGH  PLATES; 
PRANDTL-SCHLICHTING  1932 
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Free  turbulence:  Already  REYNOLDS  was  aware  of  the  fact  that  the  velocity  fluctuations  u'  and  v'  , 
which  are  superimposed  on  the  mean  velocity  components  u  ,  v  ,  give  rise  to  large  mixing  motions  and, 
consequently,  to  considerable  "apparent  stresses". 

The  expression 


Wb 


(REYNOLDS) 


1-12 


for  the  "apparent "  or  Reynolds  stress  was  first  indicated  by  REYNOLDS  himself.  It  is  to  PRANDTL' s 
credit  that  he  was  the  first  one  to  make  it  possible,  to  calculate  developed  turbulent  flows  in  that  he 
formulated  his  "mixing  length"  theory  [16J  .  The  occurrence  of  strikingly  large  "apparent  stresses" 
of  turbulent  flow  which  are  produced  inside  the  fluid  as  a  result  of  the  exchange  of  momentum  between 
neighbouring  regions  of  different  velocities  is  explained  by  him  intuitively  through  the  introduction  of  a 
"mixing  length",  measured  at  right  angles  to  the  flow,  and  characterizing  the  turbulent  mixing  motion 
<Fig.  14). Assuming  the  existence  of  fluid  lumps  whose  mean  velocity  is  u,  PRANDTL  assumes  that  the 
mean  velocity  fluctuation  in  the  longitudinal  direction  is 


I  ^ 

dy 


(20) 


Fig.  14:  THEORY  OF  MIXING  LENGTH; 
PRANDTL  1926 


It  follows  frcn  this  representation  that  the  velocity  fluctuation  in  the  transverse  direction  must  also  be 
given  by 


v' 


(21) 


With  this  assumption  the  shearing  stress  from  equation  (19)  becomes 

2 

^turb  '  9  ■  (PRANDTL,  1926)  .  (22) 


In  subsequent  times  PRANDTL' s  students  and  many  other  authors  solved  a  large  number  of  special 
cases  of  practical  importance  on  the  basis  of  this  fundamentally  new  representation.  In  the  case  of  the 
pipe  flow,  PRANDTL  himself  made  the  simple  assumption 


I  =  Ky 


(23) 


for  the  mixing  length.  Here  y  denotes  the  distance  (ran,  the  wall,  and  c-  0,4  according  to  experiment. 
This  hypotheses  led  to  the  derivation  of  the  universal  logarithmic  velocity  -  distribution  for  pipes  as 
given  in  equation  (15).  Introducing  other  hypotheses f or  the  mixing  length,  W.  TOLLMIEN  [l7]  solved 
the  problem  of  the  spreading  of  a  jet,  whereas  H.  SCHLICHTING  [18]  solved  the  problem  of  a  two-dimen¬ 
sional  wake  behind  a  body  in  an  external  stream.  Good  agreement  with  experiments  was  achieved. 

I  may  be  interesting  to  mention  that  PRANDTL  presented  his  semi-empirical  theory  of  the  mixing  length 
at  the  Second  International  Congress  of  Applied  Mechanics  in  Zurich  in  1926.  Now.  half  a  century  later, 
none  of  the  many  "theories  of  turbulence",  conceived  by  other  authors,  especially  the  statistical  theory 
of  turbulence,  succeeded  in  replacing  it  by  something  substantially  superior  with  regard  to  the  calculation 
of  turbulent  flows. 
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2,  3  Origin  of  Turbulence  (Stability  Theory) 

In  addition  to  hia  exceaaive  theoretical  and  experimental  atudiea  on  the  problems  of  developed  turbulence, 
PRANDTL  occupied  himaelf  uninterruptedly  in  the  twenties  with  the  problem  of  the  origin  of  turbulence. 
This  problem  had  earlier,  that  ia  in  the  eighties  of  the  preceding  century,  troubled  REYNOLDS,  after  he 
had  obtained  his  fundamental  experimental  results.  The  hypothesis  that  the  appearance  of  turbulence  is 
the  result  of  an  instability  developed  by  the  laminar  motion  can  be  traced  to  REYNOLDS  (REYNOLDS'  s 
hypothesis  ).  Nevertheless,  almost  half  a  century  was  needed  to  demonstrate  theoretically  the  truth  of 
this  hypothesis  and  a  further  twenty  years  or  so  elapsed  before  an  experimental  verification  for  this 
theory  was  produced.  In  the  course  of  their  theoretical  investigations  following  the  formulation  of 
REYNOLDS'  s  hypothesis  the  mathematicians  active  in  this  field  during  the  first  decade  of  this  century 
derived  the  ORR  SOMMERFELD  equation  [  19,  20]  in  the  framework  of  a  linear  theory.  They  tried  to 
demonstrate  the  existence  of  unstable  laminar  flows  by  seeking  solutions  of  this  equation  (Fig.  15). 

The  equation  has  the  form 


(U<)  (o"  -a^«p) -U  --4“  *'-2oV'  (ORR. SOMMERFELD  1908)  (24)  ^ 


where  Re  =  U  6/»->  . 

m 


The  boundary  conditions  for  a  boundary  layer  of  thickness  6  are 


y  =  0;v)  =  <p’  =  0;  y  *  6  :  If)  =<p'  *0 


(24a) 


In  this  homogeneous  differential  equation  U(y)  denotes  the  base  flow  whose  stability  is  being  investigated, 
ip(y}  is  the  amplitude  of  the  disturbance  superimposed  on  it;  it  is  described  by  the  stream  function 


i)  (x.y.t)  =  <p(y)  e 


i(ax  -  ^t) 


and  represents  a  wave  propagated  in  the  x-direction.  The  parameter  a  is  a  real  number,  and  X  ■  2  n/a 
is  the  wavelength  of  the  disturbance,  whereas  1  A  represents  the  circular  frequency  (real 

part  ./}^)  and  the  amplification  or  attenuation  factor  (imaginary  part  - 

Whether  the  motion  is  amplified  or  damped  depends  on  the  sign,  A  >  0  signifying  amplification,  that 
is  instability.  ^ 


*)  The  dash  denotes  differentiation  with  respect  to  y/0  ;  U  is  the  velocity  at  the  edge  of  the  boimdary 
layer,  y  ■  fi  . 
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The  stability  analysis  of  a  laminar  flow  with  the  aid  of  equations  (24)  and  (24a)  constitutes  a  very  diffi¬ 
cult  eigenvalue  problem  for  this  differential  equation.  It  must  be  understood  that  the  wavelength,  a  , 
and  the  Reynolds  number,  Re  ,  are  given  quantities  and  that  the  eigenvalue  +  fi.  is  the  unknown. 

The  efforts  of  the  mathematicians  to  solve  this  equation  were  unsuccessful  for  a  long  time.  In  other  words, 
nobody  succeeded  to  discover  unstable  disturbances  for  a  given  flow  U(y)  and  so  to  calculate  a  critical 
Reynolds  number. 

When  PRANDTL  started  to  work  on  the  problem  of  transition  to  turbulence  in  1920,  he  at  first  showed  a 
certain  amount  of  skepticism  with  respect  to  the  contemporary  considerations  of  the  mathematicians. 

He  started  to  perform  experiments  in  a  six  meters  long  open  chanel  of  rectangular  cross  section  and  ob¬ 
tained  in  it  informative  pictures  illustrating  the  emergence  of  vortices.  However,  these,  by  themselves, 
brought  no  decisive  clarification.  Thus  he  induced  his  students  to  attack  the  problem  of  "instability  in 
boundary  layers"  with  the  aid  of  his  own  mathematical  methods.  In  doing  so  he  thought  that  he  could  take 
into  account  his  own  observations  when  he  provided  interpretations  for  the  results  of  mathematical  deri¬ 
vations.  At  first  he  discovered  that  the  shape  of  the  velocity  p“r>file,  U(y)  ,  formed  on  a  wall  exerts  a 
great  influence  on  the  stability  of  the  corresponding  laminar  boundary  layer.  However,  a  theory  developed 
by  O.  TIETJENS  [  22]  proved  to  be  inadequate  for  the  calculation  of  a  critical  Reynolds  number  to  charac¬ 
terize  the  instability  of  the  boundary  layer  on  a  flat  plate.  It  was  left  to  PRANDTL’ s  collaborator 
W,  TOLLMIEN  [23]  to  discover  the  decisive  breakthrough  that  led  to  the  solution  of  this  problem  in  the 
year  1929.  TOLLMIEN  was  able,  for  the  first  time,  to  calculate  theoretically  a  critical  Reynolds  number 
for  the  boundary  layer  on  a  flat  plate  at  zero  incidence.  In  the  years  to  follow,  H.  SCHLICHTING  exten¬ 
ded  the  theory  in  several  papers  [24,  25]  and  proved  that  the  critical  Reynolds  number  depended  strongly, 
among  others,  on  the  pressure  gradient  along  the  wall.  In  spite  of  the  fact  that  Ludwig  PRANDTL  sub¬ 
scribed  to  the  opinion  that  tliis  problem  had  now  found  its  complete  clarification,  it  is  strange  to  report 
that  these  theoretical  results  were  not  for  a  long  time  completely  accepted  by  the  specialists  working 
outside  Germany,  Moreover,  fourteen  years  were  to  elapse  until  the  careful  measurements  performed 
by  H.  L.  DRYDEN  and  his  colleagues  at  the  US  National  Bureau  of  Standards  fully  confirmed  this  theory 
in  the  year  1943.  The  diagram  in  Fig,  16  presents  a  comparison  between  TOLLMIEN’ s  theory  and  the 
measurements  performed  by  SCHUBAUER  and  SCRAMSTAD  [26]  .  All  points  which  represent  measured 
neutral  oscillations  in  a  boundary  layer  on  a  flat  plate  position  themselves  very  closely  to  the  theoretical 
instability  curve. 

Both,  PRANDTL  and  his  collaborators  had  lost  doubts  about  the  theory  a  long  time  before.  During  the 
Second  World  War,  that  is  before  the  time  when  DRYDEN' s  confirmation  of  the  theory  became  known  in 
Germany,  the  theory,  in  the  form  of  SCHLICHTING' s  applications  to  flows  with  arbitrary  pressure  dis¬ 
tributions,  led  to  important  insights  concerning  the  influence  of  pressure  gradients  on  the  stability  of 
laminar  boundary  layars  and  on  transition  from  laminar  to  turbulent  flow.  Finally  in  the  forties,  this 
theory  was  responsible  for  the  success  in  the  development  of  laminar  airfoils. 


Fig,  16:  STABILITY  OF  LAMINAR  BOUNDARY 
LAYER  ON  FLAT  PLATE 


2,  4  Boundary-layer  control 

It  is  remarkable  that  the  flow  in  a  boundary  layer  can  be  very  easily  in fluenced  in  a  desired  direc¬ 
tion  by  external  actions.  This  can  be  done,  for  example,  by  the  blowing  of  small  quantities  of  fluid  at 
the  wetted  wall  or  through  the  imposition  of  a  suitable  pressure  distribution.  The  first  experimental 
result,  concerning  this  class  of  problems  was  given  by  PR.\NDTL  in  his  first  paper  on  boundary  layers 
published  in  1904.  This  illustrated  the  elimination  of  separation  by  suction  in  the  wake  of  a  cylinder. 


In  the  later  years  there  developed  a  rich  Uterature  concerning  this  set  of  problems.  A  comprebens 

P^MnTT°  '*'“8  given  in  1961  by  G.  V.  LACHMANN  [27]  .a  former  student  of 

PKANDTL  8.  In  this  lecture  I  wish  to  mention  only  two  results  which  are  illustrated  with  the  aid  ol 

^s-^fast7"‘"'^"“  i’y  sucUon  throih 

auction  in  a  I'  H**^*^*K^*"fi*^  Without  suction  the  flow  separates  completely  from  both  waUs.  Wl 
walliT  ^th  walls,  there  is  no  separation  at  all;  moreover,  the  fluid  adheres  to  the  tw 

walls  in  the  manner  of  a  frictionless  potential  flow. 


(b)  Laminarization 


@  Suction 


No  Suction 


1  =  100  d 

B.L. turbulent 


Suction  Upper  Side 


B.L.  laminar 


Suction  Both  Sides 


Fig,  17:  BOUNDARY  LAYER  CONTROL 
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The  development  of  BOUNDARY  LAYER  THEORY  during 
its  first  fifty  years  is  a  fascinating  illustration  of 

-  1)  the  birth  of  a  new  concept, 

•  2)  its  slow  growth  for  many  years  in  the  hands  of 
its  creator  and  his  associates, 

-  3)  its  belated  acceptance  by  others, 

-  4)  and  the  later  almost  exponential  rise  in  the 

number  of  contributors  to  its  further  development. 


In  the  last  twenty  years  boundary  layer  theory  continued  to  grow  extensively.  1  had  tb''  privilege  to 
report  on  this  subject  to  the  Heat  Transfer  and  Fluid  Mechanics  Institute  in  1970  [>-i3]  ,  as  well  as  in 
the  WRIGHT  BROTHERS  MEMORIAL  LECTURE  of  1973  [29]  . 


2.  5  Experimental  technique  (wind-tunnels) 


A  short  time  after  his  arrival  in  Goettingen,  namely  towards  the  end  of  the  year  1906,  PRANDTL’ s 
thoughts  turned  in  a  completely  new  direction.  This  development  was  to  prove  as  important  for  his 
scientific  attainments  as  his  efforts  on  behalf  of  flows  with  separation  and  turbulence.  This  was  the  dawn 
of  the  new  era  of  aeronautics.  OTTO  LILIENTHAL  executed  in  1896  the  first  gliding  flight.  In  the  United 
States  the  brothers  WRIGHT  achieved  the  first  powered  flight  in  the  year  1903,  At  the  beginning  of  the 
20th  century  German  engineers  were  working  on  the  development  of  the  airship.  This  task  was  suppiorted 
by  the  MOTOR  LUFTSCHIFF  STUDIENGESELLSCHAFT  (Society  for  the  Study  of  Research  of  Airships). 
Ludwig  PRANDTL  participated  in  this  development  -  again  with  FELIX  KLEIN*  s  encouragement  -  in 
that  he  designed  an  installation  for  the  testing  of  models  in  a  wind  tunnel.  This  made  it  possible  to  deter¬ 
mine  wind  forces  acting  on  a  model  placed  in  a  wrind,  the  model  being  at  rest  with  respect  to  the  earth. 
This  wind  tunnel  was  built  in  1907  and  commissioned  in  1908;  it  operated  in  competition  with  another  type 
of  wind  tunnel  constructed  simultaneously  by  G.  EIFFEL  in  Paris  and  became  so  successful  that  other 
wind  tunnels  were  modelled  after  it  in  many  countries. 

Fig.  18  gives  an  impression  of  PRANDTL' s  first  wind-tunnel  of  1908;  its  essential  characteristic  is  that 
air  circulates  in  a  closed  duct.  The  most  important  characteristics  were: 


Working  section: 
maximum  speed: 
power  installed: 


2  X  2  m 

10  m/s  =  36  km/h 
30  hp. 


Working  Section:  2x2m^ 
max  Speed:  lOm/s 

Power  installed:  30  HP 


Fig.  18:  THE  FIRST  GOETTINGEN  WIND 
TUNNEL.  PRANDTL  1908 


This  first  Goettingen  wind  tunnel  had  a  closed  working  section  of  a  relatively  large  cross  section,  but  the 
wind  velocity  was  small.  The  second  wind  timnel,  built  in  1917  was  already  equipped  with  a  nozzle  of  large 
contraction  ratio;  it  also  had  a  closed  circuit  for  the  movement  of  the  air,  but  its  working  section  was 
open  and  consisted  of  a  free  jet  (Fig.  19).  The  open  working  section  is  considerably  more  convenient  for 
measurements  than  a  closed  section  owing  to  the  accessibility  of  the  model.  The  mc»^t  important  characte¬ 
ristics  of  the  second  Goettingen  tunnel  were 

4  m^  (D  =  2.  25  m) 

50  m/s  '  180  km/h 
400  hp. 


Working  section: 
maximum  speed; 
power  installed: 


Propeller 


35m  — 
/Model 


Motor 


Fig.  19:THE  SECOND  GOETTINGEN  WIND  TUNNEL 
PRANOTL-BETZ,  1917 


Working  Section:  4m*  (D  =  2.25m) 
max.  Speed:  50m/s 

Power  installed:  400  HP 


This  type  of  wind  tunnel  (the  so-called  Goettingen  type  ), 

the  most  important  experimental  aids  for  the  i-.f _ 

flow.  This  tunnel  exerted  in  all  countries  a  large  influenc 
namics  a/id  on  the  art  of  aeronautical 
first  wind  tunnel  in  1908,  the  bulk  of  t 
model  of  such  an  airship  investigated 
which  produces  an  identical  drag  when  exposed 
model  in  axial  Dow.  Soon  the  wind  tunnel  i 
and  curved  plates,  on  airfoils  and  on  lifting  surfaces.  Tl 
of  the  new  model -testing  establishment  (Aerodynamische 
fruitful  from  the  scientific  point  of  view.  In  the  field  of 
loundation  on  which  the  age  of  flying  could  be  based, 
section. 

In  this  connection  I  wish  to  mention  that  PRANDTL 
his  coUaborator  in  the  year  1911.  BETZ  played  a  d< 
experimental  installations. 


conceived  by  PRANDTL,  soon  became  one  of 
performance  of  all  manner  of  experiments  on  bodies  in 
-  ~  O"  the  development  of  the  science  of  aerody- 

engineering.  During  the  initial  years  of  the  commissioning  of  the 
work  was  performed  on  airship  models.  Fig.  20  shows  the 

’TIRMANN.  Close  by  there  is  a  circular  disk  of  a  magnitude 
to  a  stream  at  right  angles  to  its  plane  as  does  the  airship 
was  being  used  for  experiments  on  propellers  as  well  as  on  flat 
.  These  experiments  delineated  the  field  of  endeavor 
j  Versuchsanstalt),  which  proved  to  be  essentially 
engineering  this  new  establishment  became  the 
I  shall  have  more  to  say  on  this  topic  in  the  next 


Fig.  20:  AIRSHIP  MODEL  AND  DISK  OF 
EQUAL  DRAG,  FUHRMANN  1910 


M8 


The  continuous  efforts  expended  by  PRANDTL  to  understand  the  observed  characteristics  of  flows,  to 
describe  them,  as  far  as  possible,  theoretically  and  numerically,  and  to  explore  them  by  the  scientific 
method,  characterized  all  publications  which  appeared  during  these  pioneering  times.  In  the  years  1918 
and  1919  PRANDTL  submitted  two  papers  to  the  Goettingen  Academy  of  Sciences  [3l]  on  the  discoveries 
concerning  wing  theory  which  he  made  until  there.  This  publication  contained  PRANDTL' s  theory  of 
the  lifting  line  for  a  wing  of  finite  span,  the  theory  of  the  multiplane,  the  theory  of  the  wing  of  minimum 
induced  drag,  as  well  as  many  other  contributions.  This  is  an  achievement  of  the  same  rank  as  his 
boundary  layer  theory  of  1904,  I  shall  now  report  on  a  few  of  the  moat  important  -  from  the  practical 
point  of  view  -  results  of  his  work;  In  order  to  describe  the  distribution  of  lift  along  the  finite  span  of 
a  wing,  PRANDTL  established  the  following  integro-differential  equation  (Fig.  21): 


a  (y)  = 


2r(y) 


(PRANDTL,  1918) 


(25) 


Y 


y 


Fig.  21:  LIFTING  LINE  INTEGRAL  EQUA¬ 
TION,  PRANDTL  1918 


Here,  l(y)  denotes  the  prescribed  local  wing  chord,  a  (y)  is  the  given  distribution  of  the  geometrical 
angle  of  incidence,  and  r(y)  is  the  distribution  of  circAation  along  the  span  which  is  to  be  determined. 
Further  cl  denotes  the  lift  slope  of  a  wing  of  infinite  span.  The  preceding  integro-differential  equa¬ 
tion  discove^d  by  PRANDTL  forms  the  basis  of  all  of  wing  theory.  PRANDTL  indicated  a  method  to 
solve  this,  linear  in  r(y)  ,  integral  equation.  As  the  first  important  result,  equation  (25)  leads  to  the 
following  simple  expression  for  the  lift  slope  in  terms  of  the  aspect  ratio  A  -  b^/F  °  b/l  ; 


•  A 

00  A  +  2 


Loo 


A 

A  +  2 


(26) 


The  subscript  oo  refers  to  the  value  for  the  two-dimensional  problem,  that  is  for  the  aspect  ratio  A  •  oo. 

As  a  second  important  consequence  of  this  wing  theory.  PRANDTL  derived  an  expression  for  the  lift  and 
drag  as  functions  of  the  aspect  ratio  for  arbitrary  wings  subject  to  the  condition  that  A  is  large;  these 
are 

a)  for  the  lift  coefficient,  c, ,  in  terms  of  the  geometrical  angle  of  incidence,  a  .  he  found  that 

>->  g 


IN 

W  »  (aj  -  aJ 


(27) 


whereas 


b)  for  the  drag  coefficient. 


"D* 


in  terms  of  the  lift  coefficient. 


2 


c^,  he  could  prove  that 


(28) 
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The  experimental  verification  of  this  theory  is  depicted  in  Fig.  22  which  represents  a  plot  of  the  lift 
coefficient  against  the  angle  of  incidence,  and  in  Fig.  23  which  plots  the  same  quantity  against  the  drag 
coefficient.  The  values  measured  at  five  aspect  ratios  plot  directly  as  five  separate  curves.  However, 
when  they  are  reduced  by  calculation  to  an  aspect  ratio  A  °  5  they  trace  a  single  curve.  Thus,  experiment 
brilliantly  confirmed  PRANDTL’ s  wing  theory. 


Fig.  22:  WING  OF  FINITE  SPAN:  PRANDTL- 
BETZ  1921  -  LIFT  COEFFICIENT 
AGAINST  ANGLE  OF  ATTACK  FOR 
DIFFERENT  ASPECT  RATIOS 


The  preceding  results  belong  nowadays  in  the  indispensable  bag  of  tools  of  every  aeronautical  engineer. 
In  the  years  following  its  discovery,  PRANDTL'  a  wing  theory  was  extended  in  many  directions  [32-35] . 


Fig.  23:  WING  OF  FINITE  SPAN:  PRANDTL- 
BETZ  1921  ;  POLAR  CURVES  FOR 
DIFFERENT  ASPECT  RATIOS 


A  «  I  to  7 


converted  to  As 5 


2,  7  Compressible  flows 

Now  I  wish  briefly  to  touch  upon  yet  another  aspect  of  physics  of  fluid  Row  which  PRANDTL  tackled  very 
early  in  his  career  and  which  also  has  become  very  important  in  modern  aerodynamics.  Very  soon  after 
his  arrival  in  Goettingen,  PRANDTL  devoted  much  of  his  time  to  the  writing  of  his  contribution  "On  the 
Flow  of  Gases  and  Vapors"  to  the  "Encyclopedia  of  the  Mathematical  Sciences"  whose  publication  was 
taken  in  hand  by  FELIX  KLEIN  in  Goettingen  at  the  turn  of  the  century.  His  contribution  became  the  fore¬ 
runner  of  PRANDTL’  8  well-known  book  "Essentials  of  Fluid  Dynamics"  [2]  .  In  this  connection  he  star¬ 
ted  work  on  the  scientifically  novel  problem  of  the  flow  of  compressible  gases.  In  the  course  of  this  work 
he  discovered  the  exact  solution  of  the  supersonic  flow  around  a  corner  (Fig.  24),  which  entered  the 
literature  of  the  subject  under  the  name  ol  the  "PRANDTL-MEYER  expansion"  [36,  37]. 


t-20 


K<U 

|i  -  Mach  Angle 


Fig.  24:  PRANDTL-MEYER  EXPANSION  1908; 

HODOGRAPH  FOR  SUPERSONIC  FLOW 


This  solution  ,  too.  was  confirmed  by  experiments.  Later  it  turned  out  that  this  solution  was  also  very 
impoitant  for  a  large  number  of  cases  of  supersonic  flow.  The  flow  pattern  under  consideration  is  shown 
in  Fig.  24  in  the  form  of  a  hodograph.  Here  the  velocity  vectors  along  a  streamline  have  been  drawn  from 
a  single  origin,  their  end-point  t.-acing  the  hodograph  which  is  an  epicycloid. 

In  a  manner  similar  to  the  boundary  layer  paper  of  1904  and  to  the  1918/1919  paper  of  wing  theory,  the 
PRANDTL-MEYER  paper  dating  from  the  year  1907  also  became  of  fundamental  importance,  this  time 
for  the  treatment  of  compressible  flows  which  acquired  a  practical  importance  only  many  years  later. 
Quite  early,  around  1905,  PRANDTL  became  interested  in  flow  through  convergent-divergent,  or  LAVAL, 
nozzles  and  in  the  theory  of  compression  shock  waves.  At  that  time  all  these  problems  were  of  practical 
importance  only  insofar  as  they  applied  to  steam  turbines;  at  a  later  time  their  scope  was  much  extended 
in  cooperation  with  A,  BUSEMANN  [38]  .  BUSEMANN  discovered  an  approximate  graphical  method  for 
the  calculation  of  two-dimensional  supersonic  flows.  He  was  able  to  prove  that  a  two-dimensional  steady, 
potential  supersonic  flow  can  be  determined  approximately  with  the  aid  of  a  system  of  cross-crossing, 
stationare  acoustic  waves.  His  method  has  been  widely  applied  to  the  calculation  of  flow  through  super¬ 
sonic  nozzles.  In  developing  the  method  BUSEMANN  succeeded  so  to  determine  the  nozzle  profile  as  to 
produce  a  faultless,  homogeneous  parallel  stream  at  the  exit.  His  solution  has  proved  indispensible  in 
the  design  of  supersonic  wind  tunnels. 

Another  very  simple  solution  became  one  of  utmost  importance  for  flows  around  bodies  at  high  Mach 
numbers  in  the  subsonic  range  in  that  it  associated  a  simple  but  related  incompressible  flow  pattern  with 
it.  The  formula  is  known  in  the  literature  as  the  PRANDTL-GLAUERT  rule  [39]  .  When  applied  to  the 
lift  of  a  wing  at  a  subsonic  Mach  number  (Ma  <r  1).  it  assumes  the  form 


(PRANDTL-GLAUERT.  1922)  (29) 

Ma«0  "yi-Ma^' 


Fig.  25  illustrates  this  relation  as  well  as  its  experimental  verification  for  symmetric  airfoils  of  different 
thickness  ratios;  the  agreement  between  theory  and  experiment  is  very  good  until  a  so-called  critical 
value  of  the  Mach  number  is  attained.  The  discrepancy  beyond  that  value  is  caused  by  the  appearance  of 
local  shock  waves  which  cause  separation.  The  PRANDTL-GLAUERT  rule  proved  to  be  of  extraordinary 
importance  in  the  thirties  for  the  development  of  aircraft  capable  of  flying  at  increasingly  high  speeds. 
PRANDTL*  s  activities  in  this  field  were  crowned  in  1936  with  the  formulation  of  a  new  theory  of  lifting 
surfaces.  This  constituted  an  extension  [40]  of  his  earlier  theory  to  include  wings  of  large  width  (■mall 
aspect  ratio).  By  introducing  the  "acceleration  potential"  PRANDTL  succeeded  in  extending  the  earlier 
theory  in  a  very  complete  way.  This  created  a  basis  for  the  calculation  of  lift  distributions  on  lifting 
surfaces  of  finite  span  at  supersonic  speeds,  too  [4l]  . 


2. 8  Meteorological  problems 

The  progress  achieved  with  the  solution  of  problems  of  developed  turbulent  flows  in  pipes  and  along 
plates  induced  LUDWIG  PRANDTL  quite  early  to  include  the  investigations  of  meteorological  problems 
with  the  aid  of  his  discoveries.  As  early  as  1924  he  employed  his  new  hypothesis  for  the  shearing  stress 
at  a  rough  wall  in  ordc  r  to  calculate  the  velocity  distribution  in  a  wind  over  the  ground  including  the  effect 
of  a  pressure  gradient  and  of  Coriolis  forces.  The  calculation  was  performed  for  various  (0, 1  to  100  m)  - 
arbitrary  postulated  -  heights  of  roughness  elements  [42]  . 


His  first  publication  on  meteorological  applications  of  the  physics  of  fluids  was  followed  by  numerous 
others  which  endeavored  "to  desc  nbe  in  numerical  terms,  and  hence  better  to  understand"  the  general 
circulation  in  the  atmosphere,  as  i  e  himself  neatly  expressed  it.  In  this  field,  too,  success  crowned 
his  own  and  his  student  s  endeavors  in  that  they  discovered  new  solutions  to  the  differential  equations 
which  govern  these  complicated  phenomena  and  were  able  to  show  that  many  of  the  observations  which 
were  made  purely  phenomenologically  in  meteorology  proved  to  be  necessary  consequences  of  the  laws 
of  mechanics.  Needless  to  say,  in  this  field  too,  PRANDTL  did  not  restrict  himself  to  theoretical 
assumptions  and  derivations  but  invented  special  experiments  in  support  of  his  hypotheses.  Thus  there 
was  born  a  ROTATING  LABORATORY  in  which  he  could  study  the  effect  of  Coriolis  forces  [43]  .  Among 
others  this  installation  was  employed  to  render  visible  by  means  of  a  model  experiment,  the  combined 
effect  of  terrestical  rotation  and  wind  action  over  the  earth  [44]  , 

Further  problems  which  he  investigated  concerned  the  flow  in  stratified  heavy  liquids.  And  so  he  treated 
the  effect  of  the  density  differences  in  two  contiguous  air  masses,  each  of  which  is  homogeneous  by  it¬ 
self,  the  one  being  denser  than  the  other.  This  is  a  configuration  which  occurs  when  a  cold  air  mass 
stagnates  at  a  mountain  and  penetrates  into  warm  mountain  valleys  on  the  other  side.  Such  a  confluence 
of  air  masses  can  give  rise  to  a  heavy  storm  in  the  valley  at  a  time  when  the  sky  is  otherwise  cloudless 

[45]. 

The  shape  of  the  front  of  a  cold  mass  of  air  which  breaks  into  warm  air  at  rest  also  stimulated  his 
phantasy  and  prompted  him  to  engage  in  theoretical  considerations  on  the  subject.  Afterwards  he 
induced  one  of  hie  students  to  check  and  to  confirm  these  ideas  with  the  aid  of  experiments  with  dyed  salt 
solution  which  moved  over  the  bottom  over  a  w-ater  container  from  one  side  forward  [46]  . 

Further  and  beyond  he  was  interested  in  the  motion  of  all  manner  of  waves  in  stably  stratified  media  in 
which  density  varies  continuously  with  height.  The  special  case  of  waves  created  in  the  lee  of  the  crest 
of  a  mountain  belongs  in  this  category.  Such  waves  were  first  observed  in  very  high  mountains;  they 
become  very  important  for  the  flight  of  gliders  [47]  .  In  interaction  with  the  ground,  it  is  discovered 
that  the  variation  of  the  density  in  a  horizontal  direction,  and  not  only  that  in  the  vertical  direction, 
plays  a  very  important  part.  This  is  due  to  the  fact  that  the  configuration  gives  rise  to  horizontal  pressure 
differences  and  velocity  components.  Studies  of  this  kind  led,  for  example,  to  considerations  of  and  state¬ 
ments  about  the  ground  winds  that  occur  when  a  warm  front  slides  over  a  cold  front.  Finally,  I  wish  to 
mention  that  PRANDTL  succeeded  ju  clarifying  the  fundamental  problem  of  the  existence  of  a  general 
circulation  of  air  above  the  earth  by  the  use  of  fluid  mechanics.  He  was  able  to  identify  the  important 
forces  acting  in  this  connection  and  to  make  it  possible  to  perform  approximate  calculations  such  flow 
processes.  He  presented  a  paper  "On  the  Calculation  of  Weather  Pattern'  [48]  to  the  Academ.y  of 
Sciences  in  Goettingen  in  his  Tlst  year  which  can  be  regarded  as  a  crowning  contribution  to  this  series 
of  researches.  In  it  lie  developed  the  main  outline  of  a  numerical  method  to  calculate  the  pressure  and 
velocity  field  in  the  atmosphere  as  well  as  its  further  evolution  when  the  density  distribution  is  given 
at  a  certain  instant. 

Finally,  it  is  necessary  to  mention  that  this  Investigation  was  followed  by  contributions  to  the  theory  of 
jet-streams  in  the  troposphere  and  in  the  lower  layers  of  the  stratosphere.  These  were  discovered  in 
the  forties  and  fifties,  when  new  meteorological  observation  methods  were  introduced,  and  acquired 
considerable  importance  for  weather  forcasting  Euid  air  transportation.  These  jetstreams  which  blow 
from  west  to  east  with  velocities  of  over  100  m/s,  precede  extended  zones  of  bad  weather  (regions  of  low 
pressure);  they  diverge  at  their  eastern  end  and  produce  extended  zones  of  precipitation  at  their  right  • 
hand  edge,  their  wind  velocity  decreasing  to  the  value  of  the  drift  velocity  of  the  depression.  LUDWIG 
PRANDTL  was  able  to  provide  a  dynamically  justified  explanation  for  these  completely  new  phenomena 


which  were  only  discovered  in  the  forties  [49]  ,  He  was  able  to  do  this  on  the  basis  of  his  earlier  con¬ 
tributions  in  meteorology.  — 

At  this  point  I  wish  to  terminate  my  account  of  PRANDTL' s  scientific  works.  In  doing  so,  I  feel  com¬ 
pelled  once  again  to  stress  that  much  of  importance  had  to  be  left  out  of  account.  To  conclude  this  section 
I  give  a  list  which  contains  a  summary  review  of  PRANDTL*  s  Publications  including  those  of  the  doctoral 
candidates  who  worked  under  him.  His  own  publications,  including  his  books  and  contribution  to  hand¬ 
books,  have  attained  the  considerable  total  of  ISQ;  the  number  of  doctorates  reached  83. 


FfELD  OF  RESEARCH 

PRANDTL 

Publications 

THESES 

TOTAL 

Viscous  Flow: 

Boundary  Layers.  Turbulence 

33 

64 

Airfoil  Theory 

25 

40 

Compressible  Flow 

12 

5 

17 

Wind  Tunnels 

15 

2 

17 

Meteorology 

12 

8 

20 

Elasticity,  Plasticity 

14 

12 

26 

Miscellaneous  Problems 

40 

10 

50 

Books.  Contribution  to 

Handbooks 

17 

- 

17 

Total: 

Ql 

83 

251 

In  the  succeeding  sections  I  will  briefly  describe  PRANDTL’ s  endeavor  as  a  university  professor  and 
as  the  director  of  a  large  research  establishment. 


3)  PRANDTL  AS  A  UNIVERSITY  PROFESSOR 

PRANDTL'  8  career  as  an  active  university  profeesor  extended  over  a  p>'‘riod  of  time  of  more  than  45 
years,  because  he  was  appointed  at  the  young  age  of  26  years  to  an  ordinary  professorship  of  mechanics 
at  the  Technical  University  of  Hanover  in  1901,  In  1947  he  retired  from  the  professorship  at  Goettingen 
at  the  age  of  72.  During  the  whole  of  this  long  period  of  time,  PRANDTL  applied  himself  to  his  lectures 
with  great  devotion.  At  FELIX  KLEIN' s  behest,  PRANDTL  accepted  the  invitation  extended  to  him  by 
the  University  of  Goettingen  .o  occupy  the  newly  created  chair  of  ap).lied  mechanics.  He  remained  faith¬ 
ful  to  Goettingen  to  the  end  of  his  life.  PRANDTL  repeatedly  stressed  the  fact  that  the  link  between  the 
pure  and  the  applied  science  was  f'lr  him  important  as  well  as  .ndispensable  and  that  the  cultivation  of  this 
spirit  was  a  unique  feature  of  life  at  Goettingen  University. 

During  the  years  between  the  wars  PRANDTL  followe  d  a  foir  semester  cycle  of  lectures  covering 
"Mechanics  of  Rigid  Bodies",  "Graphical  Statics",  "Aerodynamics"  and  "Thermodynamics".  He  lectured 
for  four  hours  each  week  and  conducted  tutorials  for  two  additional  hours. 

A  large  number  of  young  students  was  introduced  to  the  science  of  mechanics,  and,  in  particular,  of  fluid 
mechanics  by  these  lectures.  Many  of  them  were  induced  to  continue  as  doctoral  candidates  and  to  work 
under  PRANDTL  in  one  of  the  institutes  directed  by  him.  The  fruitful  interaction  between  study  and 
research  was  achieved  under  PRANDTL  in  an  ideal  fashion.  In  the  year  1909  THEODORE  von  KARMAN 
[so]  obtained  his  doctor' s  degree  under  PRANDTL  in  Goettingen;  he  should  be  regarded  as  PRANDTL' s 
most  prominent  postgraduate  student.  For  this  reason  I  should  like  to  quote  von  KARMAN' s  opinion 
about  PRANDTL’ s  lectures  as  he  expressed  it  in  1925  on  the  occasion  of  the  latter' s  fiftieth  birthday  [5l] 

"The  fact  that  the  science  of  aeronautics  has  now  so  far  progressed 
in  its  development  that  it  has  become  a  fit  subject  for  examinations 
will  forever  and  inseparably  be  linked  with  PRANDTL' s  name", 
and:  ...  "I  consider  that  PRANDTL  is  one  of  those  men  from  whom 
one  can  learn  the  most,  even  though  one  cannot,  after  all,  apply 
to  him  the  designation"  brilliant  teacher".  His  lectures  lack  external 
lustre;  for  this  reason  his  lectures  are  less  suitable  for  beginners, 
regardless  of  the  fact  that  he  does  not  assume  much  prior  knowledge. 
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But  he  aBsumes  the  most  difficult  thing:  a  pleasure  derived  from 
the  process  of  thinking  and  an  eagerness  to  follow  a  trend  of  thought, 
particularly  one  flowing  from  intuition;  for  this  renoon  mostly  those 
learn  from  him  who  have  already  spent  a  longer  time  in  his  company 
and  who  have  come  to  know  his  mode  of  thinking". 


1  believe  that  those  among  us  who  had  the  advantage  of  personally  attending  his  lectures  will  completely 
agree  with  VON  KARMAN’ s  judgement. 

The  fact  that  PRANDTL’ s  Goettingen  lectures  fell  on  fertile  ground  is  confirmed  by  the  large  number 
of  doctoral  candidates  who  worked  under  him,  1  have  already  mentioned  in  the  previous  section  that 
their  number  reached  83. 

W.  TOLLMIEN  [52]  aptly  characterized  PRANDTL’ s  peculiar  talent  to  inspire  his  postgraduate  students 
and  co-workers  in  Uie  Institute  and  to  work  fruitfully  when  he  wrote  his  Introduction  to  PRANDTL’ s 
"Collected-Works".  He  said: 


"PRANDTL’ s  achievement  could  not  have  become  so  brilliant 
and  successful  if  he  did  not  draw  his  strength  from  his  own 
scientific  genius,  his  ability  to  inspire  a  large  number  of  students 
and  co-workers  to  a  similar  selfdenial  and  devotion  to  research. 

PRANDTL’ s  goal  was  not  so  much  to  achieve  a  flash  of  recognition 
as  to  be  able  to  systematically  illuminate  a  whole  complex  of 
questions  which,  precisely,  could  be  achieved  only  through  the 
creation  of  a  school.  Goettingen  was  just  the  place  which  made 
all  this  possible  for  him.  As  the  institutes  in  Goettingen  developed 
with  the  passage  of  years,  many  co-workers  arrived  and  augmented 
the  numbers  of  candidates  who  earned  their  doctorates  there.  They 
all  experienced  his  inspiration  through  personal  contacts  with  him". 

I  firmly  believe  that  all  tliose  who  were  lucky  enough  to  have  worked  for  some  time  in  one  of  PRANDTL' s 
institutes  will  unhesitatingly  agree  with  this  description  of  PRANDTL’ s  pedagogical  influence. 


4)  PRANDTL  AS  THL  HEAD  OF  A  LARGE  RESEARCH  INSTITUTE 

During  his  more  than  forty  years  of  active  service  in  Goettingen  PRANDTL  directed  three  institutes  in 
addition  to  tiis  university  Chair  of  Applied  Mechanics, 

These  were- 

a)  The  Institute  of  Applied  Mechanics  of  Goettingen  University,  1904  -  1946. 

b)  The  Aerodynamics  Research  Institute  (AVA  or  Aerodynamische  Versuchsanstalt),  1907  to  1937 

c)  The  Kaiser  Willielm  Institute  for  Fiuid  Mechanics  Research,  1925  -  1946  *) 


* )  The  Institute  of  Applied  Mechanics  was  not  revived  after  the  Second  World  War.  The  Kaiser  Wilhelm 
Institute  for  Fluid  Mechanics  Research  has  been  in  operation  since  1947  under  a  changed  name  as 
the  Max- Planck-Institute  for  Fluid  Mechanics.  After  tiie  Second  World  War.  the  Aerodynamics 
Research  Establishment  was  first  discontinued  and  its  research  installations  were  dismantled. 

It  was  not  until  1953,  that  it  was  resurrected  under  its  old  name  and  reconstructed.  In  1969  the 
AVA  was  transferred  to  the  German  Research  Institute  for  Flight  and  Space  Travel  (Deutsche 
Forschungs-  und  Versuchsanstalt  filr  Luft-  und  Raumfaiirt,  or  DFVLR)  as  its  Goettingen  Center. 
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his  faithful  co-worker  of  long  years  He  «Ud  remnfn  ^  direction  of  the  AVA  to  ALBERT  BETZ, 

the  AVA  untU  the  end  of  Worfd  War  II  "'"“i".  however,  a  member  of  the  Supervisory  board  of 

dlrec^r.  In  dornTe^Vwm^^ffLrmys^U  Institute 

.oS.‘  ■"  ■»>■"  ■■»' « 

Flight"  (Motor-Luftschlff-StudlengeseUschift)  The  AVa"  srew**^**  f’lt  “f  Powered 

(in  the  year  1907).  The  new  testing  teol^lque  whT^h  wJ^deveWd  f 

aeroplanes,  succeeded  under  PRANDTL  thanks  amone  othero  models  and  later  for 

.oettingen  type  (Fig.  18  and  Fig,  19).  Figure  26  shows  the  ’  invention  of  wind  tunnels  of  the 

Goettingen  wind  tunnel  from  1908  to  1919  ^Towards  the  end  building  which  housed  the  first 

the  AVA  completed  the  second  Goettingen  wind  t^nel  on  the°h  '‘d"*  ^  19”. 

BETZ;  its  free  stream  had  a  diameter^of  2  25  m-  it  had  ^  designs  prepared  by  PRANDTL  and 

400  hp;  see  Fig.  19.  *  ®  maximum  speed  of  50  ra/s  and  a  motor  of 


on  the  day  the  president  of  the  Kaiser. Wilhelm  Society  was  taken  in  1930 

the  AVA.  Fortunately,  PRANDTL  succeeded  in  maintaining  t^h  "fi/a  occasion  a  Zeppelin  visited 

through  the  difficult  years,  which  followed  the  First  World^War ^In'^th-^"h  «dnd-tunnel  . 

Wilhelm-Society.  Later,  towards  the  end  of  the  twent^s  t^rt'hi  r  ‘I'®  Kaiser- 

again,  very  many  tests  on  models  were  performed  for  the  German  aircraft  industry  blossomed 

wind  tunnel".  The  companies  DORNIER  JUNKERS  HEINKEI^Mircwocr^  “  *bis  "classical 

among  others,  were  continuously  visiting  the  AVA  brlnvl!!^^d  and  FOCKE  WULF. 

close  cooperation  between  the  AVA  .a,.d  tL  Ger-nan  Airfra^ft  testing.  This  veiy 

fruitful  for  both  sides.  It  is  no  exaggeratiL  w^enT  sav^hT  ^“'"“lating  and  exceeSngly 

completed  between  the  two  World  Wars  passed  through  tWs  G^  nUnL^if  all  design  German  aeroplanes 
did  not  get  commissioned  at  the  AVA  untU  the  middle  of  the  thirt/«  n  ‘“"nel.  Additional  wind  tunnel 
of  developing  higher  speeds).  ^  thirties  (larger  tunnels,  and  tunnels  capable 
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Fig.  28  Illustrates  the  growth  of  the  personnel  of  the  AVA  from  1907  until  1973,  Starting  as  a  two  man 
operation  in  1907,  it  became  a  large  research  establishment  at  the  end  of  the  Second  World  War,  employing 
something  like  a  total  of  750  workers;  it  comprised  six  institutes, 

PRANDTL  transferred  the  directorship  of  the  AVA  to  ALBERT  BETZ  in  the  year  1937.  A.  BETZ  gave 
a  detailed  account  [S3]  of  the  development  of  this  institute  (during  the  time  preceding  the  start  of  the 
Second  World  War),  which  was  founded  by  PRANDTL  and  which  earned  world-wide  recognition. 

For  the  sake  of  completeness  I  wish  to  put  on  record  the  following  further  details:  After  it  was  closed 
down  in  1947  and  after  its  extensive  research  installations  were  dismantled,  there  begun  in  1953  a  period 
of  slow  regeneration.  The  growth  of  the  personnel  of  the  institute  is  illustrated  in  Fig.  29.  Starting  with 
about  20  people  in  1953,  it  grew  to  include  about  280  at  the  end  of  1973.  The  re-created  AVA  also  con¬ 
siders  that  close  cooperation  with  industry,  as  initiated  by  its  previous  directors  PRANDTL  and  BETZ, 
constitutes  a  very  essential  part  of  its  work.  The  anniversary  Volume  "AVA  1945-1969"  contains  a 
detailed  account  of  its  scientific  accomplishments  during  the  period  after  the  Second  World  War  [54]  , 

To  conclude,  may  I  be  permitted  to  show  two  pictures  which  bring  back  personal  memories  and  to  cite 
one  scientific  result  taken  from  the  glorious  history  of  the,  by  PRANDTL  and  BETZ  so  successfully 
directed,  AVA,  Fig,  30  shows  a  group  photo  of  the  total  personnel  of  the  AVA  at  the  end  of  the  First 
World  War  in  November  1918.  In  the  middle  you  can  see  FTIANDTL,  and  in  the  left  up  comer  I  wish 
to  point  to  BETZ  and  WIESELSBERGER  among  others;  in  the  last  row  you  can  see  K.  F*OHLHAUSEN 
(in  uniform). 


Fig.  29:  PERSONNEL  OF  THE  AVA. 
1958  -  1973 


MUnftsr 


1965 


1967 


1969 


1973 
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Fig,  31  contain!  a  group  picture  of  the  peraonnel  of  the  AVA  taken  in  1925.  This  picture  shows  all 
people  from  the  office,  including  PRANDTL,  BETZ,  ACKERET  and  SEIFERTH,  and  in  the  front  of  the 
row  at  the  left  and  ahead.  Miss  HILDE  KREIBOHM,  who  faithfully  served  to  the  AVA  as  a  secretary 
for  a  total  of  50  years.  To  this  picture  there  belongs  another  showing  the  workshop  personnel  -  exactly 
10  people.  The  AVA  consisted  at  that  time,  that  is  in  1925,  of  the  round  number  of  30  persons,  and  one 
cannot  help  but  admire  the  abundance  of  results  achieved  by  this  small  group!  Owing  to  the  pressure 
of  time  I  must  stop  myself  from  commenting  in  greater  detail  on  the  differences  between  now  and  then; 

I  believe,  however,  that  one  should  pounder  these  changes  [55]  . 

As  my  last  picture  I  wish  to  describe  a  historic  scientific  event  which  dates  back  to  the  time  shortly 
before  the  Second  World  War.  Fig.  32  contains  polar  diagrams  of  a  swept  and  an  unswept  wing  in 
the  high-MACH«number  subsonic  regime  (Ma  =  0.7  and  0.  9).  The  corresponding  measurements  were 
performed  by  H.  LUDWIEG  and  O.  WALCHNER  [56]  under  the  direction  of  A. BETZ  in  1939  in  a  very 
small  high-speed  tunnel  of  the  AVA  (measuring  section  10  x  10  cm).  These  measurements  provided, 
for  the  first  time,  an  experimental  confirmation  of  the  superiority  of  swept  wings  in  the  high  subsonic  flow 
regime.  BUSEMANN  [57]  pointed  out  as  early  as  1935  that  adopting  a  swept  wing  would  lead  to  an  im¬ 
provement  in  the  aerodynamic  properties  of  wings  in  the  supersonic  regime. 


t^ig.  32:  SWEPT  WING  AT  HIGH  SUBSONIC 
SPEEDS;  POLAR  DIAGRAMS; 
BETZ-LUDWIEG  1939 


However,  the  fact  that  a  considerable  improvement  occurs  also  at  high  subsonic  MACHnumbers  was 
shown  precisely  by  these  AVA  measurements  of  1939. 

To-day,  swept  wings  provide  the  technical  foundation  on  wliich  we  have  errec'ed  our  intercontinental 
air  line  network. 

It  is  remarkable  that  this  great  and  important  discovery  remained  unknown  outside  Germany  until  the  end 
of  the  Second  World  War.  It  created  a  sensation  among  the  members  of  the  first  American  "Study 
Commission"  which  arrived  in  Goettingen  and  Braunschweig  in  the  spring  of  1945  under  the  leadership 
of  THEODORE  VON  KARMAN.  GEORGE  SCHAIRER,  the  chief  designer  of  BOEING,  who  was  on  the 
team,  cabled  SEATTLE  saying  [58]  : 

"Stop  the  bomber  design,  we  have  found  a  new  wing  planform". 

And  this  then  led  to  the  first  giant  aircraft  with  swept  wings  in  the  United  States  -  the  BOEING  B  47. 

And  so  I  wish  to  put  it  on  record  that  in  the  Institute  which  was  then  led  by  BETZ,  and  which  remained 
under  the  general  supervision  by  PRANDTL,  a  perfectly  fundamental  contribution  to  the  modern  aero¬ 
nautics  was  made  in  the  form  of  the  discovery  of  the  swept  wing  for  the  transonic  velocity  range. 

Allow  me.  Ladies  and  Gentlemen,  to  conclude  these  remarks  on  PRANDTL' s  effectiveness  as  a  leader 
of  a  large  research  establishment  by  reading  to  you  a  quotation  from  PRANDTL’ s  essay  entitled  "My 
road  to  hydrodynamic  theories"  [59]  . 

This  dated  back  to  a  speac'n  which  he  delivered  in  1947  on  the  occasion  of  his  election  to  Honorary  Mem¬ 
bership  of  the  German  Physical  Society,  This  quotation  which,  according  to  my  mind,  is  characteristic 
of  PRANDTL' s  personal  and  human  attitude,  reads  as  follows: 

"In  his  friendly  remarks  addressed  in  my  direction,  Mr.  HEISENBERG  stated,  among  other  things, 
that  1  had  the  ability  to  glean  from  equations,  without  calculation,  what  solution  they  may 
possess,  I  feel  compelled  to  answer  that  even  though  I  do  not  possess  such  an  ability,  I  always 
try  to  form  in  my  mind  Iclear  conception,  and  as  detailed  as  I  can  make  it.  about  the  things, 
which  lie  at  the  basis  of  my  problems,  as  well  to  understand  the  corresponding  processes.  The 
e  quations  do  not  intervene  until  later,  when  I  believe  that  I  understand  the  phenomenon;  on  the 
one  hand  they  serve  to  arrive  at  quantitative  statements  which,  evidently,  cannot  be  obtained  by 


intuition  alone;  on  the  other  hand  the  equation!  constitute  a  good  tool,  with  the  aid  of  which 
it  becomes  possible  to  produce  proofs  of  my  conclusions  that  other  people,  too,  would 
be  Inclined  to  recognize". 


5)  CONCLUDING  REMARKS 
Ladies  and  Gentlemen  I 

I  believe  that  the  preceding  account  clearly  proves  that  the  science  of  mechanics,  particularly  the 
science  of  the  mechanics  of  fluids,  progressed  enormously  through  LUDWIG  PRANDTL. 

This,  so  to  say,  placed  our  science  in  a  new  epoch.  For  us,  who  continue  to  work  in  this  field,  thus 
arises  the  question:  What  were  PRANDTL*  s  most  essential  characteristics,  which  led  him  to  such 
stunning  success  and  what  conclusions  would  we  draw  from  all  this  for  our  own  work? 

I  am  of  the  opinion  that  these  reduce,  essentially,  to  the  following  three  points: 

a)  Real  progress  in  the  field  of  fluid  mechanics  demands  the  existence  of  a  very  close  relationship 
between  experiment  and  theory;  furthermore,  theoretical  solutions  must  always  be  carried  to  a  point 
where  detailed  numerical  calculations  become  possible. 

b)  To  secure  good  progress  in  science  it  is  necessary  continually  to  introduce  able  young  cadres  to  the 
art  of  conducting  important  research.  In  this  connection,  success  is  often  achieved  when  the  director 
of  a  large  research  institute  also  assumes  teaching  duties  at  a  university. 

c)  In  order  to  safeguard  the  successful  administration  of  a  large  research  institute  it  is  absolutely 
necessary  to  place  the  top  management  in  the  hands  of  a  scientist  who  has  proved  himself  in  his 
field.  The  administration  of  a  research  institute  should  always  be  subordinate  to  its  scientific 
leadership. 

That  these  principles  are  right  has  been  convincingly  demonstrated  by  PRANDTL.  We,  who  have  adopted 
as  our  goal  to  continue  PRANDTL’ s  life*  s  endeavor,  ought  to  take  these  lessons  to  heart. 
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LAMINAR  SEPARATION  AT  A  TRAILINQ  EDQE 

by  JMftPiwrt  GUIRAUD*  end  Rwii  SCHMITT 

OfflM  NMlomI  tfEtudM  M  d*  RtdiMthM  AAoipMlilM  (ONERA) 
82320  CHATILLON  (Franet) 


Su—mnr 

Ihis  work  is  concerred  with  s  model  of 
incipient  separation  at  the  t'-ailing  edge  of  a  thin 
wing  in  incompressible  very  h.'gh  Reynolds  number  flow, 
let  £  be  the  wedge  semi-anglt  at  the  trailing  edge 
and  R  be  the  Reynolds  Number.  Riley  li  Stewartson 
(J.F.M.M*!  2  ,  3l,7j  1970)  showed  that,  under  £«  i 
and  R  ^  1,  serar^ion  occurs  right  at  the  trailing 
edge  if  t‘  R'***  «  0  (1).  We  show  that,  under 

R  ^  «  1,  a  BKjdel  of  separated  flow,  with 

a  (small)  recirculation  zone,  of  streamviae  length 

may  be  built,  which  is  consis¬ 
tent  with  a  matched  asymptotic  expansion  scheme  of 
solution  of  the  Navier-ntokes  equations  in  the  vici¬ 
nity  of  the  trailing  edge.  The  structure  of  the  flow 
involves  a  triple  deck  of  Sytehev's  type  (Mekh  Zhidk 
Oaz  1972  n®3,  p.  **7)  very  close  to  separation,  embed¬ 
ded  in  another  triple  deck,  of  Stevartsons'  type, 
which  is  relevant  to  the  overall  separated  flow. 

Angle  of  attack  effects  may  be  allowed  provided  the 
angle  of  attack  0(  is  Ignoring  angle  of 

attack  effects,  the  flow  depends  on  two  constants: 
the  value  of  vorticity  in  the  recirculation  zone 
and  the  precise  position  of  separation,  which  is 
known  alrea^  as  far  as  magnitude  is 

concerned  *Jj.  A  solution  of 

the  Sytehev's  canonical  triple  deck  problem  will 
provide  one  relation  between  these  two  constants. 

A  preliminary  step  towards  such  a  solution  is 
made  through  a  thorough  study  of  its  asymptotic 
structure  both  far  upstream  from  separation  and 
far  downstream  from  it. 


DECOLLEMENT  LAMINAIRE  AU  30RD  DE  FUITE 
Rgsum^ 

Ce  travail  a  pour  but  de  proposer  un  module 
de  la  nsdssance  de  la  separation  au  bord  de  fuite 
d'une  iiile  mince  dims  un  eoouleisent  incompressible  i 
trSs  grtmd  nombre  de  Reynolds.  Soit  £  le  demi-angle 
du  diSdre  au  bord  ric-  fi  Ite  et  R  le  nombre  de 
Reynolds.  Riic>  c  •,  'd.^wartsen  (J.F.M.  hM,  2,  31*7*1970) 
T.nt  7  ontre  que,  i<3y;rmant  f  4'.  i  ct  R  ^  1,  la 
e^'f-ratjon  i^lieu  .iujte  ru  bord  de  I'uir.e  si 

6  .  ■0(1'..  Nous  uor.trons  que,  pour 

1,  un  module  d'F.coulement  dScolie 
avec  une  (petite)  ^n*.  jie  ^cr  reflation,  d'ltendue 
longitudinale  ,  peut  7tia 

*  Also  :  UniversitC  Paris  VI  - 

Laboratoirc  da  MEcanique  ThEoriqu.^ 
assoclE  au  CNRS 
Tour  66  -  Place  Jussieu 
75230  PARIS  CEDEX  05 


construit,  qui  est  compatible  avec  un'r  representation 
de  la  solution  des  equations  de  Navier-Stokes  obtenue, 
par  la  methode  des  developpements  asymptotiques  rac- 
cordes,  au  voisinage  du  bord  de  fuite.  La  structure 
de  I'ecoulement  comprend  une  triple  couche  de  type 
Sytehev  (Mekh.  Zhidk.  Caz  1972,  n°  3,  p.l*7)  trSs  pres 
de  la  separation,  emboitee  dans  une  autre  triple 
couche,  de  type  Stewartson,  qui  s' applique  a  I'ecoule¬ 
ment  entiErement  sEpare.  Les  effets  de  I'angle  d'atta- 
que  peuvent  etre  pris  en  compte  pourvu  que  I'angle 
d'attaque  soit  Rn  ignorant  les  effets 

d' incidence,  I'Esoulement  depend  de  deux  constantes  ; 
la  valeur  du  tourbillon  dans  la  zone  de  recirculation 
et  la  position  prEcise  de  la  separation,  laquelle 
est  connue  du  mpinj  «8.  .W,.9ui  concerne  son  ordre  de 
grandeur  R'  v’jj-  solution  uu  probl&me 

canonique^  de  la  triple  couche  du  type  Sytehev  donnera 
une  relation  entre  c  :s  deux  constantes.  Une  Etape 
prEliminaire  a  I'Etablissement  d'une  telle  solution 
est  effectuEe  a  travers  I'Etude  complete  de  sa  struc¬ 
ture  asymptotique  aussi  bien  loin  en  amont  que  loin  en 
aval  du  point  de  separation. 


1  -  Introduction 

We  consider  a  thin  wing,  at  a  small 
angle  of  attack  in  a  high  Reynolds  number,  steady, 
incompressible,  laminar  flow.  We  set  6«  1  for 
the  thickness  ratio  and  c(  «  1  for  the  angle  of 
attack.  From  inviscid  linearized  theory  and 
standard  boundary  layer  theory  we  con  conqiute 
(numerically)  an  approximation  for  velocity  and 
pressure,  up  to  0(6)  and  0(E),  which  is  valid 
except  in  a  three  dimensional  neighbourhood  of  the 
edge  of  the  wing.  That  this  approximation  is  not 
uniformly  valid  is  known  from  the  works  of 
Stewartsqit  Messiter  Van  de  Vooren  and 

Dijkstra**  1  dealing  with  the  flat  plate  at  tera 
angle  of  attack  and  ^ose  of  Riley  and  Stewartsoi^ 
Brown  and  StewartsonH  for  more  general  trailing 
edge  flows.  Our  purpose  is  to  extend  Riley  and 
Stewartson's  work  for  flows  in  a  vicinity  of  a 
trailing  edge  inclusing  a  small  region  of  separated 
flow.  Riley  and  Stewartson  have  shown  that,  for 
a  wedge  like  trailing  e^.  separation  starts  at  the 
trailing  edge  when  e.OfRN)  ,  where  R  is  the 
overall  Reynolds  number,  while  Brown  and  Stewartson 
have  shown  that  this  occurs  un^r  pure  angle  of 
attack  effect  when  •E  ■  OCR  .Guiraudl^) 

deals  with  the  case  when  6*  R  ) 

'hows  th^  a  small  sepL. -at ion  bubble  occurs,  of 
exi'>nt  s'** .  'r  ’i  bubble  is  sligiitly 
unsyi:.  .'trical  due  to  angle  o'’  attack  effect  which 
acts  01.  zero  angle  of  attack  t.-ailing  f dge  flow  as 
a  small  p*rturbation  of  order  For 

pure  two  dimensional  flow  or  for^hree-dimensional 
flow,  provided  £  «  R*'*‘  the  flow  in 


I 


the  eeperated  region  conaiete  in  two  counter  . 

rotating  vortices  which  are  locally  two  dimen.imal 

in  planes  nonaal  to  the  trailing  edge,  with  constant  streamline  ,  is  the  oca  thickn 

vortieity.  (upper  or  lower)  vortex  while  I  8  *>U*  is  the 

corresponding  value  of  the  constant  voririty. 


Here  we  extend  this  work  by  looking  at 
the  process  of  separation,  which  was  just  shown  to 
rule  the  whole  trailing  edge  flow,  whithout  consi¬ 
dering  it  in  any  detail.  We  show  that  the  process 
of  separation  is  formally  identical  with  the  one 
considered  by  SytchevM  for  bluff  bodies. 

2  -  The  overall  triple  deck  structure 

We  use  dimensionless  coordinates  *4,^4, it 
near  the  (planar)  trailing  edge  P  ,  such  that  4,  is 

length  along  F  while  X4  and  are  cartesian 

coordinates  in  the  plane  normal  to  T  ,  oriented  in 
such  a  way  that  "  0  coincides  with  the  skeleton 
of  the  wing,  this  last  one  having,  locally,  the 
equation  ^4  x1£[»4  OW)]  •  We  assume 

that  >  0  is  leeward,  that  the  speed  at  infinity 
is  unity  and  that  its  projection  on  the  planform 
of  the  wing  makes  an  angle  with  the  normal  to  F 
(see  figure  1^.  For  the  dimensionless  components  of 
velocity  we  use  W,  ,  a/,  and,  for  the  dimension¬ 
less  pressure,  we  use  p  s  p,,  4-  ^4  .  The  flow 

near  the  trailing  edge  has  a  triple  deck  structure 
with  an  embedded  recirculation  zone.  Within  ♦he  outer 
deck  we  have  : 

Uf  z  c*a'f  +  6  «  B  A,*- 

(1)7  +  1  + 

p4  s£  w,  +  +  •*• 

k.  +  6p.  +  s  +  Ep,  +*(A\; 

where  are  known  functions  of 

jj  (from  a  lifting  surface  theory  numerical  compu¬ 
tation).  On  the  other  hand  we  have: 

where  y  is  holomorphic  within  the  domain  exterior 
to  AIKJB  (see  figure  2).  All  along  AIKL  and  BJKL 
the  slip  condition  holds,  while  along  the  free 
streamlines  IK  and  JK  we  have 

(3>  R.(J)=.,.(«<»'»)'’.(a*,fi=(.))‘. 


We  refer  to  K  for  some  details  concer¬ 
ning  this  flow  and  we  merely  quote  here  a  d'ew 
lesults.  First  we  observe  that  so 

that  the  term  in  HL**  is  a  small  perturbation 
due  to  angle  of  attack  effect  superposed  on  the 
symmetrical  pattern.  Second,  when  w  =u3”»0  , 

the  shape  of  IKL  and  JKL  is  given  by 

(M  x-tij  -  .(£ V  =aLxt£ il . 

mccsf  ^  I-  ,  n  ., 

A,  .(4in)r-):di4l5j 

When  to  and  LO  are  not  zero  the  shapes  are 

changed  but  the  positions  of  the  three  points 
UK  are  not.  The  function  B(y)  is  to  be  computed 
from  the  linearized,  inviscid,  distribution  of 
lift  on  the  wing.  Note  the  asymmetry  associated 
with  the  emgle  of  attack.  Our  third  point  is 
that,  close  to  separation,  from  upstream,  we  have 
a  square  root  singularity  in  the  pressure,  namely  ; 

We  observe  that  the  coefficient  of  the 
singularity  is  of  a  definite  sign,  corresponding 
to  a  pressure  rise,  as  is  shown  by  the  following 
formula  : 


_  mcaoT  ^ 


intoof 


where  $  a  cos  X  •  Note  that  K  is  the  same « 
for  the  ’eeward  and  windward  sides  because  of<u*rU®n 
which  is  required  for  continuity  of  pressure  accross 
OK. 

We  refer  to  C^]  for  the  flow  within  IKJOI 
and  we  deal  now  with  the  main  deck  which  is  a  conti¬ 
nuation  of  the  slightly  perturbed  Blasius  boundary 
layer.  We  have : 

=  p.j,  i,.e4FS,}).R\ 

I  ^  ^  ^  a  ^  ^  aM 

W,s  BKu.  t  R  V? 

4. 

'I  =  U,(5).£>A.(t)  JU 

V  =  v,(j)  -  sy  -  £’5i.«'V‘AiS)^.- 

.  w=  .£^  A,(C)U.  -fi^4£  ^AilSM." 
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where  U.(%)  and  V.(4)  may  be  obtained  from 
the  Blasivis  solution  and  where  Ae  and  Ai  are 
arbitrary  functions.  We  point  out  that  (8)  refers 
to  the  leeward  side. 

Within  the  lower  layer  we  get  ; 

—  ** 

(9)^  =  W^sfSF-il+^ASF^v+SiiRa 

X  ] 

[  r  P,  +  £  p,  +  «<  A  "*  wit'h  :  Sr  a\  £^ 


and  we  have ; 

^  ii 'Ju +5/2i +  jL  4&  4 1/«(£  L  *  Oft) 

I  -ix  '»l  ^  61  '  ^  6i  'if 

/  ^Qi  4/^£  =  0(^"J  ^ 


and,  consequently  we  find 


(  IG) 


la  +  Iw  =  0(A) 

'ix  'J'i 

i  15  4  w  =.  0  (A) 

•Ji  ^ 


j=0  ,  X<5,  ;  UrVrW  =0 

■.  a  —  kj  ,  i-l 
I  _♦>«  ;  U  ~  k^ 


We  observe  that  pj  and  p,  are  known 
from  the  solution  of  the  outer  deck.  Consider  the 
symmetrical  problem  e(  s  0  ,  near  separation  we 

have  : 


11) 


P.  =  P.  j  -  We  = 


(15) 


_  tr  _  %  '^L  r  H  1 

■"•■■J 


For  the  angle  of  attack  effect  we  have: 

.-Ji  _  ,  y. 


(16) 


P,,=  Pi,+  Wi.  (-a-ij  *4  (-«■-*)  +  ••• 


(17) 


with 


(18) 


_  _  .  ,  -%  ,v,  r  "Fi  I 

^.  =  +  ^  a,  +jLi><£  K  <^4^  ^(l) 

f;  -  i‘  Fi  -  i  (j  f;  -  f,)  - 1 = 0^  rj„). 


Near  00  we  obtain  : 

(19)  F^  .v-i,  2  e  0 


and,  consequently  we  get  the  outer  type  of  Goldstein's 
expansion  for^-<>0,  ^  fixed  : 

.  , -Ve  r  e 

(20) 

1/  /  k 

■fi 


+  Const’.  1  +  confb.  S  +  •  •  •  J 


3  ■  Separation 

From  no  on  we  assume  that  the  angle  of 
attack  is  zero.  The  expansions^  ^(1Z)  and  2(15)  break 
down  when  i  '.A  A  *  and  A  llv  are  of  the 
same  order.  This  occurs  when  £eO(B,]  0(D.)  with 


(1) 


D../y(s-r'r ,  D,..jL\if^Rr 


and  may  find,  near  separation,  a  Goldstein  type  of 
expansion  ; 

(1?)  a  =  Kj  9^1  K 'il5’'*F.(^)*-.] 

with 

(u)  F;  -|‘F;,l(’;F;-F.),|,o,5(o)=Ei»)=» 

Near  oo  we  get  ; 

(lb)  F4  FV  k,  »j‘*+a<4  7  4  0(,  4  0('(  j 

and,  consequently,  we  find  a  second  (outer)  type  of 
Goldstein's  expansion  for  ^  — »  0  •  ^  fixed. 


from  which  we  argue  that,  if  separation  occurs 
through  a  triple  deck,  this  one  must_have  length 
A_^  —  R'^l  and  thicknesses  £DjR^sR  ,  R"**  and 

R'\  respectively.  We  observe  that  these  are 
precisely  the  length  scales  which  occur  in  the  self 
induced  separation  model  of  Neiland  [5]  and 
Stewartson  and  William:.[9jas  well  as  in  other  free- 
interaction  schemes  at.  ,  for  example  in  the  model 
of  separation  by  a  free  interaction  process  as 
demonstrated  by  Sytehev  [lo]  and  Messiter  and  Enlow(.]. 
We  point  out  that  the  main  deck  of  our  eitibedded 
triple  deck  contains,  indeed,  two  layers  which  are 
respectively  the  continuations  of  the  lower  and 
main  decks  for  the  overall  triple  deck.  Within  the 
upper  I’lyer  of  tne  main  deck  we  find,  with  the 
notations  of  2(7 )  : 


(2)  / 


u=U.l^)4£>^,r^)4fc>Lc3>  24(1)4 

+  £  y I  Sjp  +  k,  a[(»-  i«)AD,]  + 

'5/  =  A’[(x-iJ/aD,].LJ,(5)H 


where  and  b4  are  numerical  constants  which^ 

are  introduced  for  further  convenience,  while  UmIS) 
are  arbitrary  functions.  The  function  A(X)  is  to 
be  determined  when  solvin^g  the  free-interaction 
problem.  The  functions  should  be  deter¬ 

mined  from  matching  with  the  main  deck  of  the 
overall  triple  deck. 

Within  the  lower  layer  of  the  main  deck 
we  have,  with  the  notations  of  2  (9): 

u:=K^4/a,(^)4/Loj>iZ^^(j) 

(3)  <  +>‘'(i‘*(j)i-Kl)4A[{x-xJ/aD,])4 

[  w  =  D,  a'/  A’[(x  -z,)/apj.  k  3  4  .  -  ■ 
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where  U4  ,  U^,  and  are  arbitrary  func¬ 

tions  of  J  which  are  to  be  detemjined  from 
matching  with  the  lower  deck  of  the  c”erall  triple 
deck.  The  function  A  is  the  same  in  (2)  and  (3). 

Within  the^lower  deck  (of  the  embedded 
triple  deck)  we  find 


(13)< 


fv-  — j 


i  =  -X 


(I.) 


and 


where 

/■a"  .  ‘.f" 


a^aC^SDjU  ,  p,=  P,  eEp, 
[  W4 =£SD,fiVu 


(5) 


?X  3x  'iZ* 

=  0 

^  -az 

provided  : 

(6)  =  C4  bj  ^  <^4  at  C4  J  £4  =Kb4 

within  the  upper  deck  we  have  : 

(  X4  .  A  5j  +  a,  A  D  X 
^4=  6AF  +0,  /^D,  5 

(7)  {  U4  s  “U,  +  £  Uj  •»  fc  D4^*u 

W4  *  iFj  U4  +£AF^  v!,  +  £D4^*w 

I  ^  =  P. 


and 


(8) 


V  ,»  V 

p  +  coo^  a  =  o 

[  u  -i  W  s  |(i  +  ‘ j] 


So  that,  through  matching  with  the  upper  layer 
of  the  main  deck,  we  set  : 


(9) 


Pfx)  - 1  A'(x)  =  F(x+to) 


I  .11  .P  /  i  /  \ 


i(®/*  fiW»  0 


Tl.e  behaviour  of  the  fj^  for  large  ts  ; 

f^4~  *^1?  ^  +  ■^‘*1  ■*■  ) 

(i5)J  ^ 

S»  7  ^  *  ’W 

,  o'  ^4  7  ■*■  ?^*+ ^4(^7) + ^“37  +  *  W 

As  a  consequence,  for  X  — —  -  ■»—*««  ;- 

such  away  that  Z/^X)*^*- 


.  -«o 

flO  we  get 


LJ*Z  4  4Ae<4Z^^  + 


z  + 


(16) 


i  I  W 

+ i  A^Z  lojZ  ♦  Z  Y^A  l-«jS+i!<A  +ii*) 


A  comparison  of  (I6)  with  (3)  shows,  first,  that, 
when  — ►  0  >  we  have 

^  -  I'.b,'’'!'''' 

rv-C4^4A 


(  17) 


I  ‘‘z  ^^464 


1^/1-033  -C4p4A^Oji.4 


while,  for 


provided 


(10)  Q.,(li^  CM*'f 

me  relations  (6)  and  (10)  fully  determin- 
the  constants  ai ,  b^,  cj,  d^.  Matching  the  pressure 
with  2(11 )  we  find  ; 

(11)  X-»-*o:  P(X)~-A(-X)*  yA=w,a4(l4 


The  behaviour  of  Ll  and  w  for  X  •  is 
found  through  a  Goldstein's  type  of  expansion, 
according  to  Sytchev  [10]  , namely  : 


(12) 


u  =  i!i; 
ay 


,  W=-23' 
'  ox 


^e  have  made  a  small  change  from  2(9 ) ,  f*  now 
stands  for  the  equation  of  the  upper  surface  of 
the  wing. 


(18)  Afxjav  o(^\  (-xf- 4lf4AW+'" 

& 


with  three  layers  (see  figure  3)  like  the  one  of 
Sytchev  [10J  is  under  current  study  and  will  be 
reported  later.  It  appears  that  : 

('9)  P(x)'v/  TT.  114  X*\  . . . 
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with  probably  zero.  The  outer  layer  is  a 

mixing  layer  between  the  continuation  of  the  main 
deck  and  the  recirculation  zone  ;  within  this 
mixing  layer  we  have  : 

(20, 


with 


C  and  t|,  are  two  numerical  constants  which  are 
determined  through  numerical  integration.  The  value 
of  depends  on  the  choice  ^*(0)  •  0  which 
states  that  Z  s  GfX)  +  IS  asymptotically 

the  equation  of  the  dividing  streamline  issued 
from  the  point  of  separation. 

Within  the  recirculation  zone  we  find  ; 

,221  X=S  ,  Z  =  5'‘'!,  - 


with  ; 


The  solutiOiT  is  easily  found  and  matching  with 
the  mixing  laye."  is  effected  along  G,  such 
that  :  |,(6,)  s  f,(o)  s  O  . 

Near  *  O  .we  find  : 


with 


and  it  is  seen  that  the  no  slip  condition  at  the 
wall  does  not  holds,  which  shows  the  necessity 
of  a  viscous  sublayer.  Within  this  laminar  sublayer 
we  find  : 


(2^)  ^  Z= 


with 


(25) 


6^ 


iJoUKloUo 


We  have  demonstrated  that  the  problem  of  inci¬ 
pient  separation  at  a  trailing  edge  is  formally 
identical  with  the  one  for  separation  in  the  flow 
around  a  bluff  body  as  was  formulated  by  Sytchev 
(lo]  ,  namely  : 


Z  ; 


(26k  X  — ^  -<o  •' 


U  /w  Z + LojZ  +  A(x) 

(■<^)  Kold 


X  -►+.*  :  hold 


[P-LA'  =  F(X  +  iO) 


We  observe  that  the  definition  of  (26)  contains 
one  undetermined  constant  n  which  enters  into 
the  problem  through  (ll).  If  one  tries  to  find  a 
solution  for  small  A  through  linearisation  one 
finds  none.  There  does  not  exist  a  continuum  of 
solutions  which  tend  to  U=Z  .  w=0  when 
A  =  O  .  We  do  not  know  whether  there  exists 
any  solution  to  (26)  but  we  may  conjecture  that 
there  is  a  smaller  value  of  A  for  which  there 
exists  a  solution.  Either  the  spectrum  of  values 
of  is  discrete  or  it  is  a  continuum.  If  the 
first  situation  holds  then  this  allows  to  determine 
the  posit^n  of  separation  through  the  determina¬ 
tion  of  <jU(  by  (11)  and  then  of  a  through  2  Ml) 
and  2  (6).  The  research  of  a  numerical  solution  of 
(26)  is  a  formidable  problem  which  has  not  been 
explored  as  yet. 
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SUMMARY 

A  theoretical  model  is  proposed  for  the  description  of  two-dimensional,  steady,  incompressible, 
laminar  boundary- layer  flow  near  a  separation  point.  It  is  assumed  that  the  pressure  just  downstream 
of  separation  is  approximately  constant,  and  asymptotic  solutions  are  then  sought  for  large  Reynolds 
number  and  small  distance.  The  first  two  terms  of  the  complex  perturbation  velocity  in  the  external  flow 
are  shown  to  imply  a  pressure  gradient  upstream  which  is  generally  favorable,  and  adverse  only  for  a 
short  distance.  This  representation  is  no  longer  valid  in  a  small  neighborhood  of  the  separation  point 
where  an  interaction  of  the  boundary  layer  with  the  external  flow  must  be  taken  into  account.  Solutions 
are  obtained  for  the  boundary  layer  jujt  upstream  and,  with  an  additional  assumption,  for  the  region  of 
backflow  just  downstream  of  this  region.  These  results  represent  a  composite  of  the  solutions  derived 
in  two  earlier  studies.  A  brief  review  and  extension  are  also  given  for  an  asymptotic  model  of  the  com¬ 
plete  wake  behind  a  circular  cylinder,  with  the  assumption  of  nonsero  drag  at  infinite  Reynolds  number. 


1 .  INTRODUCTION 


The  primary  difficulty  in  the  development  of  a  theory  for  steady  separated  flows  at  high  Reynolds 
number  is  that  the  external  potential  flow,  the  flow  in  the  boundary  layers  and  separated  shear  layers, 
and  the  recirculating  wake  flow  must  be  determined  simultaneously.  In  particular,  for  incompressible 
flow  past  a  bluff  body  such  as  a  circular  cylinder,  it  should  be  expected  that  even  the  flow  details  close 
to  a  separation  point  can  be  studied  only  in  terms  of  an  interaction  of  the  boundary  layer  with  the  local 
external  flov.  It  would  seem  to  follow  that  at  least  some  general  information  about  the  wake  is  needed 
before  a  description  of  separation  can  be  undertaken. 

For  a  prescribed  adverse  pressure  gradient,  numerical  solutions  of  the  boundary -layer  equations 
have  implied  the  presence  of  a  singularity  at  separation.  Goldstein^  studied  the  boundary-layer  flow 
approaching  a  separation  point,  assuming  a  nearly  constant  local  adverse  pressurn  gradient,  and  showed 
that  the  streamline  slope  may  increase  as  the  inverse  square  root  of  the  distance  from  separation.  His 
solution  was  expressed  by  asymptotic  expansions  of  coordinate  type,  one  in  terms  of  a  similarity  variable 
for  a  thin  sublayer  and  one  in  terms  of  the  usual  boundary- layer  coordinate  for  the  remainder  of  the  layer. 
He  also  showed  that  there  exists  no  solution  downstream  of  separation  which  is  consistent  with  these 
results  for  the  solution  upstream.  Goldstein's  analysis  was  later  extended  by  Stewartson^  and  its  impli¬ 
cations  were  studied  in  detail  by  Kaplun.  ^  Stewartson^  also  considered  the  possibility  of  a  local  boundary- 
layer  interaction  with  the  external  flow  and  showed  that  no  local  interaction  solution  exists  which  is  con¬ 
sistent  with  the  Goldstein  singularity. 


Of  the  various  models  proposed  for  the  wake  behind  a  bluff  body  placed  in  a  uniform  stream,  those 
which  seem  to  be  quoted  most  frequently  are  related  in  some  way  to  free-streamline  theory,  with  the 
pressure  taken  equal  to  its  undisturbed  value  all  along  the  separation  streamlines.  For  a  circular  cylinder 
a  family  of  solutions  is  available,  with  differing  locations  for  the  separation  points  (e.g.  ,  Thwaites^).  The 
most  reasonable  choice  is  usually  considered  to  be  the  one  solution  having  continuous  streamline  curvature 
at  separation,  for  which  the  separation  points  are  located  at  about  56  from  the  forward  stagnation  point. 
E.irlier  separation  is  precluded  because  the  predicted  separation  streamline  would  then  lie  partly  inside 
the  body.  Separation  further  downstream  would  lead  tc  an  infinite  adverse  pressure  gradient  at  separation, 
and  the  boundary  laver  would  be  expected  to  separate  before  that  point  is  reached. 


An  objection  to  the  free- streamline  theory  is  that  measured  base  pressures  at  Reynolds  numbers 
of  10*  or  10*,  such  that  the  boundary  layers  are  laminar  at  separation,  are  considerably  lower  than  the 
undisturbed  pressures.  Roshko^  and  Woods^  have  attempted  to  improve  the  agreement  with  experiment 
by  introducing  modifications  permitting  variable  pressure  behind  the  cylinder.  Roshko^  has  also  pointed 
out  that  unsteadiness  in  the  wake  will  lower  the  base  pressure,  and  suggests  that  a  complete  theory  should 
talce  this  intr.  account  for  prediction  of  the  pressures  actually  observed  at  these  Reynolds  numbers. 


Another  possible  objection  to  the  free- streamline  theory  ia  that  the  distance  between  the  separation 
streamlines  grows  parabolically  as  the  distance  from  the  body  becomes  large,  and  so  the  wake  is  not 
closed.  This  feature  seems  unacceptable  because  a  small  backflow  at  infinity  would  bo  required  to  supply 
the  mass  required  for  entrainment  in  the  separated  shear  layers  and  because  a  steady-state  closed  wake 
is  known  to  exist  at  lower  Reynolds  numbers.  One  expects  initead  that  the  wake  length  should  increase 
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continuouily  as  the  Reynolde  number  increaiee  (poaaibly  to  a  finite  limiting  value  as  suggested  by 
Batchelor^)  and  that  at  large  distance  the  flow  velocity  should  approach  the  undisturbed  value.  Thus  the 
free -streamline  theory  taken  alone  does  not  seem  to  provide  the  correct  asymptotic  solution  of  the  Navier- 
Stokes  equations  for  steady  flow  past  a  bluff  body  in  the  limit  as  the  Reynolds  number  tends  to  infinity. 

Roshko^^  and  Sychev^  ^  have  outlined  a  possible  asymptotic  solution  for  which  the  wake  length 
grows  linearly  with  Reynolds  number.  The  basic  assumption  is  that  the  drag  of  the  body  is  nonzero  in 
the  limit,  with  the  wake  pressure  taken  to  be  approximately  constant  and  equal  to  the  undisturbed  pressure. 
At  a  distance  downstream  of  the  order  of  the  typical  body  dimension,  the  separation  streamlines  are  as 
predicted  by  free- streamline  theory.  The  velocity  just  outside  these  streamlines  is  approximately  the 
free- stream  value,  and  the  fluid  between  them  has  much  smaller  velocity.  The  viscous  shear  layers 
separating  these  regions  will  grow  in  thickness  with  increasing  distance  downstream,  and  will  eventually 
come  together  at  a  large  distance  such  that  the  shear  layer  thickness  calculated  according  to  boundary- 
layer  theory  is  of  the  same  order  as  the  body  thickness.  For  a  proper  choice  of  the  wake  length,  the 
fluid  which  continues  downstream  then  has  a  momentum  deficit  equal  to  the  body  drag.  The  distance  be¬ 
tween  the  separation  streamlines  is  proportional  to  the  square  root  of  the  Reynolds  number,  for  matching 
with  the  free-streamline  solution  near  the  body. 


The  wake  models  related  to  free- streamline  theory  show  a  generally  favorable  pressure  gradient 
upstream  of  separation,  implying  that  the  adverse  pressure  gradient  required  for  separation  might  occur 
only  over  a  distance  which  decreases  to  zero  as  the  Reynolds  number  tends  to  infinity.  If  this  is  true, 
the  velocity  profile  approaching  separation  is  linear  near  the  wall,  rather  than  quadratic  as  in  the  Gold¬ 
stein  theory.  A  local  interaction  with  the  external  I'ow  th^n  has  the  same  form  as  given  in  other  applications 
by  Stewartson  and  Williams,  Stewartson,  ^  ^  Messitc*,  and  others.  In  the  limit  as  the  Reynolds  number 
becomes  arbitrarily  large,  viscous  forces  are  important  primarily  in  a  thin  sublayer  adjacent  to  the  wall, 
and  the  increase  in  displacement  thickness  of  this  sublayer  leai's  to  an  outward  displacement  of  the  stream¬ 
lines  in  the  remainder  of  the  boundary  layer.  The  pressure  changes  associated  with  the  resulting  stream¬ 
line  deflections  in  the  external  flow  must  be  the  same  as  the  prei  sure  changes  in  the  sublayer,  since  the 
interaction  occurs  over  a  distance  somewhat  larger  than  the  boui.dary-layer  thickness  and  the  streamline 
curvature  remains  small. 


The  possibility  of  studying  the  flow  near  separation  by  combining  a  local-interaction  description 
with  the  leading  terms  of  a  free- streamline  solution  has  been  shown  by  Sychev and  by  Messiter  and 
Enlow.  The  idea  is  that  for  a  circular  cylinder  the  separation  point  is  displaced  downstream  from  the 
56°  point  by  an  amount  which  decreases  as  the  Reynolds  number  increases.  There  is  then  a  singularity 
in  pressure  gradient  which  decreases  in  strength  as  the  Reynolds  number  tends  to  infinity.  A  term  in 
the  external-flo\/  solution  which  implies  constant  pressure  downstream  and  is  consistent  with  the  inter¬ 
action  formulation  was  proposed  by  Sychev,  and  its  implications  were  studied  in  detail  both  upstream  and 
downstream  of  separation.  The  term  in  the  external-flow  solution  corresponding  to  smooth  separation 
was  studied  by  Messiter  and  Enlow,  especially  with  reference  to  the  upstream  boundary-layer  flow,  by 
expansions  analogous  to  those  of  Goldstein's  theory.  These  results  have  been  reviewed  by  Lagerstrom 
and  by  Stewartson. 

The  results  to  be  presented  here  are  primarily  a  review  of  work  already  published,  but  an  attempt 
has  been  made  to  unify  the  results  and  to  develops  few  extensions  of  earlier  work  which  are  needed  for 
this  purpose.  The  next  section  summarizes  the  solutions  given  by  Svehev  and  by  Messiter  and  Enlow,  in 
a  combined  form.  For  the  assumed  pressure  gradient  it  is  shown  that  the  velocity  profile  near  the  surface 
must  have  a  specified  form  for  compatibility  with  the  wall  boundary  conditions.  The  formulation  of  a  local 
interaction  problem  is  then  reviewed  in  the  present  context.  A  solution  for  the  backflow  is  derived  for  the 
assumption  that  the  mass  in  the  backflow  is  exactly  equal  to  the  mass  required  for  entrainment  in  the 
separated  shear  layer.  It  is  to  be  emphasized  that  the  assumption  of  constant  pressure  just  downstream 
is  a  local  one  and  does  not  necessarily  imply  a  free- streamline  model  for  the  wake.  In  the  last  section 
the  wake  model  proposed  by  Roshko  and  by  Sychev  is  discussed,  and  the  possibility  of  an  infinite  sequence 
of  vortices  below  the  separation  streamline  is  considered. 

2.  THE  FLOW  MODEL  NEAR  SEPARATION 


The  local  external  flow 


It  is  convenient  to  begin  by  considering  the  family  of  free- streamline  solutions  for  flow  past  a 
circular  cylinder.  The  separation  streamline  has  continuous  curvature  only  if  separation  occurs  at  a 
specific  angle  9^  ,  equal  to  about  56°,  from  the  forward  stagnation  point.  For  separation  at  any  other 
point,  this  streamline  has  infinite  curvature  at  the  separation  point.  If  separation  were  to  occur  further 
upstream,  the  streamline  would  cut  into  the  body,  but  if  the  flow  separates  further  downstream  the  stream¬ 
line  curves  outward  from  the  body.  We  will  assume  that  separation  actually  takes  place  at  a  small  distance 
downstream  from  the  56°  point,  at  an  angle  0^  =  Oj,  +  0(c),  where  f  is  a  function  of  the  Reynolds  number 
Re  which  tends  toward  zero  as  Re  oo  .  The  pressure  gradient  is  adverse  just  ahead  of  separation  and  is 
weakly  singular  at  separation,  in  the  sense-  that  the  function  which  becomes  large  is  multiplied  by  the 
small  parameter  e. 

Nondimensional  variables  will  be  defined  in  terms  of  the  free -stream  velocity  U  and  the  cylinder 
radius  a.  Thus  the  Reynolds  number  is  Re  =  Ua/v  ,  where  v  is  the  kinematic  viscosity.  The  pressure 
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and  velocity  at  aaparatlon  are  p,  and  U,,  whore  ^  1  -f  0(c)  and  U,/U  *  1  0(c),  lo  that  and  U, 

aro  approximatoly  but  not  exactly  equal  to  the  preacura  p^  and  velocity  U  at  large  dlatancaa  from  the 
body.  We  define  nondlmenaional  coordlnatca  x  and  y  with  origin  at  the  aeparatlon  point,  moaaured  down- 
atream  along  the  aurface  and  outvvsrd  along  a  normal  to  the  aurface,  reapectively.  The  correaponding 
nondlmenaional  velocity  compor.enta  aro  u  and  v.  The  local  atatic  preaaure  ia  and  the  nondlmenaional 
perturbation  preaaure  ia  p  ^  (p  -  Pg)/(pU*).  The  Bernoulli  equation  then  ahowa  that  the  largeat  term  of 
the  perturbation  in  the  nondlmenaional  complex  velocity  la  -  (p  -f  iv). 


The  local  behavior  of  the  free-atreamline  aolution  near  aeparatlon  givea 


p  +  iv  «*l«Cjja‘^  +  1  Cl 


(1) 


We  Uke  Cq 

C||x 


v/i: 


0.  Aa  arg  a  —0,  p  -»  0  and  v  c  x'^  +  cix*^*  ;  aa 


for  Re  -‘to  and  a  =  x  +  i  y  -*0. 

arg  a  —  IT,  v  -•  0  and  p  ^  -  f  |x  |  *^  +  C|  (x|*f  *  .  Thua  along  y  =  0  the  perturbation  preaaure  ia  aero  down- 
atream  and  the  atreamline  alope  ia  zero  upatream;  a  term  i  A  a,  where  A  >  0,  could  alao  be  added  to  (1) 
to  account  for  body  curvature.  It  le  aeen  that  p  >  0  for  x  <  -e  c^/c,  and  p  <  0  for  -f  Cq/C|  <  x  <  0; 
dp/dx  <  0  for  X  <  -  -J-  f  Cn/ci  and  dp/dx  >  0  for  -  €  c^/ci  <  x  <  0,  with  dp/dx  —  oo  as  x  —  0;  and  the  mini¬ 

mum  value  of  p  ia  p  m  -  y  (c  c^)’^/  (3  C|)'^^.  More  terma  can  be  added  to  (1 )  to  account  for  higher-order 
terma  in  the  free-atreamline  aolution  and  to  correct  for  terma  omitted  from  the  approximate  Bernoulli 
equation. 


If,  aa  auggeated  above,  a  free-atreamline  solution  is  assumed,  then  p,  S  p^  end  the  value  of  C| 
is  determined.  A  relation  between  (6,  -  6^)/f  and  Cq  is  also  obtained.  Then  one  additional  condition  is 
needed,  and  presumably  can  be  found  from  a  suitable  boundary-layer  solution.  Ek).  (1),  however,  is  only 
a  local  approximation  and  so  does  not  really  require  that  the  pressure  remain  constant  all  along  the 
aeparatlon  atreamline.  Furthermore  it  ia  not  essential  to  assume  p,  ~Peo  and  0,  'vOg.  Thua  there  may 
be  as  many  as  six  unknown  constants;  the  first  two  terms  in  the  expansions  of  p,  -  p„  and  of  0,  -  6g, 
plus  Co  and  C| .  Again  all  but  one  of  the  needed  conditions  are  presumably  to  be  su^^plied  by  a  wake  solution, 
with  the  one  remaining  condition  obtained  from  a  local  boundary-layer  solution. 


The  boundary  layer  just  upatream 

Since  dp/dx  <  0  just  upstream  of  separation  except  at  small  values  of  -x,  the  boundary- layer 
velocity  profile  remains  linear  near  the  wall  except  at  small  values  of  -x.  The  velocity  near  separation 
then  is  described  by  a  basic  profile  plus  superimposed  small  changes  corresponding  to  the  pressure 
gradient  obtained  from  (1).  The  stream  function  is  defined  by 


(2) 


We  define  a  boundary- layer  y-coordinate  and  stream  function  by 

7=Re'/*y  ,  (3) 

Then  u  dZ/dy  and  v  •v  -Re**^*0tl?/0x.  The  basic  profile  is  given  by  u  ~  ijijj  fy),  where  7~*  0. 

For  small  values  of  -x,  we  anticipate  that  can  be  expressed  by  a  series  expansion  with  terms 
given  by  powers  of  x  (and  perhaps  logarithms)  multiplied  by  functions  of  y.  For  example,  the  form  of 
the  pressure  gradient  might  seem  to  suggest  the  series 

'I'o  (-*)*^*«  'i'l  (y )  +  (-x)’^*  >1^  (y )  +  •  •  • 


However,  by  substituting  this  series  in  the  boundary-layer  momentum  equation,  and  taking  the  limit  for 
C  0  and  -X  —  0,  one  easily  finds  that  (I'l  and  ijij  satisfy  first-order  equations  and  that  consequently  the 
no-alip  condition  caimot  be  satisfied.  If  we  compare  the  orders  of  magnitude  of  the  terms  uu^  and 
recalling  that  u  =  0(y  )  as  y -*0,  we  find  that  viscous  forces  should  be  expected  to  become  important 
when^  =  0(|x|'^’).  Thus  near  the  wall  we  anticipate  a  series  solution  in  terms  of  powers  of  -x  multiplied 
by  functions  of  a  similarity  variable  '^here  in  this  case  n  =  1/3.  This  is  a  form  of  solution  intro 

duced  by  Goldstein,  used  by  him  in  Ref.  1,  aa  well  as  elsewhere,  and  alao  by  many  others.  Each  of  the 
terms  in  this  expansion  satisfies  the  tangency  and  no-slip  conditions  at  7/(-x)'^’  =  0  and  a  matching  con¬ 
dition  as  y'/(-x)'^  ->  00  .  Each  term  in  a  solution  for  the  main  part  of  the  boundary  layer  satisfies  a 
matching  condition  as  y  -*  0. 


Combining  the  results  of  Sychev  and  of  Messiter  and  Enlow,  we  have  fur  the  inner  solution 

4?  w  *i7*  +  tt)  +  •  •  •  +  e  (-x)‘^*8-i/*(l)  +  •  •  •  (4) 

where  =  7/('X)'^*i  notation  for  a  general  term  is  fj^,  €  gj^.  For  the  outer  solution 

+  'f'o  (y )  +  (-x)  'I'l  (y )  +  'I'T/t  (y)  +  'I'l/i  (y )  +  •  •  • 

*  t  4o<7)  +  €(-x)‘/‘p,/t  (7)  +  €(-x)‘/*  (7)  +  •  •  • 


(5) 


Sychcv'i  darivation  was  carried  out  in  vonMisea  variablaa,  with  t|(  replacing  7  *■  independent  variable. 
Hia  reaulta  have  been  rewritten  here  in  rectangular  coordinatea,  and  correapond  to  the  terma  in  (4)  and 
(5)  which  contain  a  factor  (  .  The  remaining  terma  in  (4)  and  (5)  were  obtained  by  Meaaiter  and  Enlow. 

The  function!  f|/^(l)  and  aatiafy 


■  3  2  *1 1  ■  2  ”  * 

IN.  ^  r2i^  ^ 

g.l/l  -  B-i/l  <  2**^  ■  2  *'*■*/*  ' 


1 

1^0 


(6) 

(7) 


The  boundary  conditiona  require  that  fjy^  ,  ffH  ,  g.iy^  and  gl|/^  be  zero  at  =  0.  It  ia  alao  required  that 
there  be  no  exponentially  large  aolutiona  aa  t  —  oo  .  The  aolutiona  can  be  expreaaed  in  terma  of  confluent 
hypergeometric  function!,  and  aa  I  -*  as  it  ia  found  that 


fifi  (t)  ~  I  *7/1  ^  “’/i  ^  ^  ■ 

g.i/i(t)--|  b, 4Mt  -  4  ... 


(8) 


The  function!  in  (5)  which  aatiafy  appropriate  differential  equationa  and  match  asymptotically  as  y-*0 
with  the  terms  in  (4)  expanded  for  C  «  in  (8)  are  found  to  be 

,  ,  .  /Y  4>o  _ 

0  *^0 


't'7/*  =  At/*  4-0 

4<i/i  =  -  ci  +0  77  rjy 

4i/*  =  Bi/*  4-0 

.  I  1  1  \  .«,  ^^o  4*0 

*./>  =  'o+„/  •  T7T 


(9) 


where  At/*  =  K/»i  and  Bi/*  =  M/ai  .  Also 


<>0  ""biA  7*^ 

a  a  7  ■*  Oi  tof  matching  with  the  solution  of  (7),  and  from  (7)  it  is  found  that  b|^  =  (9/ai  )*^*  Cq  r(l  /6)/r(- 1  /3). 
Messiter  and  Enlow  studied  additional  terms  and  in  particular  showed  that  for  the  assumed  pressure 
gradient  the  form  of  the  basic  velocity  profile  4'o(y)  which  is  compatible  with  the  boundary  conditions  at 
the  wall  is 


4-0  (y  )~ai  7  +  *7/1  7’^*  +  *1Y*  +  a*  y‘  +  *n/i  7”^  +  *7  7’  •  •  •  (10) 

where  -  -  {cjl)  a,'/*r(.5/6)/r(-l/3);  a*  and  a,  are  arbitrary;  and  a* ,  a,3^j  could  be  obtained  by 
numerical  integrations. 

The  local  interaction  problem 

At  points  very  close  to  separation  it  is  expected  that  an  interaction  with  the  external  flow  must  be 
taken  into  account.  The  pressure  then  cannot  be  prescribed  but  instead  must  be  obtained  as  part  of  the 
solution.  Although  the  local  pressure  gradient  maybe  large,  the  interaction  occurs  over  a  short  distance, 
such  that  the  magnitude  of  the  local  pressure  changes  ia  small.  The  velocity  profile  is  therefore  undis¬ 
turbed  throughout  most  of  the  boundary  layer.  In  particular  o'  4o(7)i  ^nd  uo'aiy  as  y-*0.  Perturbations 
in  the  viscous  forces  are  therefore  small,  and  so  the  increased  pressure  gradient  is  balanced  primarily  by 
an  increase  in  the  magnitude  of  the  acceleration,  or  in  this  case  a  decele.'ation.  In  a  sublayer  close  to  the 
wall,  viscous  forces  must  also  be  important  in  order  that  the  no-slip  condition  may  be  satisfied. 

Thus  near  separation  we  postulate  a  representation  of  the  flow  as  lie  co  in  the  form  given,  e.g.  , 
in  Refs.  12,  13,  and  14.  For  a  short  Interaction  distance,  we  require  in  a  sublayer  very  close  to  the  wall 
that  mass  be  conserved;  that  viscous,  pressure,  and  inertia  forces  be  of  the  same  order  of  magnitude; 
that  u  =  0(y);  and  that  the  streamline  slope  v/u  be  of  the  same  order  of  magnitude  as  the  nondimensional 
pressure  perturbation  p.  The  last  condition  followr  from  the  result,  which  we  will  anticipate,  that  not 
only  can  8p/8y  be  neglected  but  also  that  the  largest  term  in  v/u  is  independent  of  7  except  in  the  sub¬ 
layer.  Since  v/u  and  p  are  of  the  same  order  in  the  external  flow  outside  the  boundary  layer,  they  are 
also  of  the  same  order  in  the  sublayer. 

These  conditions  are  sufficient  to  show  that  the  interaction  occurs  over  a  distance  Ax  =  0(Re*^^'); 
the  sublayer  is  characterized  by  y  =  Re**/*  7  =  OfRe"*/*);  and  the  perturbations  p,  7('*-ei7)'  ***8  **’e 

all  of  the  same  order.  If  we  require  further  that  the  relative  changes  in  u  are  not  small,  as  must  be  true 
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in  the  present  case,  the  orders  of  magnitude  of  the  perturbations  are  determined.  It  is  found  that  p,  v/u, 
and  (u  -  a|7)*  *II  of  order  Re*'^*.  Finally,  to  complete  the  formulation  the  form  of  the  pressure  up¬ 
stream  must  be  introduced.  We  have 

p-v -€  Co  (-X)'/*  as  Re-*^  "*  “ 

Rewritten  in  "inner"  variables  this  becomes  p***  -£  c^  Re"*^**  (-Re*^*  x)*^*  ,  and  for  matching  with  a  term  of 
order  Re''^*  in  the  interaction  solution  it  becomes  necessary  that  e  =  0(Re''^'*);  we  choose 

e  5  Re-*/'*  (12) 


Thus  in  the  sublayer  x  =  0(€‘)  and  y  =  0(€*). 


The  sublayer  problem,  for  e  ->  0  with  x/c*  and  y/c*  fixed,  is  formulated  in  the  manner  described, 
for  example,  in  Refs.  12,  13,  and  14: 


>r  (x,y  :£)~£*  i|i*  (x*,y*)  + 
p  (x,y  :€)~£*  P*(x*)  +  .. . 


where 


and 


*  X 

-P- 


y*  =  ^ 


aoi*  8*vl/*  84,*  8*  4*  ^  8*4>* 

8/  8x''8y*  ■  8x^  ^  ^  8y** 

4;*  (x*,0)  =  (x*,0)  =  0 

oy 


1^  (x*,y*)~  a,y* 
(x*,y*)~a,y*  ^  a,G(x*) 


G'<x*)  >  H(x^c,x-/*  =  -  i  r 

°  "  .00  x’*'  -  4 


i/i 


where  H(x*)  is  the  step  function  defined  by  H(x*)  =  0  for  x*  <  0  and  H(x*)  = 


p*(x*)~  -  Cp  (-X  ) 


*ii/i 


G'(x*).--c„x*'/* 


(13) 

(14) 

(15) 


(16) 

(17) 

X*  —  -00 

(18) 

y*  -*  00 

(19) 

ae 

(20) 

1  for  X*  >  I ,  and 

9jl 

X  +  00 

(21) 

Presumably  a  velocity  profile  for  the  backflow  as  x**  w  is  also  needed  as  an  initial  condition  to  supple¬ 
ment  the  initial  condition  (18).  A  possible  choice  for  this  condition  will  be  discussed  below.  Assuming 
t)uit  some  such  condition  can  be  chosen,  we  expect  that  the  solution  to  the  interaction  problem  will  provide 
some  kind  of  information  which  helps  toward  the  determination  of  a  proper  choice  for  the  external-flow 
parameters.  The  constant  c^  in  (21)  is  the  only  free  parameter  appearing  in  the  problem  formulation,  and 
should  probably  be  regarded  as  unknown.  Although  no  proof  can  be  given,  one  might  conjecture  that  a 
solution  to  the  i-iteraction  problem  may  exist  for  only  a  single  value  of  c^,  and  that  the  solution  therefore 
provides  a  condition  which  determines  Cq  . 


A  numerical  solution  of  the  system  given  by  (16)  through  (21),  with  the  supplemental  initial  condition 
for  the  backflow,  might  perhaps  be  started  by  guessing  a  plausible  form  for  the  pressure  perturbation 
p^'fx’*).  If  an  initial  velocity  profile  for  the  backflow  is  specified  at  a  large  positive  value  of  x*,  it  should 
be  possible  to  determine  the  flow  below  the  line  along  which  u  =  d^^/dy*  =  0  by  integrating  in  the  direction 
of  the  backflow,  for  decreasing  values  of  x*.  The  form  of  the  line  u  =  0  would  be  found  from  this  calcula¬ 
tion,  and  the  calculated  values  of  4'*  along  u  =  0  would  provide  an  assumed  boundary  condition  for  the 
forward -moving  flow  above  this  line.  One  might  then  integrate  in  the  forward  direction  from  a  large 
negative  value  of  x’*'  and  thus  obtain  an  estimate  for  the  function  G(x''').  Eq.  (20)  can  then  be  inverted  to 
give  a  new  function  p*(x*),  which  is  to  be  compared  with  the  assumed  p*(x*),  so  that  an  improved  estimate 
can  be  made. 


The  backflow 


Downstream  of  separation  the  form  of  the  free  streamline  is  obtained  by  integrating  the  streamline 
slope  V  obtained  from  (1 )  for  arg  z—  0.  One  finds  y  c  c^x*/*  +  CjX*^  .  For  Re  =  00  ,  or  £  =  0,  this  is 
the  equation  of  a  vortex  sheet  across  which  the  velocity  is  discontinuous.  For  Re  <  00  and  £  >  0,  the 
vorticity  is  large  but  not  inRnite,  and  the  change  in  velocity  occurs  across  a  free  shear  layer  of  small 
but  nonzero  tliickness.  The  separation  streamline  =  0  will  be  defined  by  y  =  Y  (x  ;£),  where 


! 


I 


Y(x:£)~|cCj,  x*/*+  I  C,  X 


(22) 
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for  e  0,  X  -•  0,  and  x*  ao  .  To  describe  the  flow  in  the  free  shear  layer,  we  define 

y  =  Re'^  (y  -  V) 

such  that  ^  =  0  at  y  =  0.  For  most  of  the  layei  the  velocity  of  each  fluid  element  is  nearly  unchanged,  so 
that  >1<  "  'I'o  ( y  ) •  with  u  w  a|  y  as  y  —  0. 

As  for  the  flow  upstream  of  separation,  viscous  forces  cannot  be  neglected  very  close  to  >!<  =  0. 
Therefore  we  exoect  that  a  solution  of  the  boundary-layer  equations  is  required  in  a  thin  sublayer  for 
small  values  of  y,  satisfying  the  condition  u  waiy  as  the  sublayer  coordinate  becomes  large.  We  take 

4««x*^*F(r))  ,  q  =  y/x‘^’  (23) 

where  F(q)  satisfies 

F"  -|fF"  +-JF'*  =  0  (24) 

F(0)  =  0,  F"(oo)=a,  ,  F'(-ao)  =  0  (25) 

The  condition  for  q  -  ao  assumes  that  in  the  limit  the  flow  below  the  free  shear  layer  has  velocity  which 
approaches  zero  faster  than 

Since  Re"*^*  x'^*  «  Y(x  ;£)  for  x  »  Re'*^*,  the  thickness  of  this  viscous  sublayer  is  much  smaller 
than  the  distance  from  the  wall  to  the  separation  streamline.  It  follows,  as  can  be  shown  by  a  more  care¬ 
ful  asymptotic  formulation,  that  most  of  the  separated  flow  is  described  approximately  by  inviscid-flow 
equations.  The  backflow  below  1(1  =  0  must  supply  at  least  enough  mass  for  entrainment  in  the  separated 
shear  layer,  which  is  equal  to  Re**^*  x*'*|F(-«o)|  .  Sychev^®  assumed  that  the  backflow  supplies  exactly 
this  amount  of  mass,  and  explored  the  consequences  of  this  assumption  in  detail.  Messiter  and  Enlow^^ 
briefly  suggested  the  same  possibility;  thi  -  ay sumption^has  been  used  in  other  separation  problems  by 
Stewartson  and  Williams^^  and  by  Klemp  and  Acrivos.*"*^  Sychev's  results  for  p  +  iv»<i£  c^z*'*  are 
summarized  below  and  extei.ded  to  include  the  effect  of  the  term  i  C|  z’^^  in  p  -t  i  v. 

If  y  (x)  has  the  form  given  in  (22),  a  solution  for  the  backflow  which  provides  exactly  the  mass  re¬ 
quired  for  entrainment  is 

u  Re*‘^*  x*^’  F(-<»)  £  c^  x*^*  5  *  (26) 

The  Bernoulli  equation  gives  the  corresponding  pressure; 

p  J  Re*‘  x*^’  F*(-«))|^  £  Cjj  x’^*  +  ^  cix*^*|*^  (27) 

This  provides  a  very  small  accelerating  pressure  gradient  for  the  backflow,  and  for  the  forward- moving 
fluid  in  the  separated  shear  layer  the  pressure  gradient  remains  adverse.  The  viscous  forces  acting  on 
the  fluid  very  close  to  =  0  give  an  acceleration  in  the  positive  x-direction  to  a  small  amount  of  mass 
which  must  be  supplied  from  below.  A  weak  pressure  field  is  set  up  which  provides  the  needed  backflow. 
For  x/£  —  00  and  x  —  0,  (27 )  gives  p  =  0(Re**  x"'*^*),  implying  terms  of  order  Re**  at  a  distance  x  =  0(1). 
For  x/£  -*0,  (27)  becomes  p  r  0(Re*‘^^  x*"®^’),  and  this  represents  the  first  term  of  an  expansion  of  the 
solution  (14)  as  X*  —  00  . 

The  solution  given  by  (26)  does  not  satisfy  the  no-slip  condition  at  y  =  0,  and  so  a  "backward 
boundary  layer"  is  also  required.  The  "external-flow"  velocity  seen  by  this  boundary  layer  is  given  by 
(26).  The  thickness  of  the  layer  varies  from  0(Re**^*)  when  x  =  0(1)  to  0(Re**^)  v'hen  x  =  0(Re*®^). 
Finally,  the  perturbations  in  the  shear-layer  flow  above  the  sublayer  about  y  =  0  can  be  obtained  in  a  form 
similar  to  the  solutions  given  by  (5)  and  (9)  for  the  flow  upstream  of  separation.  Again  the  first  effect  to 
appear  is  a  displacement  effect  due  to  acceleration  of  fluid  in  the  sublayer. 

3.  DISCUSSION 

In  the  preceding  section  it  is  assumed  that  for  steady  two-dimensional  laminar  flow  past  a  bluff 
body  at  high  Reynolds  number  a  correct  local  solution  near  separation  can  be  obtained  if  the  pressure  is 
taken  to  be  approximately  constant  just  downstream  of  separation.  A  sketch  summarizing  some  general 
features  of  the  asymptotic  flow  model  is  shown  in  Fig.  1.  Certain  aspects  of  the  proposed  model  seem 
quite  promising,  but  the  model  is  clearly  far  from  complete.  The  results  do  appear  to  be  self-consistent, 
in  the  sense  that  formal  asymptotic  matching  appears  possible  among  the  various  parts  of  the  solution. 

The  pressure  distribution  has  the  correct  general  form,  in  that  separation  follows  after  a  small  pressure 
rise  which  occurs  over  a  small  distance.  Furthermore,  the  possibility  that  various  quantities  may  change 
very  slowly  with  Reynolds  number  seems  to  be  in  agreement  with  existing  experimental  and  numerical 
results.  On  the  other  hand,  the  existence  of  a  solution  to  the  interaction  problem  as  posed  has  not  yet 
been  demonstrated,  and  some  other  uncertainties  arise  due  to  lack  of  knowledge  of  the  flow  in  the  wake. 
Several  constants  are  undetermined,  and  the  observed  low  value  of  base  pressure  has  not  been  explained. 
Finally,  the  assumption  about  the  nature  of  the  backflow  has  not  been  properly  justified. 
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In  order  to  proceed  further,  it  appears  neceieary  to  study  the  complete  wake.  For  a  bluff  body 
such  as  a  circular  cylinder  at  a  Reynolds  number  of  about  10^  or  lO’  ,  the  boundary  layer  at  the  body 
surface  is  laminar  at  separation.  The  separated  thin  shear  layer  is  unstable  and  the  flow  becomes  un¬ 
steady  somewhat  downstream  of  separation.  A  realistic  attempt  at  predicting  the  flow  close  to  the  body 
must  take  this  unsteadiness  into  account.  However,  it  also  seems  important  to  study  the  flow  which  would 
exist  at  very  large  Reynolds  number  in  the  absence  of  instability,  both  for  a  better  general  understanding 
of  solutions  to  the  Navier-Stokes  equations  and  as  a  step  toward  understanding  the  actual  nonsteady  flow. 


We  will  assume  that  the  steady-state  solution  to  the  Navier-Stokes  equations  for  flow  past  a  circular 
cylinder  gives  a  nonzero  value  for  the  drag  coefficient  in  the  limit  as  the  Reynolds  number  tends  to 
infinity.  Certain  consequences  then  seem  to  follow  rather  directly.  The  assumption  that  Cq  —  0  is  based 
on  the  belief  that  in  the  limit  the  pressures  on  the  back  of  the  cylinder  are  not  likely  to  be  large  enough  to 
cancel  the  pressures  on  the  front  part  of  the  cylinder  so  as  to  give  Cq  =  0.  The  drag  can  also  be  expressed 
in  terms  of  a  momentum  deficit  in  the  wake  at  large  distances  from  the  body.  If  we  tentatively  assume  a 
constant-pressure  wake,  each  of  the  free  shear  layers  is  described  by  a  similarity  solution,  with  the  non- 
dimensional  thickness  of  each  layer  growing  as  (x/Re)'^.  The  momentum  loss  of  the  fluid  entrained  from 
the  external  potential  flow  is  of  order  one  when  x  =  0(Re);  this  order  of  magnitude  would  remain  the  same 
even  if  the  pressure  were  allowed  to  vary  throughout  the  wake.  Roshko'®  and  Sychev^  ^  therefore  postulated 
a  closed  wake  of  length  proportional  to  Reynolds  number.  A  free-streamline  solution  is  presumed  to  des¬ 
cribe  the  flow  for  x  «  Re,  with  the  distance  between  the  free  streamlines  taken  to  grow  as  x'^‘  for 
1  «  x  «  Re.  A  matching  of  solutions  for  x  =  0(1)  and  x  =  0(Re)  then  implies  a  maximum  wake  thickness 
of  order  Re‘^.  The  two  shear  layers  therefore  merge  at  a  large  dis';ance  behind  the  body.  The  fluid  in 
the  inner  parts  of  the  layers  is  turned  back  toward  the  body,  and  the  fluid  outside  the  separation  stream¬ 
lines  continues  downstream  in  a  layer  having  thickness  of  order  one.  The  nondimensional  momentum 
deficit  in  this  layer  extending  downstream  along  the  center  line  remains  constant  and  equals  the  drag  co¬ 
efficient  of  the  body. 


It  is  at  this  stage  that  the  consequences  of  the  assumptions  become  quite  difficult  to  understand. 

The  fluid  which  is  turned  back  near  the  wake  stagnation  point  is  acted  upon  primarily  by  pressure  forces, 
in  a  region  having  dimensions  of  order  one,  so  that  locally  the  Bernoulli  equation  can  be  applied  for  each 
fluid  element.  Since  the  significant  pressure  gradients  are  confined  to  this  region,  it  follows  that  the 
magnitude  of  the  velocity  for  each  element  just  after  the  turning  is  equal  to  the  value  just  before  the  turning. 
This  statement  can  be  written  more  formally  as  an  asymptotic  matching  condition  which  provides  an  initial 
condition  for  the  backflow  within  a  distance  of  order  one  from  the  center  line.  In  particular,  if  the  pressure 
is  assumed  constant  everywhere  in  the  wake  except  near  the  wake  stagnation  point,  the  fluid  velocity  is 
small  except  in  the  shear  layers  and  near  the  center  line,  and  the  similarity  solution  for  the  shear  layers 
gives  the  velocity  at  4;  =  0  as  u  =  0.587. 


If  we  continue  tentatively  to  assume  a  constant-pressure  wake,  we  have  a  jet-like  backflow  along 
the  centerline,  with  the  neighboring  fluid  at  rest.  The  momenttun  flux  remains  constant  as  the  fluid  moves 
from  the  wake  stagnation  point  toward  the  body.  The  mass  flux  increases  and  the  velocity  decreases,  but 
the  velocity  remains  of  order  one  in  an  asymptotic  sense,  although  it  may  be  numerically  small.  This 
fluid  must  again  be  turned,  in  the  neighborhood  of  the  body,  primarily  by  pressure  force>:.  The  pressure 
coefficient  Cp  =  (p  -  p^)/ (  j  p  U*)  along  the  back  part  of  the  body  would  remain  of  order  one  and  positive, 
although  numerically  small.  For  example,  if  the  velocity  were  to  decrease  by  50%  between  the  wake 
stagnation  point  and  the  body,  its  value  might  be  about  0.  3,  corresponding  to  a  pressure  coefficient  of 
about  0.  1  as  compared  with  a  pressure  coefficient  1.0  at  the  forward  stagnation  point  on  the  body. 


It  does  not  seem  that  this  conclusion  is  necessarily  inconsistent  with  experimental  and  numerical 
results,  since  these  results  are  not  available  for  really  high  Reynolds  number.  For  example,  Roshko^ 
gave  one  set  of  data  which  clearly  showed  that  measured  pressures  were  strongly  influenced  by  wake 
unsteadiness,  and  therefore  do  not  at  all  correspond  to  a  steady-state  flow.  For  a  circular  cylinder  with 
Z  Re  =  2  Ug/v  :=  14,000  the  pressure  coefficients  on  the  back  of  the  body  with  and  without  a  splitter  plate 
were,  respectively,  about  -0.5  and  -1.0. 

After  the  backward-moving  fluid  in  the  jet-like  layer  along  the  center  line  is  turned  so  as  to  move 
again  in  the  forward  direction,  it  still  has  velocity  of  order  one  and  occupies  a  layer  having  thickness  of 
order  one,  adjacent  to  the  assumed  thin  shear  layer  along  the  separation  streamline.  Thus  for  the  initial 
development  of  the  free  shear  layers  there  appears  to  be  a  small  but  nonzero  velocity  in  the  adjacent  wake 
fluid,  so  that  the  tentatively  assumed  similarity  solution  is  not  exactly  correct. 

These  considerations  of  course  carry  implications  for  the  flow  cloro  to  the  separation  point.  The 
fluid  moving  along  the  back  of  the  cylinder  provides  more  mass  than  is  needed  for  entrainment  in  the  thin 
shear  layers,  and  must  encounter  an  increasing  pressure  if  it  is  to  be  turned  so  as  to  move  again  in  the 
forward  direction.  The  boundary  layer  at  the  cylinder  surface  then  has  an  adverse  pressure  gradient  and 
is  expected  to  separate  long  before  reaching  the  separation  point  assumed  for  the  botindary  layer  on  the 
front  of  the  cylinder.  The  assumption  of  nearly  constant  pressure  used  in  the  preceding  section  can  still 
be  correct,  provided  only  that  the  leading  term  of  the  complex  velocity  is  given  by  (1 )  for  e  —  0  and  z  -►  0. 
We  require  only  that  the  per^rbation  pressure  p  be  of  smaller  order  of  magnitude  than  the  streamline 
slope,  so  that  IpI  «  £  Cq  x‘”  +  c,  x’^*  .  The  assumption  that  the  backflow  provides  exactly  enough  mass 
leads  to  the  very  small  downstream  pressure  given  by  (27).  The  actual  p  could  be  considerably  larger  in 
magnitude  and  still  be  consistent  with  (1). 
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Several  hint*  can  be  found  in  the  literature  as  to  what  kind  of  nnodification  might  be  considered  for 
the  flow  just  downstream  of  separation.  Stewartson^  suggested  a  form  of  solution  containing  an  essential 
singularity  and  noted  that  infinitely  many  such  solutions  might  exist.  For  low  Reynolds  number,  Moffatt^^ 
obtained  solutions  to  the  Stokes  equations  for  flow  near  an  interior  corner  which  showed  an  infinite  sequence 
of  vortices.  Secondary  eddies  also  appeared  in  the  numerical  solutions  obtained  by  Burggraf. 


A  possibility  here  is  to  add  an  infinite  series  of  terms  to  the  complex  velocity  in  the  external  flow, 
with  qualitative  properties  which  might  correspond  to  an  infinite  sequence  of  vortices  in  the  flow  below  the 
separation  streamline.  These  terms  should  decay  in  some  reasonable  way  as  arg  z  increases  from  zero, 
and  should  satisfy  the  condition  v  ->  0  as  arg  z-^ir,  A  function  which  has  the  desired  properties  is 


,  .  -iffp  0 
w(z)  =  o  e  z 


-iy/* 


1/2 


(28) 


i0(9-ir)  6  -y  r-'^sin(0/2) 
o  €  r  c 


X  |cos  (y  r"*^*  cos  ^  (  •in  (y  r"*^*  cos  )| 


(29) 


i/t 


where  r  =  |z|,  6  =  argz;ai0,yare  real;  and  y>0.  For0  =  O,  w  =  o  e’^*'  “  A  wave  length 

Ax  is  found  by  setting  y/x*^*  -  y/  (x  +  Ax)*^*  =  2tr ;  it  follows  that  Ax  ~  (4iT/y)x^'*.  If  0  increases  from  0  to  ir 
for  a  fixed  value  of  r,  the  exponential  factor  decreases  monotonically ,  and  is  very  small  for  r  «  1  and 
«  6  4  <r.  For  0  =  ir,  w  is  real  and  so  satisfies  the  condition  v  =  0. 


The  oscillating  form  of  w(z)  for  0  —  0  implies  a  periodicity  in  the  backflow,  with  eddies  having 
length  (4Tr/y)x*^.  If  we  consider  first  C*  «  X  «  C,  then  the  separation  streamline  is  given  by 
Y(x)— Cq  x’^*.  The  height  and  length  of  the  eddies  would  be  of  the  same  order  if  y  =  0(e*M.  The 
stream  function  for  any  one  of  the  eddies  would  be  described  by  Poisson's  equation  -f  i|jyy.  =  u)(vjj), 
where  u  =  vorticitv  and  possibly  would  be  assumed  constant  for  any  particular  eddy;  the  eddy  presumably 
would  have  irregular  shape.  The  corresponding  pressure  might  be  represented  in  terms  of  Fourier 
aeries,  implying  also  an  infinite  series  of  terms  in  the  complex  velocity  for  the  local  external  flow.  Thus 
Infinitely  many  terms  of  the  form  (28)  might  be  considered. 

For  £*  «  X  «  e,  |w(z)|  remains  small  compared  with  clzj*^*,  the  largest  term  in  (H  provided  that 
alzp  «€|z|‘'*.  Since  p  0(a x(^)  for  arg  z  —0,  the  velocity  in  the  eddies  is  ©(a*/*  x®'*  ).  Since 
y  =  0(e  x’^),  the  vorticity  is  0(a*"€  "*  x^*  If  the  vorticity  were  assumed,  for  example,  to  be  of 
the  same  order  of  magnitude  in  all  of  the  eddies,  we  would  take  0  s  3.  For  a  =  0(1),  the  pressure  p  =  O(x^) 
would  remain  very  small  in  comparison  with  c  x‘^*  for  f  ‘  «  x  «  c .  The  same  form  for  w(z)  might  also 
be  assumed  for  e  «  x  «  1,  or  perhaps  different  forms  should  be  anticipated  for  the  two  ranges  of  values 
of  X.  In  any  case,  the  scale  and  velocity  are  such  that  a  local  Reynolds  number  for  each  individual  eddy 
is  large,  and  so  each  eddy  is  described  by  inviscid-flow  equations,  except  at  its  boundaries  where  thin 
shear  layers  would  have  to  be  taken  into  account.  All  of  these  conjectures,  of  course,  refer  to  possible 
forms  for  the  limiting  steady-state  solution.  For  an  actual  flow  at  a  Reynolds  number  of  10*  or  10*,  it 
might  instead  be  necessary  to  study  a  nonsteady  vortex  shedding.  If,  however,  the  pressure  were  still  to 
remain  nearly  constant  just  downstream  of  separation,  the  complex  velocity  given  by  (1)  would  again 
provide  a  correct  description  of  the  mean  flow,  with  the  unsteadiness  affecting  some  of  the  unknown  con¬ 
stants  rather  than  the  form  of  the  solution. 


The  main  purpose  of  the  speculation  of  this  section  was  to  suggest  tViat  the  general  form  of  the 
local  flow  description  proposed  near  separation  does  not  seem  to  imply  any  specific  model  for  the  complete 
wake.  It  is  only  necessary  that  the  pressure  be  nearly  constant,  in  a  suitable  asymptotic  sense,  immedi¬ 
ately  downstream  of  separation. 
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DEPENDENCE  OF  LAMINAR  SEPARATION  ON  HIGHER  ORDER 
BOUNDARY  LAYER  EFFECTS  DUE  TO  TRANSVERSE  CURVATURE, 
DISPLACEMENT.  VELOCITY  SLIP  AND  TEMPERATURE  JUMP 

A.  Wehrum 

Instltut  fUr  Thermo-  und  Flulddynainlk 
Ruhr-UnlversitHt  Bochum,  FRG 


SUMMARY 

The  laminar  compressible  higher  order  boundary  layer  along  a  circular  cylinder  In 
axial  parallel  supersonic  flow  Is  studied  according  to  the  method  of  matched  asymptotic 
expansions.  Aweak  constant  mass  flow  Is  Injected  Into  the  boundary  layer  through  the 
surface  of  the  cylinder.  The  Injected  fluid  is  the  same  ae  In  the  outer  supersonic  flow. 
As  a  consequence  of  the  homogenecus  mass  Injection  the  first  order  boundary  layer  solu¬ 
tion  already  leads  to  separation  of  the  boundary  layer  within  a  finite  distance  from 
the  leading  edge,  first  determined  by  Catherall,  Stewartson  and  Williams  (1965)  for  the 
semiinfinite  flat  plate. 

In  a  second  order  theory  the  influence  of  higher  order  boundary  layer  effects,  such 
as  transverse  curvature,  displacement,  velocity  slip  and  temperature  jump*  on  the  wall 
shear  stress  and  the  location  of  the  separation  point  Is  studied.  For  determining  the 
nonviscouB  second  order  solution  of  the  outer  flow  the  operator  method  of  Ward  (1955) 
has  been  used. 

As  numerical  results  show,  transverse  curvature  and  low  density  effects  due  to  velo¬ 
city  slip  and  temperature  jump  at  the  wall  Increase  the  wall  shear  stress  and  therefore 
lead  to  a  downstream  shifting  of  the  separation  point.  Dlpnlacement  effect  Increases 
the  wall  shear  stress  near  the  leading  edge.  But  further  downstre2un  there  will  be  a  de¬ 
crease  of  wall  shear  stress  due  to  the  displacement  effect,  which  leads  to  an  upstream 
shifting  of  the  separation  point. 

Within  these  three  different  effects  Influencing  the  location  of  separation,  the  dis¬ 
placement  effect  Is  the  largest  one,  while  the  Influence  of  low  density  effect  may  be 
neglected  In  comparison  with  the  other  two  effects, 

NOMENCLATURE 

C  Chapman-Rubesln 

parameter  defined  by  Eq. (7) 
c,  coefficient  of  the  wall  shear  stress 
defined  by  Eq.  (8) 

Cp  specific  heat  capacity 

I,  K  modified  Bessel  functions,  Eq.(A12) 

m^  Injected  mass  flow  Eq.  (6) 

p  nondlmenslonal  static  pressure 

Pr  =  Cp/ic^,  Prandtl  number 

r^  cylinder  radius 

Re  Reynolds  number 

defined  by  Eq. (4) 

T  nondlmenslonal  temperature 

based  on  T 

00 

Tj^  body  temperature 

free  streeun  temperature 
U^  axial  free  stream  velocity 

u  nondlmenslonal  velocity  component 

parallel  to  the  wall  based  on  U^ 

V  nondlmenslonal  velocity  component 

normal  to  the  wall  based  on  u,, 

W  function  defined  by  Eq.(A12) 

X  nondlmenslonal  axial  coordinate 

based  on  the  cylinder  radius 
y  nondlmenslonal  coordinate  normal 

to  the  wall  based  on  the  cylinder 
radius 

a,  6  coefficients  In  Eq.(A8)  and  (A9) 

INTRODUCTION 

In  the  following  a  leunlnar  boundary  layer  with  injection  will  be  Investigated.  The 
location  of  separation  is  defined  as  the  point  of  zero  skin  friction  (t  >  O)  .  There 
are  two  different  possibilities  to  cause  separation,  one  due  to  adverse  pressure 
gradient  and  the  other  one  due  to  Injection  into  a  constant  main  stream.  It  Is 
well  known  that  In  classical  boundary  layer  theory  a  singularity  occurs  at  the 


Y  ratio  of  heat  capacities 

c  perturbation  parameter  defined 

by  Eq . ( 4 ) 

n,  C  nondlmenslonal  coordinates  defined 
by  Eq. (5) 

A  variable  In  Eq.(A12) 

M  nondlmenslonal  viscosity  based  on 

the  free  stream  value 
kinematic  viscosity  of  the  free 
stream 

p  nondlmenslonal  density  based  on  the 

free  streeun  value 

T,,  wall  shear  stress 

w 

If  potential  function  Eq.  (A10) 

K  nondlmenslonal  heat  conductivity 

based  on  the  free  streeun  value 

Subscripts 

<»  undisturbed  free  stream 

w  fluid  quantities  at  the  wall 

1  first  order 

2  second  order 

s  separation 

b  body 

Superscripts 
o  outer  f lows 

dimensional  quantities 
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separation  point,  but  the  mathematical  character  of  this  singularity  Is  completely 
different  In  the  two  cases.  Goldstein  (1948)  first  studied  the  bahaviour  of  boundary 
layer  separation  due  to  an  adverse  pressure  gradient.  He  found  the  following  asymptotic 
formula  for  the  wall  shear  stress  close  to  separation 

-1  /2 

"v  X  '  (due  to  pressure  gradient)  (1) 

where  x  is  the  upstream  distance  from  the  separation  point. 

As  a  typical  example  for  flow  separation  caused  by  injection,  Catherall,  Stewartson 
and  Wlllieuis  (1965)  investigated  the  boundary  layer  flow  along  a  flat  plate  with  constant 
mass  Injection.  For  the  asymptotic  behaviour  of  the  wall  shear  stress  they  found  the 
following  formula 

2 

T  T.  — )  (due  to  injection)  (2) 

In  X 

From  this  eguation  it  follows  immediately  that  the  wall  shear  stress  gradient  with 
respect  to  x  at  the  separation  point  Is  zero  In  contrast  to  the  first  case,  where  this 
gradient  Is  infinite. 

It  Is  well  )cnown  that  the  location  of  separation  is  Independent  of  the  Reynolds  number 
within  the  framework  of  classical  Prandtl's  boundary  layer  theory.  But  this  Is  only  an 
approximation.  The  classical  boundary  layer  theory  gives  only  the  first  term  of  an 
asymptotic  expansion  of  the  full  solution  of  the  Navler-Stokes  equations  for  large 
Reynolds  numbers. 

By  using  the  method  of  matched  asymptotic  expansions,  higher  order  terms  can  be  cal¬ 
culated  which  will  yield  corrections  of  the  boundary  layer  solutions  for  lower  Reynolds 
numbers.  Within  the  analysis  to  obtain  asymptotic  solutions  of  the  Navler-Stokes 
equations  for  high  Reynolds  numbers  the  classical  boundary  layer  theory  can  be  considered 
as  the  first  order  theory.  The  so-called  second  order  boundary  layer  theory  will  take 
Into  account  the  next  terms  of  the  asymptotic  expansion  of  the  solution.  From  second 
order  boundary  layer  theory  the  second  order  effects  can  be  determined. 

As  a  consequence  of  the  expansion,  the  differential  equations  for  the  second  order 
terms  are  all  linear.  This  means  that  the  different  second  order  effects  can  be  separated. 
Important  second  order  effects  are  due  to  displacement,  due  to  surface  curvature  and  due 
to  low  density  effects  such  as  velocity  slip  and  temperature  jump  at  the  wall.  Further 
second  order  effects  due  to  entropy  and  enthalpy  gradients  In  the  outer  flow  will  not 
be  considered  here. 

ANALYSIS 

The  purpose  of  this  paper  is  the  investigation  of  the  separation  by  the  second  order 
boundary  layer  theory  with  the  aim  to  determine  the  dependence  of  the  location  of 
separation  on  the  second  order  effects. 

With  respect  to  surface  curvature,  only  the  case  of  pure  transverse  curvature  was  of 
interest.  Therefore  the  supersonic  flow  along  a  semi-infinite  circular  cylinder  with 
homogeneous  mass  injection  has  been  considered  (see  fig.  1).  Only  the  flow  outside 
the  cylinder  is  discussed. 

Boundary  layer  calculations  are  singular  perturbation  problems.  This  leads  to  a  divi¬ 
sion  of  the  solution  into  two  parts,  an  inner  part  -  the  boundary  layer  or  inner  solution  - 
and  an  outer  part  or  outer  solution.  For  both  solutions  all  flow  variables  are  expanded 
in  the  same  manner  as  for  example  the  axial  velocity  component  u: 

u  =  u^  E  U2  +  O(E^)  (3) 

with  the  perturbation  parameter  _i/9 

U  r 

c  =  Re  =  (— — 2)  (r^  =  cylinder  radius)  (4) 

00 

These  expressions  for  the  dependent  variables  are  suhatituted  Into  the  Navler-Stokes 
equations  and  then  terms  of  the  same  powarsof  e  are  collected.  This  leads  to  the 
differential  equations  for  the  first  and  second  order  terms  of  the  asymptotic  solution 
of  the  Navier-Stokes  equations.  Within  the  first  and  second  order  solution  the  outer 
flow  Is  Inviscid  and  Irrotatlonal .  The  first  order  outer  solution  Is  just  the  constant 
main  flow.  The  second  order  outer  flow  Is  the  solution  of  the  linearized  potential 
equation,  which  has  been  solved  by  using  the  operator  method  described  by  Ward  [6] 

(see  A2)  .  From  this  solution  only  the  pressure,  velocity  and  temperature  distribution 
along  the  surface  are  needed  for  the  second  order  boundary  layer  calculation  as 
boundary  conditions  at  the  outer  edge  of  t>,e  boundary  layer.  Now  only  the  solution  of 
the  second  order  boundary  layer  will  be  discussed  in  detail  because  it  contains  the 
Information  about  the  second  order  wall  shear  stress  and  hence  about  the  location  of 
separation. 

For  calculations  of  compressible  boundary  layer  it  is  convenient  to  use  the  Howarth 
transformation  which  transforms  the  first  order  compressible  boundary  layer  eguation 
for  the  flat  plate  into  an  incompressible  form.  The  axial  coordinate  x  can  also  be 
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tranafonMd  Into  a  mora  appropriata  ona.  Tha  following  tranaformatlon  formulaa  have 
bean  uaad i  ^ 

(5) 


‘i»/r ' 


a 

where  la  the  injection  parameter,  defined  by 
•  _  1  i  '^w 

"iw  r  p.  U.  • 

^w  ^w 

c  ■  — _ - 

p«  p- 


(6) 

(7) 


ia  the  ao-called  Chapman-Rubealn  parameter.  Becauae  of  conatant  maaa  flow  injection 
no  aelf-aimilar  aolution  will  exiat  and  therefore  the  ayatema  of  partial  differential 
equationa  have  to  be  aolved  numerically  even  for  the  flrat  order  boundary  layer 
equatlona.  (For  the  analyala  aee  appendix  A) 


The  wall  ahear  atreaa  la  now  expanded  and  written  in  a  nondimenalonal  form: 


T„(5)  2 

-=—5-  -  c,(5)  -  c,  (C)  [c-  (C>  +  cc,  (C)  +  0(E^)] 
p  U"  ^  ^10 


(8) 


where  c.  la  the  wall  shear  streaa  of  a  flat  plate  without  mass  transfer: 
'lO 


(9) 


■10 


vT ‘ 

is  the  first  order  wall  shear  stress  for  constant  mass  injection,  normalized  by  c^ 


10 


c-  (C) 


3u. 

3u^ 


(10) 


This  function  has  been  determined  by  Catherall,  Stewartson  and  Williams  [l]. 


c,  contains  the  Influence  of  the  second  order  effects.  Because  of  the  expansion  of  the 
1 2 

viscosity  and  the  velocity  u  in  the  defining  equation  for  the  shear  stress, c^  consists 

of  two  terms,  one  is  related  to  the  second  order  velocity  u,  and  the  other  t^  the  second 
order  viscosity  vfhich  Is  expressed  by  the  temperature  T2.  Therefore  c^  yields 


3u. 


:^w 


3Ui 


(11) 


3u. 


"iw-® 


The  first  term  in  the  bracicets  contains  all  second  order  effects,  which  are  considered, 
while  the  second  vanishes  if  the  temperature  jump  is  neglected,  because  T,  is  the  diffe¬ 
rence  between  the  gas  temperature  at  the  wall  and  the  IcxxJy  temperature  “  ^iw* 


Due  to  the  linearity  of  the  differential  equations  of  the:  second  order  boundary  layer 
(see  A3)  c^  can  be  split  up  into  a  sum  of  terms  representing  the  individual  second  order 

effects,  i.^.  displacement  effect  (index  D) ,  curvature  effect  (index  C)  and  low  density 
effect  (index  L) ,  where  velocity  slip  and  temperature  jump  at  the  wall  are  combined.  The 
coordinate  C.  of  the  location  of  vanishing  wall  shear  stress  is  determined  by  the  con¬ 
dition 


(C.)  +  E  [c 


'2D  ■  '2C  ■  '2L 


(5,)] 


(12) 


As  the  analysis  shows  (A2) ,  an  interaction  term  of  displacement  and  transverse  curvature 
occurs,  which  vanishes  if  one  of  both  goes  to  zero.  Here  this  tenn  was  Included  into  the 
curvature  term.  This  means  always  that  c^  gives  the  displacement  effect  of  the  flat 

plate  and  that  the  term  c^  represents  t^S  difference  between  the  flow  along  the  circu¬ 
lar  cylinder  and  the  flow  2Song  the  flat  plate.  The  significance  of  each  effect  can  also 
be  demonstrated  by  its  contribution  ^^2  to  the  second  order  location  of  the  separation. 


To  show  the  contribution  of  each  second  order  effect  to  the  location  of  the  second  order 
separation  point,  ^g(^4.2)'  solution  of  Eq.  (12),  is  split  up  in  the  following  manner: 


M 


(,  +  A£,2d  is  the  snlutlon  of  Eq.(12)  without  curvature  and  low  density 

effects,  i.e.  the  solution  for  the  flat  plate  due  to  displace¬ 
ment  only,  (f,  is  the  coordinate  of  the  first  order  separation 
point.)  ® 


s1 

+  AC2D  ^ 

"'■2C 

s1 

"'-2C 

is  the  solution  of  Eq.(12) 
effects. 


+  Ai 


2L 


'’s(1+2) 


for  the  cylinder  without  low  density 

(13) 


is  the  solution  of  Eq.(12)  containing  all  second  order  effects,  which  are 
considered . 


NUMERICAL  RESULTS 

For  the  numerical  calculations  the  following  values  for  the  characteristic  parameters 
of  the  flow  problem  have  been  choosen: 

Prandtl  number:  Pr  =  0.72 

ratio  of  specific  heats:  y  =  1 .4 

ratio  of  body  temperature  T 

to  free  stream  temperature:  0.1  1  ^  4 

(JO 

Mach  number :  *''1  ''  Ma  <4 

^  OJ  — 

injection  parauneter:  0.5  ^  m.|^  ^  2 

To  illustrate  the  behaviour  of  the  boundary  layer  near  separation  some  shear  stress 
profiles  across  the  boundary  layer  are  shown  from  the  first  order  solution  close  to 
the  separation  point  (Fig.  2).  The  curves  show  that  the  region  of  dominating  shear 
stress  is  drifting  away  from  the  wall  without  thic)cening  itself.  For  comparison  the 
dotted  line  is  drawn,  which  represents  the  shear  stress  distribution  in  a  free  shear 
layer  between  a  parallel  free  stream  and  fluid  at  rest.  The  resulting  velocity  and 
shearstress  profils  in  the  interface  ha\«been  determined  by  Loc)c  [  ]  •  It  is  very  li)cely 
that  in  the  separated  free  shear  layer  downstream  of  the  separation  point  the  saune 
shear  stress  profile  as  Locic  has  calculated  will  occur  (fig.  3).  This  profile  is  almost 
fully  developed  already  a  bit  upstreeun  of  the  separation  point  as  the  comparison  of 
the  dotted  line  with  the  curve  Q  in  figure  2  shows. 

The  results  for  the  second  order  boundary  layer  calculations  start  with  Fig. (4).  Here 
the  second  order  pressure  distribution  along  the  surface,  induced  by  the  first  order 
boundary  layer  displacement,  is  shown.  The  pressure  is  multiplied  by  the  square  root 
of  X  because  of  the  singularity  at  the  leading  edge.  For  the  flat  plate  without  mass 
transfer  (self-similar  solution)  the  induced  pressure  at  the  wall  is  given  by 

1  =  0,9755]/!'  (Ma„  =  ^  ‘  • 

This  formula  is  a  horizontal  line  in  the  diagram.  The  deviation  from  this  line  is  due 
to  curvature  as  well  as  due  to  mass  transfer  at  the  wall. 

The  combined  solution  of  first  and  second  order  wall  shear  stress  is  given  in  Fig. (5) 
for  several  values  of  the  perturbation  parameter  e.  The  curves  are  drawn  for  the  cylinder 
as  well  as  for  the  flat  plate  to  show  the  influence  of  transverse  curvature.  The  in¬ 
fluence  of  the  low  density  effect  is  so  small  that  it  cannot  be  distinguished  in  the  diagram. 
A  comparison  with  the  dotted  line,  which  corresponds  to  the  first  order  wall  shear  stress 
determined  by  Catherall,  Stewartson  and  Williams,  shows  an  increase  of  the  wall  shear 
stress  near  the  leading  edge  and  decrease  in  the  neighbourhood  of  separation.  The  curva¬ 
ture  of  the  line  for  the  combined  first  and  second  order  wall  shear  stress  has  in  the 
vicinity  of  separation  also  another  sign  as  that  of  the  line  for  the  first  order  wall 
shear  stress.  The  tendency  of  the  line  curvature  is  the  same  as  in  the  case  of  separation 
caused  by  an  adverse  pressure  gradient  in  the  first  order  main  flow. 

The  contribution  of  the  Individual  second  order  effects  to  the  location  of  the  separation 
point  according  to  Eq.(13)  is  listed  in  the  following  table. 

Tw 

=  .'T  ;  ^  =  1 


c 

^Sl 

^^2D 

*^2C 

^^2L 

^s(1+2) 

10-3 

0,863 

-  0,162 

0,007 

o 

• 

o 

1 

0,708 

lo"^ 

0,863 

-  0,270 

0,023 

10  •  lo"^ 

0,616 
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b)  -  0.5 


e 

^Sl 

^«2D 

^^520 

"«2L 

^s(1+2) 

10-3 

0,863 

-  0,137 

0,014 

0,4  •  10-^ 

0,740 

10-2 

0,863 

-  0,236 

0,039 

5  •  10-^ 

0,666 

This  shows t  s)  dlsplacamant  has  the  largest  Influence, 
upstream  shifting 

b)  curvature  Influence  is  rather  small, 
downstream  shifting 

c)  low  density  effects  can  be  neglected 

The  Increase  of  the  curvature  effect  for  decreasing  injection  parameter  m.  (table  b)  Is 
due  to  the  following  facts.  The  physical  coordinate  x  .  of  the  first  order'*sgparation 
point  is  shifted  downstream  for  decreasing  Injection  parameter  (x  .  >  const/m?  ,  see 
also  Eq.(5)).  Moreover  the  entire  mass  Injected  from  the  leading  *Mge  down  to  the 
separation  point  decreases  for  increasing  injection  parameter ., The  Increase  of  the 
boundary  layer  due  to  mass  injection  is  weaker  for  Increasing  m.  and  therefore  the 
transverse  curvature  effect  on  the  wall  shear  stress  decreases. 

In  Fig.  6  and  7  the  ratio  of  the  distances  from  the  leading  edge  of  second  order  and 
first  order  separation  point  is  drawn  as  a  function  of  the  Reynolds  number.  The  upstream 
shifting  is  increased  for  decreasing  Reynolds  number,  increasing  wall  temperature  and 
decreasing  Mach  number. 

The  last  two  diagrams  (Fig.  8  and  9)  illustrate  the  Influence  of  transverse  curvature 
on  the  location  of  separation.  Due  to  transverse  curvature  the  separation  point  is 
shifted  downstream.  This  shifting  is  Increased  for  decreasing  Reynolds  number, 
decreasing  Mach  number  and  increasing  body  temperature. 

The  increase  of  the  curvature  effect  for  decreasing  Mach  number  can  be  explained  by 
the  fact,  that  the  curvature  term  Includes  the  Interaction  term  of  curvature  and 
displacement,  and  this  term  Increases  for  decreasing  Mach  number. 

REFERENCES 

[1]  D.  Catherall,  K.  Stewartson  and  P.  G.  Williams:  Viscous  flow  past  a  flat  plate 
with  uniform  injection.  Proc.  Roy.  Soc.  London  Ser.  A  284,  1965,  370-396. 

[2]  M.  Van  Dyke:  Perturbation  methods  in  fluid  mechanics.  New  York,  Academic  Press, 

1964. 

[3]  S.  Goldstein:  On  laminar  boundary-layer  flow  near  a  position  of  separation. 

Quart.  J.  Mech.  Appl.  Math.  1,  1948,  43. 

[4]  R.  C.  Lock:  The  velocity  distribution  in  the  laminar  boundary  layer  between 
parallel  streams.  Quart.  J.  Mech.  Appl.  Math.  4,  1951,  42. 

[5]  H.  S.  Tslen:  Super  aerodynamics,  irechanlcs  of  rarefied  gases.  J.  Aeron.  Scl.,  13, 

1946,  653-664. 

[6]  G.  N.  Ward:  Linearized  theory  of  steady  high-speed  flow.  Cambridge  Univ.  Press, 

1955. 

[7]  A.  Wehrum:  Die  lamlnare  Grenzschlcht  2.  Ordnung  lAngs  eines  Kreiszylinders  mlt 
porOser  OberflSche  in  elner  Uberschallstrtknung.  Dissertation,  Ruhr-Unlverslty 
Bochum,  1975 


Fig.  6:  Ratio  of  the  coordinate  lengths  of 
the  location  of  second  and  first 
order  separation,  ~  0,863 


APPENDIX 

A1 .  Baalc  equations  (see  also  Fig.  1) 
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X  Is  the  coordinate  along  the  surface  and  y  the  coordinate  perpendicular  to  the  wall. 
Both  are  nondlmenslonllzed  with  the  constant  radius  r  . 


The  dimensionless  basic  equations  written  In  cylindrical  coordinates  are: 

(The  reference  values  of  the  variables  are  their  corresponding  free-stream  values  except 
the  pressure,  which  Is  refered  to  U^.  l.e.  p  ■  (p*-  p„)/P„  ) ;  r  »  y  +  1 

equation  of  continuity: 


(r  pu)  +  (rpv)  -  O 
equation  of  motion: 


ys 
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equation  of  energy: 
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where  the  dissipation  function  ^  Is  given  by 


A  ■  0  r  A  t^2L\  4.  i^\  14.  f  4.  I  ^  r  4.  4,  v-j 

equation  of  state 

1  +  Y  Ma^  p  »  p  T 

and  a  linear  function  for  viscosity  and  heat  conductivity 
u  ■  K  ■  C  T 


The  pariuneters  are: 

Reynolds  number  Re  = 

Prandtl  number  Pr  * 


00  Q 

c„ 


constant  specific 
heat  capacity 

ratio  of  heat 
capacities 


Chapman-Rubesln 

parameter 

The  boundary  conditions  are: 

at  the  wall  y  »  0: 
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=  _E 

‘^v 


p  y 

*^w*^w 

p». 


u  =  u 


(p  v)^  =  constant 


In  the  undisturbed  free  stream 
X  <  0:  u  -  1 
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For  velocity  allp  and  temperature  jump  and  are  given  by  [5]; 
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a  and  B  are  accomodation  coefficients,  depending  on  the  surface  properties  of  the 
material.  They  are  put  equal  to  one  here  [5]. 


The  equations  have  to  be  solved  approximately  for  large  Reynolds  numbers  due  to  the 
singular  perturbation  method  of  matched  asymptotic  expansion.  The  perturbation  parameter 
.-1/2 


is  c 


Re 


The  NavierrStokes  equations  and  the  dependent  variables  are  expanded  in  powers  series  of 
c  (see  Eq.(l)).  These  expressions  are  put  into  the  equations  (A1)-(A9)  and  then  collected 
in  powers  of  c . 

A2.  Outer  solution 


Assuming  that  since  the  disturbance  of  the  free  stream  by  the  boundary  layer  displacement 
is  weak  and  therefore  no  shock  wave  at  the  leading  edge  exists, the  linearized  supersonic 
potential  equation  has  been  applied  for  the  outer  flow.  This  yields  the  first  order  solu¬ 
tion  after  matching  with  the  free  stream: 


'1 
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T°=  1 


The  second  order  equations  are  composed  in  a  potential  equation,  defined  by  u?  and 
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This  equation  has  to  be  solved  to  get  the  unknown  pressure  distribution  of  the  second 
order  outer  solution.  Using  Ward's  operator  method  to  solve  equation  (A10) ,  the  pressure 
at  the  wall  is  given  by: 

Pjw**)  ■  P2I*'  O)  ■  -  “2^*.  O)  ■ 

X 
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In  this  equation  the  velocity  vSiXtY  O)  is  given  by  the  first  order  boundary  solution. 
The  function  W(z)  is  given  by  Ward  [6]  as: 


W(z) 


k2(X) 


-Xz 


l2(X) 


+  n 
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z  >  0 


(A12) 


K.  (X)  and  I.  (X)  are  modified  Bessel  functions.  For  O  ^  z  <  2  (that  means  X  >>  1)  a  Taylor 
expansion  for  W  is  possible,  and  in  this  paper  a  something  modified  power  series  of  sixth 
order  for  W  has  been  used.  This  polynomial  represents  the  function  W  with  sufficient 
accuracy  even  for  z  ^  2 . 

W(z)  +  0,015454  z^  +  0,003511  z®  (A13) 


A3.  Inner  solution 

The  following  coordinates  were  used: 

^  ”  "iw  /i”  '•  ^  ' 


dy 


(see  also  page  5-3,  eq.(5)). 


First  order  solution: 

The  first  order  equations  are. 

(equation  of  motion  in  x-direction  combined  with  continuity  eq.) 
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energy  equation; 
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together  with  the  boundary  conditions: 

Tb 

C  >  0,  n  «  0:  u^  =  O  ,  '  t“  “  const 

n  -  u^  =  u*(5,  0)  =  1  ,  T,  -  T®(5,  0)  «=  1 

Second  order  solution; 

Concerning  the  second  order  equations,  a  detailed  analysis  shows  that  for  numerical 
calculation  it  is  necessary  to  solve  the  equations  in  terms  of  u,  =  “j/p,  ,  T  =  T./p- 
etc.,  due  to  difficulties  in  numerical  stability. 

One  gets  for  second  order  equat|.on  of  motion,  combined  with  first  and  second  order 
continuity  equation:  (f  *  P2w^'^'’’lw  ~  df/dO 
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energy  equation: 


1  +  ;1  r  3  ,r  ,  H  ^^2  1  ^^2  1  3  ,^2  ®’’l. 

Pr  .2  ^2/  3C  “1  3n  '  2  ^  3?  Pr  3n  i.  3ti  ^ 

0  n  o 

1  f'  1  2  1  ^  - 

.  n  -C  f-)  ui  .  1  C  u^  ^  .  „_1)  „a2  ^  _ 


- 1  ^  "  r  2  <“i  f7>  =  1  (1  -  ^  r>  “1  *^1 

p3Up3u-  -  _  y  ST- 

2  (y-1)  Ma_^  2  ^  (^2  +  1  Ma^  3^ 

1  r  ^'^2  f'  r  -  2  r  2  f'  r 

2  ^[jT  ■*■  r I '^2  ^  I  JT  ^  ^  ■ 


J/2  ,2 


f-  ^  ^  ''l  ^  ITT 


Boundary  condition 

The  boundary  conditions  at  the  wall  are 

C  >  0  ,  n  =  0:  ^2  =  U2^  ,  T2  =  T2^ 

Without  velocity  slip  and  temperature  jump  there  is 

^2w  =  ^2w  =  ° 

whereas  in  the  other  case,  U2^  and  T2^  are  given  by 

Ma^  3u.|  _  Ma^  3T.| 
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where  and  aj  are  defined  by  eq.(A8),  (A9) .  The  second  order  blowing  velocity 

occurlng  in  the  integrated  continuity  equation,  has  been  determined  by  the  assumption 
of  constant  injected  mass  flow. 
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At  the  outer  edge  of  the  boundary  layer,  the  conditions  are  obtained  from  matching  with 
the  outer  solution: 


t  >  O  , 


UjCti  n  -►  »)  “  U2(e,  0)/  P2v,<C)  “  ■  I 

^2(5,  n  ♦  »)  -  T*(e,  0)/p2„(e)  -  (Y-1)  Ma^ 


The  wall  shear  stress  la  given  by  Eq.  (8)  -  (11). 

Numerical  procedure 

The  discretisation  of  the  differential  eguatione  for  the  inner  solution  has  been  carried 
out  according  to  the  Cranic-Nicolson  difference-scheme.  For  solution  of  the  systems  of 
algebraic  equations  Gaussian  algorithm  has  been  used  and  the  nonlinear  first  order  equa¬ 
tion  of  motion  was  solved  by  n-dimensional  Newton  iteration.  The  meshlengths  of  the  grid 
were  *  0.02  and  An  ~  0.2.  The  Iterative  process  was  stopped,  when  a  relative  accuracy 

of  10~^  was  reached. 


The  computing  time  on  the  cr  puter  Telefunken  TR  440  of  the  Ruhr-Universlty  Bochum  was 
less  than  10  min.  for  one  <  jmplete  solution. 

The  values  of  the  parameters  which  have  been  kept  constant  are:  Pr  •  0,72;  y  >  1,4; 

C  >  1 .  The  acccxnodatlon  coefficients  of  the  slip  velocity  and  temperature  jump  are 
6  ‘  1,  a  >  1  (see  Eq.  (A8) ,  (A9) )  .  The  range  of  the  remaining  parameters  Is 

0.1  <  Tj^/T„  1  4;  /I  <  Ma^  <  4;  0.5  <  m^^  <  2. 
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SUMMARY 

Several  approximate  mathematical  models  have  been  analyzed  for  studying  laminar 
separation  for  incompressible  flow,  for  which  the  Navier-Stokes  equations  comprise  an 
exact  mathematical  model.  Two  model  flow  configurations  have  been  used.  The  first  con¬ 
figuration  considered  consists  of  the  flow  in  the  boundary  layer  on  a  two-dimensional 
semi-infinite  slab  with  a  vertical  leading  face  and  shoulders,  with  varying  degree  of 
bluntness,  forming  an  external  comer  on  the  body.  The  second  flow  configuration  repre¬ 
sents  a  class  of  two-dimensional  bodies  with  an  internal  corner  and  a  more  pronounced 
separation  region;  this  configuration  is  used  for  only  one  approximate  model  so  far. 

Results  obtained  with  the  various  approximate  models  are  evaluated  by  comparison 
with  the  corresponding  Navier-Stokes  solutions.  All  the  models  considered  lead  to  im¬ 
proved  results  as  the  Reynolds  number  is  increased.  Of  particular  significance  is  one 
model  which  yields  excellent  agreement  with  Navier-Stokes  solutions  for  separated  flow 
as  well  as  for  low  Reynolds  number  flows.  The  inclusion  of  displacement  effects  has  been 
found  to  be  most  significant  for  the  proper  representation  of  the  separated  flow  fields. 


1 .  INTRODUCTION 

An  Important  characteristic  of  viscous  flow  past  a  solid  body  is  the  separation 
phenomenon.  Inspite  of  considerable  success  in  dealing  with  laminar  flow  phenomena,  . 
studies  of  separation  for  incompressible  flows  have  been  limited  [Brown  and  Stewartson'^^] . 
With  the  advent  of  high-speed  computers,  Navier-Stokes  solutions  for  flows  with  separa¬ 
tion  have  now  become  feasible  (Briley*  and  Leal^] .  However,  these  solutions  generally 
require  large  computer  time  even  for  flat  plate  geometries.  On  the  other  hand,  it  has 
been  sufficiently  demonstrated  that,  if  inviscid-viscid  interaction  is  permitted,  it 
should  be  possible  to  remove  the  Goldstein  square-root  singularity*  at  the  separation 
point  and  integrate  the  boundary-layer  equations  for  separated  flow.  The  present  study 
serves  to  further  confirm  this  concept  by  verifying  it  with  respect  to  some  model  pro¬ 
blems  with  surface  curvature.  Inclusion  of  some  second-order  curvature  terms  is  found 
necessary  when  the  surface  curvature  becomes  large. 

Recently,  U.  Ghia  and  Davis^  have  determined  the  full  Navier-Stokes  solutions  for 
the  first  model  problem  used  in  the  present  study.  Their  study  also  provided  solutions 
using  a  simplified  mathematical  model  which  neglected  the  elliptic  terms  from  the 
vortlclty  equation  but  retained  the  complete  elliptic  stream  function  equation.  This 
simplified  model  correctly  calculates  the  elliptic  external  inviscld  flow,  l.e.,  accounts 
for  the  displacement  effects  and  thereby  yields  results  that  agree  remarkably  well  with 
the  Navier-Stokes  solutions  for  cases  with  small  separation  bubbles  imbedded  in  the 
viscous  region.  This  study  gave  further  evidence  that  it  should  be  possible  to  obtain 
solutions  using  boundary-layer-type  equations  for  a  mildly  separated  flow  if  vlscous- 
inviscid  interaction  is  considered.  Werle  and  Bernstein^  considered  a  further  simplifi¬ 
cation  of  this  approximate  model  by  neglecting,  from  the  parabolized  vorticlty  equation, 
all  terms  arising  due  to  the  second-order  curvature  effects  while  maintaining  the 
tangential  pressure  gradient  term  to  vary  with  normal  distance.  Briley  and  McDonald' 
considered  the  interaction  for  laminar,  transitional  and  turbulent,  mildly  separated  flow 
by  calculating  the  displacement  flow  using  a  source-sink  distribution  approach.  Dancey 
and  PletcherS  have  recently  suggested  the  inclusion  of  interaction  effects  by  using  the 
complete  Bernoulli  equation  in  the  Invlscid  flow  region. 

All  of  these  studies  constitute  approaches  wherein  the  displacement  thickness  inter¬ 
action  is  included  by  retaining  the  appropriate  terms  in  the  governing  differential 
equations.  An  alternative  approach  consists  of  Including  this  interaction  through 
suitable  modification  of  the  boundary  conditions.  This  involves  the  specification  of  the 
boundary  values  for  a  flow  quantity  that  is  most  sensitive  to  the  separation  phenomenon, 
e.g.,  displacement  thickness  or  surface  vorticlty. 

g 

Catherall  and  Mangier  were  the  first  to  overcome  the  difficulty  in  the  boundary- 
layer  equations  at  the  separation  singularity  by  prescribing  the  displacement  thickness 
instead  of  the  Inviscid  pressure,  and  calculating  the  latter  quantity  as  a  part  of  the 
solution.  Kllneberg  and  Steger^^  could  remove  the  separation  singularity  by  using  a 
model  in  which  the  inviscid-viscid  interaction  was  accounted  for  by  prescribing  the  wall 
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■h«ar.  Latar,  Cartar^^  axtanalvaly  atudiad  both  thaaa  approaehaa  and  concludad  that,  of 
tha  two,  tha  problam  with  praacribad  diaplacaaant  thicknaaa  ia  a  battar  approach  for 
conaldarlng  tha  naeaaaary  intaraetion.  Carter  arrived  at  thia  conoluaion  baeauaa  tha 
nuMrieal  achama  with  which  ha  nodalad  tha  problam  with  praacribad  wall  ahaar  raaultad 
in  a  diacontinuity  in  tha  outar-adga  velocity  for  the  poat-aaparation  region.  It 
appaara,  however,  that  thia  may  not  nacaaaarily  be  a  direct  conaaquanca  of  uaing  pra¬ 
acribad  wall  ahaar,  but  rather  tha  affect  of  the  numarical  achama  employed.  It  ia  ahown, 
in  tha  praaant  work,  that  careful  handling  of  tha  numerical  procedure  can  alimlnata 
thia  diacontinuity. 

Tha  goal  of  tha  praaant  atudy  ia  to  appropriately  rapraaant  and  compute  tha  aapar- 
atad  flow  field  which  can  occur  in  flow  configurationa  with  large  curvature  of  the  body 
aurfaca,  aa  the  Raynolda  number  ia  increaaed.  Tha  Naviar-Stokaa  equatlona,  of  courae, 
compriae  an  exact  mathematical  model  for  thaaa  flow  problama  with  aeparation.  But  tha 
preaentatlon  hare  diacuaaaa  aevaral  approximate  modela  that  can  be  derived  from  tha  full 
Naviar-Stokaa  aquationa.  If  an  approximate  model  ia  auch  that  it  doaa  not  taka  into 
account  the  viacoua-inviacid  interaction  in  the  flow  field,  than  it  ia  obvloualy  not 
auitable  for  a  aeparatad  flow  calculation.  The  viacoua-inviacid  interaction  may  be 
taken  into  conalderation  either  by  retaining  in  the  approximate  model  thoae  terma  that 
algnlficantly  account  for  thia  interaction  or  through  auitable  modification  of  the 
boundary  condltiona  for  the  problam.  Both  of  theae  approachea  have  been  I'.veatlgated 
in  the  praaant  work. 

The  firat  problem  conaidered  conaiata  of  the  flow  paat  a  claaa  of  two-diroenaional 
aemi-lnfinite  bodlea  with  a  vortical  leading  face  and  ahouldara  with  varying  degraa  of 
bluntneaa  [Fig.  1].  In  the  limit  of  zero  ahouldor  bluntnaaa,  the  body  raducea  to  a 
aemi-infinita  rectangular  alab  of  apecified  thicknaaa.  For  certain  valuea  of  tha  pro¬ 
blam  paramatara,  tha  flow  encountara  a  finite  region  of  aeparation  which  occur a  ahortly 
after  the  flow  negotlataa  the  turn  around  the  body  ahouldar.  Four  different  approximate 
modela  are  evaluated  and  diacuaaed  with  reapect  to  thaaa  aeparatad  flow  configurationa. 
Thia  model  problem  alao  makea  it  poaaible  to  atudy  the  llmitatlona  on  the  boundary- layer 
aolutlona  due  to  the  aharp  ahouldar  that  developa  on  the  thick  alab  of  vaniahing 
ahouldar  bluntneaa. 

The  aecond  configuration  atudied  ia  ahown  in  Fig.  2  and  repreaenta  the  flow  ovei  a 
claaa  of  bodlea  with  a  cyllndrically  ahaped  atagnation  aurface  followed  by  a  concave 
corner,  of  varying  roundedneaa,  merging  into  a  parabolic  aurface.  Solutlona  are  preaented 
for  thia  flow  configuration  uaing  the  complete  Navier-Stokaa  equatlona.  An  approximate 
model  that  performa  remarkably  «rell  for  the  firat  flow  configuration  ia  ahom  to,  again, 
almoat  reproduce  the  Navier-Stokaa  aolutiona  for  thia  new  configuration.  Aa  a  limiting 
caaa,  thia  aecond  configuration  can  correapond  to  the  flow  paat  a  circular  cylinder; 
aoma  reaulta  are  preaented  for  thia  caaa  alao. 


2 .  ANALYSIS 

The  Navier-Stokea  equatlona  conatltute  an  exact  mathematical  model  for  the  aeparated 
flow  problema  of  preaent  interest.  Therefore,  theae  equatlona  are  developed  firat. 

The  development  here  la  aimllar  to  the  earlier  work  of  U.  Ghia  and  Davla^. 

The  nondlmenaional  Navier-Stokea  equatlona  in  terma  of  vorticity  and  atrearo  function 
for  two-dimenaional  flow  are 

"t  *y“x  "  Vy  "  “xx  *  “yy 


end  ♦jjjj  +  ♦yy  -  -  w  .  (2) 

Here,  the  following  nondlmenalonalization  haa  been  uaed. 

*  *  * 

i  U  U 

it  *■  ^  i  U  *  ■  /  u  ■  ^  a  V 

p*  -  p 

^«B  m 

For  the  problema  conaidered,  it  la  more  advantageoua  to  formulate  theae  equatlona 
in  a  coordinate  ayatem  ((,n)  obtained  from  the  Cartesian  coordinates  by  conformal  trans¬ 
formations.  In  the  new  coordinates,  the  body  surface  lies  along  one  of  the  coordinate 
surfaces,  thus  facilitating  the  specification  of  boundary  conditions. 


For  a  conformal  transformation  of  the  type 
z  -  F(c)  , 


(4) 


where  z  >  x  ly  and  c  ■■  C  +  in  ,  the  scale  factors  and  given  aa 

Si  -  5,  -  lifi  . 


(5) 
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Zt  la  found  mora  convanlant  to  work  with  a  acala  factor  function  H  aa  defined 
below,  rather  than  with  the  acala  factora  thamaelvea,  auch  that 


Therefore,  Eqa.  (1)  and  (2)  can  be  written  in  tarma  of  the  conformal  coordinatea 
(C,n)  aa 


"nn  “tt  +  W  -  ♦n"?  "  ^  -t 


and  *  +  *  ■  -  iy  u  .  (8) 

nn  U* 

Similarity  forma  are  now  introduced  for  the  atream  function  and  the  vorticity. 

Baaed  on  the  correaponding  inviacld  flow  in  te>ma  of  the  (C,n)  coordinatea,  the  aul table 
form  for  the  atream  function  of  the  vlacoua  aolution  ia  taken  to  be 

♦  -  t  f(€,n)  -  (9) 

Subatltutlon  of  Eq.  (9)  into  the  atream  function  Eq.  (8)  leada  to  the  following  defini¬ 
tion  for  the  new  vorticity  function  g(C,n)  aa 

u  -  -  C  g(C,n)  .  (10) 

Uaing  Eq.  (10)  in  the  vorticity  Eq.  (7)  yielda,  after  aome  algebra,  the  tranaformed 
vorticity  equation  aa 


Hn  a  Hr  Hn  +  H?  +  H,.,.  H„ 

♦  I*  r  ‘  '  UK  *  >T  *  -  w  I  ♦  2  gi  *  t  ((1 


■  *  I*  IT  ■  '  *  »li  *  I  ^  • 

The  atream  function  Eq.  (8)  can  now  be  written  aa 


(11) 


(12) 


In  terma  of  the  new  atream  function  f(c,n),  the  velocity  components  u  and  v  along 
the  c  and  n  directiona,  respectively,  are  obtained  as 


u  -  5H  f^  and  v  -  -  H[tf^  +  f]  .  (13) 

Equations  (11)  and  (12)  comprise  Uie  Navier-Stokes  in  terms  of  the  new  variables. 
The  boundary  conditions  needed  for  a  unique  solution  of  these  equations  are  presented 
next.  At  the  surface  of  the  solid  body,  the  condition  of  zero  slip  requires  that 


-  0  and  ° 

At  large  normal  distances  from  the  body  surface,  the  flow  asymptotically  approaches 
the  external  inviscid  flow  so  that  the  outer  boundary  conditions  are  expressed  as 

f^(C,-)  -  1  and  g(C»-)  0  .  (15) 

The  flow  is  assumed  to  be  symmetric  about  the  line  C  0>  use  of  this  condition  in 
the  Navier-Stokes  Eqs.  (11)  and  (12)  leads  to  two  equations  for  f  and  g  valid  at  this 
symmetry  line. 


Finally,  as  C  the  Navier-Stokes  Eqs.  (11)  and  (12)  have  been  shown  to  reduce 

to 


g”  +  fg'  -  f'(l  +  (2C  Ji))g  -  0  ,  (16) 

and  f  »  g  (17) 

where  the  primes  denote  differentation  with  respect  to  n.  Solution  of  Eqs.  (16)  and  (17) 
provides  the  correct  downstream  boundary  condition  for  the  general  Navier-Stokes 
equations  (11)  and  (12) . 

In  the  present  study,  several  approximate  flow  models  have  also  been  studied.  The 
governing  differential  equations  for  these  approximate  models  will  be  written  first)  the 
boundary  conditions  given  earlier  will  be  stated  once,  for  completeness,  only  after  all 
the  models  have  been  presented. 
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Mathematical  Model«  For  Incon>pre«»ibl«  8«p«r«tlon 

The  hierarchy  of  approximationa  conaidered  for  separated  incompressible  boundary 
layers  leads  to  the  following  mathematical  models  t 

a.  Navier-Stokes  Model 

b.  Parabolized-Vorticity  Model 

c.  Parabolic  Approximation  Model 

d.  Parabolized-Vorticity  Model  without  Curvature  Effects 

e.  Boundary-Layer  Model 

Equations  (11)  and  (12)  comprise  the  Mavier-Stokes  model  which  is  considered  to 
represent  the  separated  flow  problem  in  an  exact  manner.  The  approximate  models  listed 
above  are  derived  from  these  equations. 

b.  Parabolized-Vorticity  Model 

In  this  flow  model «  the  stream  function  equation  (12)  is  retained  completely,  but 
the  vorticlty  equation  (11)  is  parabolized  by  dropping  the  terms  9rr*  —  9r  •  Hence, 
the  governing  differential  equations  become  ^  ^ 


H  +  H 

^ - -  +  2  (f  +  51^) 


+  2(— S— 5 — 2.  +  _!1!L 


and 


-  (1  .  2(^lk  ♦  U 

*  'u  *  I  'i  ■  «  • 


(18) 

(19) 


c.  Parabolic  Approximation  Model 


Both  the  vorticlty  and  the  stream  function  equations  are  parabolized  by  dropping  the 
2  2 

terms  g^^  +  and  f^^  *■  j  from  Eqs.  (11)  and  (12) ,  respectively.  The  reduced 

vorticlty  equation  retains  in  it  the  terms  corresponding  to  curvature  effects.  Thus, 
the  parabolic  approximation  model  is  comprised  of  the  following  equations: 


*  X  IT  *  '  ‘  "(13,  *  if  /  •  ^ 


H?  +  H  +  H 

-ii)  +  2  (f  +  Cfj) 


f^  (1  +  2C  gi-)]g  +  (4  jji  -  ef^)g 


H* 


^t 


and 


(20) 

(21) 


d.  Parabolized-Vorticity  Model  Without  Curvature  Effects 

If  the  curvature  terms  are  neglected  in  the  parabolized  vorticity  equation  (18)  , 
while  retaining  the  full  stream  function  equation  (19) ,  the  following  mathematical 
model  is  obtained: 

♦  I'  *  -  '.I*  *  -  ''n’t  ■  ^ 

and  f  +  f,  +  y  f,  »  g  .  (23) 

fin  t  t 

As  will  be  seen  shortly,  Eq.  (22)  has  the  form  of  boundary-layer  equations;  however, 
the  present  dependent  and  independent  variables  and  the  scale  factor  function  H  are  not 
boundary- layer  type  variables.  Also,  the  inviscid  pressure  gradient  term  [containing 

“e 

C  Is  not  evaluated  at  the  body  surface,  as  in  a  conventional  boundary-layer  analysis. 
H 

e.  Boundary-Layer  Model 

The  nondimensionallzation  used  in  Eq.  (3)  is  not  suitable  for  a  boundary-layer 
analysis.  For  instance,  the  viscous  length  v/U.  is  not  an  appropriate  reference  length 
for  nondlmensionallzing  the  boundary- layer  equations.  Instead,  if  some  length  L  is  used 
as  the  reference  length,  then  the  new  nondimensional  variables,  denoted  by  (')  over  them, 
will  be  related  to  the  present  nondimensional  variables  as  follows: 

1  - 

i(i  -  Re  1(1  ,  u  =  u/Re  ,u»u  ,v«v  ,p*p  ,H“  -  H  , 

✓Re 
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B  R« 


/K*  ( 


t  >  Ra  t  whara  Ra  ■  U.L/v 


(24) 


Tha  corraapondlng  boundary- layar  varlablaa  danotad  by  (~)  ovar  than,  ara  obtainad  from 
thaaa  naw  dimanaionlaaa  varlablaa  through  tha  following  ralatlonai 


♦  ■  ,  (1)  ■ 
whara  c  -  l/vKe 


u/e  ,  H(e,n^)  -  H 


t  -  C 


nw  +  tn 


(25) 


Tha  boundary-layer  aaaumptlona  can  now  h*  used  In  the  full  Navler-Stolcea  eguatlona 
written  ualng  the  new  nondlmenalonal  varlablaa  given  In  Eg.  (24) .  This  will  lead  to  the 
following  boundary-layar  vortlclty  and  atream  function  eguatlona  In  almllarlty-type 
varlablaa  In  general  conformal  coordlnateai 


g--  +  I?  +  -  ?-tl  +  2t  -  cf.  gj  -  ^ 


and 


(26) 


(27) 


Thla  form  of  the  boundary- layer  eguatlone  contains  much  more  Information  than  la 
first  apparent.  For  Instance,  subatltutlng  Eg.  (27)  Into  Eg.  (26)  leads  to  an  eguatlon 
that  can  be  analytically  Integrated  once  with  respect  to  n.  Tlie  arbitrary  function  of 
Integration  will  be  a  function  of  (  only  and  can  be  determined  by  evaluating  the  result 

-  "e 

in  the  outer  invlacld  flow  region.  This  reveals  that  the  guantlty  [1  c  is 

_  n 

related  to  the  Invlscld  pressure  gradient.  Further,  If  terms  containing  (-derivatives 
are  ignored,  the  eguatlon  reduces  to  the  Fal)cner-S)can  eguatlon  In  similarity  variables. 
It  Is  for  this  reason  that  the  present  formulation  leads  to  a  self-similar  solution 
along  the  stagnation  line  (  -  0  and  as  X  ■*  “  where  and  g-  are  )cnown  to  vanish. 

Boundary  Conditions  For  Approximate  Models  b  through  d! 

At  the  surface  of  the  body,  the  no-slip  condition  states  that. 


at  n  ■  J  f  ■  0  ,  f^  ■  0  ,  (28) 

Asymptotically  far  from  the  body  surface,  the  external  Invlscld  flow  prevails  and, 
hence , 

as  n-*»:f^*l  ,  g-0  .  (29) 

The  symmetry  of  the  flow  about  the  line  (  -  0  Is  used  to  provide  the  limiting 
eguatlons  for  vortlclty  and  stream  function  valid  at  the  symmetry  line.  In  addition, 
models  b  and  d  require  a  downstream  laoundary  condition  for  the  stream  function  variable; 
this  Is  provided  by  the  solution  of  the  limiting  form  of  the  stream  function  eguatlon; 

as  C  ;  f ' '  -  g  (30) 

where  the  prlmea  denote  differentiation  with  respect  to  n.  Model  c  does  not  regulre  this 
downstream  boundary  condition  because  It  consists  of  totally  parabolic  equations  only. 


Boundary  Conditions  for  Boundary-Layer  Model  e; 

At  the  surface  of  the  body,  the  no-sllp  condition  states  that 

at  n"0:J“0  ,  ?-“0  .  (31) 

n 

At  the  outer  edge  of  the  boundary  layer  where  the  vortlclty  function  approaches  zero, 
the  following  condition  holds; 

as  n  •*  n_  ;  ?-  -*•  1  ,  g  «  0  .  (32) 

e  n 

The  symmetry  of  the  flow  about  the  line  (  ■■  0  is  used  to  provide  self-similar 
eguatlons  for  vortlclty  and  stream  function  at  the  symmetry  line; 

g —  +  ?  g-  -  ?-  g  ■  0  and  f —  ■  g  .  (33) 

’nn  ’n  n  nn  ’ 


3.  NUMERICAL  ANALYSIS 

The  numerical  method  used  to  solve  the  flow  eguatlons  for  the  various  approximate 
models  depends  on  the  nature  of  the  equations  In  tlie  respective  approximate  model.  Thus, 
the  alternating  direction  implicit  (AOI)  method  Is  used  if  the  equation  Is  of  the  elliptic 
type  In  (C,n)  coordinates  and  a  simple  Implicit  scheme,  with  a  bacicward  difference  for  the 
streamwlse  convective  term,  is  used  If  the  eguatlon  Is  of  the  parabolic  type  In  ((,n) 
coordinates.  The  ADI  method  used  In  the  present  worlc  Is  essentially  as  formulated  by 
Davls^2  and  has  been  discussed  elsewhere  (Refs.  5  and  12,  among  others].  Therefore,  only 
some  important  points  are  mentioned  here;  the  variations  needed  in  the  method  for  use 
with  the  present  wor)c  are  described  thereafter. 


I 
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Since  the  Inviicld  flow  condltlone  have  to  be  matched  aa  n  or,  even  for  the_ 

boundary- layer  type  model  where  the  outer  boundary  condition  is  imposed  at  n  ■  and 
is  a  large  number,  the  accuracy  of  the  calculations  can  be  improved  by  using  the  follow¬ 
ing  dependent  variable  for  the  stream  function 

h-f-n  or  .  (34) 

Now,  as  n  ,  the  stream  function  f  -»  n  but  the  new  stream  function  h  approaches 
a  finite  value. 

Further,  the  analysis  presented  so  far  is  for  two-dimensional  semi-infinite  bodies 
with  an  axis  of  symmetry.  The  region  of  computation  for  such  bodies  is  the  entire  upper 
half-plane.  However,  the  choice  of  the  orthogonal  conformal  coordinates  (C,n)  is  such 
that  the  surface  of  the  body  lies  along  n  ~  constant  and,  in  the  ((,n)  coordinates, 
the  computational  domain  is  reduced  to  a  quarter  infinite  plane.  For  the  actual  numeri¬ 
cal  calculations,  the  quarter  infinite  plane  will  require  a  large  number  of  grid  points 
for  any  meaningful  resolution.  Hence,  based  on  the  asymptotic  behavior  of  the  flow 
variables  for  large  c  and  n,  the  following  transformation  is  used  for  the  coordinates: 

s  - 1  -  i  i„(i .  ii  .„a  » -  c (35) 

where  the  constants  A  and  C  are  chosen  such  that  the  flow  variables  are  regularly  behaved 
with  respect  to  the  S  and  N  directions.  In  terms  of  the  (S,N)  variables,  the  computa¬ 
tional  region  is  reduced  to  a  unit  square. 

Finally,  it  is  seen  that  there  are  three  n-boundary  conditions  for  f  and  only  one 
n-boundary  condition  for  g,  even  though  a  second-order  differential  equation  in  n  is  to 
be  solved  for  g  also.  A  unique  solution  is  therefore  obtained  using  a  superposition 
technique  by  suitably  combining  the  'homogeneous*  and  'particular*  solutions  of  these 
linear  finite-difference  equations. 

The  above  discussion  in  this  section  pertains  to  obtaining  numerical  solutions  for 
unseparated  flow.  Certc^n  modifications  become  necessary  when  calculations  are  to  be 
made  for  separated  flow.  For  Instance,  in  the  region  of  reversed  flow,  the  implicit 
marching  method  for  pHrabolic  equations  needs  to  be  modified  in  order  to  properly  take 
into  consideration  the  direction  of  the  flow,  thereby  requiring  a  field-sweep  iterative 
procedure.  In  this  procedure,  the  standard  implicit  marching  technique  was  used  in  the 
region  from  the  stagnation  line  at  (  •>  0  up  to  that  location  of  (  (denoted  as  (g)  where 
the  coefficient  of  the  streamwise  convective  term  first  undergoes  a  change  in  its  sign. 
The  marching  technique  iterates  upon  the  calculations  performed  at  a  given  (-line  until 
the  solution  at  that  c-llne  is  completely  converged;  only  thereafter  do  the  calculations 
proceed  to  the  next  c-line.  In  the  region  between  the  C-llne  denoted  as  Cg  and  the  line 
at  C  where  the  Blaslus  self-similar  flow  prevails,  only  one  iteration  is  performed 

at  each  station,  till  all  the  stations  are  computed.  The  calculations  then  return  to  ^ 
and  the  process  is  repeated  in  this  sub-field,  until  a  required  convergence  criterion 
is  satisfied.  Also,  in  order  to  enhance  computational  stability  in  the  reversed  flow 
region,  the  solution  of  the  governing  equations  was  obtained  after  including  a  time 
derivative  term  in  the  vortlclty  equation.  Thus,  the  required  converged  results  were 
obtained  as  the  asymptotic  solution,  for  large  time,  using  the  time-dependent  equation. 

A  final  comment  about  the  modifications  needed  for  separated  flow  computations 
concerns  the  case  when  the  viscous-inviscid  interaction  is  considered  through  specifica¬ 
tion  of  proper  surface  vorticity.  For  this  case,  the  boundary  value  problem  for  g 
becomes  simplified  and  the  superposition  technique  needed  earlier  is  no  longer  required. 
The  problem  for  the  stream  function  becomes  an  initial  value  problem  with  both  conditions 
available  at  the  body  surface. 

The  mathematical  analysis  and  the  numerical  procedures  presented  above  have  been 
applied  to  compute  solutions  for  separated  flow  past  some  two-dimensional  bodies;  the 
results  obtained  are  discussed  in  the  following  section. 


4.  DISCUSSION  OF  RESULTS  FOR  FLOW  PAST  A  CLASS  OF  BODIES  WITH  A  SHOULDER 


The  presentation  so  far  has  been  quite  general  and  is  useful  for  a  wide  class  of 
two-dimensional  flow  problems.  As  an  application,  the  model  problem  corresponding  to 
flow  past  a  class  of  bodies  with  a  shoulder,  shown  in  Fig.  1,  is  selected.  For  this 
geometry,  the  new  plane  of  coordinates  (C,n)  using  the  conformal  Schwarz-Christoffel 
transformation  is  defined  such  that 


9  1/2  ,  U^t 

■  (Re  -  where 

This  relation  is  used  to  provide  the  transformation  function  H  for  all  the  approxi¬ 
mate  models  considered  except  for  the  boundary- layer  model  for  which  the  corresponding 
relation  is 


^  -  (1 

di; 


C^l 


1/2 


Integration  of  Eq. 

z  -  7  (c(l  - 


(36)  yields 

+  Re  sin"^(c//to)] 


(37) 


(38) 
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while  the  integretlon  of  Eq.  (37)  leede  to 


led  -  Ih 


1/2 


+  tln"^  c) 


(39) 


Thus,  Hu  end  Re  conpriee  the  two  persMters  of  the  problem  for  all  the  approximate 
models  except  the  boundary- layer  model  for  which  the  only  parameter  is 

’’w  " 


Finally,  the  scale  factor  function  H  can  be  defined  using  Eq.  (5)  for  this  geometry  as 
2 - 9 - T  .  (40) 


-  Re)^  4  4  Re 


(e‘  +  n 

For  the  boundary- layer  model,  this  becomes 

.-54  _  1 

H  ■  sm - n - 9 - rj 

(«"  +  nj  -  1)^  .  4  nl 


(41) 


First,  reeulta  were  obtained  for  a  non-aeparated  caae  for  idiich  the  exact  Navler- 
8to)ceB  solutions  were  given  by  0.  Ghla  and  Davis^.  The  parameters  for  this  case  are 

Re  *  161.5  ,  ~  10  so  that  •  0.786,  and  correspond  to  a  blunted  body  at  moderate 

Reynolds  number.  Figure  3  shows  the  surface  vortlcity  function  as  well  as  the  outer- 
edge  stream  function  (f  -  n)q  for  the  Navler-Sto)ces  as  well  as  the  approximate  models. 

The  parabolized-vorticity  model  almost  reproduces  the  Mavler-8to)ces  solution  for  this 
case.  The  boundary- layer  model  leads  to  a  solution  that  corresponds  to  the  Hlemenz 
solution  at  the  stagnation  point  and  monotically  approaches  the  flat  pltte  Blaslus  value 
at  downstream  infinity,  as  it  should.  Inclusion  of  the  curvature  effec'-.s  is  seen  to 
improve  the  results  in  the  stagnation  region;  this  is  seen  clearly  from  the  results 
observed  for  g^  with  the  parabolic  approximation.  Thus,  the  analyals  leads  to  reasonable 
results  for  the.  non-separated  caaes;  Its  application  to  the  separated  flow  cases  is 
discussed  next. 


The  Navler-Stokes  model  and  the  parabolized-vorticity  model  (with  or  without 
curvature  effects)  require  no  special  treatment  in  the  presence  of  separation  because 
the  equations  for  these  models  directly  Include  the  viscous-invlscid  interaction  due  to 
displacement  thlc)cness  effects.  This  interaction  is  not  included  in  the  equations  for 
the  parabolic-approximation  model  and  the  boundary-layer  model.  For  these  two  models, 
the  displacement  thickness  interaction  is  accounted  for  by  proper  re-deflnitlon  of  the 
boundary  conditions  lEqs.  (28-29)  or  Eqs.  (31-32'].  Without  this  interaction,  the 
solution  encounters  a  singularity  at  the  separation  point  and  fails  to  converge  there¬ 
after.  Thia  is  clearly  seen  in  Fig.  4  where  the  curves  resulting  from  the  parabolic- 
approximation  model  and  the  boundary-layer  model  are  not  continued  beyond  (//Re  -  1.0 
for  both  cases  presented. 

It  must  first  be  recalled  that,  in  the  conventional  boundary-layer  approach,  the 
vorticity-stream  function  formulation  involves  prescribing  fn  ~  ^  outer  edge  of 

the  boundary  layer  where  the  vorticlty  function  g  -  0  at  all  e  locations.  Mathema¬ 
tically,  this  states  that 

••  1  "e  *  %  ^  '  g  -  0  .  (42) 

For  the  separated  flow  calculations,  the  boundary  condition  f  ■«’  1  as  n  rie  is 
not  accurate.  Even  for  mildly  separated  flow,  the  invlBcid-vl8COUB''interactlon  must  be 
accounted  for  by  proper  Inclusion  of  displacement  effect.  It  has  been  observed  (Refs.  1, 
3,  10)  that  Including  this  interaction  by  employing  the  interacted  values  of  the  Inviscld 
pressure  gradient  does  not  serve  to  remove  the  separation  singularity  from  the  boundary- 
layer  equations.  To  confirm  this  for  the  present  formulation,  the  boundary  condition 

that  f  -»  1  as  n  n.  was  modified  to  use  f  prescribed  from  the  results  of  the 

I  n* 

Navler-Stokes  calculations.  The  results  showed  that,  with  such  use  of  the  Interacted  f 
values,  the  separation  singularity  persists  in  the  flow  field  and  exhibits  itself  in 
the  form  of  algebraic  decay  of  vorticlty  and  stream  function  at  various  i  locations  in 
and  aft  of  the  separation  region.  This  is  because  prescribing  the  interacted  f^  is 

equivalent  to  specifying  the  Interacted  pressure  gradient  in  the  inviscid  flow,  so  that 
both  the  parabolic  approximation  and  the  boundary  layer  models  lead  to  a  singularity  at 
separation  with  this  approach. 

Instead  of  prescribing  the  outer  edge  velocity,  it  is  equally  possible  to  specify 
the  Interacted  stream  function  (f  -  n)e  which  includes  the  displacement  interaction 
more  effectively.  This  leads  to  a  computational  procedure  which  will  be  referred  to  as 
the  inverse  problem  of  prescribed  stream  function  as  described  next. 

The  formulation  that  follows  will  pertain  to  the  parabolic-approximation  model.  It 
is  equally  valid  for  the  Iboundary-layer  model,  when  referred  to  the  appropriate  differ¬ 
ential  aquations  and  boundary  conditions,  with  the  proper  boundary-layer  variables. 

Prescribed  Interacted  Stream  Function  (f  -  n)e» 


The  governing  differential  equations  remain  unchanged,  but  the  boundary  conditions 
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are  now  aa  follows: 

At  ‘  f  “  0  ,  -  0  j  n  specified  ,  g  «  0  .  (43) 

For  the  separated  flow  configurations,  results  are  obtained  with  the  boundary- 
layer  model  as  well  as  the  parabolic  approximation  model,  using  (f  -  n)e  from  the 
corresponding  Navler-Sto)ces  solutions.  The  resulting  distribution  of  the  wall  shear 
function  is  shown  in  Fig.  5  for  three  typical  blunted-shoulder  configurations  with 
separation.  For  all  three  cases,  the  parabollzed-vorticlty  model  yields  results  that 
are  undlstlnguishable  from  the  Kavier-Stokes  results.  When  curvature  effects  are  dropped 
from  the  parabollzed-vorticlty  model,  the  resulting  model  tends  to  under-predict  the 
extent  as  well  as  the  severity  of  the  separation  region.  However,  since  curvature 
effects  become  less  significant  with  increasing  Reynolds  number,  the  results  obtained 
with  this  model  lead  to  some  improved  agreement  as  the  Reynolds  number  becomes  large. 

Thus,  for  Re  -  161.5  with  nw  "  0*5  (Fig.  5a)  this  model  shows  significant  deviation 
in  the  stagnation  region  and  up  to  the  shoulder  region  and  Indicates  that  the  flow 
experiences  no  separation  anywhere  even  though  the  Navier-Stokes  solution  shows  a  separated 
flow  region.  As  the  Reynolds  number  is  increased  through  262  to  2000,  the  results 
obtained  with  model  d  show  better  agreement  in  the  region  upstream  of  the  shoulder; 
some  amount  of  negative  wall  shear  function  is  predicted  for  the  case  with  Re  >  2000. 

For  the  parabolic  approximation  model,  which  contains  curvature  effects  in  it,  including 
displacement  interaction  through  prescribing  the  proper  (f  -  n)^  does  lead  to  regularly 
behaved  solutions  near  separation  and  reattachment,  with  no  sign  of  the  separation 
singularity.  As  seen  in  Figures  5a-c,  the  parabolic  approximation  yields  results  that 
are  generally  in  better  agreement  with  the  Navier-Stokes  solutions  in  the  region  up¬ 
stream  of  the  shoulder,  confirming  that  curvature  effects  are  most  important  in  this 
region.  Also,  the  parabolic  approximation  is  seen  to  over-predict  the  extent  of  separa¬ 
tion  but,  again,  as  the  Reynolds  number  is  Increased,  the  results  of  model  c  show  better 
agreement  with  the  Navier-Stokes  solutions.  Finally,  model  e  is  seen  to  be  unable  to 
yield  results  for  the  large  curvature  configurations  of  Fig.  5a  and  b  (f^^  0.039  and 

0.093)  but  performs  reasonably  well  for  «  0.223. 

Thus,  these  results  demonstrate  that  the  behavior  of  the  approximate  models  can  be 
made  regular  if  the  inviscid-viscous  Interaction  is  treated  appropriately.  This  is 
also  generally  true  for  another  inverse  problem  formulated  by  prescribing  the  inter¬ 
acted  value  of  the  surface  vorticity  function  g^. 

Prescribed  Interacted  Vorticity  Function  gy; 

In  this  formulation,  the  governing  equations  are  again  unchanged,  but  the  boundary 
conditions  are  now  given  as  follows: 

At  ''  '  *  f  =  0  ,  f^  «=  0  '  ”  specified  ;  i  :  g  *  0  .  (44) 

These  boundary  conditions  given  in  Eq.  (44)  clearly  show  that  the  boundary  value 
problem  for  the  vorticity  function  is  simplified  and  the  superposition  technique  needed 
earlier  is  no  longer  required.  The  problem  for  the  stream  function  now  becomes  an 
initial  value  problem  with  both  conditions  prescribed  at  “  ''y  • 

The  results  obtained  by  prescribing  the  interacted  g^  for  the  separated  flow  con¬ 
figurations  are  shown  in  Figs  6a-c.  From  the  comparison  shown  for  the  outer-edge  values 
of  the  stream  function,  it  is  clear  that  prescribing  the  interacted  wall  shear  does 
serve  to  remove  the  separation  singularity  from  the  calculations.  As  Figs.  6a-c  show, 
the  results  for  (f  -  obtained  with  the  parabolic  approximation  agree  well  with  the 
Navier-'Stokes  solutions,  the  agreement  becoming  better  as  the  Reynolds  number  increases 
from  161.5,  through  262,  to  2000.  Using  the  boundary-layer  model,  the  cases  with  extreme 
shouldi;r-curvature  yielded  meaningful  solutions  only  in  the  region  upstream  of  the 
shoulder.  However,  when  is  increased  to  0.223,  the  boundary-layer  results  for  (f  -  n)e 
agree  well  with  the  Navier-Stokes  solutions  everywhere,  including  the  separation  region. 
Since  the  parabollzed-vorticlty  models,  with  or  without  curvature  effects  (l.e.,  models 
b  and  d)  ,  account  for  displacement  interaction  directly  through  the  equations,  the  results 
for  these  models  should  not  be  associated  with  whether  g^  or  ('  -  n)^  is  prescribed. 

Whereas  the  parabollzed-vorticlty  model  yields  results  that  are  almost  Identical  to  the 
Navier-Stokes  solutions,  neglecting  the  curvature  effects  from  this  model  leads  to 
(f  -  n)e  values  that  differ  significantly  from  the  Navier-Stokes  results,  even  for  the 
largest  Reynolds  number  considered  here.  The  hump  in  the  curves  for  (f  -  n)e  corresponds 
to  the  growth  of  the  displacement  thickness  in  the  separated  flow  region,  since  (f  -  n)e 
is  related  to  displacement  thickness. 

Before  concluding  the  discussion  on  this  inverse  problem  for  separated  flow  calcu¬ 
lations,  it  must  be  pointed  out  that  the  use  of  upwind  differencing,  for  the  cases 
with  gy  prescribed,  was  first  seen  to  cause  a  discontinuity  in  outer-edge  values  of  f 
and  (f  -  n) .  Similar  observations  have  also  been  reported  by  Carter^*  for  separated 
boundary- layer  calculations  for  a  flat  plate  with  adverse  pressure  gradient.  However, 
it  was  believed,  in  the  present  work,  that  this  difficulty  has  its  origin  in  the  numerical 
procedure,  at  least  for  the  case  of  Re  ^  2000  which  is  well  within  the  realm  of 
boundary- layer  theory.  Indeed,  careful  choice  of  the  time  steps  and  the  solution  pro¬ 
cedure  did  eliminate  this  discontinuity  for  the  high  Re  cases.  The  results  presented 
here  have  been  obtained  using  upwind  differencing. 
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Result!  for  ff)^.  Surface  Preeeure  and  Straamlinea  s 


The  behavior  of  the  veloolty  function  f„  at  the  edge  of  the  viscous  region  is 
shown  in  Figs.  7a-c.  It  may  appear,  at  first?  that  the  f^  results  do  not  agree  with 
the  Navier-Stokes  solutions  os  well  as  the  g^  or  the  (f  -  *),  result  did.  But  this  is 
not  quite  true  if  one  recognises  that  tha  seals  used  for  f„  is  several  times  larger 
than  that  used  for  g^  or  (f  -  n)«  in  Figs.  5a-e  or  6a-c.  *Ab  saan  in  Figs.  7a-c, 
the  function  fp  remains  nearly  constant,  at  its  stagnation  point  value,  until  the 
shoulder  reglon*whera  it  experiences  a  small  decrease,  followed  by  a  rather  rapid  in*' 
crease  in  tha  region  where  the  flow  separates.  Thereafter,  fp  decreases  smoothly  to 
approach  its  asymptotic  value  of  unity.  This  is  in  accordance*  with  what  should  be 
expected  physically  when  the  flow  negotiates  the  turn  around  the  convex  shoulder.  Fur¬ 
ther,  the  pressure  drop  in  the  separation  region  must  be  accompanied  by  some  increase  In 
fp  .  These  changes  in  fp  become  more  significant  as  tha  Reynolds  number  increases. 


and  are  most  obvious  in  Fig.  7c  where  Re  ■  2000.  Again,  the  parabolised-vorticlty  model 
almost  reproduces  the  Navier-Stokes  solutions.  The  parabolic  approximation  tends  to 
predict  more  prominent  variations  in  fp  in  tha  shoulder  region  and  tha  separation 
region,  whereas  model  d  predicts  rather*  subdued  variations  in  f.  as  compared  to  the 
Navier-Stokes  results.  All  the  models  perform  better  at  the  hign*  Reynolds  number  of 
2000.  In  fact,  tha  boundary- layer  model  which  fails  in  the  presence  of  extrema  curva¬ 
tures  (fi,f  ■  0.039)  actually  shows  raasonable  results  for  the  separated  flow  case  with 
fiy  -  0.223.  However,  for  ny  ■  0.093,  the  boundary-layer  model  yields  fair  results 
when  g„  is  prescribed  although  it  breaks  dotm  in  the  region  downstream  of  the  shoulder 
when  (i  -  n).  is  prescribed.  Also,  it  is  observed  that  the  flow  in  the  separation 
region  and  the  post-separation  region  is  batter  represented  by  gy  -  prescribed  boundary 
condition  than  by  the  (f  -  n)^  ~  prescribed  boundary  condition. 


Figure  8  shows  the  pressure  distribution  on  the  surface  of  the  blunt-shouldered 
bodies  under  consideration.  The  surface  pressure  was  determined  by  Integrating  the 
tangential  component  of  the  momentum, equation  along  the  svirface  n  ■  ny.  For  the  oases 
with  sharper  shoulders  (l.e.,  small  ny) ,  it  was  also  neosssary  to  amploy  tha  normal 
component  of  the  momentum  equation  along  the  stagnation  line  (  -  0.  For  all  three 
separated  flow  cases  discussed,  the  pressure  experiences  a  severe  drop  In  the  region  of 
the  shoulder  (e  -  </iS) ,  Thereafter,  the  pressure  rises,  causing  separation  of  the 
boundary  layer.  As  the  pressure  approaches  the  free  stream  value  further  downstream, 
the  boundary  layer  reattaches  to  the  body  surface,  resulting  In  a  finite  separation 
bubble.  All  the  models  considered  appear  to  yield  good  agreement  with  the  Navier- 
Stokes  pressure  results,  except  the  boundary-layer  model  for  the  extreme  curvature  cases. 


A  good  pictorial  representation  of  the  physical  flow  field  is  obtainable  from  the 
streamline  contours  shown  in  Figs.  9a-c.  A  larger  scale  has  been  used  along  the 
vertical  axis  than  along  the  horlsontal  y-axis.  This  allows  the  vertical  coordinate 
X  to  be  stretched  in  order  to  make  the  vertical  extent  of  the  separation  region  more 
easily  visible.  It  is  seen  that,  the  magnitude  of  the  minimum  value  of  occurring  inside 
the  separation  bubble  is  larger  for  n^O.039  than  for  iiy-0.093.  Also,  as  the  Reynolds 
number  increases,  the  separation  bubble  tends  to  get  convected  along  the  body  surface, 
so  that  its  vertical  extent  diminishes  while  the  bubble  is  elongated  along  the  stream- 
wise  direction. 


5.  FURTHER  EVALUATION  OF  PARABOLIZED-VORTICITY  MODEL  FOR  LOW  REYNOLDS  NUMBER  FLOWS 

The  parabollzed-vorticlty  model  of  U.  Ghla  and  Davis^  (represented  as  model  b  in 
the  present  work)  is  seen  to  almost  exactly  reproduce  the  Navier-Stokes  solutions  for 
the  flow  configurations  considered  thus  far.  This  is  recognized  as  being  due  to  proper 
inclusion  of  the  displacement  thickness  effects  in  the  flow.  However,  one  may  be  also 
inclined  to  partially  attribute  the  success  of  this  model  to  the  high  (and  moderate) 
Reynolds  number  flows  discussed  in  the  preceding  sections.  On  the  other  hand,  certain 
geometrical  configurations  can  lead  to  the  occurrence  of  flow  separation  even  at  fairly 
low  Reynolds  numbers;  a  familiar  example  is  the  flow  past  a  circular  cylinder.  There¬ 
fore,  the  parabollzed-vorticlty  model  was  further  tested  with  respect  to  the  class  of 
bodies  with  a  shoulder  (Fig.  1}  at  low  Reynolds  number.  These  results  serve  to  ascertain 
the  role  of  the  flow  Reynolds  number  in  the  success  of  this  model  which  takes  due 
account  of  displacement  effects. 

Figure  10  shows  a  comparison  of  some  typical  results  for  the  surface  vorticity 
function  as  determined  from  the  Navier-Stokes  solutions  and  the  parabollzed-vorticlty 
model.  The  cases  presented  Include  body  configurations  with  sharp  shoulders  (n^  ■  0.5) 
as  well  as  rounded  shoulders  (ny  ■■  10.0).  It  is  found  that,  even  for  these  low  Reynolds 
numbers,  the  parabolized  vorticity  model  leads  to  excellent  agreement  with  the  Navier- 
Stokes  results. 

For  the  values  of  ny  shown,  the  stagnation  point  vorticity  function,  determined 
from  the  two  solutions,  clffers  by  a  maximum  of  3.5  percent  for  a  range  of  Reynolds 
numbers  between  2,22  and  2000.0.  This  has  the  very  significant  implication  that  it  is 
not  necessary  to  solve  the  complete  Navier-Stokes  equations  in  these  studies;  it  is 
possible  to  use  a  considerably  simplified  form,  of  the  boundary-layer  type,  for  the 
vorticity  equation.  It  is  important  to  amphasize,  however,  that  the  success  of  the 
simplified  model  depends  greatly  on  tha  use  of  proper  variables  and  suitable  coordinates 
for  formulating  the  model.  The  parabollzed-vorticlty  equation  model  is  given  soma  further 
consideration  in  the  next  section  by  testing  it  with  respect  to  a  flow  configuration 
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that  can  encounter  separation  at  fairly  low  Reynolds  number  and  exhibits  rather 
severe  separation  for  increasing  value  of  the  Reynolds  number. 


6.  FLOW  PAST  A  CLASS  OF  SEMI-INFINITE  BODIES  WITH  CYLINDRICAL-SHAPED  LEADING  SURFACE 


Next,  the  class  of  two-dimensional  bodies  shown  typically  by  the  curves  of  con¬ 
stant  n  in  Fig.  2  are  considered.  In  the  limit  of  *  0>  the  body  consists  of  a 

cylinder  with  a  semi-infinite  flat  plate  at  the  rear.  A  sequence  of  simple  conformal 
transformations  is  used  to  provide  the  final  form  of  the  conformal  transformation  which 
transforms  th:  corresponding  inviscid  flow  problem  to  the  stagnation  flow  problem.  Thus, 
the  complete  Navier-Stokes  equations  are  solved  using  the  transformed  coordinate  system 
(C,n)  defined  by  the  equation 

1  r}  1/2 

z  -  J  -  2Re)  +  c(|-  -  2Re)  1  (45) 


where  Re  is  the  Reynolds  number  based  on  the  radius  of  surface  curvature  at  the  nose  of 
the  corresponding  body  with  the  coordinate  transformation  given  by 

Eq.  (45),  the  scale  factor  function  H,  defined  in  Eqs.  (5-6),  can  be  determined  as 


H 


2 


4(p^+q^) 

— 3 — 5  2  2 - 

(r+r,*')  (p  +q  )  +  T 


(46) 


,,,22  ,,22  2  ,2  2  1/2 
p^  -  -  2Re)  +  j((^-^  -  2Re)  + 

,  ,,22  ,,22  2  ,2  2  1/2 

q^  =  -  j(^-^  -  2P.C)  +  -  2Re)  + 

T  -  («^+n^)  (Cp+nq)  -  4Re(5p-T,q)  +  I(t2+„2j2  _  +  4Re^  .  (47) 

The  transformation  maps  the  body  surface  onto  a  coordinate  surface,  denoted  as  nwr 
in  the  transformed  plane.  Also,  the  semi-infinite  region  in  the  Cartesian  plane  maps 
to  a  quarter-infinite  region  in  the  (c,n)  plane.  In  these  new  coordinates,  it  becomes 
possible  to  accurately  formulate  all  the  boundary  conditions  for  this  flow  problem, 
including  the  condition  at  downstream  infinity.  The  asymptotic  solution  at  t  “  is, 
again,  the  Blasius  solution.  The  problem  is  characterized  by  two  parameters  -  the 
Reynolds  number  Re  and  the  quantity  nw  which  is  related  to  the  bluntness  of  the  corner 
on  the  body.  The  flow  past  the  thin  flat  plate  (Pe  *0,  ny,  =  0)  ,  the  parabolic 
cylinders  (Re  <«  0,  6^/0)  and  the  vertical  wall  (ly,  -►  *)  can  be  obtained  as  special 
cases  of  this  flow  problem;  these  were  used  as  check  cases  for  ascertaining  the  accuracy 
of  the  formulation  and  the  numerical  calculations. 


where 


and 


Figure  11  shows  the  surface  vorticity  function  distribution  g(C,nv)  for  some 
typical  cases  of  this  class  of  bodies.  In  Fig.  11a,  the  case  with  =  5,  Re  =  100 

shows  that  the  flow  remains  attached  to  the  body  surface  everywhere.  But  as  is 
reduced  to  1,  i.e.,  the  corner  in  the  body  is  made  considerably  sharper,  the  flow 
separates  in  the  vicinity  of  the  corner  and  exhibits  a  finite  region  of  reversed  flow 
even  for  a  Reynolds  number  of  50.  The  parabolized-vorticity  equation  model  is  seen 
to  reproduce  the  Navier-Stokes  results  for  both  cases  of  the  new  configuration  also. 

This  flow  configuration  experiences  a  more  enhanced  separation  as  compared  to  the  body 
configuration  with  a  shoulder,  described  earlier  in  the  paper;  the  shouldered  configura¬ 
tion  had  experienced  no  separation  at  these  low  Reynolds  numbers  even  for  0*  fhc 

use  of  fine  resolution  in  certain  critical  regions  of  the  flow  field  is  appearing  to  be  a 
significant  factor  in  obtaining  numerical  solutions  for  these  severely  separated  flows. 

The  behavior  of  g(t,ny,)  for  typical  configurations  with  a  sharp  corner  (ny,  =  0) 
is  shown  in  Fig.  11b.  T)ie  parabolized-vorticity  model  appears  to  experience  no 
difficulty  due  to  the  presence  of  the  sharp  corner  located  at  c  =  2/2Re  along  ny,  =  0 
in  the  present  coordinates. 

Flow  Past  Cylinders 

Finally,  it  is  recognized  that,  in  the  limit  of  nw  0,  the  body  shapes  represented 
in  Fig.  2,  for  Re  fl  0,  consist  of  a  cylinder  with  a  semi-infinite  flat  plate  emanating 
from  the  rear-stagnation  point  on  the  cylinder.  The  downstream  asymptotic  boundary 
condition  for  the  Navier-Stokes  equations  corresponds,  therefore,  to  the  Blasius  solution 
for  the  flat  plate  flow.  Clearly,  removing  the  entire  plate  from  the  rear  of  the  cylinder, 
and  appropriately  modifying  the  downstream  asymptotic  boundary  condition  to  now  correspond 
to  the  wake  flow  solution,  yields  the  problem  of  symmetric  flow  past  a  cylinder.  Thus, 
the  symmetric  flow  past  a  cylinder  can  be  obtained  in  the  present  (C,n)  coordinates 
[Eq.  (45)1  by  considering  the  geometries  with  ny  ■=  0,  Re  ^  0,  and  setting  to  zero  the 
vorticity  function  along  the  line  of  symmetry  at  the  rear  of  the  cylinder,  i.e., 

g(t,0)  ■  0  for  C  >  2/2Re  .  (48) 

This  is  an  important  flow  problem  that  has  been  studied  by  a  number  of  investigators 
[for  example.  Refs.  13  and  14]  using  different  approaches.  It  is  believed  that  applica¬ 
tion  of  the  present  general  formulation  of  the  analysis,  the  alternating  direction 
implicit  numerical  method  and  the  parabolized-vorticity  model  for  this  flow  problem 


provide!  a  good  teat  of  the  praaent  technlquea  for  aeparated  flowa  with  wakea.  Some 
preliminary  raaulta  have  been  obtained  and  appear  quite  promlalng.  Figure  12a  ehowa  a 
computer-generated  contour  plot  of  the  atreamllnea  for  the  flow  paat  a  cylinder  at  Re  >  3. 
No  aeparation  la  obaerved  at  thla  value  of  the  Reynolda  number.  Thia  reault  la  in  general 
agreement  with  that  obtained  In  Ref.  13,  that,  for  flow  paat  a  cylinder,  aeparation 
firat  occura  at  about  Re  >  2.875.  Therefore,  at  Re  ■  3,  even  If  aeparation  haa  occurred. 

It  la  confined  to  an  extremely  amall  region  near  the  rear  of  the  cylinder  and  la  being 
mlaaed  In  the  finite  difference  calculationa.  It  would  be  neceaaary  to  uae  a  further 
refined  grid  in  the  region  near  the  rear  of  the  cylinder  in  order  to  obtain  finer  reao- 
lutlon  of  the  numerical  reaulta.  Figure  12b  ahowa  the  correapor.ding  atreamllnii  pattern, 
at  Re  ■  3,  when  the  plate  la  re-lnaerted  at  the  rear  of  the  cylinder  and  the  do.matream 
aaymptotlc  boundary  condition  la  reatored  to  correapond  to  the  Blaaiua  aolution.  Aa 
expected  in  unaeparated  flow,  the  atreamllnea  at  the  rear  of  the  cylinder  are  now  dla- 
placed  outward,  owing  to  the  diaplacement  thlckneaa  effecta  of  the  flat  plate  in  the 
vlacoua  flow.  Alao,  no  aeparation  la  obaerved  for  thla  caae  because  the  presence  of 
the  plate  will  tend  to  suppress  the  degree  of  separation. 

7.  CONCLUSION 

It  seems  clear,  from  the  results  obtained,  that  boundary-layer-type  models  can 
successfully  predict  separated  flows  if  they  take  account  of  the  Interaction  between 
the  boundary  layer  and  the  external  invlscid  flow.  The  displacement  thickness  effects 
appear  to  be  of  greatest  significance  in  treating  the  separation  singularity.  In  the 
several  models  studied,  this  interaction  has  been  taken  into  consideration  either 
directly  through  the  differential  equations  or  Indirectly  by  appropriate  modification 
of  the  boundary  conditions  for  the  viscous  solutions. 

Another  useful  direct  approach  to  the  problem  would  consist  of  simultaneous  solution 
of  the  boundary- layer  flow  aind  the  invlscid  flow,  with  suitable  matching  of  the  two 
flow  solutions.  This  would  avoid  solving  the  viscous  flow  equations  in  the  outer 
flow  region.  That  such  a  procedure  is  possible  is  indicated  by  the  success  of  the 
parabollzed-vorticlty  model  with  or  without  curvature  effects.  Efforts  are  presently 
being  made  to  pursue  this  concept  further. 

REFERENCES 

1.  Brown,  S.N.  and  Stewartson,  K.  (1969),  "Laminar  Separation,"  Annual  Review  of  Fluid 

Mechanics,  Annual  Review  Inc.,  Vol.  1,  pp.  45-72. 

2.  Briley,  R.  (1971) ,  "The  Numerical  Study  of  Laminar  Separation  Bubbles  using  the 

Navier-Stokes  Equations,"  Journal  of  Fluid  MecltanicB,  Vol.  47,  Part  4,  pp.  713-736. 

3.  Leal,  L.G.  (1973),  "Steady  Separated  Flow  in  a  Linearly  Decelerated  Free  Stream," 

Journal  of  Fluid  Mechanics,  Vol.  59,  Part  3,  pp.  513-535. 

4.  Goldstein,  S.  (l94b)  ,  "On  Laminar  Boundary-Layer  Flow  Near  a  Position  of  Separation," 

Quarterly  Journal  of  Mech.  Appl.  Math. ,  Vol.  1,  pp.  43-69. 

5.  Ghia,  li.  and  bavls,  (19'74)  ,  "Navier-Stokes  Solutions  for  Flow  Past  a  Class  of 

Two-Dimensional  Semi-Infinite  Bodies,"  Aiy  Journal,  Vol.  12,  No.  12,  pp.  1659-1665. 

6.  Werle,  M.J.  and  Bernstein,  J.M.  (1975),  "A  Comparative  Numerical  Study  of  Models  to 

the  Navier-Stokes  Equations  for  Incompressible  Separated  Flows,”  AIAA_^ap»  No.  75-48. 

7.  Briley,  W.R.  and  McDonald,  H.  (1974),  "Numerical  Prediction  of  Incompressiole  Separa¬ 

tion  Bubbles,"  United  Aircraft  Research  Laboratories  Report  No.  N110887-3. 

8.  Dancey,  C.L.  and  Pletcher,  R.H.  (1974),  "A  Boundary  Layer  Finite  Difference  Method 

for  Calculating  Through  the  Separation  Point  into  the  Region  of  Recirculation  in 
Incompressl!i''e  Laminar  Flow,"  Technical  Report  KTL-2,  ISU-ERI-Ames-74103. 

9.  Catherall,  D.  and  Mangier,  K.W.  (1966),  "The  Integration  of  the  Two-Dimensional 

Laminar  Boundary-Layer  Equations  Past  the  Point  of  Vanishing  Skin  Friction," 

Journal  of  Fluid  Mechanics,  Vol.  26,  Part  1,  pp.  163-182. 

10.  Klineberg,  J.M.  and  Steger,  J.L.  (1974),  "On  Laminar  Boundary-Layer  Separation," 

AIAA  Paper  No.  74-94. 

11.  Carter,  J.E.  (1974),  "Solutions  for  Laminar  Boundary  Layers  with  Separation  and 

Reattachment,"  AIAA  Paper  No.  74-583. 

12.  Davis,  R.T.  (1972) ,  "Numerical  Solution  of  the  Navier-Stokes  Equations  for  Symmetric 

Laminar  Incompresalble  Flow  Past  a  Parabola,”  Journal  of  Fluid  Mechanics,  Vol.  51, 
Part  3,  pp.  417-433. 

13.  Underwood,  R.L.  (1969)  ,  "Calculation  of  Incompresalble  Flow  Past  a  Circular  Cylinder 

at  Moderate  Reynolds  Number  a,"  Journal  of  Fluid  Mechanics,  Vol.  37,  Part  1,  pp. 

95-114. 

14.  Dennis,  S.C.R.  and  Chang,  G.Z.  (1970),  "Numerical  Solutions  for  steady  Flow  Past  a 

Circular  Cylinder  at  Reynolds  Numbers  upto  100,"  Journal  of  Fluid  Mechanics, 

Vol.  42,  Part  3,  pp.  471-489. 


6-14 


^  1  MRAKXaCD  • 
^rvCMTCITY  HOOCL 


NAVCR  -STOKES 
SOLUTION 


nOURC  10.  OOMMUtSON  or  VORTICITY  FIMCTON  ON  SURFACE 
OF  ■UMT-SHOULOCRED  BODIES  FOR  UW 
REYNOLDS  NUMBERS . 


A 


nNUBOUZEO- 
VORTlCfTY  HOOCL 

NAVIER-STDKCS 

lOUJTlON 


Rt*10Q0 

■fw*M 


•  PARABOLIZED- 

- NM/IER- STOKES 

VORTICITY  HOOCL 

SOLUTION 

R*i  10 

FIGURE  M  COMPARISON  OF  VORTICITY  FUNCTION  ON  SURFACE 
OF  CYLINDER-PLATE  CONFIGURATIONS 


a.  CYLINDER  ONIY  bi  CYLINDER  WITH  THIN  FLAT  PLATE 

FIGURE  12.  STREAMLINES  FOR  FU::W  B^ST  CYLINDER-PLATE  CONFIGURATIONS 


ABBREVIATIONS  USED  IN  FIGURES 


NS  NAVIER  STOKES 


PV  PARABOLirED-VORTICITV 

PA  PARABOLIC-APPROXIMATION 

p„  _  PARABOLIXED-VORTICITY 

WITHOUT  CURVATURE  EFFECTS 

BL  BOUNDARY  LAYER 

7-1 


NWCRICAL  INVESTIGATION  OF  REGULAR  LAMINAR 
BOUNDARY  LAYER  SEPARATION 

H.  P.  Horton* 

Quten  Miry  College.  University  of  London,  Mile  End  Roed,  London  El  4NS. 


SUMMARY 


An  eccurite  nueericel  procedure  of  the  differentlil-difference  type  Por  the  solution  of  the 
Incoepresslble  leelner  boundary  layer  equations  Is  presented.  The  procedure  is  applicable  to  both  direct 
probleae.  In  which  the  pressure  distribution  Is  prescribed,  and  Inverse  problems  of  the  type  in  which  the 
wall  shear  Is  prescribed. 

Some  exanples  computed  by  this  procedure  show  that,  by  prescribing  the  wall  shear  to  be  regular  In 
the  vicinity  of  separation,  the  usual  singularity  at  separation  Is  avoided.  Results  are  also  presented 
In  which  downstream  marching  with  prescribed  wall  shear  has  been  continued  to  considerable  distances 
beyond  separation.  Including  an  example  In  which  both  regular  separation  and  re-attachment  occur.  In 
other  cases  no  solution  to  the  Inverse  problem  can  be  found  beyond  a  short  distance  after  separation,  but 
by  smoothly  Joining  a  prescribed  pressure  distribution  to  that  calculated  In  the  Inverse  problem  upstream. 
It  has  been  found  possible  to  continue  the  computation  as  a  direct  problem.  Questions  of  stability  and 
uniqueness  of  the  solutions  are  discussed. 


The  accuracy  of  the  approximate  Integral  method  of  Lees  and  Reeves  Is  assessed  on  the  basis  of 
comparisons  with  results  computed  by  the  present  method. 

PRINCIPAL  NOTATION 

f  ■  non-dimensional  stream  function  (Eq.4) 

H  ■  6*/e,  shape  parameter 

XO' 

■  Cartesian  co-ordinates  along  and  normal  to 
the  body  surface 

L  ■  characteristic  length 

B 

■  pressure  gradient  parameter  (Eq.7) 

R.  *  u  L/v,  characteristic  Reynolds  number 

i* 

■  displacement  thickness  (Eq.A4) 

S  ■  (a*f/Jn^).^  ,  wall  shear  parameter 

n 

■  scaled  normal  ordinate  (Eq.3) 

W 

u„  ■  characteristic  velocity 

6 

>  momenttmi  thickness  (Eq.A4) 

0 

u.  >  velocity  at  outer  edge  of  boundary  layer 

V 

■  kinematic  viscosity 

u,  V  •  velocity  coeponents  along  x,y 

Subscripts  and  Superscripts 

w  conditions  at  the  wall 

'  differentiation  with  respect  to  n 

1.  INTRODUaiON 

( 

T 

■  scaled  streaiMlse  ordinate  (Eq.3) 

■  shear  stress 

1  2 

It  Is  well  known  *  that  solutions  of  the  equations  governing  the  laminar.  Incompressible  flow  In 
a  two-dimensional  boundary  layer  exhibit  singular  behaviour  at  the  point  of  separation,  where  the  wall 
shear  stress  vanishes,  when  the  problem  Is  posed  In  the  conventional  way,  such  that  streamwise 
distribution  or  pressure  Is  prescribed  (the  'direct  problem').  The  singularity  Is  such  that  varies  as 
(x,  -  x)t  near  separation,  where  x  Is  distance  along  the  surface  and  suffix  's'  denotes  conditions  at 
separation.  The  resulting  Infinity  In  dWdx  Is  accompanied  by  an  Infinity  In  the  slope  d<Vdx  of  the 
displacement  surface.  It  has  been  found  Impossible  to  Integrate  the  boundary  layer  equations  through, 
and  downstream  of,  such  a  singular  separation  point. 

3 

Catherall  and  Mangier  showed  numerically  that  regular  separation,  with  no  singularity,  occurs 
when  the  displacement  thickness  Is  prescribed  to  be  a  regular  function  of  x,  and  It  was  furthermore  shown 
that  the  solution  could  be  continued  beyond  separation  by  the  usual  downstream  marching  procedure. 

However,  In  the  reversed  flow  region  there  was  evidence  of  non-uniqueness  of  the  solution,  although  It 
appeared  that  all  possible  solutions  lay  within  quite  small  numerical  limits  of  each  other.  It  was 
suggested  that  this  non-uniqueness  arose  because  the  region  of  reversed  flow  should  strictly  be  Integrated 
In  the  negative  x-directlon,  with  boundary  conditions  provided  from  downstream. 

The  problem  solved  by  Catherall  and  Mangier  Is  an  example  of  what  may  be  termed  an  'Inverse 
problem'.  In  which  the  distribution  of  some  quantity  other  than  the  pressure  Is  prescribed,  whilst  the 
pressure  distribution  Is  treated  as  unknown.  If  the  prescribed  quantity  Is  one  which  would  become 
singular  at  separation  In  a  direct  problem,  then  It  may  be  expected  that  x  regular  distribution  of  this 
quantity  In  an  Inverse  problem  may  result  In  regular  behaviour  of  all  ottmr  quantities. 

In  addition  to  their  fundamental  Interest,  accurate  solutions  of  Inverse  problems  Involving 
separation  are  of  Importance  In  providing  a  basis  for  comparison  with  approximate  methods  of  solution  of 
separated  flow  problems.  Also,  It  may  be  possible  to  use  an  Inverse  procedure  locally  near  separation 
when  solving  complete  problems  Involving  Interaction  between  a  boundary  layer  with  limited  separation  and 
an  outer  potential  flow. 


*  Lecturer 
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This  paper  Is  concerned  mainly  with  obtaining  'ccurate  solutions  of  inverse  problems  in  which  the 
wall  shear  is  the  prescribed  quantity.  This  type  of  in>  rse  problem  is  of  particular  convenience  since 
the  points  of  separation  and  re-attachnent  are  fixed  ,)y  the  chosen  distribution  of  ty,.  Problems  of  this 
type  have  been  previously  considered  by  Keller  and  Cebeci*,  whose  solutions  did  not,  however,  extend 
beyond  the  point  of  separation,  and  by  the  present  author^. 

It  will  be  assumed  that  the  boundary  layer  equations  provide  a  valid  description  of  separated 
flows  of  boundary  layer  type,  in  which  the  thickness  of  the  viscous  layer  remains  of  0(Rg*)),  where  Rg  is 
a  characteristic  Reynolds  number. 

Section  2  describes  an  accurate  numerical  method,  of  the  differential -difference  type,  for  solving 
the  incompressible  boundary  layer  equations,  applicable  to  both  direct  and  inverse  problems  for  attached 
and  separated  flow.  (This  method  was  briefly  described,  and  some  early  results  presented,  in  Ref. 5.) 

Section  3  presents  and  discusses  results  computed  by  this  method  for  a  variety  of  examples 
involving  regular  separation.  These  include  cases  with  prescribed  wall  shear,  some  of  which  have  been 
continued  into  the  separated  region,  and  a  case  in  which,  after  passing  through  regular  separation  with 
prescribed  wall  shear,  the  calculation  was  continued  with  prescribed  pressure  gradient.  Additionally,  a 
more  detailed  study  of  separation  is  made  for  one  case. 


For  comparison,  results  have  been  calculated  for  some  of  the  examples  by  the  approximate  integral 
method  of  Lees  and  Reeves®,  as  modified  by  Klineberg  and  Lees'.  The  required  re-formulation  of  this 
method  is  given  in  the  Appendix. 

2.  ANALYSIS 


2.1  Governing  Equations 

The  equations  to  be  solved  are  the  usual  laminar  boundary  layer  equations,  namely 
3u  3u  '^*'e  3^u 

U  TT  +  V  =  Ug  ^  +  v." 


3x 


3y 


3y 


iH  +  H  =  0 

3x  3y 


The  boundary  conditions  for  flow  over  a  fixed,  impermeable  surface  are:- 
u  =  V  =  0  when  y  '  0  ; 

u  ■*  u  as  y  -►  »  . 


(la) 

(lb) 


(2) 


The  equations  are  now  put  into  a  form  more  suitable  for  numerical  solution,  by  the  application  of 
the  Gbrtler”  transformation.  This  has  the  advantages  that  the  scaled  boundary  layer  thickness  is 
generally  almost  constant,  that  the  leading-edge  singularity  is  suppressed,  and  that  accurate  series 
solutions  are  available  for  comparative  purposes. 


New  independent  variables  {t,rt)  are  introduced,  defined  by 


1 


Up(x')dx' 


UeY 


(ZvUjjLc) 


where  Uq  and  L  are  respectively  a  reference  velocity  and  length. 

Additionally  a  non-dimensional  stream  function  f  is  introduced,  defined  by 

f(C,n)  =  ♦(x,y)/(2vu^Lc)^  , 
where  *  is  the  usual  stream  function,  such  that 
U  =  3*/3y  ,  V  =  -3i(//3x. 

Equations  (la)  and  (lb)  now  become: 

f  3^f 

3;;t  ♦  f  t;;? 

with  boundary  conditions 


(f)']  .2([K 


3'f  32f 

3n3t  ' 


■ -I  (t.O)  .  0  ;  (c.-).l  . 

Here  B  is  the  pressure  gradient  parameter  defined  by 

5u„L  du„ 


8(0 


2  ^  -r^ 


e 


(3) 


(4) 


(5) 

(6) 

(7) 


and  the  velocity  components  u  and  v  are  given  by 


u  3f  V 


(8) 


When  the  right  side  of  Eq.(5)  vanishes,  either  at  the  boundary  layer  origin  £  =  0  or  when  f  is 
independent  of  £,  this  equation  reduces  to  the  well-known  Falkner-Skan®  equation  for  the  'similar 
solutions' . 
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In  direct  problem,  e(()  Is  given  while  the  seeled  wall  shear  stress  S(c)  s  s^f/Sn^iCiO)  is  one 
of  the  iieportant  results  of  the  calculation.  On  the  other  hand  in  inverse  problems  for  which  S(()  is 
given,  the  pressure  gradient  parameter  b(c)  is  an  unknown  function  whose  value  is  determined  to  satisfy 
the  boundary  conditions  given  by  Eq.(6),  together  with 

0  (C.O)  -  S(c)  .  (9) 

These  four  boundary  conditions  correctly  determine  the  third-order  equation,  Eq.(5),  when  b(c)  is  treated 
as  unknown. 

2.2  Accurate  flunerical  Solution  by  the  Differential-Difference  Method 

The  method  used  here  to  obtain  numerical  solutions  to  Eq.(5)  is  of  the  differential -difference 
type  originally  devised  by  Hartree^^,  and  subsequently  modified  by  Smith  and  Clutter''.  The  present 
method  is  closely  related  to  that  of  the  latter  authors,  but  an  improved  shooting  procedure  is  used,  and 
the  extension  to  the  treatment  of  inverse  problems  is  made. 

The  range  of  integration  with  respect  to  c  is  divided  into  a  suitable  number  of  intervals,  and 
derivatives  with  respect  to  c  at  each  (-station  are  replaced  by  backward  difference  formulae.  Then  at 
each  station,  marching  downstream,  the  resulting  third-order  non-linear  ordinary  differential  equation  is 
solved  subject  to  the  appropriate  boundary  conditions. 

2.2.1  The  Difference  Scheme 


The  first  derivatives,  with  respect  to  (,  of  f  and  3f/3n  appearing  n  Eq.(5)  are  approximated  by 
either  3-  or  4-point  Lagrange  backward  difference  formulae.  For  example,  taking  a  constant  spacing  6( 
between  successive  (-stations,  the  derivative  of  a  function  g  at  the  streamwise  position  (.^  ■  n.«(  may  be 
approximated  in  terms  of  g((^),  g((„.,  )  etc.  by  the  3-point  formula 

|a  ((j  =  ~  +  o(4(2).  (lo) 

(More  general  3-  and  4-point  formulae  for  variable  step  length,  used  in  the  present  program,  may  be  found 
in  standard  works.) 

Making  replacements  of  this  type  for  both  3f/a(  and  9/8({9f/3n)  in  Eq.(5)  leads  to  the  third-order 
ordinary  equation  for  f^ 


Ml  II 

1  1  1  1  1  I  1 

+  i  W)  -  f,(7  4f..,)J 

-  0,(11) 

where  primes  denote  differentiation  with  respect  to  n. 

Putting  E  «  , 

D  .  1  +  2E, 

a,  •  — 
*1  «( 

(-Zfn.,  •  *2  '  It 

-  ’  f'  i 

1  •J  'ti-a  )  > 

then  Eq. (11)  becomes 

Ml 

II  12  1 2  *  * 

1 

f  ♦  Off 

+  B(l-f  )  -  2Ef  +  2a, f  ♦ 

Zl2f  =  0  , 

(11a) 

the  suffix  'n'  being  henceforth  omitted. 


Finally,  for  solution  by  the  fourth-order  Runge-Kutta  method,  Eq,(n8)  is  re-written  as  a  system 
of  3  first-order  equations,  viz. 

f  *  U  , 

(f"  =  )  U'  .  V,  (12) 

Itl  I 

(f  =)  V  =  -O.fV  -  b(1-U2)  ♦  2EU2  -  2*^V  -  . 

Eqs.(12)  are  solved  at  each  successive  (-station,  using  the  values  of  4.  and  f  obtained  from  the  solutions 
at  previous  stations,  ‘ 

At  the  origin  (  -  0,  the  terms  depending  upon  (  vanish  and  the  equation  for  similar  solutions 
remains.  For  a  sharp  leading-edge,  the  calculation  is  started  with  B  <  0  (giving  the  Blasius  solution). 

If  the  origin  is  a  stagnation  point,  the  calculation  is  started  with  B  »  1  (giving  the  Hiemenz  solution). 

The  first  (-step  is  made  using  a  2-point  difference  scheme  in  place  of  the  3-point  scheme,  which  is 
then  used  for  subsequent  steps.  Alternatively,  the  4-point  scheme  may  be  used  for  the  third  and 
subsequent  steps. 

2.2.2  Numerical  Solution  of  Eqs.(12)  -  Direct  Problems 

When  6(()  is  given,  Eqs.(12)  have  to  be  solved  at  each  ^-station  subject  to  the  boundary  conditions. 
Inner:  f(0)  *  U(0)  »  0  ; 

Outer:  U  -►  1  as  n  -  . 

A  shooting  method  is  used,  in  which  integration  is  carried  out  starting  at  n  =  0  with  an  estimated 
value  for  V(0)  ;  S.  The  integration  is  then  repeated  iteratively  until  the  outer  boundary  condition  is 
satisfied  to  suitable  accuracy,  using  successively  improved  values  for  S  obtained  as  follows. 
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Let  S.  be  the  1^  Iterate,  and  let  suffix  denote  values  at  a  suitably  large  value  of  n,  say  n.> 
Then,  to  first  order,  jy 

We  require  UL(S^^^)  ■  1,  so 

1-U.(5^) 

^1+1  *  ^1  *  (»U ^aS)^  • 

To  find  aUyaS,  a  set  of  equations,  obtained  by  differentiating  Eqs.(12)  with  respect  to  S,  Is 
solved  simultaneously  with  Eqs.(12). 

Putting  ■  3f/iS  ,  •  aU/jS,  «  aV/aS,  we  get 

F,  •  U]  , 

U|  .  .  (13) 

V|  •  -  D(fV,+  F,V)  ♦  2(8  ♦  2E)UU,  -  2*,  V,  -  2^^  U,  . 

The  relevant  Initial  conditions  are 

F,(0)  •  U,(0)  ■  0  ;  V,(0)  •  1  .  (13a) 

2.2.3  Numerical  Solution  of  Eqs.(12)  -  Inverse  Problems 

When  S(c)  Is  given,  Eqs.(12)  have  to  be  solved  at  each  (-station  subject  to  the  over-determined 
boundary  conditions 

Inner:  f(0)  «  U(0)  -  0  ,  V(0)  -  S  ; 

Outer:  U  -»  1  as  n  . 

Again,  a  shooting  method  Is  used.  Integration  being  started  at  n  “  0  with  an  estimated  value  for  b. 
In  this  case,  0  Is  Improved  Iteratively  until  a  solution  satisfying  the  outer  boundary  condition  Is  found. 
Proceeding  In  a  similar  manner  to  that  above,  we  find 

i-u.(e^) 

®ui  ’  ®i  ^  '(»ir736]^  • 


Putting  F^  =  »f/3  8,  »  JU/3B  ,  *  »V/8B  ,  we  have 


F2  «  U2  . 

Uj  =  V2  . 

V^  »  -  D(fV2  ♦  F2V)  ♦  2(8  +  2E)UU2  - 

(14) 

^♦1^2  ■  ^*2^2  ’ 

with  F^iO)  «  U2(0)  =  V2(0)  «  0  . 

2.2.4  Further  Remarks  on  the  Numerical  Procedure 

(Ma) 

The  Newton  Iteration  procedure  described  In  the  previous  sections  was  originally  used  by  Reshotko 
and  BeckwithlZ,  and  later  by  K11nebergl3,  to  obtain  similar  solutions  of  the  boundary  layer  equations.  In 
the  present  application  It  Is  found  that  Eqs.(12)  are  Inherently  unstable  when  solved  as  an  Initial  value 
problem  starting  at  n  >  0,  In  the  sense  that  a  small  change  In  either  S  or  8  causes  a  very  large  change 
In  the  value  of  U..  This  Instability  becomes  stronger  as  the  length  of  the  C-step  Is  reduced,  and  at 

some  stage  it  becomes  necessary  to  use  double-precision  arithmetic  In  order  to  obtain  the  required  solution. 
For  values  of  <  c/25,  It  becomes  Impossible  to  obtain  the  required  solution,  as  also  found  by  Smith  & 
Clutter' ' , 

The  asymptotic  outer  boundary  condition  U  ■»  1  as  n  -  Is  approximated  by  the  conditions  that 
I  1  -  U.|  <  lO*"*  and  <  lO*’-^  .  For  attached  flow,  a  value  of  n,  ■  6  Is  generally  sufficiently 
large  to  ensure  that  both  these  conditions  can  be  satisfied.  For  separated  flow,  n.  Is  increased  If 
necessary. 

The  Fortran  computer  program  used  to  obtain  the  solutions  was  based  on  the  program  developed  by 
Kllneberg^^  for  the  calculation  of  similar  solutions. 

3.  COMPUTED  EXAMPLES  INVOLVING  REGULAR  SEPARATION 

This  section  presents  a  selection  of  results  computed  by  the  present  differential-difference 
method.  The  Integration  step  In  the  n-d1rect1on  was  0.2  In  all  cases,  the  discretisation  error  In  u/u, 
resulting  from  these  Integrations  then  being  of  order  10'^.  The  (‘Intervals  used  are  Indicated  on  the 
figures,  the  corresponding  discretisation  errors  being  more  difficult  to  establish,  although  applications 
of  h^-extrapolatlon.  In  addition  to  comparisons  of  results  using  both  3-po1nt  and  4-po1nt  difference 
schemes.  Indicate  that  such  errors  are  generally  less  than  10*^. 

Calculations  by  the  approximate  method  of  Lees,  Reeves  and  K11neberg^*^(LRK  method)  as 
re-formulated  for  application  to  problems  with  prescrited  pressure  or  wall  shear  In  the  Appendix,  are  also 
presented  for  most  of  the  examples,  for  comparative  purposes. 

8 

In  addition,  the  series  solution  of  Gortler  ,  which  Is  easily  Inverted  for  application  to  problems 
with  prescribed  wall  shear,  has  been  computed  for  some  of  the  cases.  This  provides  a  check  on  the 
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accuracy  of  the  difference  calculations.  In  the  Initial  part  of  the  boundary  layer,  but  because  the  series 
Is  truncated  at  the  fifth  power  of  (,  and  because  It  has  a  finite  radius  of  conver^nce,  the  series 
solution  generally  diverges  away  from  the  difference  method  solution  at  some  distance  from  the  origin. 

The  distributions  of  wall  shear  have  been  chosen  so  that  separation  occurs  at  t  ■  1  M.e.  S  •<  0 
at  c  ■  1),  except  for  Case  III  In  which  separation  Is  approached  asymptotically  as  (  Also  the  value 

of  wall  shear  at  c  ■  0  has  been  taken  to  be  such  that  p  ■  0  there  In  all  cases. 

3.1  Boundary  Layers  Approaching  a  Regular  Separation  Point 
The  three  examples  in  this  category  as  defined  by 


Case  I 

:  S  .  Sg.d  -  e)  ; 

Case  II 

:  S  .  Sg.d  -  cf  i 

Case  III 

:  S  ■  Sg.exp(-c)  , 

where  Sg  •  0.4696,  the  value  of  the  scaled  wall  shear  S  for  constant  pressure  (Blaslus)  flow. 

4 

Case  I,  with  linearly-decreasing  wall  shear,  has  already  been  computed  by  Keller  and  Cebeci  by  a 
finite-difference  method,  these  results  having  already  been  compared  with  those  of  the  present  method  In  a 
previous  paper^.  As  shown  In  Fig. la,  there  Is  Initially  good  agreement  between  the  distributions  of  6 
computed  using  the  present  method,  the  LRK  method  and  the  series  solution,  but  there  Is  quite  rapid 
divergence  of  the  latter  as  separation  Is  approached.  The  distribution  of  shape  parameter  H  computed  by 
the  LRK  method  Is  however  In  good  agreement  with  the  present  method,  as  shown  In  Fig. 1b. 

Similar  remarks  apply  to  the  results  for  Case  II.  also  shown  In  Figs,  la  and  1b,  which  has 
Incipient  separation  at  c  *  1,  and  for  Case  III,  shown  In  Figs.  2a  and  2b,  which  tends  exponentially 
towards  separation  as  t  -»  •.  The  flortler  series  gives  poor  results  near  separation  In  the  latter  case, 
as  might  be  expected  since  c  tends  to  Infinity  there. 

One  feature  connon  to  these  cases  and  all  other  cases  with  regular  separation  so  far  computed  Is 
that  dB/dt  >  0  at  separation  according  to  the  present  method,  so  that  separation  occurs  In  a  weakening 
adverse  pressure  gradient.  This  condition  Implies  that  d^u./dx^  >  0,  which  has  been  given  by  Prandtl 
(quoted  by  Smith  and  Clutterll)  as  a  requirement  for  the  avoidance  of  the  singularity  at  separation. 

Although  this  appears  to  be  a  necessary  condition  for  regular  separation,  we  shall  later  show  that  It  Is 
not  sufficient. 

3.2  Cases  Continued  Beyond  Separation  with  Prescribed  Wall  Shear 

It  was  not  originally  expected  that  calculations  by  the  present  method  could  be  continued  beyond 
the  separation  point,  even  In  Inverse  problems  with  regular  separation,  and  It  was  Indeed  found  that  Case  I 
could  not  be  so  continued. 

However,  some  calculations  with  prescribed  distributions  of  S  In  which  the  rate  of  decrease  of  S 
beyond  separation  Is  smaller  than  In  Case  I,  and  In  which  S  does  not  take  large  negative  values,  have  been 
continued  well  beyond  the  separation  point.  Three  examples  are  presented  here:- 

Case  IV  :  S  «  Sg(l  -  c)(1  -  .52649t) ; 

Cases  V  and  VI  :  S  •  5g.[l  -(1  -  e’''^)/(l  -  e’*')], 
with  k  =  1.98256  for  Case  V  ; 
k  .  1.73976  for  Case  VI. 

The  parabolic  distribution  of  5  prescribed  In  Case  IV  has  zeros  at  c  •  1  and  c  “  1.9,  corresponding  to 
separation  and  re-attachment  respectively,  with  a  minimum  value  of  S  •  -.05  at  t  =  1.45,  as  shown  In  Tig. 3a. 
This  figure  also  shows  the  distribution  of  B  computed  by  the  present  method,  the  LRK  method  and  the  Gortler 
series.  The  calculated  distributions  of  H  are  shown  In  Fig. 3b,  and  a  comparison  Is  made  In  Fig. 3.  of  the 
computed  variation  of  S  with  b,  compared  with  that  for  the  Falkner-Skan  similar  solutions.  The 
computation  by  the  present  method  passed  smoothly  through  both  points  of  zero  wall  shear.  The  Gortler 
series  agrees  very  well  with  the  present  method  up  to  separation,  but  thereafter  diverges  rapidly,  whilst 
the  LRK  method  predicts  both  H  and  B  quite  satisfactorily.  The  degree  of  departure  from  local  similarity 
Is  clearly  shown  In  Fig. 3c. 

Cases  V  and  VI  have  prescribed  distributions  of  S  which  tend  exponentially  to  S  «  -  .075  and 
-  0.100  respectively  for  large  t.  The  boundary  layers  thus  tend  to  the  similar  solutions  corresponding  to 
these  values  of  S,  as  c  Now,  as  shown  in  Fig. 3c,  there  are  a  pair  of  values  of  e  for  each  such  value 

of  S,  suggesting  that  the  solution  to  the  non-similar  problem  may  also  not  be  unique.  This  lack  of 
uniqueness  Is  not  apparent  In  the  results  for  Case  V,  shown  In  Figs.  4a  and  4b,  and  there  Is  good  agreement 
between  the  present  and  LRK  methods.  The  solution  tends  to  the  similar  solution  with  B  *  -  .189,  with  a 
shallow  reversed  flow  region  (H  *  5). 

However,  In  Case  VI  the  lack  of  uniqueness  becomes  evident.  The  calculation  by  the  present  method 
tends  apparently  towards  the  similar  solution  with  B  °  -.043,  with  a  deep  reversed  flow  region, although  the 
calculation  was  terminated  well  before  this  asymptotic  condition  was  reached.  On  the  other  hand,  the  LRK 
results  diverge  rapidly  away  from  those  of  the  present  method  for  t  >  1.5,  tending  towards  the  other 
similar  solution  with  b  =  -.178,  with  a  shallow  reversed  flow  regloni  as  shown  In  Figs.  5a  and  5b. 

It  Is  shown  In  the  Appendix  that  the  LRK  method  has  a  singular  point  at  H  °  8.8  when  used,  as  here, 
to  solve  Inverse  problems,  and  therefore  It  would  not  be  possible  with  that  method  to  compute  a  case  In 
which  H  rises  above  this  value,  as  It  would  have  to  In  order  to  follow  a  solution  of  the  type  given  by  the 
present  method.  Thus,  In  Inverse  problems  the  LRK  method  appears  to  be  limited  to  cases  with  fairly 
shallow  reversed  flow  regions. 
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The  solution  obtained  by  the  present  method  Is  smooth  and  apparently  free  from  singularities. 

However,  It  was  found  that  at  (  ■  1.7,  the  Iteration  process  failed  unless  a  good  Initial  estimate  for  0 

was  provided.  At  the  same  time.  It  was  found  that  at  this  position  the  variation  In  velocity'  ratio  at 
the  boundary  layer  edge  caused  by  unit  change  In  the  value  of  0,  '.e.  }U^30,  suddenly  changed  slgn^rom 
that  at  the  previous  station,  whilst  the  magnitude  was  very  large  In  both  cases.  This  suggests  the 
existence  of  either  a  zero  or  an  Infinity  In  MJH  In  this  vicinity.  The  Implication  of  this  Is  not 

clear,  although  the  existence  of  a  branch  point  may  be  Indicated. 

3.3  Continuation  beyond  Separation  with  Prescribed  Pressure 

In  seme  cases  no  solution  to  the  Inverse  problem  can  be  found  beyond  a  short  distance  after 
separation.  By  smoothly  Joining  a  prescribed  distribution  of  0  to  that  calculated  upstream.  It  has  been 
found  possible  to  continue  the  computation  as  a  direct  problem. 

As  an  example,  results  are  presented  In  Fig. 6  for  a  case  defined  by  :• 

Case  VII  :  S  -  Sg.{l  -  «).(!  -  0.4e)  for  c  <  1.16, 

with  0  prescribed  numerically  for  c  >  1.16  as  shown  In  Fig. 6b. 

(0  -  -0.1  for  t  »  2.0) 

There  was  no  evidence  of  Instability  In  this  case,  and  It  appears  that.  If  continued  sufficiently  far,  the 
solution  would  tend  towards  the  similar  solution  for  0  ■  -0.1.  However,  another  example  became 
numerically  unstable  for  large  (,  and  the  question  of  stability  requires  Investigation. 

3.4  Detailed  Study  of  Separation 

The  question  Is  now  examined  of  whether  a  distribution  of  0  which  has  been  calculated  to  correspond 

to  a  regular  prescribed  distribution  of  S  leads  to  singular  behaviour  at  separation.  If  It  Is  then  used  as 

the  prescribed  a  distribution  In  a  direct  problem. 

The  distribution  of  0  calculated  In  an  Inverse  problem.  Case  IV  above,  was  used  as  Input  (to  5 
significant  figures)  In  a  direct  calculation.  The  result,  as  shown  as  Curve  B  of  Fig. 7a,  was  a 
distribution  of  S  which  was  Identical  to  the  original  Input,  Curve  A,  up  to  the  last  (-station  before 
separation,  but  which  then  followed  an  entirely  different,  attached-flow  path.  Other  calculations  with 
changes  In  the  5th  significant  figure  In  the  Input  value  of  0  at  (■  1  produced  entirely  different  results 
thereafter.  But  If  0  was  treated  as  unknown  at  the  separation  point  only,  with  S  put  to  zero  there,  one 
of  two  branches  was  subsequently  followed  depending  upon  the  sign  of  the  original  estimate  for  S  at  (  ■  1. 
The  lower  branch  follows  the  original  Input,  Curve  A,  whilst  the  upper  branch.  Curve  C,  corresponds  to 
attached  flow.  These  two  branches  are  directly  analogous  to  the  upper  and  lower  branches  of  the  similar 
solutions;  however,  the  upper  branch  has  a  discontinuity  In  the  slope  of  the  displacement  surface  at 
(  •  1,  as  shown  In  Fig.  7b. 

The  separation  point  thus  appears  to  be  a  critical,  branch  point  In  these  circumstances.  It 
appears  that  the  separation  singularity  will  always  occur,  even  If  weakly,  for  cases  with  prescribed 
pressure,  and  It  Is  evident  that  the  previously-mentioned  condition  that  d*Ug/dx^  ••  0  for  regular 
separation  Is  not  sufficient. 

4.  CONCLUSIONS 

The  above  computations  by  the  differential-difference  method  show  clearly  that  a  regular  prescribed 
distribution  of  wall  shear  leads  to  regular  behaviour  of  all  other  variables,  the  usual  singularity  at 
separation  being  suppressed. 

The  possibility  of  continuation  of  the  Integration  beyond  regular  separation  by  downstream  marching 
has  been  demonstrated,  using  either  prescribed  wall  shear  or  prescribed  pressure.  However,  questions  of 
uniqueness  and  existence  of  the  solutions  require  further  Investigation,  particularly  In  view  of  the  use  of 
a  downstream  marching  procedure  In  a  region  containing  reversed  flow. 

The  Integral  method  of  Lees,  Reeves  and  Kllneberg  has  been  shown  to  predict  the  Integral  properties 
of  the  boundary  layer  to  good  accuracy,  for  attached  flow  and  moderately-separated  flow.  However,  the 
occurrence  of  a  singularity  In  the  LRK  method  with  prescribed  wall  shear  has  prevented  evaluation  of  the 
method  for  well -separated  flow. 
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Fig.  1  Computed  results  for  Cases  I  and  11. 

Inset;  the  prescribed  wall  shear  distributions. 


Fig.  2  Computed  results  for  Case  III. 


Fig.  4  Computed  results  for  Case  V 


Computed  results  for  Case  VII 


7-A-I 


APPENDIX 

Approximate  Solution  by  the  Integral  Method  of  Lees-Rees-Kllneber^ 


This  Integral  method  for  the  approximate  solution  of  the  boundary  layer  equations,  for  both 
attached  and  separated  flow,  was  originally  used  by  Lees  and  Reeves^  for  the  solution  of  shock  wave/ 
boundary  layer  Interactions  In  adiabatic  flow.  In  that  case,  the  momentum  Integral  and  noment-of* 
momentum  Integral  equations  were  solved  together  with  a  coupling  equation  Unking  the  external,  Inviscid 
flow  with  the  boundary  layer  growth.  This  coupling  equation  Is  not  required  here,  and  Instead  either  the 
pressure  gradient  or  the  wall  shear  Is  specified.  Since  the  method  was  applied  In  the  transformed. 
Incompressible  plane,  the  basic  relations  are  directly  applicable  to  Incompressible  problems. 

Here,  we  show  how  the  method  may  be  applied  In  Gortler  co-ordinates. 

A.l  Integral  Equations 

The  momentum  Integra!  and  noment-of-momentum  Integral  equations  are  obtained  by  multiplying  Eq.(S) 
by  unity  and  f'(=  u/Ug)  respectively,  and  then  Integrating  with  respect  to  n  from  n  =  0  to  a  suitably 
large  value,  n,  say.  This  leads  to 

+  e  ♦  0(0+  A*)  =  S  ,  (Al) 


+  0*  +  200 


{ f  f 

where  a*  =  (l-f')dn,  0  =  f'(l-f‘)dn,  0*  >=  f'(l-f'^)dn, 

f'  .  u/Ug  ,  S  *  (f  )^,o*  h  '  2 

■^0 

Now  we  may  relate  these  quantities  to  those  used  In  the  method  of  Lees  and  Reeves,  viz. 

*=  f  .  where  =  f  (1^)dy.  a  =  f(1^)dy  ; 

e  ^0  e  e 

J  =  i;  =  -S;  .  where  6*  «  f"  5-(l-^)dy  ; 

■'0  e  e 

'■f  {  'll'"''  ■  ‘''i  ■ 

The  Integral  quantities <t,  J,  P  and  R  are  then  taken  to  be  functions  of  a  single  profile  parameter  'a', 
these  functions  being  polynomial  curve-fits  calculated  from  similar  solutions  of  the  boundary  layer 
equations.  We  use  here  the  revised  polynomials  calculated  by  Kllneberg'^*'  for  adiabatic  flow.  Eqns. 
(Al)  and  (A2)  now  become:- 

25(a*  ^  ♦  J  +  20  ]ja*  '  R/A*  .  (A6) 

wlthXo^a),  J  >  J(a),  P  >  P(a)  and  R  =  R(a).  (A7) 

A. 2  Solution  of  Direc',  Problems  by  the  Integral  Method 

When  e(5)  Is  given,  Eqs.(A5)  and  (A6)  may  be  re-arranged  for  step-by-step  integration  by,  for 
example,  the  Runge-Kutta  method,  to  give:- 

lit-  C  Si 1 

- ^ 

da  .  eJ(l-«)  -  (PJ-«R1  A*'^ 


:  .  (A9) 

A  series  expansion  Is  used  to  start  the  downstream  Integration  from  t  «  0. 

Note  that  ftfdJ/dK-J)  vanishes  at  the  separation  point  (a  •  0).  This  leads  to  singular  behaviour 
at  separation  when  o(L)  Is  prescribed. 
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A. 3  Solution  of  Inverse  Problems  by  the  Integral  Method 

When  S(c)  is  given,  the  solution  may  be  obtained  by  eliminating  e  between  Eqs.(A5)  and  (A6),  to 

give 

2e  ^[zj  -  {14«)  g]  ♦  2J(lf-l)  .  [2PJ  -  (14f)R]  .  (AlO) 

This  equation  is  then  integrated  in  conjunction  with  the  relation  between  P.a*  and  the  given  wall  shear 
distribution,  Eq.(A4),  viz. 

P  -4*5.  (All) 

The  most  convenient  method  of  solution  is  to  firstly  differentiate  Eq.(AII)  with  respect  to  t,  and  to  then 
solve  the  resulting  differential  equation  simultaneously  with  Eq.(AIO).  The  equations  to  be  solved  are 
then:- 


da  A*  +  P[{2PJ  -  (1+«)R)a*‘^  -  J(K*1)] 

'  *  2[j(lf-l)  4*  P{2J  - 

A*  ^  -  J(lf-1)  -  2«  ^  ^  -  (l+«)  ^)j  . 

As  before,  a  series  expansion  is  used  to  initiate  the  integration  from  t  =  0. 


(A12) 

(A13) 


The  distribution  of  6(t)  may  be  obtained  from  the  calculated  distributions  of  a  and  a*  using 
either  Eq.(A8)  or  Eq.(A9). 


Eqs.(A12)  and  (A13)  do  not  exhibit  singular  behaviour  at  the  separation  point,  so  the  integration 
can  be  continued  through  separation.  However  the  denominator  of  Eq.(A12),  which  is  a  function  of  'a' 
alone,  vanishes  in  the  separated  reoion  when  a  «  0.327,  corresponding  to  a  value  of  H(»«*/e)  '  8.8. 

Hence,  for  prescribed  S(c),  a  singularity  occurs  when  H  rises  to  this  value,  effectively  terminating  the 
solution. 


It  may  also  be  shown  that,  as  a  result 
of  the  local  pressure  gradient  parameter  x  has 

,2  du 

X  *  =  802. 

V  dx 


of  the  vanishing 
the  unique  value 


of  ^dJ/dlf -  J)  at  separation,  the  value 
of  -0.068  at  a  point  of  regular  separation. 


81 


FINITE  DirrBRZMCB  SOLUTIONS  FOR 
SUPERSONIC  SEPARATED  FLONS 

by 


H.J.  Werla,  A.  Polak,  V.N.  Vatsa,  S.D.  Bartke 
Oapartnent  of  Aaroapace  Enginaaring 
Univaraity  of  Cincinnati 
Cincinnati,  Ohio  U.S.A.  45221 


SUMMARY 

Laminar  and  turbulent  aaparation  bubblea  are  addreaaed  for  a  wide  range  of  geome- 
triea  uaing  an  implicit  finite  difference  technique  to  solve  the  interacting  boundary 
layer  equations.  Solutions  are  presented  for  laminar  compression  ramps  at  M  >■4  and  6, 
wall  temperature  ranges,  T^T^  of  0.2  to  1.0  and  angles  of  sweep  (yaw)  relative  to  the 

mainstream  of  up  to  60*.  In  addition,  solutions  for  laminar  flow  over  wavy  walls  with 
multiple  separation  bubblea  are  given  here  for  M«  3.  Application  of  the  approach  to 
turbulent  separated  flows  ahead  of  a  compression  ramp  at  M_  -  3  is  also  considered. 


SYMBOLS 


A  eddy  viscosity  damping  factor 

C^  akin  friction  coefficient 

C.  modified  akin  friction  coeffi¬ 

cient 

Cp  specific  heat 

d  scale  length  for  transition 

process 

F  normalised  longitudinal  velocity 

in  cross  plane 

G  normalized  spanwise  velocity 

component 

h  time  term  multiplication  factor 

K^,K2  eddy  viecosity  constants 

t  normalized  viscosity  coefficient 

L  reference  length 

M  Mach  number 

n  distance  normal  to  surface 

N  stretched  normal  distance 

p  pressure 

surface  heat  transfer 

^  normalized  surface  heat  transfer 

r_  transverse  radius  of  curvature 

o 

Re^  Reynolds  number  based  on  free 

stream  viscosity 

Re  Reynolds  number  based  on  refer¬ 

ence  viscosity 

s  surface  distance  in  cross  plane 

t  time 

T  static  temperature 

u  viscous  longitudinal  velocity  in 

cross  plane 

U  invlscid  longitudinal  velocity 

in  cross  plane 

V  transformed  normal  velocity 

w  viscous  spanwise  velocity 

H  inviscid  spanwise  velocity 

a.  ,  dissipation  coefficients  of  energy 
'  equation 


B  pressure  gradient  parameter 

y  ratio  of  specific  heats 

y  transverse  intermittency  function 

r  longitudinal  intermittency  function 

u  viscosity 

6  dlsplacsment  thickness 

4.  incompressible  dirplacement 

thickness 

e  eddy  viscosity 

C  momentum  equation  eddy  viscosity 

function 

e  energy  equation  eddy  viscosity 

function 

n  transformed  normal  coordinate 

8  static  temperature  ratio 

e_  angle  of  deflection  of  inviscid 

streamlines 
slope  of  surface 

ramp  angle 

X  sweep  (yaw)  angle 

C  transformed  longitudinal  co¬ 

ordinate  in  cross  plane 
p  density 

a  Prandtl  number 

turbulent  Prandtl  number 

Subscripts 

e  inviscid  edge  values 

•  free  stream  values 

o  previous  time  values 

w  wall  values 

ref  reference  values 

Superscripts 

*  time  level  t* 

n  time  level  t” 


1.  INTRODUCTION 

The  problem  studied  hers  is  that  of  a  laminar  or  turbulent  supersonic  boundary 
layer  separating  and  reattaching  along  an  aerodynamic  surface.  In  the  cases  studied, 
separation  la  Induced  by  the  surface  geometry  Itself  when  the  boundary  layer  is  forced 
to  negotiate  a  region  of  severe  adverse  pressure  gradient,  a  situation  typified  by  the 
flow  over  a  simple  compression  corner.  Tn  such  a  case  the  boundary  layer  strongly 
Interacts  with  the  local  mainstream  to  esvablish  a  surface  pressure  level  significantly 
different  than  that  predicted  from  invlscic'  considerations  alone.  Thus,  to  obtain 
meaningful  solutions  to  this  problem  requires  that  one  consider  simultaneous  solution 
of  the  viscous  and  inviscid  flow  equations  taking  account  of  their  coupling  through  a 
representation  of  the  interaction  effect  of  one  on  the  other. 
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Th>!  approach  taken  here  employa  the  interacting  boundary  layer  concept.  The 
governing  equations  for  the  viscous  region  are  taken  to  be  the  classical  boundary  layer 
equations  except  that  the  local  Invlscld  properties  driving  these  equations  are  deter¬ 
mined  through  the  deflection  of  invlscid  streamlines  passing  over  the  displacement 
body.  This  approach  is  not  new,  and  in  one  form  or  another,  has  been  employed  by  a 
large  number  of  investigators  (see  Ref.  1  for  a  review  of  the  history  of  this  problem) 
and  has  been  reasonably  successful  in  providing  quantitative  estimates  to  the  Influence 
of  separation  on  the  local  surface  properties.  Recent  asymptotic  studies  of  the 
laminar  supersonic  problem  by  Stewartson  and  VlilllamB  (Ref.  2)  and  Jenson,  Burggraf  and 
Rizzetta  (Ref.  3)  has  put  this  approach  on  a  firmer  analytical  basis  so  that  it  now 
appears  that  the  "interacting  boundary  layer  model"  can  be  considered  exact,  at  least 
in  the  sense  that  for  large  Reynolds  number  it  retains  all  the  principle  contributors 
from  the  compressible  counterpart  of  the  Navier  Stokes  equations. 

It  only  remains  then  to  seek  an  equally  exact  (but  efficient)  numerical  method  of 
solving  these  governing  equations  and  to  demonstrate  the  applicability  of  such.  The 
ground  work  for  such  an  effort  has  been  laid  by  many  previous  investigators  (see  Refs.  4 
through  8)  who  employed  finite  difference  techniques  for  solving  these  types  of  problems 
and  the  present  paper  reports  on  continued  progress  in  this  area.  In  the  work  presented 
here,  the  numerical  approach  laid  down  by  Werle  and  Vatsa  (Ref.  9)  and  Bertke,  S.D., 
Werle,  M.J.  and  Polak,  A.  (Ref.  10)  is  applied  to  a  broad  r2mge  of  separated  flow  situa¬ 
tions  to  demonstrate  the  applicability  of  the  solution  technique. 

The  main  feature  of  the  numerical  technique  is  its  treatment  of  boundary  conditions, 
more  specifically  the  downstream  compatibility  condition.  Heretofore,  the  requirement 
that  the  surface  pressure  level  asymptotically  approach  the  inviscid  downstream  pressure 
level  was  satisfied  through  iteration  on  the  flow  state  at  the  upstream  extent  of  the 
interaction  region.  In  the  new  algorithm,  the  downstream  conditions  are  imposed  directly 
and  solutions  obtained  using  an  implicit  alternating  direction  finite  difference  scheme, 
leading  to  rapid  accurate  solutions  of  the  separation  problem. 

In  the  present  work,  this  numerical  algorithm  has  been  applied  to  both  the  laminar 
and  turbulent  cases  for  supersonic  flow  (Mach  numbers  of  3-6)  over  the  ramp  geometry 
given  in  Figure  1  for  a  wide  range  of  wall  temperature  levels.  Solution  to  the  laminar 
quasi-three  dimensional  case  obtained  by  sweeping  (yawing)  the  reunp  geometry  relative 
to  the  mainstream  direction  is  also  presented.  In  addition,  solutions  for  the  case  of 
laminar  flow  over  a  wavy  wall  with  multiple  separation  bubbles  are  also  shown  here. 


2.  GOVERNING  EQUATIONS 
2.1  General 


In  the  present  approach,  the  flow  field  is  divided  into  two  distinct  regions.  The 
viscous  region  is  taken  to  be  governed  by  the  boundary  layer  equations  as  driven  by  the 
properties  of  the  invlscid  flow  as  it  passes  over  the  displacement  body  (the  original 
surface  thickened  by  the  displacement  thickness) .  The  Inviscid  properties  can  be 
determined  in  any  convenient  and  appropriate  manner  and  for  present  purposes  approximate 
methods  were  found  to  be  sufficient.  Since  such  approximate  inviscid  models  necessarily 
depend  on  the  geometry  involved,  it  is  difficult  to  present  them  in  any  generalized 
statement.  For  this  reason  only  the  viscous  equations  are  presented  in  detail  in  this 
section  and  the  presentation  of  the  inviscid  model  is  only  discussed  in  general,  the 
details  being  deferred  to  that  section  dealing  with  application  of  the  present  study 
to  a  particular  goemetry. 

2.2  Viscous  Equations 

To  anticipate  application  to  laminar  or  turbulent  compressible  flow  over  two  dimen¬ 
sional,  axisymmetric,  or  swept  (yawed)  configurations,  the  boundary  layer  equations 
are  presented  here  in  a  somewhat  generalized  form.  Once  the  governing  equations  have 
been  nondimensioiialized  using  a  characteristic  length,  L,  the  free  stream  velocity, 

U_,  the  free  stream  density,  p_,  and  a  reference  temperature,  T^^^  =  they  are 

scaled  to  remove  the  explicit  Reynolds  number  dependence  by  stretching  the  velocity  and 
distance  normal  to  the  surface  using 


E  =  Re 


-1/2 


“‘^ref’ 


p  U  L 


1/2 


(1) 


The  principle  dependent  variables  are  then  normalized  according  to  the  scheme 


F  -  u/Ug  ,  0  -  T/T^  ,  G  -  w/Wg  ,  t  -  Pu/PgVe 

where  the  subscript  e  refers  to  the  inviscid  flow  values  at  the  current  location  on  the 
surface  and  u  represents  the  velocity  along  the  surface  in  the  normal  plane  depicted  in 
Figure  1,  T  is  the  static  temperature,  w  is  the  velocity  component  normal  to  the  cross 
plane  of  Figure  1  and  is  non-zero  only  for  swept  (yawed)  configurations,  p  is  the  density, 
and  u  is  the  viscosity  coefficient  here  calculated  from  Sutherlands  law. 


t;. 

tj; 
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Th*  Indspandcnt  varlablai  usad  In  tha  oroaa  plana  ara  Lavy-Laaa  typa  (aaa  Raf.  11) 
and  ara  givan  aa 


C  -  t  P.w,  U,  r^^^da 
o 


(3) 


and 


vv 

m 


N 

/  p  dN 
o 


whara  N  la  tha  atratchad  ooordlnata  givan  aa 
N  ■  n  »T{a 


(4) 


and  a  and  n  ara  tha  longitudinal  and  nornal  aurfaoa  coordinataa  raapactivaly.  Nota  that 
tha  auparscript  j  ia  non  saro  hara  only  for  axlaynmatrie  flowa  whara  j  ■  1  racovara  tha 
corract  ralationa.  Nlth  tha?c  tranafomationa  tha  govaming  aquationa  bacooM 


Continuity! 

V.  +  r  +  2c  F  -  0 
n  t 

Normal  Plana  Momentun  Equation: 

(Jt  F,)„  -  vr„  +  e(e  -  f^)  -  2c  ff,  -  o 
EnTgy  Equation; 


(—  e  )  -  ve  +0,  tcF^  +  a,  tG^ 

cTin  n  1  n  2n 

where  a  ia  tha  Prandtl  number 

Yaw  Plane  Momentum  Equation: 

0 


2c  F  -  0 


(4a) 


(4b) 


(4c) 


VG^  -  2C  FGj 


(4d) 


Note  that  the. turbulent  effecta  are  completely  contained  in  the  eddy  viacoaity  coeffi- 
clenta  I  and  c  which  are  included  hare  only  in  the  normal  plane  aquationa  becauae  thaae 
ef facta  will  only  be  conaldered  for  the  t«ro  dimenalonal  ca-e  (zero  yaw)  in  the  preaent 
atudy. 


The  additional  Invlacld  parametera  appearing  in  these  relations  are  given  as 

,,  dU 
2C  e 


D;3r 


Ug/T 

e  e 


2 

tan  X 


Following  the  now  rather  standard  approach  (see  Ref.  12)  the  turbulent  eddy 
viscosity  parameters  are  defined  here  as 


and 


[1  +  (^)  n 

[1  +  ^  (1)  D 


(5a) 

(5b) 

(5c) 

(6a) 

(6b) 


where  ia  the  turbulent  Prandtl  number  here  ta)cen  as  0.9,  r  is  the  longitudinal  Inter- 
mlttency  function  used  to  model  the  transition  process,  and  (^)  is  the  eddy  viscosity 

term.  The  longitudinal  Intermlttancy  la  ta)cen  as  a  function  of  surface  distance  only 
and  serves  to  describe  the  probability  of  turbulence  at  a  given  distance,  s,  assuming  a 
value  of  0  for  laminar  flow  and  1  for  fully  turbulent  flow.  For  0  <  r  <  1,  the  flow  is 
transitional  and  r  has  the  form 


where 


_2 

r  “  1  -  exp(-  0.412  j  ) 


(a  -  •ti)/'* 


(7a) 


(7b) 


with  s.  .  ta)cen  as  the  position  where  transition  begins  and  d  provides  the  length  scale 
for  the^transition  process  as 
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<»)r-3/4  -  <"’r-l/4 


(7c) 


In  practice  the  value  of  d  is  determined  such  that  r  0.995  at  s  =  s.  ,  ,  the  end 
of  the  transition  zone.  ^ 

The  eddy  viscosity,  i  ,  was  modeled  using  the  now  stzmdard  two  layer  description 
wherein  an  inner  region  is  described  in  which 


(M 


Re  1^1 

li  '  3n  ' 


where 
with  K 


1 


1  nil  -  exp(-  £)  1 

0.4  and  the  damping  constant  A  is  given  as 
-  .  26  u  /w  ,3u, 


In  the  outer  region,  the  eddy  viscosity  is  taken  as 

Ln< 

X 


(i) 

u 


Re 


0  U 

e  e 


^  ^inc 


16 


where 


«inc  =  /  (1  -  dn 
o  e 


(8a) 

(8b) 

(8c) 

(9a) 

(9b) 

(9c) 


and  Y  is  the  transverse  intermittency  function  given  as 

Y  =  j  I  1  -  erf I5(n/ng  -  0.78)1 
and  n  is  defined  as  that  position  where  F  =  u/U  »  0.995. 

6  C 

Although  the  application  of  this  eddy  viscosity  in  regions  of  severe  pressure 
gradient  still  causes  some  controversy  (see  Kef.  13  for  example) ,  space  will  not  be 
taken  here  to  address  this  point.  Rather,  this  point  will  be  considered  in  detail  in 
the  later  section  where  direct  application  of  the  method  is  considered. 

The  boundary  conditions  to  be  applied  to  this  governing  set  of  equations  are 

(a)  the  no  slip  condition 

F(c,0)  =  G(c,0)  =  0  (10a) 

(b)  the  wall  temperature  condition,  either  a  specified  temperature 


e(c.O)  = 

or  the  adiabatic  condition 


=  0 


3n 

(c)  the  zero  injection  condition 
V(c,0)  -  0 

and  the  edge  conditions 


F  -<•  1 

e  -  1 

G  -►  1 


as  n 


(10b) 


(10c) 


(lOd) 


(lOe) 


Finally,  the  only  remaining  points  of  concern  are  the  boundary  layer  properties 
themselves.  These  are  given  as 


(a)  the  displacement  thickness  (in  the  normal  plane) 


/  (1 
o 


P  U 
^  "e 


)dn 


V5T 


P  u 
^e  e  o 


/  (e  -  F)dn 


(11a) 


(b)  the  skin  friction  coefficient  (in  the  normal  plane) 

C,  /Re“  ■>  C,  /Re  /Re  >=  p  w.O^r  ^  t  f  //TJTT 
f  »  f  »  e  e  e  o  w  n  •• 

w 


(11b) 
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(c)  the  surfac*  hast  transfer 


/Ra7  -  Q/Ra^/Ula 


(lie) 


2.3  Invlacld-Vlacoua  Intaraction  Equations 

As  diacusaad  above,  the  Influanca  of  the  viscous  flow  on  the  inviscid  flow  properties 
will  be  accounted  for  here  through  the  displacement  body  concept.  In  all  cases  considered, 
the  inviscid  fluid  will  be  assumed  to  be  flowing  past  that  surface  formed  by  adding  the 
displacement  thlc)cness  to  the  original  body  contour. 


For  estimating  the  inviscid  flow  properties  over  an  arbitrary  body  shape  in  supersonic 
flow,  simple  and  wall  tasted  approximate  methods  sesm  appropriate.  For  t«ra  dimensional 
flows,  such  models  as  linear  theory,  tangent  wedge,  or  the  unified  tangent  t«edge  laws 
(see  Ref.  14)  all  provide  reasonable  estimates  of  surface  pressures  on  a  body  in  the  form 
p  -  f(6^)  where  is  the  slope  of  the  displacement  laody  at  a  given  station  given  as 


9ii.  ■ 
T 


d« 


(12) 


The  remainder  of  the  edge  flow  properties  along  this  displacement  body  streamline  can  be 
reasonably  estimated  fro"'  isentropic  flow  theory.  The  more  significant  point  is  that  the 
local  pressure  gradient,  dp  /ds,  is  given  as 


dPe 

ai" 


deT 

IT 


(13a) 


which  influences  the  governing  viscous  flow  equations  through  the  parameter  B  according 
to  the  relation 


6  ■ 


U  ^r 
i  e  e  c 


•^Pe 

ai“ 


(13b) 


For  the  case  of  yawed  (swept)  bodies,  the  extension  of  linear  theory  or  unified 
tangant  wedge  theory  is  straightforward  (see  Ref.  15)  and  again  leads  to  a  relation  of 
the  same  form  as  that  given  in  Eq.  (13). 


2.4  Upstream  and  Downstream  Boundary  Conditions 

It  is  Important  to  realize  the  nature  of  the  problem  at  hand  since  it  involves  the 
coupled  solution  of  the  viscous  and  inviscid  equations.  Based  on  the  wor)c  of  Neiland 
(as  discussed  in  Ref.  17),  Garvine  (Ref.  18),  and  Werle  et  al  (Ref.  19)  it  is  now  clear 
that  the  interaction  problem  (even  without  separation)  is  ill  posed  as  an  initial  value 
problem  and  should  be  addressed  directly  as  a  boundary  value  problem  in  the  surface 
coordinate  direction.  This  calls  for  the  direct  specification  of  flow  conditions  at 
both  the  upstream  boundary  and  the  downstream  extent  of  the  interaction  zone. 

Conditions  at  the  upstream  boundary  cause  no  problems  and  are  conceptually  quite 
straightforward  for  the  problems  of  interest  here,  all  of  which  Involve  a  flat  surface 
of  significant  length,  ahead  of  the  Interaction  zone.  Thus  it  appears  that  all  the 
flow  properties  can  be  specified  in  detail  at  the  initial  station.  This  only  remains 
trus  so  long  as  there  is  no  region  of  strong  interaction  because  as  shown  by  Neiland 
(Ref.  17) ,  Garvine  (Ref.  18) ,  Werle  et  al  (Ref.  19)  and  Han)cey  et  al  (Ref  20)  such  a 
region  has  an  Impact  to  some  degree  on  the  solution  at  all  stations  proceeding  it.  It 
is' this  property  that  is  usually  invoiced  (perhaps  only  tacitly)  by  most  investigators  to 
initialize  supersonic  strong  interaction  solutions,  for  by  slightly  perturbing  the 
lx>undary  layer  equations  off  of  the  weak  Interaction  solution,  they  are  then  found  to 
automatically  proceed  into  a  strong  interaction  type  behavior  (referred  to  as  the  branch¬ 
ing  behavior  of  the  boundary  layer  equations) .  Closure  on  this  approach  is  achieved  by 
iteration  on  the  Initial  perturbr .ion  until  a  downstream  compatibility  condition  is 
achieved,  this  usually  being  a  statement  that  at  some  point  reasonably  far  aft  of  the 
strong  interaction  zone,  the  weak  interaction  solution  be  recovered. 

There  is  however  a  weakness  in  such  an  initial  value  approach.  Garvine  (Ref.  18  ) 
followed  by  Werle  imd  Vatsa  (Ref.  21)  clearly  showed  that  the  interaction  equations  are 
ill  posed  as  initial  value  problems  in  the  sense  that  any  error  encountered  at  the 
initial  station  -  no  matter  how  small  -  will  grow  exponentially  in  the  s  direction  (i.e. 
will  cause  a  branch)  and  thus  produce  a  solution  unrelated  to  the  correct  initial 
conditions. 


To  overcome  this  weakness,  it  is  necessary  to  specify  dlrwctly  the  downstream 
condition  in  terms  of  some  constraint  on  the  displacement  thickness  distributions. 

This  is  most  easily  handled  by  specifying  that  the  downstream  pressure  return  to  its 
weak  interaction  level  at  some  point.  To  do  this  however  requires  that  some  condition 
be  given'up  at  the  upstream  extent  of  the  strong  interaction  zone.  The  most  reasonable 
approach  is  to  free  the  second  derivative  of  displacement  thickness  at  the  initial 
si-atlon  and  letting  this  be  determined  from  the  solution  Itself.  Rigorously,  this 
approach  requires  that  the  initial  station  solutions  be  obtained  by  Invoking  the  family 
of  branching  solutions  identified  by  Werle  et  al  (Ref.  19)  and  Hankey  et  al  (Ref.  20}  by 
relating  them  to  an  unspecified  constant  that  in  turn  la  determined  by  Imposition  of  the 
new  domstream  boundary  condition.  The  complexity  of  this  approach  seems  unwarranted  at 
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this  time  and  it  Is  replaced  here  by  an  approach  that  follows  the  concept  of  this  require¬ 
ment  if  not  the  exact  detail.  At  the  initial  station,  the  profile  quantities  are  com¬ 
pletely  specified  from  the  weak  interaction  solution.  However,  for  the  purpose  of 
determining  the  dotmstream  interaction  effect  on  the  displacement  thickness  distribution, 
the  weak  interaction  condition  la  used  only  to  specify  the  value  of  the 
displacement  thickness  at  the  initial  point. 


3.  NUMERICAL  METHOD 


The  numerical  method  invoked  here  is  essentially  that  presented  by  Werle  and  Vatsa 
(Ref.  9)  with  some  modifications  recently  introduced  for  computational  efficiency 
purposes.  Due  to  space  limitations,  only  the  general  approach  will  be  outlined  here. 
For  more  details  the  reader  will  be  referred  to  those  publications  that  consider  the 
particular  geometries  as  they  are  presented  in  the  later  sections. 

The  essence  of  the  present  approach  can  be  delineated  quite  clearly  by  first  re¬ 
writing  the  governing  momentum  equation  using  the  pressure  gradient  equations  (12)  and 
(13)  to  explicitly  display  the  influence  of  the  displacement  thickness.  This  leads  to 
a  relation  of  the  form 


+  B^(c,ri)«^^  -  62(5, n)  (14) 

Numerical  solution  of  this  equation  is  accomplished  using  alternating  direction 
implicit  concepts  and  proceeds  in  artificial  time  from  level  t”  to  t*  «  t"  +  it/2 
with  the  relation 


and  then 


from  time 


t*  to  t^'+l 


+  at/2 


with  the  relations 


(15a) 


* 


+  B, 


-i*1 

“at75 - 


* 


(15b) 


In  the  first  step,  the  viscous  properties  are  uetermined,  while  the  second  step 
serves  to  update  the  displacement  thickness  contribution  to  the  invlscid  pressure 
gradient  parameter.  This  time  like  march  is  allowed  to  proceed  until  a  steady  state 
is  achieved  and  the  time  like  terms  of  Equations  (15a)  and  (15b)  thus  becomes  negligible. 


Note  that  the  first  step  involves  solution  of  a  boundary  layer  like  equation  and 
can  proceed  in  a  marching  fashion  from  the  initial  station  using  an  implicit  finite 
difference  scheme  similar  to  that  endorsed  by  Blottner  (Ref.  11).  Boundary  conditions 
at  the  edge  and  wall  are  imposed  at  each  station  according  to  Equations  (10a)  through  (lOe), 


The  second  sweep  equations  only  involve  the  displacement  thickness  as  an  unknown 
and  must  satisfy  imposed  initial  and  final  conditions.  At  the  initial  station,  the 
displacement  thickness  is  held  fixed  at  its  self  similar  level.  At  the  downstream 
boundary,  the  displacement  thickness  derivative  is  taken  so  as  to  assure  that  the  weak 
interaction  solution  is  recovered.  This  second  sweep  equation  is  quite  easily  solved 
using  central  differences  leading  to  a  tridiagonal  set  of  difference  equations  easily 
inverted  using  the  Thomas  algorithm. 

There  are  two  general  areas  of  concern  that  should  be  discussed  in  some  detail  at 
this  point.  The  first  of  these  involves  computation  in  regions  of  reverse  flow  where 
a  numerical  stability  analysis  would  Indicate  that  an  instability  should  be  encountered 
when  a  marching  technique  is  applied  here.  This  problem  is  quite  easily  handled  in  the 
present  time  like  approach  using  the  concept  of  upwind  derivatives  on  the  convective 
terms  of  Equation  (4) . 

An  alternate  approach  employs  the  concept  cf  "artificial  convection"  introduced  by 
Reyhner  and  Flugge-Lotz  (Ref.  7)  to  gain  numerical  stability  in  the  reverse  flow 
direction.  The  basis  for  this  approach  is  found  in  the  usual  low  levels  of  longitudinal 
velocity,  F,  in  reverse  flow  regions  such  that  this  convection  term  ie  consistently 
quite  small.  With  this  in  mind,  it  has  been  found  useful  to  simply  reverse  the  sign  of 
the  convection  term  and  weight  it  to  some  convenient  degree  to  achieve  numerical  sta¬ 
bility.  While  such  an  approach  seems  less  palatable  than  the  upwind  differencing  scheme, 
it  requires  considerably  less  computer  storage  and  has  not  yet  proven  to  be  a  problem 
quantitatively.  Both  approaches  have  been  used  by  the  present  authors  in  several  studies 
(Refs.  9  and  10  for  example)  and  only  minor  differences  have  l>een  observed.  It  appears 
to  be  more  a  matter  of  convenience  than  rigor  that  produces  a  final  decision  on  this 
matter. 


The  second  area  of  concern  that  should  be  discussed  in  detail  here  is  that  of  the 
solution  behavior  at  the  separation  point.  While  it  is  now  generally  understood  that 
the  interacting  boundary  layer  equations  have  a  regular  behavior  at  separation  (see 
Ref.  2,  for  more  discussion)  ,  the  now  classical  Goldstein  singularity  can  still  plague 
the  numerical  solution  unless  care  is  taken  to  assure  its  absence.  Recall  that  if  one 
attempts  to  pass  through  the  zero  skin  friction  point  with  the  pressure  gradient 
specified,  a  singularity  results  and  the  solution  necessarily  must  terminate.  Allowing 
interaction  of  the  viscous  and  Invlscid  flow  through  this  term  [see  Equations  (12)  and 
(13)1  does  not  allow  the  singular  solution  to  emerge.  However,  it  must  be  realized 


S-7 


that  the  present  approach  will  exparianca  difficulty  in  this  regard.  To  see  this 
attention  is  directed  to  the  first  avraep  equation  (15a)  wherein  the  solution  algorlthn 
proceeds  to  march  along  the  surface  with  the  displacement  thickness  derivatives  ccrtri- 
bution  to  the  pressure  gradient  tern  specified  at  its  earlier  time  value.  Since  this 
very  term  is  the  one  that  removes  the  separation  singularity,  lagging  this  term  in  time 
is  tantamount  to  specifying  the  total  pressure  gradient  value.  It  is  not  surprising 
then  to  reencounter  the  separation  singularity  using  this  form  of  the  algorithm  and 
action  must  be  taken  to  cure  the  problem. 

As  noted  in  Ref.  (9),  the  procedure  used  to  remove  this  singularity  is  not  at  all 
obvious  or  unique.  The  present  author's  initial  attempts  involved  a  modification  of 
the  artificial  time  like  terms  of  Equation  (15 (  to  remove  the  singularity.  That 
approach  was  successful  and  has  been  given  in  detail  in  Ref.  (9)  so  that  it  need  not  be 
presented  here.  It  was  employed  to  obtain  all  the  laminar  solutions  presented  in  the 
later  sections  of  this  paper  anJ  can  be  recommended  as  one  successful  means  of  avoiding 
the  occurrence  of  an  unnecessary  singularity  in  the  difference  equations. 

For  some  of  the  turbulent  boundary  layer  solutions  presented  later,  an  alternate 
approach  was  used  to  remove  the  artificial  singularity.  The  approach  being  now  used  in 
these  high  Reynolt's  number  cases  is  baaed  on  the  concept  that  the  singular  behavior 
being  observed  in  the  numerical  solutions  is  completely  seated  in  the  nonlinear  nature 
of  the  convective  term.  If  this  term  were  absent  or  linear,  no  singularity  should 
occur.  Arguments  supporting  this  contention  can  be  easily  made  by  simply  differentiating 
the  momentum  squations  twice  with  respect  to  the  normal  coordinate  n  and  evaluating 
the  resultlro  equation  at  the  wall,  n  «  0.  Without  the  nonlinearity  in  the  convective 
term,  these  results  indicate  that  no  singular  behavior  in  the  skin  friction  should  be 
anticipated.  This  approach  has  proven  quite  useful  in  the  study  of  turbulent  flows  and 
should  be  considered  in  any  future  studies  of  separation  effects. 

4.  RESULTS  AiJD  DISCUSSION 

Attention  will  be  directed  in  th.s  section  to  the  application  of  the  above  algorithm 
to  a  wide  class  of  geometries  in  order  to  demonstrate  its  flexibility.  No  attempt  will 
be  made  here  to  perform  a  thorough  parameter  study  of  any  particular  problem,  although 
the  related  reference  works  do  address  this  issue  and  the  reader  is  referred  to  those 
works  for  such  detail. 


4.1  Two  Dimensional  Ramps  -  Laminar 

The  most  straightforward  example  of  supersonic  separated  flow  is  that  encountered 
ahead  of  a  two  dimensional  compression  corner  -  here  modeled  with  the  smooth  ramp 
geometry  of  Figure  2.  The  invlscid  pressure  distribution  for  this  geometry  was  obtained 
here  from  the  unified  supersonic-hypersonic  tangent  wedge  law  (see  Ref.  14  for  example). 
The  geometrical  constant  for  the  ramp  was  set  at  C  -  0.05  producing  the  resulting 
inviscld  pressure  distribution  of  Figure  3a.  Comparison  of  this  distribution  with  the 
oblique  shock  theory  distribution  shows  that  the  present  pressure  law  reasonably  well 
handles  the  geometry  of  Interest. 

Use  of  this  geometry  to  study  the  influence  of  the  wall  temperature  ratio  on 
separation  at  M  •  6  is  shown  in  Figures  (3a)-(3c).  Comparison  of  the  cold  wall 
experimental  surface  pressure  distribution  of  Lewis  et  al  (Ref.  22)  shows  excellent 
comparison  while  the  Increase  in  wall  temperature  is  seen  to  cause  a  large  increase  in 
the  extent  of  the  Interaction  zone.  This  is  better  reflected  in  the  skin  friction  dis¬ 
tributions  of  Figure  (3b)  showing  a  rather  rapid  drop  from  the  weak  interaction  zone 
as  the  separation  point  creeps  forward  with  increasing  wall  temperature.  Simultaneously, 
the  reattachment  point  moves  aft  causing  a  delay  in  return  to  the  necessary  weak  inter¬ 
action  zone  on  the  ramp  face. 


4.2  Swept  (Yawed)  Ramps  -  Laminar 


The  most  obvious  extension  of  this  method  to  the  study  of  three  dimensional  effects 
on  separation  characteristics  is  to  apply  it  to  the  swept  (yawed)  ramp  configuration. 
Holding  all  flow  and  geometry  details  fixed,  the  sweep  (yaw)  angle  of  the  ramp  shown 
in  Figure  2  was  increased  systematically  in  20*  increments  and  the  resulting  surface 
pressure  distribution  determined  from  a  swept  leading  edge  version  of  the  unified 
supersonic  hypersonic  tangent  wedge  law.  This  is  determined  by  first  considering  sweep 
effects  on  the  hypersonic  small  disturbance  theory  to  obtain  the  tangent  wedge  law  (see 
Ref.  15  for  discussion  of  this  approach)  and  then  adjusting  the  final  relation  such  that 
it  recovers  the  supersonic  linear  theory  (with  sweep)  relation  as  >  1  .  The 
resulting  equation  is 


p/p. 


+  e“  cos^x 


"2 — 5 — 5 - 5 - 

^  e‘(Mj  cos^  x-i) 


(16) 


and  application  of  such  to  the  present  ramp  geometry  produced  the  invlscid  pressure 
distributions  of  Figure  4a. 
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Raaulta  of  application  of  tha  praaant  mathod  to  aolution  of  thla  problaa  for  an 
adiabatic  wall  condition  ia  ahown  in  Figuraa  (4b)  and  (4c).  It  waa  aaiat  aurpriaing  to 
find  that  aa  tha  awaap  (yaw)  incraaaad  the  aaparation  bubbla  axtant  incraaaad  vary 
rapidly  apparantly  due  to  tha  coaiblnad  affact  of  a  raductlon  in  the  normal  flow  Mach 
number  and  effective  normal  flow  Reynolda  numl»ar. 

An  equally  intereating  caae  for  atudy  ia  that  of  a  cold  awept  (yawed)  ramp  -  hare 
one  area  of  concern  being  the  influence  of  croaa  flow  on  pealc  heating  levela.  The  in- 
viacid  preaaura  diatributlona  of  Figure  (4a)  atill  hold  for  theae  caaea  and  the  reaulting 
aeparation  preaaure  diatributlona  are  given  in  Figure  (4d) .  The  reaulting  akin  friction 
diatributlona  of  Figure  (4e)  again  ahow  a  rapid  increaae  in  tha  aize  of  the  aeparation 
region  aa  A  increaaea. 

4.3  Two  Dlmenaional  Wavy  Wall  Flow  -‘Laminar 

Tha  purpoae  of  thia  atudy  waa  to  teat  the  generality  of  the  preaent  method  to  caaea 
I  with  multiple  aeparation  bubblea.  The  geometry  choaen  for  thia  effort  la  depicted  in 

I  Figure  (Sa)  and  conaiata  of  a  train  of  aine  wave  ahapei  protuberancea  located  on  a  flat 

j  plate  in  a  aupnraonic  atream.  No  theoretical  atudiea  of  thia  kind  have  been  made  in  the 

I  paat  although  aolutiona  for  attached  Isoundary- layer  flow  over  a  wave  shaped  wall  by  an 

i  inverse  method  were  obtained  before  by  rannelop  and  Flugge-Lotz  (Ref.  23)  using  the 

I  implicit  finite  difference  procedure  of  Blottner  and  Flugge-Lotz  (Ref.  6). 

I  Although  a  variety  of  flow  conditions  were  studied  here,  a  base  caae  was  identified 

1  for  extensive  parametric  atudiea.  The  flow  conditions  for  this  atudy  are  given  aa 

!  -  3,  Re_  »  2  X  10^,  T^T^  ■  0.45,  and  T^  390*R.  The  interaction  of  the  boundary 

i  layer  with  the  iaentropic  inviscid  flow  was  modeled  using  a  Prandtl-Meyer  relation  here 

I  approximated  to  second  order  in  terms  of  e^. 

!  The  effect  of  wave  amplitude  on  the  separation  characteristics  ia  ahown  in  Figures 

'  (5b)  end  (5c).  For  small  single  bumps  with  height  h  <  0.09/n  it  is  seen  that  no 

separation  occurs,  ^md  for  h  >  0.12/it  a  very  disruptive  aeparation  bubble  appears  both 
fore  and  aft  of  the  protuberance.  It  ia  interesting  to  note  that  the  peak  heating  and 
maximum  akin  friction  do  not  Increase  after  aeparation  haa  occured. 

The  effect  of  th<  number  of  waves  on  surface  shear  and  pressure  is  shown  in  Figures 
(5d)  and  (5e)  for  h  -  0.06/ff  and  standard  flow  conditions.  No  separation  occurs  over 
I  the  single  wave  (curve  1) .  Adding  a  second  wave  of  the  same  amplitude  and  wavelength 

behind  the  first  wave  is  seen  to  produce  separation  )>etween  the  two  waves  (curve  2). 

When  additional  waves,  one  ahead  of  the  first  one  and  one  behind  the  second  one  are 
added  two  more  separation  bubblea  appear  with  the  middle  one  increasing  in  extent. 

I  Figure  (5e)  shows  the  pressure  and  displacement  thickness  solutions  produced  by  the 

train  of  four  waves  shown  in  Figure  (5d).  Over  the  first  wave,  where  the  boundary- 
I  layer  is  atill  attached,  the  pressure  variation  resembles  a  sinusoidal  curve  and  the 

I  averaged  displacement  thickness  grows  as  the  displacement  thickness  over  the  flat 

I  plate.  However,  after  aeparation  has  occured  (as  observed  from  the  C,  distributions  of 

I  Figure  5)  both  the  surface  pressure  and  the  displacement  thickness  are  significantly 

distorted.  The  distortion  of  the  displacement  thickness  serves  to  fill  the  valleys  of 
the  protuberances  and  the  pressure  levels  reflect  this  in  a  smoothing  of  the  extremes 
I  of  pressure  observed. 

i  More  extensive  studies  of  this  geometry  have  been  conducted  and  the  reader  is 

referred  to  Ref.  (24)  for  detailed  results. 

( 

4.4  Two  Dimensional  Ramps  -  Turbulent 

I  The  two  dimensional  turbulent  flow  over  the  reunp  geometry  depicted  in  Figure  2  has 

I  also  been  studied  with  the  present  approach.  Initial  efforts  aimed  at  testing  the  use 

j  of  the  present  algorithm  for  such  a  case  centered  on  the  base  line  test  conditions  of 

»  3,  T^T^  ■  0.5,  Re_  •  105  and  T^  =  100*F,  using  simple  linear  theory  to  model 

the  inviscid  pressure  law.  More  recent  studies  have  used  the  tangent  wedge  law  but  the 
earlier  results  still  serve  to  demonstrate  the  results.  These  initial  turbulent  studies 
were  conducted  using  the  same  method  of  removing  the  singularity  at  separation  in  the 
j  difference  equations  as  that  employed  in  the  laminar  cases  discussed  above. 

; 

Results  of  application  of  the  present  algorithm  to  the  case  of  a  15*  compression 
ramp  are  depicted  in  Figures  (6a)  and  (6b)  .  Note  that  sharp  discontinuous  behavior 
I  was  observed  in  the  numerical  results  around  the  ramp  juncture  point  (s  >  1.30)  when 

i  the  pressure  gradient  parameter  of  Equation  (13)  was  not  handled  carefully.  The 

I  appearance  of  these  discontinuities  was  traced  to  manner  in  which  the  derivatives  in 

Equation  (13)  were  written.  It  can  easily  be  shown  that  if  finite  differences  are  used 
to  represent  the  derivatives  of  6  while  a  differential  representation  of  is  used, 
large  truncation  should  occur  in  regions  of  rapid  change  in  surface  curvature,  as  in  the 
ramp  juncture  region.  These  can  very  effectively  be  removed  by  writing  both  terms  of  e„ 
using  a  finite  difference  representation  of  both  terms.  Subsequent  calculations  per-  ^ 
formed  with  this  approach  have  completely  removed  this  discontinuous  behavior  and  the 
use  of  the  same  can  be  recommended  for  all  future  studies. 
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Returnina  to  Figures  (6a)  and  (6b)  it  is  seen  that  the  position  of  the  transition 
zone  from  laminar  to  turbulent  flow  has  a  mar)(ed  Influence  on  all  surface  properties. 

Early  transition  delays  separation. 

Figure  (6c)  and  (6d)  give  the  surface  properties  for  early  transition  occuring  ahead 
of  a  30“  ramp  (with  its  effective  c'^rner  at  s  ■  1.55)  showing  an  extremely  short  separa¬ 
tion  bubble  accompanied  by  rapid  variations  in  pressure  and  8)iir.-f riction  (see  Ref.  10 
for  more  details  of  this  study).  Viewing  these  results,  it  is  difficult  to  see  how  any 
of  the  earlier  shooting  techniques  for  solving  these  equations  could  have  been  successful 
on  flows  with  such  laroe  excursions  of  the  flow  variables. 

Consideration  of  higher  Reynolds  turbulent  flows  has  proceeded  and  found  need  to  malte 
use  of  the  second  method  described  earlier  to  remove  the  difference  equation  singularity. 
In  addition,  the  tangent  wedge  pressure  law  was  incorporated  into  the  solutions  and  a  30“ 
compression  ramp  aoain  considered.  Here  interest  was  in  assessing  the  applicability  of 
the  rather  standard  eddy  viscosity  laws  to  such  severe  adverse  pressure  gradient  regions. 
Comparison  of  the  present  results  with  the  experimental  data  of  Pato  (Ref.  25)  is  shown 
in  Finure  (6e)  to  be  unsatisfactory.  Efforts  to  improve  the  eddy  viscosity  model  are 
now  underway  with  initial  interest  being  in  the  relaxation  approach  successfully  employed 
by  Shang  and  Han)cey  (Ref.  13).  Hopefully  such  an  approach  will  produce  better  correla¬ 
tion  with  data  and  allow  meaningful  study  of  turbulent  separated  flows  with  the  present 
approach. 

5.  CONCLUSIONS 

It  seems  clear  nov  that  proper  modeling  of  separated  flow  should  be  done  by  directly 
accountino  for  the  downstream  boundary  condition.  This  approach  has  given  the  finite 
diiference  technique  significant  flexibility  and  allowed  attac)c  of  separation  problems 
that  would  have  been  otherwise  out  of  reach.  Even  the  approximate  integral  methO'ds 
should  benefit  from  this  concept  and  should  not  have  to  be  concerned  with  overcoming 
saddle  point  li)ie  singularitie.s  to  proceed  with  interaction  solutions. 

Further  study  of  separated  flows  should  be  concerned  with  achieving  higher  levels  of 
numerical  efficiency,  bettor  modeling  of  turbulence,  rc.,iOval  of  sharp  corner  singulari¬ 
ties,  and  true  three  dimensional  effects. 
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FIGURE  1  NOMENCLATURE 


(a)  Pressure  Distributions  (b)  Skin  Friction  Distributions 


FIGURE  3  COOLING  EFFECTS  ON  LAMINAR,  2-D  RAMPS 
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FIGURE  5  WAVY  WALL  SEPARATIONS 


BULBE  DE  DECOLLEMENT  PRODUIT  PAR  UNE  FAIBLE  DEPRESSION  DE  PAROI 
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RESUME 

En  Acoulement  aupersonlque ,  un  creux  de  falble  amplitude  andnagd  t  la  aurface  d'une  plaque  plant: 
esc,  en  gdndral,  la  source  d'un  bulbe  de  ddcollemenc  au  aeln  de  la  couche  limlte.  Le  travail  porte  essen- 
tlellement  sur  la  provision  du  ddcollement  eC  du  recollemenc  lamlnalres  en  presence  de  Cransfevts  de  cha- 
leur  A  la  parol. 

L'analyse  Chdorlque  des  phdnomAnes  esc  falte  A  partlr  de  la  mdthode  Intdgrale  de  Dorodnltsyn  en 
adoptant  le  concept  d'lnteractlon  llbre  eC,  pour  la  rdparcltlon  des  vltesses  eC  des  Cempdratures  dans  la 
couche  limlte,  les  expressions  proposdes  par  Nielsen.  Cette  mdthode  pennet  de  poursulvre  le  calcul  dt  s 
Coute  la  zone  ddcollde  Jusqu'au  recollement.  Dans  la  zone  de  ddtenCe  de  1 'dcoulemenc  oQ  cecte  thdorle  ne 
peut  s'appllquer,  le  calcul  est  effeccud  par  dlffdrences  flnles.  Les  caractdristlques  des  champs  dynamlque 
eC  thermlque  de  I'dcoulement  sont  alnsl  calculdes  tout  le  long  de  Is  surface  conslddrde. 

Paral lAlenent ,  des  expdrlences  ont  dcd  effectudes  en  soufflerle.  Une  exploration  de  la  couche  11- 
mlce  a  permls  d'obtenlr  les  profile  de  vltesse  et  de  Cempdrature  pour  plusleurs  configurations  de  parol, 
chauffdes  ou  non,  eC  d'en  dddulre  les  dvoluClons  des  coefficients  c'e  presalon  et  de  transferC  de  chaleur 
A  la  surface. 

La  conparalson  des  rdsultaCs  expdrlraentaux  et  thdorlques  ne  lalsse  apparaltre  que  de  trAs  fal- 
bles  dcarts.  Cecl  a  permls  d'dnoncer  des  lols  de  comporcement  du  bulbe  en  fonctlon  des  paramAtres  physi¬ 
ques  du  creux  et  de  I'dcoulement  principal. 

SUMMARY 

In  supersonic  flow,  a  shallow  deformation  on  a  flat  plate  Induces  a  small  separated  bubble  In  Che 
boundary  layer.  In  order  to  predict  this  laminar  separation  and  reattachment  process  Including  heat  trans¬ 
fer  phenomena  at  the  wall,  a  theoretical  study  was  built  up,  using  Dorodnltsyn  Integral's  method  as  well 
as  expressions  suggested  by  Nielsen  for  Che  velocity  and  temperature  profiles. 

Thereby  the  calculation  can  be  carried  out  up  to  the  reattachment  point.  Simultaneously  experi¬ 
ments  were  made  In  a  wind  tunnel.  Expurlmental  and  predicted  results  are  In  good  agreement. 


NOTATIONS 


I’^l 


Kf.Kp 

I 

M 

Nu 

Pr 

S 

T. 


amplitude 

foncclons  de  %  Intervenant  dans  les  profits 
de  vltesse  et  de  Cempdrature  "extdrleurs" 
coefficients  locaux  de  frotteraenr  et  de 
presslon  A  la  parol 
longueur  de  rdfdrence 
nombre  de  Mach 
nombre  de  Nusselt 
nombre  de  Prandtl 
presslon  gdndratrlce 
nombre  de  Reynolds 
r,./T,.  -1 

C  t6 

Cempdrature  totale  locale 


u/u. 


composantE  horlzontale  de  la  vltesse 


“o 

x,y 


coordonndes  dans  le  plan  rdel 
x^  absclsse  du  ddbut  du  creux  sinusoidal 
’^DEC’SlEC  ddcollement  et  de  recolle¬ 

ment 

X,Y  coordonndes  dans  le  plan  de  StewarCson 


Qfp  valeur  de  Ju  A  la  parol 

P  angle  en  degrds  permeCtant  de  repdrer  un  point 

Bur  la  slnusotde.  p  *■  (x-x  )  360/X 
6^  dpalsseur  de  ddplacement 

X  longueur  d'onde 

V  vlscosltd  clndmatlque  du  flulde 

^,'n  coordonndes  dans  le  plan  de  Dorodnltsyn 


INDICES 

e  valeur  A  I'extdrleur  de  la  couche  limlte 

C  valeur  A  la  frontlAre  des  deux  domalnes 

o  valeur  au  ddpart  du  calcul 

P  valeur  A  la  parol 

S  valeur  sur  la  frontlAre.O(x) 

O'.  valeur  A  I'lnflnl  amont 


INTRODUCTION 

La  prdsence  de  petltes  ddformatlons  locales  sur  les  parols  de  vdhlcules  adrlens  peut  avoir  des 
effets  Importants  sur  les  comporcements  dynamlque  et  thermlque  de  ces  apparells.  Les  paramAtres  qul  gou- 
vernent  ces  effets  sont  nombreux  et  leurs  Interactions  souvent  complexes,  ce  qul  rend  Indispensable  I'ana- 
lyse  fine  de  configurations  aussl  simples  que  possible  flf. 

Sur  une  plaque  plane  prdsentanc,  A  une  absclsse  donnde,  une  falble  ddformatlon  slnusotdale,  11 
peut  se  produlre  un  ddcollement  suivl  d'un  recollement  lamlnalres.  Une  dtude  prdllmlnalre  111  avalc  permls 
de  ddceler  la  prdsence  de  Cels  ddcollements  en  dcoulement  subsonlque  Incompressible,  elle  pourralt  d'all- 
leurs  dtre  utllement  compldtde  et  prdclsde  malntenant  A  partlr  des  travaux  tout  rdcents  de  Inger  111 . 

Cette  premlAre  sdrle  de  rdsultats  nous  a  amends  A  poursulvre  nos  recherches  et  A  envlsager  le  cas  d'un 
dcoulement  supersonlque.  Une  seule  ddformatlon  en  creux  a  dtd  retenue  ;  dans  ces  conditions,  le  phdnomAne 
complet  peut  Acre  prdvu  A  I'alde  d'un  calcul  reposant  sur  la  mdthode  de  Dorodnltsyn  /4/.  L'adoptlon  du 
concept  d'lnteractlon  llbre  et,  pour  la  rdpartitlon  des  vltesses  et  des  Cempdratures  dans  la  couche  limlte, 
des  expressions  de  Nielsen  /5,6/  permet  de  poursulvre  le  calcul  dans  toute  la  zone  ddcollde  Jusqu'au  recol- 


9-2 


lenent  111 .  Cette  n^thode  a  <t<  propoade  par  Nlelami  pour  le  caa  d'dcoulenenta  en  coapreaalon,  le  nombre 
de  Prandtl  dtant  auppoad  dgal  k  I'unltd  ;  aon  eaplol  lei  a  donnd  I'occaalon  d'en  prdclaer  certalna  paaaa- 
gea  et  dc  I 'dtendt««i  caa  d'dcoulenenta  dont  le  nonbre  de  Prandtl  eat  quelconque. 

Dana  la  zone  de  ddtente  que  conatltue  le  ddbut  du  creux,  le  tralteoent  dea  dquatlons  de  la  couche 
Unite  par  dlfldrencea  flnlea  fournlt  lea  caractiristlquea  de  I'dcouleiaent  et,  par  Ik,  lea  profile  de  vl- 
teaae  et  de  tenpdrature  pour  le  ddpart  de  la  aidthode  de  Nlelaen. 

L'appllcation  numdrlque  de  cea  mdthodea  a  aboutl  k  dea  rdaultata  trks  volalna  de  ceux  obtenua  k 
partlr  dea  meaurea  qul  ont  pu  Ctre  rdalladea  en  aoufflerle. 


1  -  ETUDE  DYNAMIQUE  ET  THERMIQUE 

1. 1  Equatlona  gdndralea 

L'dcoulement  le  long  d'une  plaque  plane  llase  prdaentant,  k  une  certalne  diatance  du  bord  d'atta- 
que,  un  rreux  alnuaotdal  de  falble  amplitude  peut  ktre  conalddrd,  en  premlkre  approximation,  conne  un  dcou- 
lenent  plan  atatlonnalre,  la  couche  llmlte  vdrlflant  lea  dquatlona  de  Navler-Stokea. 

Lea  amplitudes  des  ddformatlona  prdvuea  aont  auf flaananent  falbles  pour  que  le  rayon  de  courbure 
de  la  parol  demeure  aasez  grand.  Cecl  pemet  de  aupposer  que,  pour  une  abaclaae  donnde,  la  presslon  statl- 
que  reate  conatante  dans  toute  la  couche  llmlte. 

De  plus,  dans  le  caa  d'une  plaque  chauffde,  11  n'est  envlsagd  que  des  dldvatlons  de  tempdrature 
moddrdes,  I'dcart  entre  la  tempdrature  de  I'dcoulement  et  celle  de  la  parol  pemettant  de  falre  I'hypo- 
thdae  que  le  nombre  de  Prandtl  (Pr)  et  la  chaleur  apdclflque  k  presslon  constante  du  flulde  aont  cons¬ 
tants  dans  tout  I'dcoulement.  Enfln,  I'dcoulement  llbre  est  supposd  Isentroplque. 

Le  traltement  du  problkme  complet,  zone  ddcollde  comprise,  ankne  k  distlnguer  dans  I'dcoulement 
deux  domalnes  (I  et  II)  dans  lesquels  les  dquatlons  de  la  couche  llmlte  sont  rdsolues  de  manldre  dlffd- 
rente  : 

-  dans  le  domains  I,  constltud  par  la  partle  de  I'dcoulement  sltude  au-dessus  de  la  partle  plane 
et  du  ddbut  du  creux  de  la  plaque,  les  dquatlons  de  la  couche  llmlte  sont  rdsolues  par  dlffdrences  flnles. 
Cecl  fournlt  plus  partlcullkrement  les  proflls  de  vltesse  et  de  tempdrature  qul  sont  Indispensables  pour 
commencer,  k  I'absclsse  x^,  le  calcul  dans  le  donulne  II  ; 

-  dans  le  domains  II,  la  mdthode  de  Nlelsan  permet  d'obtenlr  lea  champs  dynamlque  et  thermlque 
dans  la  zone  proche  du  ddcollement  et  dans  toute  la  zone  ddcollde. 

1. 2  Calcul  dans  le  domains  I 

La  transformation  de  Stewartson  !%/  ramdne  les  dquatlons  gdndrales  de  la  couche  llmlte,  pour  un 
dcoulement  compressible,  k  la  forme  de  celles  obtenues  pour  un  dcoulement  Incompressible. 

Le  traltement  de  ces  dquatlons  par  dlffdrences  flnles  permet  de  calculer  de  proche  en  prenhe  la 
solution.  II  sufflt  pour  cela  de  connattre  dans  le  plan  de  Stewartson  : 

-  1 'expression  de  I'dcoulement  potentlel  le  long  de  la  parol  ;  elle  est  fournle  par  la  thdorle 
des  petltes  perturbations  pour  une  surface  slnusotdale  /9/, 

-  les  rdpartltlons  des  vltesses  et  des  tempdratures  dans  la  couche  llmlte  k  deux  abscisses  dis- 
tantes  de  kX  prdeddant  le  ddbut  du  calcul  (1  1.3). 

Le  couplage  entre  les  deux  dquatlons  de  la  quantltd  de  mouvement  et  de  I'dnergle  se  fait,  par  ltd- 
rations  de  la  solution  k  chaque  pas  de  calcul. 

Dans  les  cas  retenus,  11  est  possible  d'amdllorer  le  rdsultat  en  proeddant  k  une  "correction  de 
couche  llmlte"  qul  aura  pour  effet  de  placer  le  ddcollement  en  un  point  plus  avaned  et,  par  Ik,  plus  pro¬ 
che  de  celul  trouvd  par  1 'expdrlence.  En  effet,  k  I'approche  Inmiddiate  de  ce  ddcollement  une  forte  aug¬ 
mentation  de  I'dpalsseur  de  la  couche  llmlte  se  prodult,  par  suite  I'dpalsseur  de  ddplacement  6.  crott 
rapldement.  Cette  correction  eat  fondde  sur  I'hypothkae  sulvante  ;  I'dcoulement  rdel  k  I'extdrleur  de  la 
couche  llmlte  se  comporte  conne  celul  qul  se  produlralt  sur  la  surface  correspondanC  k  la  frontlkre  de 
dvalude  k  partlr  du  premier  calcul  sans  correction.  La  lol  de  la  ddtente  de  Prandtl-Meyer  est  k  nouveau 
appllqude  pour  obtenlr  I'dvolutlon  de  I'dcoulement  le  long  de  ertte  surface. 


1.3  Calcul  dans  le  domalne  II.  Mdthode  de  Nielsen 

Dans  le  domalne  II,  les  caractdrlstlques  de  I'dcoulement  sont  obtenues  en  utlllsant  la  mdthode  de 
Nielsen.  Les  expressions  servant  k  ddtermlner  les  proflls  de  vltesse  et  de  tempdrature  avant  le  ddcolle¬ 
ment  sont  reapectlvement  : 


iti  "  c^-t-CjO+CjO^-t-. . . 


ec 


S(u)  -  (l-u){Sp-^E^y^-E^/^i+c^■l^2U+EJD^■^E^^^-^.J 


Appllquant  la  mdthode  de  Dorodnltsyn,  Nielsen  ramkne  les  dquatlons  de  la  couche  llmlte,  obtenues 
aprks  la  transformation  de  Stewartson,  k  deux  relations  intdgro-dlffdrentielles  en  Introdulsant  des  fonc- 
tlons  de  ponddratlon  de  la  forme  fCU)  "  (1-G)"  ou  f(Q)  ~  u"(l-n).  Cea  relations  fournlssent  ensulte,  avec 
celle  de  I'lnteractlon  llbre  Ikl ,  les  dquatlons  du  systkme  dlffdrentlel  permettant  de  calculer  pas  k  pas 
les  valeurs  des  fonctlons  et  E,  k  chaque  absclsse.  Le  ddcollement  et  le  recollement  s'obtlennent  lors- 
que  c^  s'annule. 

Aprks  le  ddcollement,  un  dcoulement  de  retour  epparsit,  Nielsen  distingue  alors  dans  la  couche 
llmlte  deux  rdglons  sdpardes  par  la  llgne^(x)  oG  la  composante  horizontals  de  la  vltesse  est  nulls. 

Dana  la  rdglon  "Intdrleure'}  comprise  entre  la  parol  et  ,^(x),  un  polynOme  de  degrd  quelconque  en  est 
retenu  pour  chaque  profll.  Dans  la  rdglon  "extdrleure"  par  coiitre,  les  expressions  edoptdes  avant  le  ddcol- 
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Inicnt  sonc  r«prl(«i. 


1 . 4  P«tne«  du  doaalne  I  lu  domilne  II 

L*  a^thodc  de  calcul  aci  champs  dynaalque  ec  therniquc  dans  la  domalne  II  alnsl  adoptde,  11  ne 
rcaCa  qu'h  ddflnlr  lea  valeurs  dea  fonctlona  c.  et  E.  sur  la  frontlire  (G)  de  ddpart  de  cette  rdglon, 
Ces  dernlircs  sont  calculdea  k  partlr  dea  proflis  de  vlteaae  et  de  tempdrature  obtenua  k  la  fin  du  calcul 
par  dlffdrences  flnles  dans  la  domalne  I,  c'est-k-dlre  k  I'absclsse  x^. 

-  ^'une  part,  lea  valeurs  des  c^  sont  ddtermlndea  k  partlr  du  dernier  profll  de  vltesse  calculd 
dans  le  domalne  I.  En  cholalssant  quatre  valeurs  pertlcullkrea  de  t|,  ce  profll  fournlt  les  valeurs  des 
vltesaes  u.  et  des  pentes  (  iu/jt|).  en  ces  points.  Ces  quantltds  sont  reportdes  dans  1 'expression  donnant 
le  profll  3e  vltesse  (1)  et  11  reste  k  rdsoudre  un  evsttee  de  quatre  dquatlona  aux  quatre  inconnues  Cp  C2 


La  solution  de  ce  systkme  non  llndalre  s'obtlent  facllement  si  I'une  des  dquatlons  retenue  cor¬ 
respond  k  la  valeur  ce  qul  permet  d'allleurs  de  garder  la  mime  valeur  du  frottement  k  la  parol.  En 

effet,  dans  ce  cas,  I'dquatlon  correspondante  se  sl'iipllfle  et  11  vlent  ; 


(2) 


^u  _  <1  *4  ^  £  ^ol  ^ 

i’l  p '  y  ''o 


Dans  ces  conditions,  on  aboutlt  k  une  Equation  Impllclte  en  Cj  qul  se  rdsoud  par  Iterations.  Les 
coefficients  Cj,  Cj  et  c^  s'obtlennent  ensulte  dlrectement. 

-  D'autre  part,  la  coincidence  des  proflis  de  temperature  exlge  notaninent  I'egallte  des  tempera¬ 
tures  pour  1  valeurs  partlcullkres  de  t)  ;  le  calcul  des  valeurs  des  s'effectue  par  la  resolution  d'un 
systkme  llndalre  forme  k  partlr  des  relations  dedultes  dlrectement  de  (1)  : 


(3) 


^1  ^ 


“l®2  “^3 


UjE 

1  4 


(1 


1  k  4) 


A  la  parol,  la  valeur  du  flux  de  chaleu.'  dolt  aussl  ttre  la  mkme,  qu’elle  solt  obtenue  k  partlr 
du  calcul  par  differences  flnles  ou  k  partlr  de  la  methode  de  Nielsen  ;  par  consequent,  une  des  relations 
prkcedentes  peut  (tre  remplacke  par  cette  dgallte. 


D'aprks  le  changement  de  variables  de  Dorodnltsyn,  nous  avons  : 

^  is  Jy  ,  M 

'  ^  iti  *  5y  JT,  Ue  JUpl  >Y 

L'expresslon  deiS/ip  est  obtenue  dlrectement  k  partlr  de  (1),  11  en  rdsulte  que,  le  passage 
d'un  doaalne  k  1 'autre  sera  assure  correcteraent  si  : 


(5) 


-  2  S 


2c 


Hal 

1  lip 


p 


Alnsl,  les  valeurs  des  functions  E^  dkflnlssant  le  premier  profll  de  temperature  dans  le  calcul 
par  la  methode  de  Nielsen,  sont  obtenues  en  rksolvant  le  systkme  d'kquatlons  llnkalres  constltuk  par  la 
relation  (5)  et  autant  d'kquatlons  (3)  qu'll  est  nkcessalre  sulvant  le  nombre  des  E^  retenu  dans  le  dk- 
veloppement  de  S. 

Un  tel  prockde  permet  d'obtenlr,  dans  le  cas  gkneral,  un  trks  bon  recnuvrement  des  proflis. 

Cas  oh  seul  Ei  est  non  nul 

Dans  le  cas  oD  seul  le  coefficient  (Ei)  cat  retenu  dans  le  dkveloppement  de  S,  la  marche  k  sulvre 
dolt  ktre  dlffkrente.  En  effet,  la  relation  (17  conduit  k  une  valeur  de  Ei  qul  correapond  k  un  profll  de 
tempkrature  assez  klolgnk  du  profll  d'orlglne,  et  la  poursulte  du  calcul  dans  tout  le  doaalne  II  lalsse 
apparattre  de  grosses  fluctuations  dans  les  tempkratures.  Ces  fluctuations  entratnent  k  leur  tour  de  for¬ 
tes  Instabllltks. 

Le  prockdk  sulvant  a  flnalement  ktk  retenu.  II  conslste  k  reprendrej comne  dans  le  cas  gknkral, 
les  deux  relations  exprlmant  k  la  frontlkre  des  deux  domalnes  I'kgalltk  k  la  parol  du  frottement  (2)  et 
celle  du  flux  de  chaleur  ((S)  dans  laquelle  Ej'O).  A  ces  deux  relations,  11  faut  ajouter  celle  fournle  par 
la  valeur  S2  de  S  en  un  point  d'ordonnke  quelconque  i;2-  trols  kquatlons  permettent  de  calculer  c.,  c, 
et  E,.  Pour  kvaluer  C2  et  c^,  11  sufflt  d'kcrlre  I'kgalltk  des  pentes  des  proflis  de  vltesse  en  deux^polnts 
arblrralrea  de  la  couche  limits. 

La  position  respective  dea  trols  points  retenus  dans  la  couche  llmlte  est  flxke  de  manlkre  k  ob- 
tenlr  le  mellleur  recouvrement  possible  pour  les  profile  de  vltesse  et  de  tempkrature.  II  faut  toutefola 
reoarquer  que,  avec  un  seul  paramktre  (E^),  lea  deux  profile  de  tempkrature  ne  se  superposunt  pas  blea. 

1. 5  Profile  de  vlteaae  et  de  tempkrature  Inltlaux 

Aprks  I'exposd  des  mkthodes  adoptkes,  pour  le  calcil  dans  les  deux  rkglons  de  I'kcoulement  et  le 
passage  de  I'une  k  1 'autre,  11  reste  encore  k  prkclser  1  jnlkre  dont  sont  obtenus  les  profile  de  dkpart. 

Ces  profile,  nkcessalres  k  la  rksolutlon  des  f  Jtlona  par  dlffkrences  flnles,  auralent  pu  Etre 
fournla,  comae  tout  profll  sur  plaque  plane,  k  partlr  d'une  quelconque  mkthode  clasalque,  celle  de  Chapman 
et  Rubealn  par  example  /lO/.  Pour  I'unltk  du  calcul,  11  a  ttt  Jugk  prdfkrable  de  retenlr  ceux  obtenus  k 


9-4 


partlr  des  expraitloni  d«  Nlelien.  La  Banlire  dont  font  calculdi  lat  proflli  da  vltctaa  a  <td  expoade  an 
ddtalla  par  Nlalaan  /}/.  Pour  laa  taapdraturaa,  al  la  noabre  da  Prandtl  du  flulde  dana  I'dcoulanent  aat 
dgal  k  1 'unled,  laa  proflla  aa  dddulaant  Inniddlatement  da  caux  daa  vltaaaaa  par  la  ralatlon  da  Crocco  : 

S  ■  Sp(l-u).  Par  contra,  dana  la  caa  o&  la  nombra  da  Prandtl  aat  dlffdrant  da  I'unltd,  la  ralatlon  da 
Crocco  nodlflda  (1)  conduit  k  daa  coafflclanta  E^,  E^,  E°,  E^  qul  aont  fonctlon  du  noaibra  da  Prandtl  at  du 
noaibra  da  Mach  k  I'lnflnl  aaont.  En  outra,  pour  un  nombra  da  Prandtl  at  un  nombra  da  Mach  donnda,  caa  coaf¬ 
flclanta  aont  daa  fonctlona  llndalraa  da  la  tempdratura  da  parol  /7/. 

En  effat,  la  ralatlon  da  almllltuda  pour  laa  proflla  da  vltaaaa  permat  da  almpllflar  la  ayatkme 
diffdrential  et  la  recharcha  da  la  solution  aa  ramkna  au  calcul  d'un  almpla  ayatkma  llndalra. 


1. 6  Tampdratura  da  frottemant 

Dans  la  cadra  da  I'dtuda  d'une  coucha  llmlte  avac  dchanga  de  chalaur,  la  tempdratura  qua  prand  la 
parol  lorsqu'alla  aat  aoumlae  aux  sauls  dchauf fements  adrodynamlquas,  conatltue  una  grandaur  da  rdfdrance 
pour  I'dvaluatlon  du  coafflclent  da  transfert  da  chalaur.  La  valeur  da  catte  tempdratura  da  frottemant, 
pour  laquelle  le  flux  de  chalaur  k  la  parol  est  nul,  s'obtlent  de  la  manldre  sulvante. 


-  Dans  le  domatne  1 .  suppos.int  connus  en  deux  points  de  la  plaque  dlstants  de  dX,  d'une  part, 
las  deux  valeurs  des  tempdratures  de  frottement  at  d 'autre  part,  les  profile  de  vltesse  et  de  tempdratura 
au  droit  de  ces  points,  on  ddtermlne  par  ltdratlon  sur  la  valeur  de  la  tempdratura  de  parol,  celle  qul 
donne,  k  I'absclsse  sulvante,  un  flux  nul.  Ce  procddd  est  alors  employd  de  proche  en  proche  le  long  de 
toute  la  surface  correspondante. 


-  Dans  le  domatne  II,  un  calcul  sans  ltdratlon  peut  Ctre  effectud. 

Pour  la  zone  oD  I'dcoulement  n'est  pas  ddcolld,  les  tempdratures  dans  la  couche  llmlte  sont  cal- 
culdes  k  partlr  de  la  relation  ddflnlssant  S.  La  condition  "flux  nul  k  la  parol"  entralne  : 

(6)  Sj  .  S  -  -  *  Ej 

Pour  la  zone  ddcollde  ; 

-  si  la  tempdrature  dans  I'dcoulement  "Intdrleur"  est  supposde  constante  et  dgale  k  T^,  la  dd- 
ftnltlon  de  S  dans  I'dcoulement  "extdrleur"  demeure  la  mdme  qu'avant  le  ddcollement  et  devra  vdrlfler 
la  relation  ci-dessus, 

-  si  la  rdpartltlon  des  tempdratures  de  I'dcoulement  "Intdrleur"  est  une  fonctlon  llndalre  de 
11  vient  : 


(7) 


Sp- 


2  ^l'*’  ^P  ^2 


ce  qul  conduit  encore  k  la  mdme  relation. 

Dans  ces  conditions,  pour  le  calcul  de  I'dvolutlon  de  la  tempdrature  de  frottement  le  long  de  la 
plaque,  quelle  que  solt  la  rdglon  envlsagde,  la  seule  dquatlon  (6)  vient  s'ajouter  k  celles  du  systdme  dlf- 
fdrentlel  gdndral. 

Cas  partlculler  de  la  plaque  plane 

Dans  le  cas  d'une  plaque  plane,  les  relations  llndalres  ($  1.5)  qul  ont  servi  dans  le  cas  d'une 
plaque  chauffde  ou  refroldle  peuvent  dtre  reprises  pour  dvaluer  la  tempdrature  de  frottement,  seule  la 
condition  de  flux  nul  k  la  parol  est  k  ajouter.  Cette  condition  se  tradulsant  par  la  relation  (6)  qul  est 
aussl  llndalre,  la  valeur  de  :5,  alnsl  obtenue  n'est  blen  fonctlon  que  du  nombre  de  Prandtl  et  du  nombre  de 
Mach  de  I'dcoulement.  Cette  v.ileur  ddpend  dvldeimnent  du  nombre  de  coefficients  retenus  dans  le  ddveloppe- 
ment  de  1 'expression  de  S. 

2  -  EXPERIENCES,  CALCULS,  COMFARAISON  DES  RESULTATS 
2 . 1  Dlsposltlfs  expdrlmentaux 

Les  mesures  ont  dtd  effectudes  dans  la  soufflerle  supersonlque  du  laboratolre  d'Adrothermlque  ; 
le  nombre  de  Mach  (M^^)  y  est  flxd  k  1,92  ou  2,41,  les  nombres  de  Reynolds  (Re)  dtant  respectlvement  dgaux 
k  13.10^  ou  9,7.10°  par  mktre.  Les  maquettes  sont  des  plaques  planes  sur  la  surface  desquelles  a  dtd  amd- 
nagd  un  creux  sinusoidal  (amplitude  a  ‘  0,3  ou  0,4  mm,  longueur  d'onde  X  *  30  ou  40  tin)  sltud  k  x^  ~  20  ou 
30  mm  du  bord  d'attaque.  Elies  sont  munles,  solt  de  plusleurs  prises  de  presslon  statique  pour  mesurer 
I'dvolutlon  de  la  presslon  statique  sur  la  plaque,  solt  d'un  disposltlf  dlectrlque  de  chauffage. 

La  falble  dpalsseur  de  cnuche  llmlte  dont  nous  disposlons  Imposalt  I'emplol  d'une  technique  expd- 
rlmentale  mlnutieuse  et  par  suite  la  rdallsatlon  de  dlsposltlfs  de  mesure  spdclalement  dlabords.  La  couche 
llmlte  a  dtd  explorde  au  moyen  de  sondes  doubles  mlnlaturlsdes  comprenant  une  prise  de  presslon  totale  et 
un  thermocouple.  Les  fils  du  thermocouple  sont  tendus  de  part  et  d'autre  de  la  soudure  perpendlculairement 
k  I'dcoulement  pour  rddulre  au  maximum  les  pertes  par  conduction.  IIs  sont  flxds  k  I'extrdmltd  d'un  support 
en  plastlque  pour  dvlter  les  pertes  de  chaleur  dans  le  slllage.  Cecl  permet  d'obtenlr  une  bonne  estimation 
de  la  tempdrature  locale.  Placdes  dans  I'dcoulement  llbre,  ces  sondes  donnent  une  tempdrature  qul  ne  s'd- 
carte  pas  de  plus  de  1,5'’C  de  la  valeur  rdelle,  ce  qul  correspond  k  un  facteur  de  rdcupdration  de  0,99. 

L'dcoulement  Peut  dgalement  dtre  vlsuallsd  solt  au  niveau  de  la  surface  de  la  plaque  par  le  dd- 
pot  d'un  film  de  pdtrole,  solt  dans  son  ensemble  k  I'alde  d'un  banc  strloscoplque.  Ces  deux  procddds 
fournlsaent  une  valeur  approchde  de  I'absclsse  de  ddcollement. 

La  falble  dimension  des  maquettes  imposalt  I'emplol  de  mdthodes  Indlrectes  pour  dvaluer  les  flux 
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d«  chalaur  i  la  parol.  La  procldi  ratanu  conalata  t  calcular  la  flux  k  partlr  daa  pantaa  daa  proflla  da 
taaipdratura.  Cad  axpllqua  I'attantlon  qul  a  <td  apportda  t  la  aaaura  da  eaa  proflla. 

2. 2  Ddroula«ant  daa  calcula 

L'dtuda  thdorlqua  dont  lai  grandaa  llgnaa  ont  dtd  axpoadea  cl-daaiua,  cxlga  la  recoura  k  un  ordl- 
nataur  da  granda  pultaanca  pour  aa  rdaolutlon  nundrlqua. 

La  progranae  gdndral  du  calcul  coaprand  environ  2500  k  3000  ordrea  Fortran,  la  place  occupde  an 
mdaolre  dcant  da  I'ordre  de  300  K-octeta  ;  11  panaat  d'obtenlr  lea  caractdrlatlquaa  d'un  bulba  da  ddcolle- 
ment  ae  produlaant  dana  un  craux  de  fome  alnuaotdala  altud  aur  une  plaque  plane.  Lea  donndea  aont  : 

a)  1  I'lnflnl  amont,  le  nonbre  de  Mach,  la  preaalon  et  la  taopdrature, 

b)  aur  la  pli.^uc,  I'abaclase  du  ddbut  du  creux  alnuaotdal,  I'anplltude  et  la  longueur  d'onde  de 

ce  creuk, 

c)  la  tenpdrature  de  la  parol,  dans  le  cas  ob  I'on  envisage  une  couche  Unite  avec  dchange  de 
chaleur,  cette  tenpdrature  pouvant  (tre  unlforae  ou  non. 

Le  calcul  pourralt  (tre  aladnent  adaptd  k  des  configurations  dlfffrentea,  11  sufflralt  pour  cela 
de  iBodlfler  I'dquatlon  de  la  parol  et  1 'expression  de  I'dcoulement  potentlel. 

Ayant  prfclad  lea  donndea  du  problbne,  la  solution  eat  recherchde  de  la  aianldre  aulvante  :  I'aba- 
ciase  de  ddcollement  s'obtlent  en  appllquant  unlqueoent  la  mdthode  par  dlffdrences  flnles.  Ensulte,  la 
valeur  de  x^  eat  ajuatde  par  dvaluatlons  auccesslves  pour  falre  aboutlr  le  calcul  dana  le  donulne  II  ( 
une  abaclsse  de  ddcollement  dgale  (  celle  trouvde  prdcddennent.  Un  autre  ajuatage  portant  aur  lea  t).  eat 
dgalenent  fait  pour  obtenlr  un  bon  recouvrement  des  proflla  au  passage  d'un  domains  (  1 'autre. 

Le  calcul  peut  ensulte  ae  poursulvre  dans  toute  la  tone  ddcollde  Jusqu'au  recollement.  Dans  tout 
ce  domalne,  aont  alnal  dvaludes,  (  cheque  abaclsse,  lea  valeura  de  Cj,  c.,  c^,  c,,  U  ,  a.  et,  dana  le 
cas  oO  I'on  tlent  compte  de  I'dchanj^e  thermlque  au  seln  de  la  couche  Unite, '’celles  Se  E^,  E^,  E^  et  E^. 

Remarque 

De  nonbreuaes  dlfflcultda  ont  dtd  rencontrdes  dans  1 'application  de  cea  calcula,  notamnent  des 
Instabllltda  qul  apparalsaent  aouvent  dans  1 'application  de  la  mdthode  de  Nielsen.  Elies  se  produlaent 
prlnclpalement  au  ddbut  du  domains  II  et  au  ddbut  de  la  xone  ddcollde. 

2. 3  Conparalaon  des  rdaultata 

De  nombreuaea  expdrlencea  ont  dtd  rdalladea  et  lea  rdaultata  auxquela  elles  ont  aboutl  ont  dtd 
comparda  k  ceux  obtenua  par  le  calcul  effectud  pour  lea  mines  conditions  d'dcoulement  et  de  tempdrature  de 
parol . 


2.3.1  Abaclssea  de  ddcollement  et  de  recollement 

II  rdaulte  de  la  conparalaon  que  la  mdthode  par  dlffdrences  flnles,  apris  correction  de  couche  li¬ 
mits,  prdvolt  une  abaclsse  de  ddcollement  tria  volslne  de  celle  dvalude  par  I'expdrlence.  Lea  falbles  dcarts 
trouvds  peuvent  s'expllquer  par  le  fait  que  I'dpalsseur  du  uord  d'attaque,  auaal  fin  aolt-ll,  Introdult 
une  onde  de  choc  dana  1 'dcoulement,  onde  qul,  par  la  perturbation  qu'elle  apporte.  Influence  le  ddclenche- 
ment  du  ddcollement. 

La  prise  en  compte  ou  non  des  dchanges  de  chaleur  qul  ae  produlaent  au  seln  de  la  couche  Unite, 
dana  le  cas  d'une  plaque  non  chauffde,  modlfle  peu  lea  rdaultata  relatlfa  I  I'absclsae  de  ddcollenent.  De 
mime,  I'lnfluence  de  la  valeur  du  nonbre  de  Prandtl  du  fluids  eat  ndgllgeable  du  molna  entre  1  et  0,72. 

Pour  la  plaque  P2  (x^  *  30  mm,  '  •  0,4  nan,  X  "  40  mm)  par  exemple,  placde  dans  1 'dcoulement  Ec2  (M  -  2,41, 
Re/m  •  9,7.106)  sa  tempdrature  s'dqulllbre  aux  environs  de  289'’K  (Tp/T^^  ■  0,96)  et  le  calcul  donn"  dana 
cea  conditions  ; 

*  43,5  mm  aolt  ■  121,5°  en  falsant  I'hypothlae  :  couche  Unite  Isenthalplque 

•  43,18  mm  aolt  P-  ■  118,6°  pour  Pr  •  I 

Xjjjg  •  43,25  mm  aolt  Pp  ■  119,2°  pour  ?r  -  0,72 

(I'expdrlence  fournlaaalt  une  valeur  de  Xp^^  volslne  de  42,5  mm). 

Par  contre,  loraque  la  surface  de  la  plaque  eat  chauffde,  le  calcul  montre  que  I'dpalsseur  de  la 
couche  llmlte  augments  et  II  prdvolt  un  ddcollement  plus  rapprochd.  Dana  ce  cas,  lea  mesures  ont  dtd  faltes 
avec  une  tempdrature  de  plaque  dgale  I  environ  358°K  (T  /T  -  1,16)  :  le  calcul  aboutlt,  toujovrs  apris 
correction  de  couche  llmlte,  I  :  P  Coo 

x__p  “  42,70  nan,  aolt  Pp  ”  114,4°  pour  Pr  ■  I, 

Xpgj,  ■  42,73  nan,  aolt  Pp  ■  114,6°  pour  Pr  ■  0,72 

Cea  rdaultata  conflrment  ce  que  rdvile  I'expdrlence  :  la  valeur  de  I'absclsae  de  ddcollement  eat 
peu  Influencde  par  lea  variations  de  tempdrature  de  parol.  Un  dcart  d'une  centalne  de  degrds  ne  provoque 
pas  un  changement  de  cette  abaclsse  mesurable  expdrlmentalement.  Lea  dlffdrences,  en  effet,  aont  Infdrleu- 
res  aux  marges  de  prdclslon  qul  nous  aont  Impoadea  pour  son  dvaluatlon. 

L'dcoulement  alnal  ddcolld  ae  pourault  au-dessus  du  creux.  II  vlent  ensulte  se  recoller,  vers  la 
fin  de  la  ddformatlon,  k  une  abaclsse  Xj^-^  (ou  P|^).  D'une  manlire  gdndrale,  lea  rdaultata  montrent  que  plus 
Ic  ddcollement  se  prodult  tOt  aur  la  surface,  plus  la  xone  ddcollde  eat  Importance  et  plus  l'dcoulement  a 
tendance  k  recoller  loin. 

2.3.2  Configuration  dynamlque  et  thermlque  de  l'dcoulement. 

Lea  mesures  de  preaalon  atatlque  k  la  parol  condulsent  I  une  dvolutlon  du  coefficient  de  preaalon 
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fonctlon  de  la  dlitance  au  bord  d'attaqua,  trta  volalne  dc  celle  trouvde  par  la  calcul'  (fig.  1). 


Fig.  I  -  Evolution  du  coefficient  de  preaslon 

Le  trds  Idger  ddcalaee  qul  apparatc,  s'expllque  toujours  par  I'onde  de  choc  produlie  par  le  bord  d'atcaque. 
Les  dlffdrentes  courbes  obtenues  par  le  calcul  montrent  qu'un  chauffage  modird  de  la  parol  ne  perturbe  que 
tris  peu  les  rdsultats. 

Les  proflls  de  vltesse  niesur^s  et  calculds  se  recouvrent  6galeinent  blen  (fig. 2)  ;  par  suite,  le 
coefficient  de  frottement  trouvd  numdrlquement  est  conslddrd  conne  correct. 

En  ce  qul  concerne  la  temperature,  sur  la  partle  plane  de  la  plaque,  le  profll  s'obtlent,  pour 
un  nombre  de  Prandtl  different  de  I'unice,  I  partir  de  la  solution  du  systbme  d'equatlons  dvoqud  au  para- 
graphe  1.5.  Ce  profll  est  d'autant  plus  proche  de  celul  de  Chapman-Rubesln  que  le  nombre  de  coefficients 
retenu  dans  la  relation  gdnerale  dc  Nielsen  enrre  la  temperature  et  la  vltesse  est  plus  grand. 

Le  calcul  complet  a  ete  effectue  en  ne  rctenant  que  deux  coefficients  ;  Ej  et  E^.  Ndanmolns,  les 
proflls  de  temperature  mesures  et  calcuies  sont  tres  proches  comme  le  montre  la  figure  3.  Des  lors,  les 
valeurs  des  flux  de  chaleur  d  la  parol  fournles  par  le  calcul  sont,elles  aussl,  conslierees  comme  tres  cor- 
rectes. 


Le  programne  de  calcul  permettant  d'envlsager  aussl  une  variation  de  la  temperature  de  parol, 

I 'evolution  de  la  temperature  de  frottement  peut  Stre  obtenue  et,  par  suite,  celle  du  facteur  thermlque 
parietal.  Ce  dernier,  caracterlstlque  du  regime  de  1 'dcoulement ,  demeure  senslblement  constant. 

L'evolutlon  du  nombre  de  Nusselt  (Nu)  se  dedult  de  celle  de  la  temperature  de  frottement  et  du 
flux  de  chaleur  3  la  parol  pour  differences  valeurs  de  !„  (fig. 4).  En  outre,  les  courbes  relatives  i  un 
Rombrr:  de  Prandtl  dgal  e  1  ou  il  0,72  se  Crouvent  Ctre  tres  peu  eiotgnees. 


3  -  APPLICATION  DU  CALCUL  A  DES  CAS  PLUS  CENERAUX 

La  bonne  correspondance  entre  les  rdsultats  des  experiences  et  du  calcul  a  permls  flnalement 
d'etendre  1 'application  de  ce  dernier  A  des  cas  dlfferents. 

Alnsl,  pour  une  mfime  distance  du  ddbut  du  creux  au  bord  d'atCaque,  des  lols  de  comportement  du 
bulbe  peuvent  Stre  propoades  sous  la  forme  sulvante  : 

1)  I'dcoulement  dtant  flxd  ; 

-  pour  une  longueur  d'onde  donnde,  I'absclsse  de  udcollement  rapportde  A  la  longueur  d'onde  est 
d'autant  plus  grande  que  1 'amplitude  du  creux  est  plus  falble  (flg.5)| 

-  pour  cheque  valeur  de  la  longueur  d’onde,  11  exlste  une  valeur  de  1 'amplitude  en-dessous  de 
laquelle  le  calcul  ne  prdvolt  plus  de  ddcollement.  Cette  valeur  est  elle-mAme  d'autant  plus  Importante  que 
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la  longuaur  d'onda  tat  plua  granda, 

>  pour  una  aaiplltuda  donnda.  plus  la  longuaur  d'onda  aat  granda,  plua  I'abscltte  da  ddeollaaiant 
rapportda  k  catta  d-^rnlbra  aat  dlolgndt  du  ddbut  du  craux. 

2)  La  configuration  da  parol  dtant  flxda  ; 

-  pour  una  tfpdratura  da  parol  donnda.  I'abaclaaa  da  ddcollaaMnt  paaaa  par  un  alnlaua  loraque  la 
noabra  da  Raynolda  da  I'dcoulaaant  varla  d'una  valaur  falbla  k  una  valaur  trka  granda, 

•  pour  daa  condltlona  da  I'dcoulaaant  aaont  donnlaa,  I’dvolutlon  du  noabra  da  Nuaaalt  conaarva 
I'i  ataa  allura  gdndrala,  aa  valaur  dtant  d'autant  plua  laportanta  k  una  aAaa  abaci  aae  qua  la  parol  cat 
plua  frolde  (fig.  k). 

CONCLUSION 

L'dtudc  prfacntda  Id  noua  paract  da  conclurc  qua,  dana  un  dcoulaaant  aupcraonlqua,  la  prdaenca, 
aur  una  plaqua  plana,  d'una  ddforaatlon  an  craux,  da  profll  alnuaotdal,  provoque  an  adndral,  ataic  pour  da 
falblea  rapporta  "amplitude /longuaur  d'onda”,  un  ddeollaaiant  :  un  bulba  <*•  falbla  dpalaacur  mala  allongd 
ae  forma  dana  la  craux  at  I'dcoulcaMnt  vlent  anaultc  recollar  k  la  parol  avant  la  fin  da  ce  dernier. 

L'appllcatlon  d'una  mdthode  par  dlffdrancaa  flnlca  dana  la  tone  da  ddtente  qua  conatltue  la  dd¬ 
but  du  craux,  pula  da  la  mdthoda  da  Nlalaan  conduit  k  una  prdvlalon  daa  champu  dynaoique  at  tharmlqua  da 
1 'dcoulaaant  an  bon  accord  avec  ceux  qul  exlatant  affactlvaaent  an  aoufflerlc. 

La  Idgar  dcart  trouvd  dana  la  rdpartltlon  du  coafflclant  local  da  praatlon,  a'axpllque  par  la 
prdaenca  d'un  bord  d'attaque  rdal  qul  ne  paut  (tra  parfalt,  comae  la  auppoaa  la  thdorlc.  Ca  bord  d'atta- 
que,  auaal  fin  aolt-11,  a  pour  affat  d'augaenter  falblcaant  I'dpalaaaur  da  la  coucha  llalta,  SI  ce  phdno- 
mkne  tend  k  avancar  Idgkreaant  la  ddcolleaant,  laa  mdthodea  appllqudaa  Id  condulaent  ndanaolna  k  una 
bonne  aatlaaclon  da  1 'dcouleaent ,  tant  au  point  da  vua  dynaalquc  qua  thcrmlque.  Par  aulta,  la  calcul  four- 
nlt  dec  valeura  du  coefficient  local  da  frottement  at  du  flux  da  chaleur  k  la  parol  qul  peuvent  (tra  con- 
alddrdea  coeoe  correctea. 

Alnal  a  dtd  mlae  an  dvldanca  la  falbla  Influence  da  la  tempdratura  da  parol  aur  la  configuration 
dynamlque  da  la  tone  ddcollde,  du  molna  pour  daa  dcarta  da  tempdratura  nmddrda.  Par  alllauri,  lea  rdaul- 
tatf  du  calcul  montrent  qua,  pour  das  noobrea  da  Prandtl  dgaux  k  1  ou  U,72,  I'dvolutlon  du  nombra  da  Nua- 
selt  la  long  da  la  ddformatlon  da  parol  raata  aanalblenant  la  mtae,  y  comprla  dana  la  tone  ddcollde. 

Dlversea  amdlloratlona  peuvent  (era  anvlaagdaa  ; 

•  la  mdthode  utlllade  Id  dana  la  tone  ddcollde  paut  (tra  perfaetlonnda  an  prenant,  pour  proflla 
da  vlteaae  at  da  tempdratura,  daa  ddveluppeaiants  d'ordre  plus  dlevd,  mals  la  calcul  ndcessltaralt  autant 
d'dquatlons  suppldmentalrea  qua  da  paramktres  nouveaux, 

-  la  progranne  da  calcul  paut  ttre  adaptd  au  cas  da  ddformatlona  da  parol  autrat  qua  ainusotdalea, 

-  la  calcul  paut  dgalement  Stre  poursulvl  pour  obtenlr  las  caractdristlquas  da  I'dcoulemant  aprka 
la  recollanent. 
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SUIMMARY 

Laminar  boundary  layer  separation  and  reattachment  is  here  considered  for  adiabatic  flow  over  a 
compression  ramp  with  supersonic  mainstream.  For  large  ramp  angle,  cedoulations  based  on  the  Stewartson- 
Willioms  "triple  leek"  theory  show  that  the  regions  of  separation  and  reattachment  become  distinct,  with 
an  intervening  (plateau)  region  of  nearly  constant  pressure.  The  mathematical  description  of  each  of  these 
distinct  regions  is  given,  and  simple  formulas  derived  for  a  number  of  quantities  of  interest,  including 
the  plateau  pressure,  conditions  at  separation  and  reattachment,  and  the  geemetry  of  the  separated  region. 
Detailed  ccmparlsons  of  the  theoretical  results  with  available  experimental  data  show  favorable  agreement, 
suggesting  that  the  theory  can  provide  a  useful  tool  for  engineering  analysis. 


1.  Ih’TRCDXTION 

Tne  boundary-layer  concept  has  often  been  useful  as  a  basis  for  calculating  separated  flows  in 
supersonic  main  streams.  V/hen  combined  with  a  viscous  interaction  condition  coupling  the  pressure  to  the 
displacement  thickness,  the  boundary-layer  equations  appear  to  be  an  accurate  model  for  certain  types  of 
separated  flows  at  moderate  Reynolds  numbers  of  practical  interest.  Examples  of  the  success  of  these 
methods  are  giver,  by  the  work  of  Lees  and  Reeves*  and  of  IJielsen.''  At  high  Reynolds  number  R,  the  boundary 
layer  with  viscous  interaction  has  been  shown  to  develop  a  substructure, which  Stewartson  has  named  the 
triple-deck.  Computations  have  been  carried  out  on  the  basis  of  triple-deck  theory  by  Jenson,  Burggraf 
and  Rizzetta,'  for  the  case  of  a  compression  ramp  with  supersonic  mainstream.  These  results  show  that 
separation  first  ocenurs  when  the  ramp  angle  ri  la  of  order  R*’*/'*.  As  rr  increases  above  those  values  reported 
in  Ref.  L  (but  still  of  order  R'^"’),  a  prominent  pressure  plateaii  develops  between  the  distinct  regions 
of  separation  and  reattachment  (see  Fig.  1).  Each  of  these  regions  has  a  distinct  mathematical  description 
for  r  large  and  relatively  simple  formulas  have  been  derived  for  a  number  of  quantities  of  interest.  The 
purpose  of  this  j  aper  is  to  describe  the  mathematical  atructi^re  of  the  separation,  plateau,  and  reattach¬ 
ment  regions  and  to  compare  the  theoretical  results  with  available  experimental  data,  as  outlined  below. 

2.  SEFA-RATI-’’  Aid  H.-TFA:'  HEoIONS 

The  mathematical  structure  of  the  separation  region  has  been  given  by  Stewartson  and  Williams.* 

Briefly,  the  boundary  layer  in  disturbed  by  some  downstream  obstacle,  in  this  case  a  ramp.  For  large 
enough  disturbance,  the  boundary  layer  will  separate  in  a  distance  of  order  R"'V“  ahead  of  the  obstacle. 
Because  of  the  short  streamwise  distance,  viscous  effects  are  restricted  to  a  sublayer  with  thickness  of 
order  R*'’''  ,  while  the  main  portion  of  the  ilow  in  the  boundary  layer  continues  as  an  invlscid  rotational 
flow  on  the  R*  length  scale.  Outside  the  boundary  layer,  the  pressure  disturbance  is  felt  over  a  dis¬ 
tance  of  order  K'  /‘'  in  both  transverse  and  longitudinal  directions.  If  the  separation  point  is  far  enough 
in  front  of  the  obstacle,  as  for  the  ramp  of  Fig.  1,  the  pressure  asymptotes  the  plateau  pressure  down- 
stresim.  This  constant  pressure  region  corresponds  to  an  equivalent  wedge  surface  running  frem  separation 
point  S  to  reattachment  point  R  (see  Fig.  2). 

The  asymptotic  structure  of  the  flow  leaving  the  separation  region  has  been  described  by  Nelland*  as 
a  separated  shear  layer  (centered  on  the  equivalent  wedge  surface),  an  inviscid  reversed  flow  which  eds 
the  fluid  entrained  by  the  shear  layer,  and  a  reversed-flow  boundary  layer.  The  latter  two  flows  decay 
with  increasing  x  and  are  of  no  further  concern  to  us.  However,  the  velocity  in  the  free  shear  layer 
grows  with  X. 

For  definiteness,  let  x,  y,  u,  v,  p,  Tf  be  the  physical  coordinates,  velocity,  pressure,  and  ramp 
angle,  and  let  X,  '.,  ”,  V,  P,  “  be  the  corresponding  nondimensional  quantities  in  the  sublayer.  Following 
Stewartson  and  Williams,'’  these  are  related  as 

X  -  Xq  +  r  ’aX  ,  y  -  c'’bZ 

P  =  Po  +  r‘’cP(X)  ,  1  f'(b/Q)a  (1) 

u  =  f  (d/b)U(X,Z)  ,  v^  c  ''(d/a)v(X,Z) 

Here  c  =  where  R  is  the  Reynolds  number,  and  the  asterisk  subscript  refers  to  a  convenient  reference 

state  of  the  external  flow  in  the  interaction  region.  Xq  is  a  convenient  reference  length  measured  to 
some  point  in  the  interaction  region,  and  Po  is  the  pressure  at  the  beginning  of  interaction.  The  param¬ 
eters  are  defined  as 

a  XoC*’/’'X-’/''(M„''-l)--''‘  (Tw/T„)-'/'’ 
b  =  XoC'/’'^- ’''*(M.'’-1)-^ ''*(Tw/T„)'’'^ 
c  =  p.uS,C‘/''X‘/  ■(m/’-i)-‘/-' 

_  d  =  x^u^C'^Z-'X-V  '(M,''-1)-V‘‘(Tv/T^)* 

♦The  research  reported  here  was  sponsored  by  the  Office  of  Naval  Research,  United  States  Navy,  under 
Contract  Mo.  fIOOOl4-07-A-0232-OOl4 
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X  takai  the  fudllur  value  0,332  when  the  vindlaturbed  boundary  layer  la  of  the  conpreaaible  Blaalua  type. 

C  la  the  Chataan-Rubealn  conatant  and  the  other  variablea  have  their  ueual  meaning. 

the  now  In  the  lublayer  la  governed  to  flrat  order  by  the  claaalcal  Incompreaalble  boundary  layer 
equatlona 

U(  +  V2  e  0  (ba) 

UUX  +  VU2  •=  -IV  +  Uzz  (4b) 

aubject  to  the  usual  no-sllp  condition  on  the  vail  streamline.  However,  the  outer  boundary  condition  la 
unconventional;  It  is  an  expression  of  the  viscous  Interaction  condition  obtained  by  matching  to  the  dls- 
tiirbed  main  boundary-layer  now,  as  described  by  Stevartson  and  WlUlama:' 

P(X)  =  -A-{X)  ,  A(X)  =  Lla  (U-Z)  (5) 

Z  -  M 


and  A(X)  approaches  sero  as  X  . 

Jenson,  Burggraf,  and  Rlzzetta°  have  presented  nxmerlcal  solutions  of  the  Inner  layer  problem  for  the 
conpression  ramp,  showing  that  separation  first  occurs  for  5*>  1.63.  The  first  Indications  of  a  pressure 
plateau  appear  for  a  «  2.3,  and  a  fully  developed  plateau  exists  for  S  =  3.3  as  shown  by  Fig.  1.  The 
length  of  the  plateau  grows  rapidly  with  Increasing  7i,  and  for  large  7T  the  aepiuratlon  region  appears  to  be 
pushed  far  ahead  of  the  corner  (on  the  Interaction  scale).  Hence  the  asymptotic  structure  described 

by  Nelland  Is  appropriate  to  the  plateau  shear  layer  when  a  is  large. 

The  shear  layer  leaving  the  separation  region  Is  described  by  Nelland,*  and  more  fully  by  Stewartson 
and  Williams,^  In  the  form  of  an  asymptotic  series: 

»  =  X^'3f.^(n)  +  X-^'=f;^(^)  +  •••  (6a) 

P  =  Po  +  P..X-^'3  +  •••  (6b) 

where 

n  =  [z  -  a(x)]A^/=  (6c) 

The  functions  f^  and  fj  satisfy  the  usual  type  of  third-order  ordinary  differential  equation.  It  suffices 
here  to  note  that 

ti  =  0.9341  ,  f;  =  -0.8711  when  fo  =  f.  =  0.  (7) 

The  plateau  pressure  Pq  has  been  evaluated  by  Williams''  by  numerically  solving  the  full  inner-layer  equa¬ 
tions  of  the  triple-deck,  requiring  that  the  reversed  flow  downt'tream  of  separation  have  the  asymptotic 
form  given  by  Nelland.  Pg  was  found  to  have  the  value  I.80O,  which  Is  seen  to  agree  very  well  with  the 
plateau  pressure  of  Fig.  1.  This  suggests  that  3-5  Is  a  sufficiently  large  value  of  (5  for  the  asymptotic 
theory  to  apply. 

Figure  3  is  a  comparison  of  the  separation-region  pressure  predicted  by  the  triple-deck  theory  with 
experimental  data  of  Chapman,  Kuehn  and  Leirsen^  for  a  forward- facing  step.  The  reference  state  has  been 
taken  as  conditions  at  the  separation  point  (X  =  0).  The  theory  Is  seen  to  anticipate  the  Initial  pressxire 
rise,  but  the  agreement  Is  quite  good  following  separation.  Another  case  Is  shown  in  Figure  4,  corres¬ 
ponding  to  a  curved  ramp  whose  foot  Is  tangent  to  the  upstream  plate.  T<fo  choices  of  reference  state  are 
shown  here;  (1)  the  solid  symbols  are  for  M«  equal  initial  freestream  conditions,  R«  eq:ual  to  sepaiation 
conditions,  as  was  chosen  in  Ref.  3-  (2)  the  open  circles  are  for  M»,  R*  both  equal  to  separation  point 
conditions.  The  latter  choice  makes  the  agreement  better,  although  not  of  the  quality  of  Fig.  3-  This 
dependence  on  reference  state  Is  an  effect  of  finite  Reynolds  number  since  the  distance  between  the  points 
is  of  order  R"^/®  and  the  pressture  rise  of  order  R“^/*  according  to  the  theory. 

3.  REATTACHJiEJTT  REGION 

The  flow  in  this  region  is  fed  by  the  se-arated  shear  layer,  which  is  described  by  Neiland's  asymp¬ 
totic  expression  given  uLove.  Hence  it  is  possible  to  estimate  the  orders  of  meignltude  of  the  various 
terns  in  the  Navler-Stokes  equations  for  the  reattachment  region  frco  the  shear-layer  scaling. 

From  Eqa.  (6)  and  (1),  the  flow  In  the  shear  layer  entering  the  reattachment  region  scales  as  follows: 

u  ~  ,  y  ~ 

Where  Lp  is  the  length  of  the  pressiire  plateau.  Thus  the  inertia  terms  in  the  equations  of  motion  scale 
as 


where  Lp  is  the  length  scele  of  the  reattachment  region.  The  viscous  term  scales  as 

and  from  linear  theory  for  supersonic  flow  AP  ~  so  that  the  pressure  tern  scales  as 
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From  continuity, 

and  requiring  v  ~  au  yields 

Lr  ~ 

We  now  make  the  assumption  that  for  large  5  the  pressure  rise  in  reattachment  is  of  the  order  of  the 
dynamic  pressure  of  the  flow  entering  the  reattachaient  region;  i.e. 


Hence 


Lp  ~ 

Lr  ~  qT^Ar-^'^ 

Summarizing,  we  find  in  the  x-momentum  equation 

Inertia  Terms:  “  ^  ^ 

Viscous  Term:  i  ~ 

R  W 

Pres8:ire  Gradient: 


(8) 

(9«) 

(9b) 

(9c) 


A  similar  treatment  of  the  y-mci&ent\mi  equation  yields 

Inertia  Terms:  “  ^ 

Viscous  Term:  R"^ 

Pressure  Gradient:  ^ 


(9d) 

(9e) 

(9f) 


For  a  -  (a  ••  1)  as  in  the  inner  layer  scaling  of  Eq.  (1),  all  three  terns  in  the  x-mcoentum  equation 

are  of  the  same  order,  while  the  y-momentvun  equation  reduces  to 

^  =  0  (10) 

dy 

so  that  the  conventional  boundary-layer  equations  apply,  as  in  Eq.  (U).  This  scaling  corresponds  to  5 
less  than  about  3  (according  to  Ref.  6)  where  separation  and  reattachment  both  take  place  on  the  same 
length  scale  and  the  pressure  plateau  has  not  fully  developed. 

Alternatively  If  we  require  cx  ~  R"^/*  but  regard  a  large,  the  viscous  term  (9b)  becomes  negligible  in 
the  x-mcmentum  equation,  while  the  pressure  gradient  (9f)  still  dcininates  the  y-mcnentum  equation.  Hence 
for  large  Ti,  the  reattachment  process  is  Invlscid,  confirming  Chapman’s'’  early  ideas. 


It  is  also  instructive  to  consider  a  ~  R'”  with  n  <  1/4.  The  res\ilts  are  as  follows:  (i)  for 
n  =  1/4,  the  reattachment  process  is  viscous;  (ii)  for  0  <  n  <  l/4  but  not  of  order  one,  the  reattachment 
pirocess  is  inviscid  and  the  pressure  gradient  dpfby  transverse  to  the  wall  vanishes;  (lii)  for  n  =  0 
(a  ~  1),  the  reattachment  process  is  invlscid  and  Sp/^y  is  ia^mrtant. 


For  case  (1)  the  complete  separated  flow  region  is  contained  within  the  triple-deck  and  a  well-developed 
plateau  appears  only  in  the  limit  a  R^/"*  -•  «  ,  whxch  overlaps  case  (11).  Case  (lii)  includes  case  (ll) 
and  was  treated  earlier  by  Burggraf.'’  Numerical  results  for  this  case  were  presented  based  on  Chapman's 
similarity  solution  for  the  free  shear  layer  entering  the  reattachment  zone,  correspwnding  to  a  long 
plateau  between  separation  and  reattachment.  For  a  short  plateau,  the  appropriate  profile  is  that  of 
Neiland  given  above,  corresponding  to  case  (li). 


We  now  formulate  a  calculation  procedure  for  the  reattachment  zone  following  a  short  plateau.  For 
convenience,  we  assume  a  ~  R*’-/'’,  but  regard  a  as  large  so^that  case  (li)  applies.  We  Introduce  new  vari¬ 
ables  for  the  reattachment  zone,  indicated  by  a  tilde,  as  X.  The  initial  conditions  entering  the  reattach¬ 
ment  zone  are  provided  by  Eq.  (6),  and  these  together  with  the  scaling  of  Eq.  (8)  imply  the  following 
relationships  between  new  and  old  variables: 

U  =  ,  Z  -  ZLf»/3  ,  X  =  (X  -  Xr)L^/=’  (ll) 

H'':re  Dp  is  the  nondimenslonal  form  of  Lp,  scaled  as  in  Eq.  (1),  and  Xr  Is  an  arbitrary  origin  within  the 
reattachment  zone,  selected  below.  In  addition,  the  stream  function  and  vorticlty  are  defined  as 


Z 

?  =  ^/  UdZ 


(12) 


The  subscript  d  refers  to^the  dividing  streamline;  i.e.,  that  which  ^tlmately  reattaches  to  the  wall.  Far 
upstream  on  the  X  scale,  n  is  given  by  Neiland's  shear  layer  as  fo’’(Z-Z(]). 


With  these  definitions,  the  principles  of  conservation  of  vorticlty  and  total  pressure  yield 
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0^  =  2  /  ndf  ,  p  =  i  (0/  -  0  (13) 

where  Is  the  mlnimuni  value  for  f  at  the  local  X  station.  Since  a  ~  the  outer  matching  condition 

(5)  applies,  and  the  X  location  la  determined  frcn  the  pressure; 

X  =  f  (14) 

Pf  ^  P 

The  origin  of  X  is  obtained  by  extrapolating  the  dividing  streamline  of  the  free  shear  layer  linearly  to 
the  wall,  thus  defining  Xp  above. 

Equation  (l4)  defines  a  unique  relation  for  the  pressure  distribution  in  the  reattachment  zone.  This 
relation  is  shown  by  the  curve  in  Fig.  5.  The  plotted  points  shown  for  comparison  are  experimental  data 
for  a  10*  compression  ramp  taken  from  Fig.  20a  of  Ref.  2.  Since  the  experimental  reattachment  point  was 
not  defined,  it  was  arbitrarily  chosen  to  match  the  theoretical  pressure  at  X  =  0.  The  comparison  shown 
is  reasonably  good,  and  might  be  improved  by  accounting  for  the  evolution  of  the  shear  layer-velocity  pro¬ 
file  over  the  fLnite  plateau  length. 

Now  consider  the  case  of  a  long  plateau.  According  to  Eq.  (8),  Lp  of  order  one  corresponds  to  a  of 
orde'  one,  and  thence  Lp  of  order  More  explicitly,  the  scaling  of  Eq.  (11)  for  the  short  plateau 

suggests  that  when  Lp  -  1,  the  physical  length  scale  in  the  reattachment  zone  is 

X  -  xp  =  Xo(Lp/xO'^''’ci'V5'^(M*^-l)-^^"’(T„/T^)'’R;l'^X  (15) 

where  Eqs.  (l)  and  (2)  have  been  Invoked.  The  appearance  of  the  X  and  x,  factors  indicate  the  history  of 
the  upstream  Blasius  boundsiry  layer;  these  would  be  expected  to  disappear  for  a  truly  long  plateau.  The 
Mach  number  and  Reynolds  number  scaling  here  are  exactly  those  deduced  in  Ref.  9  on  the  basis  of  physical 
arguments.  The  curves  shown  in  Fig.  6,  reproduced  from  Ref.  9»  were  calculated  for  inviscid  reattachment 
of  a  Chapman  shear  layer  (Ref.  11),  correspxjnding  to  a  long  plateau  with  vanishingly  short  upstream 
boundary  layer.  Even  though  plotted  in  the  Mach  number  scaling  of  Eq.  (15)>  a  residual  Mach  number  de¬ 
pendence  is  evident.  One  reason  is  that  Eq.  (15)  is  base!  on  Neiland's  shear  layer  in  which  the  velocity 
is  small  and  the  flow  is  essentially  incompressible.  For  the  long  plateau  with  Chapman's  shear  layer,  the 
flow  is  compressible.  In  addition,  the  flow  turning  angle  in  the  latter  case  is  large  enough  for  non¬ 
linear  effects  to  be  Important  in  the  press\ire-angle  flow  relation. 

Also  shown  in  Fig.  C  are  experimental,  data  for  a  25°  cranpression  ramp  taken  frem  Fig.  l4a  of  Ref.  8. 
In  this  case,  the  origin  was  estimated  by  extrapolating  the  free  shear  layer  visible  in  the  schlieren 
photograph,  an  uncertain  procedure.  If  an  origin  shift  is  allowed  the  comparison  with  theory  is  not  bad. 
In  general,  the  effect  of  the  upstream  boundary-layer  history  on  the  shear  layer  initiating  the  reattach¬ 
ment  zone  should  be  accounted  for.  This  may  be  accomplished  by  calculating  the  shear  layer  as  it  develops 
downstream  from  Neiland's  pi  'file  ove>-  I...601.  of  the  pressxure  plateau,  as  demonstrated  by  Denison  and 
Baum. 

4.  GEOMETRY  OF  THE  SEPARATED  FLOW  REGION 


According  to  Neiland^s  asymptotic  structure  for  the  separation  region,  the  plateau  region  exhibits 
only  small  fluid  motion,  except  for  the  free  shear  layer  which  may  be  calculated  independently.  The 
length  of  this  region  can  be  estimated  from  Chapman's^^  hypothesis  of  the  reattachment  pressure  rise:  the 
total  pressure  on  the  dividing  streamline  entering  the  reattachment  zone  equals  the  final  pressure  re¬ 
covered  when  the  external  flow  has  been  turned  parallel  to  the  wull.  Using  the  velocity  and  thickness 
scalings  given  by  Neiland's  asymptotic  sheetr  layer  as  an  estimate  for  conditions  entering  the  reattachment 
zone,  we  have  shown  already  that  Chapman's  hypotheris  implies  the  length  of  the  free  shear  layer  in  the 
plateau  reg.cn  to  be  of  order  More  explicitly,  utilizing  the  linear  pres  sure -angle  relation  for  the 

externsil  flow  and  Chapman's  hypothesis,  we  have  on  the  dividing  streamline 

P  +  U^'/2  =  a 

For  the  short  plateau,  the  left  side  can  be  evaluated  from  Eq._(6).  Truncating  the  series  at  the  first 
order  term  in  X  (which  we  now  interpret  as  the  plateau  length  Lp)  we  find 

~  (2[(5  -  Po  -  fo'(0)f..'(0)Vffo'(0)]^)^/''  (16a) 

Substituting  the  numerical  values  given  earlier  yields 

Lp  ~  3.47(5  -  1.55)^/''  (I6b) 

Since  this  is  an  asymptotic  formula,  it  is  valid  only  for  c5»  1.55-  While  we  have  no  numerical  solutions 
of  the  type  shown  in  Fig.  1  for  such  large  a,  it  is  pxjssible  to  compare  with  experimental  data  for  at  least 
one  of  the  cases  in  nef.  8,  the  25°  ramp.  Converting  thejramp  angle  to  the  nondimensional  form  gives 
5  =  6.89  for  that  case.  According  to  the  above  formula,  Lp  =  42.7,  while  an  approximate  value  of  about 
47  is  found  by  measuring  the  length  of  the  free  shear  on  the  photograph  (Fig.  i4a  of  Ref.  8).  This  agree¬ 
ment  lends  credence  that  the  above  asymptotic  formula  is  useful  for  practical  application,  although  addi¬ 
tional  comparison  with  experimenjt  is  essential. 

The  complete  geometry  of  the  separated  region  is  now  available.  From  Williams '  solution,'  the 
plateau  shear  layer  is  inclined  at  an  angle  Q  relative  to  the  wall; 


^  =  P,  =  1.800 


Hence  from  Fig.  2  and  the  law  of  sines, 
point  is 


the  distance  between  the  ramp  leading  edge  and  the  separation 

^c  -  Xs  =  (1  -  ^)  Lp  (17) 
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A  conplate  prtinire  dlitrlbution  for  a  10*  raap  haa  b«en  calculated  fron  the  above  theory  and  !■ 
ahown  In  Fig.  1.  the  condltlooa  correapond  to  thoae  of  Fig.  20a  of  Ref.  2,  already  referenced  In  Fig.  5. 
In  Baking  theae  calculationa ,  It  waa  neceaaary  to  account  for  an  Inconalatency  between  Eqa.  (16)  and  the 
reattacfaBent  calculation  outlined  In  Eqa.  (U)  through  (l4).  Equation  (16)  la  baaed  on  two  tema  of  the 
aaya^totlc  expanalon  for  Nelland'a  ahear  layer,  whereaa  the  reattachment  aolutlon  shown  In  Fig.  5  waa 
baaed  on  only  the  leading  term.  The  analyala  waa  Bade  ccnalitent  by  dropping  tr.e  teim  f^'Co)  In  (l6a), 
or  equivalently,  replacing  the  value  1.55  In  (l6b)  by  Pg  =  1.80,  and  requlrlrg  .he  final  preaaure  at  the 
end  of  the  reattachment  tone  to  agree  with  the  Invlacid  wedge  preaaure.  The  agreenent  with  the  experl- 
Bental  data  in  Fig.  7  la  fairly  good,  and  could  ta  iatproved  If  the  freedom  of  t  ie  origin  ahlft  In  the 
aaymptotlc  fonnulaa  la  exploited  to  ahlft  the  theoretical  reattachment  tone  a  short  distance  downstream. 

To  coaipare  the  accuracy  available  with  integral  methods,  Fig.  8  is  taken  from  Fig.  21  of  Nielsen, 
et  al.^  In  their  method,  the  Interaction  is  atarted  at  a  particular  point  which  la  usually  chosen  to  make 
the  resulting  solution  agree  well  with  experiment.  In  Fig.  8  the  four  integral  curves  correspond  to 
initial  points  of  0.0525  to  0.0700  feet  from  the  leading  edge.  If  the  experimental  data  were  not  avail¬ 
able,  there  would  be  no  reason  to  prefer  any  of  the  four  integral  curves.  Comparing  Figs.  7  and  8,  we 
conclude  that  the  accuracy  of  the  asymptotic  theory  is  of  the  same  order  as  that  of  the  Integral  method. 

5.  CONCLUSIONS 

The  evidence  presented  above  supports  the  view  that  the  asymptotic  theory  of  laminar  sepeuratlon  and 
reattachment  is  an  acceptable  fonsulatlai  for  practical  purposes.  By  conblnlng  the  results  of  the  struc¬ 
ture  of  the  three  regions  (separation,  plateau,  and  reattachment)  the  complete  structure  of  the  flow 
field  can  be  predicted  Independent  of  experimental  Inputs,  although  there  Is  some  roan  for  adjustment  in 
the  theory  through  optimum  choice  of  reference  conditions  and  origin  shifts  In  the  asymptotic  expansions. 
Further  development  of  the  Stewartson-WlUlankS  free-interaotlon  theory  is  underway,  with  promising  results 
both  from  higher-order  analyses  and  from  Inclusion  cf  hypersonic  effects.  Similar  improvements  in  the 
reattachment  theory  are  also  necessary.  Nevertheless,  even  In  Its  present  state,  the  theory  can  serve  as 
a  useful  tool  for  engineering  analysis. 
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Figure  3t  Preiiure  dlitrlbutlon  in  reattachaent  region  with  a  short  plateau.  Theory:  _ 

experlnental  data  tram  Ref.  2,  Fig.  20a:  O  :  °  °  *  206,000, 

Tw/li.  =  2.U. 


Figure  6.  Preavure  dlitrlbutlon  in  reattachaent  region  with  a  long  plateau.  Theory  from  Ref.  9: 

- ,  Mej^  “  1.4;- - ,  =  3; - »  M,  «  7«  Eiperloental  data  flrom  Ref.  8, 

Fig.  l4a:  #  ,  a  -  25®,  M*  =  2.7,  R,  =  33,000,  Vt;.  =  2.24. 
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Figure  7.  Overall  pressure  distribution  for  10°  rasip,  BieoiTr;  _  ;  experimental 

data  from  Ref,  2,  Fig.  20ai!O  »  Mq  «  2,55,  P/f  ■  1.143  x  ICP/ft, 


Figure  0,  Nielsen  Integral  theoiT-  -  effect  on  calculated  pressure  distribution  of 
variation  in  beginning  of  interaction  xi.  Theory  and  experimental  data 
frem  Ref.  2,  Fig.  21;  Mo  =  2.55,  R/i  =  55,000/ft. 
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ON  THE  CALCULATION  OF  UNIMAR  SEFAIATIOM  BUBBUS  IN  TWO-DIMENSIONAL  INCOMPRESSIBLE  PLOW 


J.L.  VM  Intan 

Dapartaant  of  Aaronautical  En|inaarii>(,  Dalft  Unlvaraity  of  Tachnology,  Kluyvarwag  1,  Dalf*:,  Tha  Natharlanda 


SUtMAET. 


Tha  following  topica  ara  dlacuaaad  in  tha  papar. 

-  A  naw  laainar  boundary  layar  calculation  aathod  it  pratantad  which  coabinat  the  tiaplicity  of  Thwaitet* 
aathod  for  tha  prediction  of  tha  aoatntua  lost  thicknata  6  with  the  accuracy  of  Stratford ’a  two-layer  aathod 
for  tha  prediction  of  tha  poeition  of  laainar  aaparation. 

-  Calculated  boundary  layer  charactariatica  for  arbitrarily  preacribed  preaaure  diatributiona  in  general 
thow  a  tingular  behaviour  at  aaparation.  It  ia  ahown  that  a  real  aaparating  flow  tenda  to  adjuat  itaelf  in 
auch  a  way  that  tha  raaulting  ^raaaura  diatribution  pravanta  a  aingular  behaviour  of  tha  boundary  layar  to 

occur.  It  appeara  that  ■  *  ~  ^  ^  ahowa  a  aasiaua  value  at  aaparation. 

-  A  aiapla  calculation  aathod  for  the  laainar  part  of  tha  aaparation  bubble  ia  preaentcd.  The  preaaure 
diatribution  ia  not  praacribad  but  it  ia  daterainad  froa  the  calculation  auch  that  the  aaparation  atreaaline 
aaauaaa  a  preacribed  ahape. 

-  An  earlier  aathod  for  tha  prediction  of  tranaition  in  attached  boundary  layera,  baaed  on  linear  atability 
theory,  ia  axti>ndad  to  tha  caaa  of  aaparated  flowa. 

-  TWO  aethoda  ara  diacuaaed  which  night  be  uaad  to  predict  whether  reattachaent  of  the  turbulent  ahear  layar 
will  occur,  thua  leading  to  a  cloaed  aeparation  bubble. 

-  Finally  aona  reaulta  will  be  diacuaaed  of  windtunnel  experimanta  on  two  different  nodela.  The  firat  aodel 
ia  the  FX  66-S-196-V1  Wortaann  airfoil;  the  aecond  aodel  conaiata  of  a  circular  cylinder  with  a  tapered  tall. 


NOTATION 


conatant  in  Eq.  (2) 
conatant  in  Eq.  (2) 
conatant  in  Eq.  (16) 

reference  length,  equal  to  chord  for  airfoil; 
equal  to  radiua  for  cylinder 

profile  paraaMter  for  velocity  profilea  with 
raveraed  flow,  Eq.  (12) 

«"/e 
V  u 

21  «  2n(2^H) 


,a(u/U), 


6^  dU  _  u/U 


31  ‘ 


3(y/e) 


2^0 


atatic  preaaure 

‘^aep  AU 
V  21 

a/a 

acp 
Uref  c 


il1 


"ref 

U 

AU 

X 

X 

Ax 

y 

z 


velocity  coaponent  in  boundary  layer  parallel 
to  wall 

velocity  component  at  edge  of  boundary  layer 
reference  apaed 

“'"ref 

change  in  edge-velocity  ovei  length  of 
aeparation  bubble;  Fig.  1 

diatance  along  the  wall 

X 

c 

length  of  aeparation  bubble.  Fig.  1 
diatance  normal  to  wall 


aep 


1.  nmoDucTioN 


-a^  apatial  aaplification  rate,  Eq.  (23) 

5  Falkner-Skan  pressure  gradient  parameter, 
Eq.  (13) 

Y  angle  at  which  tha  reparation  atreaaline 
leaves  the  wall;  Fig.  1 

K  U 

6  i  ~  displacement  thickness 

'V. 

e  /  “ 

o  U^  U)dy  noaantum  loss  thickness 

ip  angular  diatance  around  circular  cylinder, 

measured  from  leading  edge 

<(1  atreamfunction 

aaplification  factor,  Eq.  (23) 

V  coefficient  of  kinematic  viscosity 

Tp  wall  ahear  stress 

u  disturbance  frequency,  Eq.  (22) 

Subscripts 
Bf  Blasiua  value 

r  reattachment 

sep  separation 

tr  transition 

0  at  surface 


Although  quite  a  number  of  important  references  is  available  on  the  subject  of  the  laainar  separation  bubble 
in  two-d inane ional  incompreasible  flow  (see  for  instance  refs.  1  through  6)  a  fully  satisfactory  engineering 
method  for  the  prediction  of  the  characteristics  of  these  bubbles  does  not  yet  exist.  The  present  paper 
tries  to  fill  some  of  the  gaps  in  our  knowledge;  it  appears  that  a  complete  prediction  of  the  bubble  is  now 
within  our  reach.  Some  of  the  problems  in  this  field  are  illustrated  by  the  well  known  picture  of  the 
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prcKure  difcribucion'"'  in  the  ecparation  region  (Pig.  1).  First  we  have  to  determine  the  separation  point 
S;  downstream  of  S  we  usually  find  experimentally  a  flattening  of  the  pressure  distribution.  This  part  of 
the  pressure  distribution  is  not  known  a  priori  but  it  should  follow  from  the  calculation.  Most  of  the 
existing  calculation  methods  assume  a  constant  wall  pressure  within  the  bubble  but  this  is  only  a  good 
approximation  at  low  Reynoldanuad>ers.  The  next  problem  is  to  predict  the  position  of  transition  T  in  the 
separated  shear  layer.  Downstream  of  T  we  may  find  a  rather  steep  pressure  recovery  curve,  leading  to  re- 
attachment  at  R.  Often  R  is  assumed  to  lie  on  the  dotted  pressure  distribution  curve  which  would  occur  with¬ 
out  the  presence  of  the  bubble.  Sometimes  reattachsMnt  does  not  occur;  the  bubble  "bursts"  and  of  course 
a  calculation  method  should  be  able  also  to  predict  this  bursting. 

In  the  following  chapters  the  different  problems,  mentioned  above  will  be  discussed  in  turn. 

2.  PREDICTION  OF  THE  SEPARATION  POINT  USING  ENGINEERING  METHODS. 

A  Well  known  engineering  method  for  the  calculation  of  the  laminar  boundary  layer  is  that  due  to  Thwaites 
(ret.  7).  The  accuracy  of  the  method  is  quite  good  for  the  prediction  of  the  momentum  loss  thickness  6;  it 
is  Uss  accurate  for  the  prediction  of  the  separation  position.  The  idea  behind  this  method  is  to  use  the 
von  KirmAn  momentum  integral  relation  and  the  first  compatibility  condition  of  the  boundary  layer  in  the  form: 

d  2f+2m(2+H)  L  .  6^  dU  ,3^  u/U  , 

j-  ( — )  •  - 77^ - -  "  77  '"'d  “  - - ■  i - •  (1) 

dx  V  U  U  V  dx  ,„.2  o 

3(y/0) 

Thwaites  assumed  that  f  and  H  and  hence  L  are  unique  functions  of  m  which  allows  us  to  calculate  I,  m,  H,  L 
and  6  as  functions  of  x.  The  required  functions  t(m),  H(m)  and  L(m)  were  deduced  by  Thwaites  from  a  number 
of  exact  solutions  of  the  laminar  boundary  layer  equations  which  were  available  to  him  at  that  time.  The 
momentum  integral  equation  can  be  integrated  easily  between  two  points  X|  and  if  a  linear  relation 

L  a  a  -t-  bm  (2) 

is  assumed  between  L  and  m  (Thwaites  took  aaO.45:  b'b).  The  result  is 


-  (“I?®!) 

V  XaX^  V  XaX| 


u**-'  dx 


As  soon  as  6(x)  is  known,  m(x),  Kx)  and  H(x)  follow  from  the  compatibility  condition  and  Che  relations 
f(m)  and  H(m).  This  allows  us  to  find  the  sepaiation  point  and  an  approximation  to  the  boundary  layer 
velocity  profile.  As  was  remarked  already  the  predicted  values  of  6  are  sufficiently  accurate  for  engineer¬ 
ing  use.  For  the  favourable  pressure  gradient  case  (ui<0)  also  the  velocity  profile  is  rather  accurate.  For 
adverse  pressure  gradients  (m>0)  the  profile  is  less  accurate  and  hence  the  separation  position  is  not 
predicted  accurately  enough  for  the  present  purpose.  This  is  due  to  the  fact  that  Thwaites'  method  belongs 
to  the  class  where  a  fixed  relation  exists  between  f  and  m  so  that  separation  (1*0)  is  found  at  a  fixed 
value  of  m. 

An  improved  method  has  been  obtained  in  which  Km),  H(m)  and  hence  L(m)  are  allowed  to  depend  on  an  extra 
parameter.  This  parameter  is  taken  as  the  value  of  m  >  -  ^  at  separation. 

To  introduce  this  i.iproved  method  we  refer  to  figs.  2  through  4  wnere  E(m),  H(m)  and  L(m)  have  been  plotted 
in  the  same  way  as  Thwiites  did  for  some  special  accurate  solutions  of  the  boundary  layer  equations.  The 
selected  solutions  have  in  comnon  that  for  zero  pressure  gradient  <m-0)  they  all  reduce  to  the  Blasius  flat 
plate  boundary  layer.  The  separation  values  for  H  and  L  fal  neatly  on  curves  which  coincide  with  the 
curves  representing  the  separation  points  in  head's  two-ps rameter  method  (ref.  8). 

For  the  range  of  values  of  ni^^p  which  is  of  practical  interest  (ro^^p>.068)  it  follows  that  a  good 

approximation  for  L  is:  mini 

****  L  “  .14026+10  m  and  hence  H  -  3  +  -  (4) 

sep  sep  sep  m 


It  follows  that  I,  H  and  L  can  be  very  nearly  made  unique  functions  of  r-m/m  when  properly  scaled  (see 
fig.  5).  Ii}  what  follows  Hartree's  similar  solutions  of  the  Falkner-Skan  equation  have  been  used  to  define 
these  functions. 

Introducing  ss  an  extra  parameter,  to  be  determined  later,  the  new  method  may  nov  be  defined  as  follows. 

For  favourable  pressure  gradients  (m<0)  use  /  (m),  H(ni)  and  {.(m)  as  for  the  Hartree  flows  for  which  m  -.06815. 

sep 

For  adverse  pressure  gradients  (m>0)  use  the  scaled  functions 


(x)  In  the  present  paper  we  will  by  "pressure  distribution"  not  only  denote  p(x)  but  also  U(x). 
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‘  ‘  I  -.44105  '  '  *  H  -2.5911  ' 

Mp  ttp 


(5) 


•■  dcuninad  fro*  th«  raaulta  for  tha  Hartraa  flows.  Th«  ■oMtitua  integral  aquation  can  than  ba  Intagratad 
onca  a  starting  value  for  6  is  a\’ailabla.  As  in  Thwaitas*  Mthod  the  integration  can  be  parforaad  in  the 
fora  (3)  whan  using  tha  linear  apitrosiaation  (2).  Of  course  b  now  depends  on  the  parsaatar  ’'ifh  W 

it  follows  that  for  >.068: 


sap 


b  -  10 


.30079 

■ 

sap 


sap 


.30079 

10-b 


(6) 


for  favourable  praasura  gradients  we  usa  b«5.16,  corrasponding  to  the  straight  line  connecting  the  stagnation 
point  and  tha  llasius  point  in  fig.  4;  for  all  values  of  b  we  have  a*. 44105.  For  each  value  of  b  (or 
a  Tbwaitea  type  aathod  is  obtained,  for  large  values  of  b  the  aethod  gives  late  separation,  for  snail  values 
of  b  early  separation  is  obtained. 

Of  course  sona  ac'ditional  information  is  needed  to  dataraine  b.  When  analysing  experimental  results  b  may 
be  chosen  such  that  the  axpariaentally  detemined  separation  point  is  reproduced.  In  cases  where  the  separat¬ 
ion  point  is  not  known  a  priori  we  use  Stratford's  two-layer  method  (ref.  9}  in  the  version  of  Curie  and 
Skan  (raf.  10)  to  provide  the  separation  position.  Lack  of  space  does  not  permit  to  give  a  more  detailed 
account  of  the  present  method;  details  will  be  given  in  a  forthcoming  report  by  the  present  author  (ref.  11). 
A  few  results  to  illustrate  tha  method  may  be  found  in  figs.  6  through  8.  Fig.  6  gives  some  results  for  the 
potential  flow  pressure  distribution  around  a  circular  cylinder  where  D'sin  x;  a  comparison  has  been  made 
with  the  accurate  numerical  results  due  to  Terrill  (ref.  12).  Fig.  7  gives  some  results  for  the  measured 
pressure  distribution  on  a  Wortamnn  airfoil  (see  section  8). 

The  frea-stream  speed  fur  this  particular  case  was  such  that  a  closed  laminar  separation  bubble  occured. 

Using  the  surface  oil  film  technique  the  separation  point  was  found  at  a  distance  of  482  of  the  chord  down¬ 
stream  of  the  leading-edge^*\  It  ahould  be  noted  that  the  curve  of  U  vs.x  becomes  rather  flat  downstrexs 
of  the  separation  point  leading  to  a  point  of  inflexion  shortly  upstream  of  the  separation  point.  This 
appears  to  be  chirscteristic  for  all  measured  preseure  distributions  in  the  vicinity  of  separation. 

It  follows  from  fig.  7  that  the  present  method  does  not  predict  separation  for  b>7.23:  in  fact  the  calculat¬ 
ion  tends  to  the  flat  plate  boundary  layer  far  downstream.  For  b<7.23  we  do  find  separation  while  I  tends 
to  aero  like  t»!^x^^p-x.'  This  is  the  type  of  singularity  discussed  by  Goldstein  (ref.  13)  which  always 

seems  to  occur  when  boundary  layer  calculations  are  performed  for  arbitrarily  prescribed  pressure  distribut- 

d£ 

ions.  For  b>7.23  separation  is  predicted  at  x*47.2X  with  a  finite  value  of  ^  at  separation.  Apparently  the 
real  flow  adjusts  itself  such  that  the  Goldstein  singularity  can  be  prevented.  It  should  be  remarked  that 
the  behaviour  for  b>7.23  is  very  similar  to  what  Schubauer  found  when  applying  Pohlhausen's  method  to  the 
measured  pressure  distribution  for  an  elliptic  cylinder  with  observed  laminar  separation.  Later,  Hartree 
(ref.  14)  using  an  accurate  nuswrical  method  could  only  find  separation  when  slightly  modifying  the  observed 
pressure  distribution.  It  is  still  an  open  question  whether  indeed  a  small  experimental  error  in  Schubauer's 
experimental  results  is  responsible  for  the  failure  to  predict  separation  or  that  small  errors  inherent  in 
the  boundary  layer  approximation  and  the  neglect  of  the  longitudinal  surface  curvature  are  responsible  for  it. 
It  is  instructive  to  invert  the  present  calculation  method  to  find  out  to  what  extent  thv  pressure  distribut¬ 
ion  should  be  laodified  to  produce  a  noticeable  shift  in  the_separation  position.  The  full  curves  in  fig.  8 
give  the  values  of  t.  (for  bo7.23)  and  the  values  of  U  and  ^  in  the  neighbourhood  of  t.ie  separation  point 
for  Che  sasM  case  as  was  shewn  in  fig.  7.  The  dotted  curve  for  I  represents  an  arbitrarily  modified  shear 
stress  distribution  for  x>45Z  producing  separation  at  46Z.  The  dotted  curvet  for  U  and  indicate  the 
Budif icaciont  which  have  to  be  made  to  the  pressure  distribution  to  produce  the  changed  wall  shear  stress. 
These  modifications  are  certainly  within  experimental  error.  Hence  an  important  conclusion  must  be  that  the 
accuracy  to  be  obtained  in  the  prediction  of  laminar  separation  may  depend  more  on  the  accuracy  of  the  pres¬ 
sure  distribution  data  than  on  the  level  of  sophistication  of  the  calculation  method. 

3.  SOHE  OBSERVATIONS  ON  THE  CHARACTERISTICS  OF  THE  SEPARATING  LAMINAR  BOUNDARY  UYER. 

Laminar  boundary  layer  calculations  fur  arbitrarily  prescribed  pressure  distributions  in  general  show  a 
singular  behaviour  at  separation,  such  that  ig  and  t  tend  to  zero  as  the  square  root  of  the  distance  to 
separation  (Goldstein,  ref.  13).  It  was  shown  in  section  2  chat  this  singular  behaviour  is  reproduced  by  the 
present  method.  It  was  also  observed  that  for  a  measured  pressure  distribution  the  singularity  may  be  pre- 


(x)  note  that  x  is  measured  along  the  surface;  hence  at  the  trailing  edge  we  have  x>100Z  c. 
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vanttd  by  a  proper  choice  of  b.  Therefore  it  aeeai  poaaible  that  the  boundary  layer  equationa  aay  remain 
applicable  through  separation  if  only  the  proper  pressure  distribution  is  used.  It  should  be  remead>ered  how¬ 
ever  that  very  sstall  deviations  from  this  pressure  distribution  will  restore  the  singular  behaviour.  There¬ 
fore  we  must  refrain  from  prescribing  the  pressure  distribution  in  the  separation  region.  But  we  should 
prescribe  a  regular  behaviour  of  some  othar  quantity  like  t  or  the  displacement  thickness.  A  recent 
exaaq>le  of  such  a  method  is  given  by  Carter  in  ref.  15.  It  is  of  course  very  easy  to  invert  the  present 
method  and  prescribe  a  quantity  other  than  the  pressure.  In  fact  fig.  8  gave  a  first  example  of  this  proce¬ 
dure  where  f(x)  was  prescribed  rather  arbitrarily. 

In  order  to  be  able  to  proceed  in  this  direction  we  should  first  ga-her  more  information  about  the  exact 
behaviour  of  the  viscous  flow  near  separation.  Therefore  it  is  useful  to  recall  here  an  analytical  solution 
of  the  Navier-Stokes  equationa  which  is  valid  in  a  small  neighbourhood  of  the  separation  point  where  the 
inertial  forces  can  be  neglected.  (See  Legendre,  ref.  16;  Oswatitsch,  ref.  17;  Batchelor,  ref.  18,  page 
226).  It  follows  that  the  separation  streamline  leaves  the  wall  at  an  angle  y  (fig.  1)  which  is  determined 
by: 


dT 
_ o 

t.„  (Y)  .  -  3 

The  streamlines  can  easily  be  calculated  once  y  is  known;  they  follow  from: 


(7) 


y  (x  tan  (Y)”y)  "  constant  (8) 

where  x  is  the  distance  downstream  of  separation.  For  points  at  which  the  u-component  of  the  velocity  is 


find  ^ 

X 


tan  (y)  and  hence 


(9) 


The  pressure  gradient  vector  is  at  an  angle  Y  with  the  wall  and  hence  for  shallow  bubbles  where  Y  small 
the  pressure  gradient  normal  to  the  wall  is  small  so  that  the  boundary  layer  equations  might  still  give  a 
reasonable  result. 

If  we  start  from  the  boundary  layer  equations  and  assusie  small  values  of  u  and  v  we  can  also  arrive  at  the 
results  (7)  and  (9).  Here  it  is  assumed  a  priori  that  is  independent  of  y.  The  result  (9)  also  follows 

from  the  expression  for  the  velocity  profile  in  the  form: 

(10) 

which  is  valid  for  a  sufficiently  small  neighbourhood  of  the  wall,  not  necessarily  near  the  separation  point. 
From  (10)  it  follows  that: 


A  ■  J*' 


and  hence 
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An  analogouc  behaviour  is  shown  for  solutions  with  reversed  flow  of  the  Falkner-Skan  equation 

F"t  +  pp..  ^  g  d-p'^)  .  0 

This  equation  describes  the  similar  solutions  corresponding  to  the  pressure  distribution 

."I 


U 


u,  X 


(11) 


(12) 


(13) 


(14) 


where  U|  and  m|  are  constants. 

In  (13)  F  is  the  non-dimensional  streamfunction,  primes  denote  differentiation  w.r.t.  non-dimensional  y; 
6  is  the  preesure  gradient  parameter  related  to  mj  by 


6 


2  m| 
mj+l 


(15) 


For  B>0  equation  (13)  only  allows  solutions  with  positive  skin  friction;  for  (XB<-. 198838  solutions  with 
positive  and  negative  skin  friction  are  possible;  B*~0. 198838  represents  the  separation  solution. 

Extensive  tables  of  solutions  with  positive  skin  friction  may  be  found  in  ref.  19.  Sosw  of  the  reversed  flow 
solutions  have  been  calculated  first  by  Stewartson  (ref.  2u),  Table  I  gives  some  of  the  author's  own  improved 
results. 

_  34 


It  follows  from  this  table  that  with  a  good  approxiisation 
profile  (10).  It  should  be  noted  that  at  the  end  of  the 


'u-0 


2/3  and  g 


as  for  the  velocity 


table,  corresponding  to  velocity  profiles  which 


are  found  far  downstream  in  a  separation  bubble,  extremely  large  values  of  the  shape  factor  H  occur.  This 
is  due  to  the  strong  increase  in  6**  which  in  turn  follows  from  the  thick  region  with  reversed  flow.  Because 
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th«  v«lociti«t  in  th«  ••pnrntnd  ration  ranain  vary  amall  it  may  ba  axpactad  that  Eq.  (8)  raaaina  valid  with¬ 
in  a  aaparation  bubbla  at  appraciabla  diatancaa  downatraaa  of  aaparation.  Thia  ia  illuatratad  by  tig-  9 
in  which  a  awoka  pictura  of  a  aaparation  bubbla  ia  cowparad  to  raaulta  of  a  calculation  uaint  Eq.  (8).  It 
ahould  ba  notad  that  tha  atraaalinaa  can  only  ba  calculatad  whan  y  ia  known.  In  thia  caaa  tha  valua  of  y 
waa  taken  frot)  tha  aanka  pictura. 


In  raf.  21  it  waa  ahown  fro*  an  axtanaiva  awpirical  inveatigation  that  for  a  wide  variety  of  aeparatad 
flowa  it  waa  poaaible  to  rapreaent  y  by  tha  following  aiwple  eoqiirical  relation: 


tan  (Y)  - 


_ B 

W. 


V  aap 

where  B  aaauoed  valuaa  between  IS  and  20.  Later,  Wortmann  uaad  the  relation: 


(16) 


B  -  64  |P|  (17) 

where  P  ia  Gaatcra  preaaure  gradient  paraaeter  for  aaparation  bubblea.  It  ahould  be  mentioned  here  already 
that  our  own  new  aeriea  of  meaeurementa  to  ba  diacuaae  in  aection  8  ia  in  agreement  with  (16)  for  B»15  to 
20  but  it  doea  not  confirm  WortaMnn'a  relation  (17).  refore,  in  tha  preaent  paper,  we  will  atick  to  (16) 
awaiting  clarification  of  tha  diacrepancy. 


Coaparing  the  theoretical  raault  (7)  and  tha  empirical  reault  (16)  it  follows  that  separating  flows 
apparently  adjust  itsalf  such  that  at  separation  the  following  relation  is  satisfied 


tan  (Y)  - 


(U0) 

V  ®ip 
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Assuming  •  0  and  using  Bernoulli 'a  law  and  the  definitions  of  t  and  m  it  follows  that 


(^) 

di  aep 


dx 

3  0 
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(18) 


(19) 


aep 


We  have  seen  already  that  slight  madifications  of  the  pressure  distribution  near  separation  may  correspond 
to  rather  drastic  changes  of  the  boundary  layer  characteristics.  Henre  boundary  layer  calculations,  even 
when  based  on  a  measured  pressure  distribution,  awy  easily  fail  to  reproduce  Eq.  (19).  However,  the  calcu¬ 
lation  method  described  in  section  2  may  be  inverted  to  find  a  corrected  pressure  distribution  which  does 
reproduce  Eq.  (19).  For  further  details  on  this  method  the  reader  should  be  referred  to  ref.  11. 


5.  CALCULATION  OF  THE  LAMINAR  FART  OF  THE  SEPARATED  FLOW. 


In  reference  21  an  approximate  method  for  the  calculation  of  the  laminar  part  of  the  separateu  flow  was 
introduced.  Essential  in  this  method  is  that  the  shape  of  the  separation  streamline  is  prescribed  instead 
of  the  pressure  distribution  .The  pressure  distribution  then  follows  from  the  calculation. In  the  earlier  version 
of  the  method  constant  and  equal  to  the  Hartree  value.  In  order  to  maintain  compatibility  with  the 

present  aiethod  for  attached  flowa,  described  in  aection  2,  we  should  make  ix^^p  variabel  for  the  separated 
flow  as  well. 

To  introduce  this  calculation  method  for  separated  flow,  reference  is  made  to  fig.  10  tdiere  f  and  L  have 
been  plotted  vs.  m  for  the  attached  as  well  as  the  reversed  flow  solutions  of  the  Falkner-Skan  equation.  If 
it  la  assumed  that  th«  curves  in  fig.  10  would  also  apply  to  a  non-similar  boundary  layer  developing  from 
a  stagnation  point  (m*-. 08547,  LM))  via  the  pressure  minimum  (m^,  L~. 44105)  and  separation  (m-. 06815, 
f>0)  downstream  into  the  separated  region  Coward  the  situation  where  meO,  t*K),  L>0,  then  it  follows  that 
m  ■  -  4^  shows  a  maxianim  at  separation.  Since  at  separation  L  ia  still  positive,  it  follows  from  the 

momentum  integral  equation  that  6  is  still  increasing  at  .eparacion  so  that  -  should  be  decrcising 

QX 

through  separation.  This  leads  to  an  Inflexion  point  in  the  U  vs.x  curve  slightly  upstream  of  aaparation. 

As  soon  as  it  is  known  that  there  ia  separation,  it  's  possible  to  find  the  separation  position  by  looking 
for  a  maximum  of  m.  It  can  easily  be  shown  from  Eqns.  (1)  and  (4)  that  the  condition  tuat  m  has  a  maximum 
at  separation  leads  to: 


5^1 

dx 
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.140264^10  m 
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(20) 


aep 


Now,  the  right  hand  side  of  Eq.  (20)  is  only  slowly  varying  with  m^^^  and  assumes  values  between  11  and  12 
for  the  values  of  b  and  aig^p  which  are  of  practical  Interest  (6<b<8;  .075^meep*^.i6) .  Hence  the  separation 
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praitivin  can  be  found  from  U(x)  by  looking  for  the  value  of  x  where  the  left  hand  aide  of  Eq.  (20) 
assumea  values  between  11  and  12.  For  a  number  of  experimenta  thia  gave  a  very  good  indication  of  the 
separation  point.  A  calculation  method  frr  the  reversed  flow  region,  which  is  comparable  to  that  for 
attached  flow  described  in  section  2,  could  now  be  developed  if  also  for  reversed  flows  Che  characteristic 
parameters  L,  t  and  H  would  be  given  functions  of  oi/siggp.  Since,  except  for  the  Stewartson  profiles,  no 
exact  results  for  separaieJ  flows  were  available  to  the  author  these  functions  have  been  "guessed"  as 
follows.  For 
where  m 


sep 


it  was  assumed  that  E  is  a  universal  function  of  i^iven  by  the  Stewartson  profiles, 

follov's  from  the  calculation  up  to  the  separation  point.  For  L(m)  a  curve  was  assumed  which  is 


very  similar  to  that  for  the  Stewartson  flows  namely:  tangent  to  L'a'fbm  at  separation,  tangent  to  the  verti¬ 
cal  axis  at  ofO,  L-0  (fig.  10)  and  r.uper-ellipcir  in  between.  This  leads  to; 


-m\ 


^  ^  L”  bni  ^  n 


\  sep  / 


I  or  L  -  bm+r  { 1-(1 - 
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sep 


where  the  exponent  n  was  taken  equal  Co  the  value  1.65  which  was  found  to  give  a  good  representation  of  Che 
Stewartson  results.  If  necessary  H  can  be  found  from  m,  E,  L  and  the  definition  of  L. 

Since  in  the  separated  region  Che  shape  of  the  separation  streamline  will  be  prescribed  it  appears  Chat 

the  proper  velocity  profile  shape  parameter  is  g  ■ .  Using  the  approximation  g  ■  -3E/m  (Eq.  12)  and 

observing  chat  E  is  assumed  to  be  a  universal  function  of  m/m  it  follows  that  we  should  use  z>g  x  m 

sep  sep 

where  m/m  is  a  universal  functic.  of  z. 


sep 

Tlie  s'.iapc  of  the  separation  streamli-e  can  be  prescribed  in  a  number  of  different  ways.  In  many  applications 
we  used  a  straight  separation  streamline,  leaving  the  wall  at  an  angle  y  given  by  Eq.  (16)  with  B-15  to  20. 
Since  in  most  cases  the  separation  streamline  is  slightly  curved  upwards  in  the  laminar  region  (see  for 
instance  fig.  9)  a  better  approximation  may  be  obtained  by  assuming  a  linear  variation  of  g  with  x  downstream 
of  separation.  Since  6  is  still  ii.creasing  in  the  bubble  it  follows  that  this  leads,  together  with  the 
linear  variation  of  g,  to  a  separation  streamline  which  is  slightly  curved  upwards.  In  general  the  results 
do  not  differ  much  for  both  cases.  It  should  be  remarked  chat  any  shape  of  the  separation  streamline  could 
be  prescribed  without  difficulty.  Summarising,  the  separated  flow  can  be  calculated  as  follows  once 
and  proper  starting  values  for  6  and  U  are  given  (for  instance  at  separation). 

1.  Find  g  from  6  end  Che  prescribed  shape  of  the  separation  streamline. 

2.  Find  m/m.  from  the  universal  relation  between  z'giim  and  m/m 

dU  dU  2 

3.  Find  -r-  from  the  first  compatibility  condition  in  the  form  ~  mv/0 

*  0^ 

^  from  the  momentum  integral  relation. 

5.  Advance  a  step  in  x-direction  and  find  new  starting  values  for  U  and  6,  etc. 

Full  details  of  Che  method  will  be  presented  in  ref.  11;  some  examples  will  be  given  in  section  8. 


6.  PREDICTION  OF  THE  LOCATION  OF  TRANSITION  IN  THE  SEPARATED  FLOW. 

For  attached  flows  the  position  of  transition  can  be  predicted  by  means  of  a  semi-empirical  method  which  is 
based  on  the  calculation  of  the  amplification  of  small  disturbances  in  the  laminar  boundary  layer.  This  method 
was  developed  independently  by  Smith  and  Gamberoni  (ref.  22)  and  the  present  author  (ref.  23  and  26).  In 
ref.  24  it  was  shown  that  the  method  is  also  applicable  to  boundary  layers  with  suction.  The  idea  behind 
the  method  is  that  the  calculated  amplification  ratio  of  the  most  critical  disturbance  at  the  measured 
transition  position  attains  nearly  always  Che  same  value. 

At  present  we  are  investigating  whether  this  method  is  also  valid  for  separated  flows.  This  investigation  is 
based  on  Che  stability  diagrams  for  some  of  the  Stewartson  velocity  profiles  with  reversed  flow  which  have 
been  published  recentlv  by  Taghavi  and  Wazzan  (ref.  25). 

Since  these  calculations  h-/e  been  restricted  to  rather  low  values  of  R^  the  results  have  been  supplemented 
by  calculating  the  limiting  stability  characteristics  for  Rg  'v  using  the  inviscid  stability  equation 
(Rayleigh  equation).  These  calculations  have  been  performed  on  one  of  the  hybrid  computers  of  the  Delft 
University  Computing  Centre. 

Both  Wazzan's  and  our  own  computations  were  made  for  the  linear  stability  theory  in  the  spatial  mode.  This 
means  that  in  the  expression  for  the  streamfunction  of  the  disturbance 

1<(x,y  t)  -  >p(y)  (22) 

~0l  I X 

a  IS  complex  ■  a.  and  ui  is  real.  This  leads  to  a  factor  e  i  in  the  amplitude  of  the  disturbance. 

Hence  Che  logarithm  of  the  total  amplification  of  a  disturbance  follows  from: 
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Application  of  the  faHi-eiipirical  nethod  for  the  prediction  of  tranaition  require!  the  evaluation  of  Eq. 

(23)  for  a  range  of  reduced  frequencies  ^  t^  select  the  most  dangerous  frequencies.  The  available  time 
for  the  preparation  of  the  present  paper  did  not  permit  to  perform  these  detailed  amplification  calculations 
for  the  experimentally  determined  pressure  distributions.  However,  we  developed  a  short-cut  method  which 
Is  thought  to  provide  a  reasonably  accurate  first  estimate  of  the  transition  position  in  the  separated  flow 
at  rather  low  values  of  the  Reynoldsnumber,  where  no  appreciable  amplification  occurs  prior  to  separation. 
This  short-cut  method  will  be  described  in  the  remainder  of  the  present  section.  Some  examples  will  be 
discussed  in  section  8. 

It  may  be  assumed  with  reasonable  accuracy  that  in  the  laminar  part  of  the  separation  bubble  6,  U  and  Rg 

are  constant  and  equal  to  their  values  at  separation.  Then  constant  values  of 
u6 

ojv  U  ,  .  ,  ,  oj6 

— j  also  isean  constant  values  of  — g. 

Furthermore  it  may  be  assumed  that  downstream  of  separation  g  is  proportional  to  with: 


8 


■Y 


(x-x^^p)tan(Y) 


e  TO 


Hence  Eq.  (23)  may  be  written  aa: 


6  sep 


(Rfl)..„  (Rft) _ 

^  /  (-0^6)  <«(g  ■  m,  )  -  1-^ - ^  /  (-a.e)dx 

aep  sep 


(24) 


(25) 


so  that  the  integration  with  respect  to  x  has  been  replaced  by  an  integration  w.r.t.  g.  Similarly  we  can 
over  a  short  interval  upstream  of  separation,  assuming  I  to  be  proportional  to  perform  the  integrat¬ 

ion  w.r.t.  i  instead  of  x.  Now  we  make  the  further  assumption  that  the  Reynoldsnumber  is  so  high  that  the 
stability  characteristics  are  given  with  sufficient  accuracy  by  the  limiting  values  determined  from  the 


0)6 


invii'icid  stability  aquation.  Then  -a. 6  only  depends  on  the  value  of  ^ 


and  the  profile  parameter  6  or  z. 

or  the 


HenC'!  the  integration  w.r.t.  z  in  Eq.  (25)  can  be  performed  once  for  all  independently  of  (Kg)|^p 
pressure  distribution  for  different  values  of  A  similar  result  holds  for  the  integration  w.r.t.  I 
upstream  of  separation. 

The  inviscid  instability  for  different  values  of  6  is  shown  in  figs.  11a  and  11b.  Values  of  10^/(-a.6)dz 

u)6  ^ 

are  shown  in  fig.  12  for  different  values  of  jj-  together  with  the  envelope  giving  the  maxisnim  value  1  of 

the  integral  as  a  function  of  z.  Hence  the  suximum  amplification  factor  follows  from  (25)  in  the  form: 


(Rq)  I 
_  e^sep 

0  ■  10  B.b 

•  sep 


(26) 


Values  of  z  and  I  for  reversed  flows  stay  also  be  found  in  table  2.  According  to  previous  experience  with 
the  transition  prediction  method  it  may  be  expected  that  transition  will  occur  in  practice  as  soon  as  the 
calculated  value  of  exceeds  u  critical  value  which  is  of  the  order  of  10.  Assuming  a  critical  value  of 

0^  (see  the  last  lines  of  section  8)  the  transition  position  may  be  found  as  follows.  From  the  knom  values 


B  and  the  critical  value  of  we  find  from  Eq.  (26)  the  value  of  1  at  which  transition 


^“e^ep’ 

will  occur.  Then  table  2  gives  the  corresponding  value  cf  z>;  m  m  ;  then  Eq.  (24)  determines  the  distance 

sep 

betwten  the  seperetion  and  transition  points.  A  further  simplification  results  when  I(z)  is  replaced  by  the 
approximation  (see  fig.  13):  j  .  ^27) 

Eq.  (27)  completely  neglects  the  amplification  upstream  of  separation  but  is  rather  accurate  for  large  values 
of  s.  Combining  Eqs.  (26),  (27)  and  (24)  it  follows  that  the  position  of  transition  x^^  follows  from: 


x^  -X  a  ^  10®  B  m 

tr  sep  ^  a  aep 
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(29) 


Using  as  mean  values  B«17.5;  m  >0.10  and  o  *14.4  (see  section  8)  we  find: 

sep  a 

*tr~*sep  8.6iilO^ 
sep  u  sep 

Equation  (29)  should  only  be  used  instead  of  (26)  for  rough  calculations;  it  should  be  noted  that  the 
approximation  (27)  leads  to  the  unrealistic  result  that  according  to  Eq.  (29)  the  bubble  will  only  disappear 
at  infinite  Reynolds  numbers. 
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7.  POSSIBLE  METHODS  TO  PREDICT  BURSTING  OF  THE  BUBBLE. 


A  nuaber  of  methods  may  be  used  to  predict  whether  reattachment  o;f  tlie  shear  layer  will  occur  downstream  of 
transition.  A  few  of  these  methods  will  be  briefly  otscribed  in  this  section;  some  experimental  checks  will 
be  given  in  section  8. 

In  ref.  6  Crabtree  observed  that  there  seems  tr  be  a  maximum  limit  to  the  pressure  ris>>  which  a  reattaching 
turbulent  shear  layer  may  overcome.  From  a  number  of  experiments  he  deduced  chat  the  pressure  coefficient 


o  -  1  -  (• 


Ur 

U 


-y 


(30) 
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is  nearly  constant  for  short  bubbles  about  to  burst;  the  constant  value  he  suggested  was  0.35.  Since  it 

seems  better  to  correlate  different  experimental  results  on  the  pressure  rise  between  transition  and  re- 

attachment  we  will  use  a  slightly  different  coefficient  a  defined  by: 

°cr’  (31) 

tr 

If  Eq.  (30)  or  (31)  is  to  be  used  to  predict  whether  reattachment  will  occur,  the  value  of  U^  at  the 
possible  reattachment  point  has  to  be  known.  In  a  first  approximation  this  nuy  be  taken  from  the  pressure 
distribution  which  would  occur  without  the  bubble  being  present  at  the  position  x^^,  (the  "inviscid 
pressure  distribution"). 

In  ref.  26  Horton  gave  a  method  to  predict  whether  and  where  reattachment  may  occur.  This  method  is  based 

constant  •  -.0082  for  all  reattaching  turbulent  shear  layers. 

A  simple  criterion  for  bursting  was  found  to  be  provided  by  Stratford's  zero  skin  friction  limiting  pressure 
distribution,  (ref.  27).  This  is  the  adverse  pressure  distribution  which  a  turbulent  boundary  layer  can  just 
negotiate  without  separation.  This  limiting  pressure  distribution  curve,  starting  at  the  measured  transition 
point  T  (fig.  1)  can  at  low  Reynoldsnumber  fail  to  cross  the  "inviscid  pressure  distribution  curve”.  This 
means  that  the  requested  pressure  rise  is  more  than  the  Stratford  pressure  recovery  can  provide  and  hence 
bursting  occurs.  For  our  experimental  results  on  the  Wortmann  airfoil  (section  8)  this  gave  a  very  good  pre¬ 
diction  of  the  bursting  Reynoldsnumber. 


0 

on  the  simple  criterion  that  (-  -r^) 
^  U  dx  r 


8.  SOME  EXPERIMENTAL  RESULTS. 


Two  series  of  experioMnts  were  performed.  The  first  one  was  on  the  FX  66-S-196-VI  Wortmann  airfoil  at  an 
angle  of  attack  of  1  degree  in  a  small  400  x  400  nm  windtunnel.  The  chordlength  of  the  airfoil  was  360  mm. 

The  second  investigation  concerned  a  400  nm  dia.  circular  cylinder  with  a  tail  (to  suppress  a  fluctuating 
wake)  in  the  large  1810  x  1250  mm  low  turbulence  windtunnel  (model  configuration  c,  ref.  21). 

Fig.  14  shows  some  of  the  pressure  distributions  for  the  airfoil  at  different  Reynoldsnumbers ;  bursting 
occurs  between  R^>.118  and  .099  n  10  .  An  extensive  series  of  flow  pictures,  similar  to  that  shown  in  fig.  9, 
was  made  using  the  special  camera  described  in  ref.  21.  Fig.  15  shows  a  plot  of  taniylvs. (Rg)^^^;  the  region 
of  (K0)ggp  which  bursting  occurs  is  indicated  in  the  figure.  It  follows  that  before  and  after  bursting 
B  lies  always  between  15  and  20. 

Caster’s  pressure  gradient  parameter  P  is  shown  in  the  lower  half  of  fig.  16  for  the  closed  bubbles. 
Extrapolation  of  this  curve  to  the  first  value  of  (Rg)ggp  measured  after  bursting  would  give  a  point  beyond 
Casters  bursting  line.  It  follows  that  -.185<P<-.120  so  that  Worlmann’s  relation  (Eq.  17)  would  give 
7.7<B<11.8  which  is  not  in  agreement  with  fig.  15. 

The  upper  half  of  fig.  16  shows  the  pressure  recovery  coefficient  between  transition  and  r:‘attachment .  It 
follows  that  the  maximum  value  of  which  is  obtained  just  prior  to  bursting  (0.36)  is  in  good  agreement 
with  Crabtree's  suggested  maximum  of  0.35. 

Figs.  17  and  18  show  the  pressure  distributions  in  the  region  of  the  bubble  for  the  highest  and  lowest 
Reynoldsnumber  at  which  a  closed  bubble  was  observed.  The  curve  labelled  B-15  is  the  result  of  a  calculation 
using  the  method  discussed  in  section  5  with  a  straight  separation  streamline.  Results  for  a  linear  variation 
of  g  and/or  B>20  are  only  slightly  different.  It  is  seen  that  the  best  fit  is  obtained  at  the  highest 
Reynoldsnumber;  results  for  6  intermediate  values  of  R^  show  a  gradual  change  from  the  results  shown  in  fig. 
17  to  those  of  fig.  18.  The  curves  labelled  "Horton"  indicate  the  locus  of  possible  reattachment  points  ac¬ 
cording  to  Horton's  method.  Where  this  curve  crosses  the  "inviscid  pressure  distribution"  indicated  by  a 
dotted  curve,  a  closed  bubble  is  obtained.  It  follows  that  Horton's  method  indicated  bursting  already  in 
fig.  18.  Results  for  the  intermediate  Reynoldsnumbers  show  that  bursting  is  indicated  too  early  by  this 
method.  It  is  possible  that  a  modification  of  the  constants  in  Horton's  method  would  lead  to  a  better  result; 
Lhis  has  not  been  attempted  however.  The  curves  labelled  Stratford  indicate  Stratfords  limiting  pressure 
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diitribution  starting  from  the  measured  transition  point.  It  follows  from  fig.  18  that  according  to  this 
method  the  bubble  is  about  to  burst  at  R^-.118  «  10^;  this  is  in  agreeoMnt  with  experimental  observation. 

The  length  of  the  laminar  part  of  the  bubble  is  shown  in  fig.  19  as  a  function  of  R^.  The  broken  curve 
indicates  the  predicted  length  for  o^«12.S  and  B-IS  using  the  method  of  section  6  where  I(z)  is  tsken  from 
table  2. 

Results  similar  to  those  for  the  Wortmann  airfoil  have  been  obtained  for  the  cylindrical  model.  In  this  case 
only  closed  bubbles  have  been  measured  on  the  cylindrical  part.  Fig.  20  shows  the  length  of  the  laminar  part 
of  the  bubble;  included  in  the  figure  are  calculated  curves  for  B^IS  and  20,  using  the  value  0^>12.5  which 
was  found  to  correlate  well  the  measurements  for  the  airfoil  at  B>15.  It  follows  that  in  general  the  bubble 
is  longer  on  the  cylinder  than  on  the  airfoil.  From  tome  further  calculations,  the  results  of  which  are  not 
shown  in  the  figures,  it  follows  that  for  a  mean  value  B*17.5  the  value  of  is  about  11.7  for  the  airfoil 
and  14.4  for  the  cylinder. 

Figure  21  shows  a  comparison  of  both  series  of  results  in  the  form  of  4^  vs.  (R„)  where  Ax  is  the  length 

t7  0 

of  the  laminar  part  of  the  bubble  and  C  -  6  .  Besides  the  measured  points  some  calculated  curves  are 

sep 

shown  together  with  an  empirical  correlation  curve  which  was  given  by  Vincent  de  Paul  in  ref.  28.  It  follows 
that  the  different  measurements  do  not  correlate  very  well  so  that  some  other  parameter  should  be  of  impor¬ 
tance.  An  important  difference  between  our  own  two  series  of  measurements  is  that  they  have  been  obtained  in 
two  different  windtunnels.  The  airfoil  was  tested  in  a  small  tunnel  where  the  noise  level,  the  amount  of 
vibration  and  possibly  the  free  stream  turbulence  intensity  are  much  higher  than  in  the  large  low  turbulence 
tunnel.  The  large  tunnel  was  very  quiet  at  the  low  speeds  used,  while  at  these  low  speeds  the  turbulence 
level  is  of  the  order  of  .02Z.  To  check  whether  the  noise  in  the  small  tunnel  could  have  caused  earlier 
transition,  the  noise  at  different  speeds  was  recorded  on  a  tape  recorder  and  reproduced  in  front  of  an  open 
window  in  the  test  section  of  the  large  tunnel.  This  had  a  marked  effect  on  transition;  the  length  of  the 

separated  region  decreased  by  about  1  degree  at  high  speeds  and  by  about  3  degrees  at  the  lowest  speed.  The 

Ax 

corresponding  decrease  in  — g-  ranged  from  3S  to  30;  the  value  of  0^  which  correlates  the  measurements  at 
B-17.5  decreased  from  14.4  for  the  quiet  situation  to  13.1  with  the  noise,  (see  also  fig.  21). 

In  a  further  experiment  the  cylindrical  model  was  subjected  to  tones  recorded  from  an  electronic  organ;  it 
proved  possible  to  obtain  the  same  reductions  of  the  distance  to  transition  if  only  at  each  speed  the  proper 
frequency  was  used.  These  frequencies  correlated  rather  well  with  the  dangerous  frequencies  which  can  be 
obtained  from  fig.  12.  Of  course  there  may  be  ocher  variables  like  longitudinal  surface  curvature,  mechanical 
vibrations,  free  stream  turbulence  level,  etc.  which  have  to  be  taken  into  account. 

For  Che  time  being  it  is  suggested  that  transition  in  the  bubble  can  be  calculated  for  "quiet"  flows  using 
Eq.  (26)  and  table  2  (section  6)  with  mean  values  B*17.S;  a  ••14.4;  m  ~0.10. 
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TABLES 


6 

J. 

m 

H 

L 

^u-O 

^4»"0 

®  e 

- 

m 

-.198838 

0 

.06815 

4.029 

.8218 

.667 

0 

0 

-.18 

-.0545 

.05601 

5.529 

.7343 

.667 

2.917 

2.920 

-.10 

-.0545 

.01503 

12.625 

.3308 

.678 

10.665 

10.000 

-.05 

-.0258 

.00283 

28.096 

.1190 

.698 

25.748 

27.350 

-.025 

-.0106 

.00051 

59.821 

.0418 

.721 

56.478 

62.353 

Table  1:  Some  results  for  reversed  flow  solutions  of  Eq.  (13) 


6 

z*giiin 
*  zep 

I 

-.198838 

0 

127 

-.198 

.042 

145 

-.197 

.061 

154 

-.195 

.088 

167 

-.190 

.134 

190 

-.180 

.199 

225 

-.160 

.307 

285 

-.150 

.360 

315 

-.140 

.420 

348 

-.120 

.556 

422 

-.100 

.682 

483 

-.075 

1.107 

659 

-.050 

1.864 

883 

-.025 

4.249 

1331 

Table  2:  z  and  I  as  a  function  of 
B  for  reversed  flows. 


Fig.  4:  L(m)  for  iom  ipccial  exact  aolutlona 
of  the  boundary  layer  equatlona. 


Fig.  5:  l{»),  H(a)  and  L(m)  in  nonnalifed  fora 
for  aoae  ipecial  exact  aolutions  of  the 
boundary  layer  equations  (m>0). 


Fig.  6:  Some  results  of  the  present  method  for 
the  potential  flow  pressure  distribut¬ 
ion  for  a  circulsr  cyliridiT  U~sin  (x) 


Fig.  7:  U  (uppercurve)  and  f.  (lower  curves)  for 
the  Wortmann  airfoil;  Rj“.638  x  10®, 
0-1°. 


compared  to  Che  results  according  to 
Terrill  (ref.  12)  and  Curle/Skan 


(ref.  10). 


Il-lh 


Fig.  18:  Some  results  for  the  Wortmann  airfoil 
at  Re". 118  H  10®. 


Fig.  19:  Length  of  the  laminar  part  of  the  sepa- 
tion  bubble  on  the  Wrrtmann  airfoil. 


Fig.  20:  Length  of  the  laminar  part 
of  the  separation  bubble 
on  the  circular  cylinder 
with  tail, 


Fig. 


21:  Ax/0,gp  as  function  of  (R0)»ep 
Measured  points  for  the  Wortmann 
airfoil  (•)  and  the  cylinder 
with  (A)  and  without  (■)  extra 
noise.  Curve  labelled  "Vincent 
de  Paul"  denotes  the  correlation 
curve  used  in  ref.  (28). 
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DCCOLLEMENT  TURBULENT  EN  ECOULEMENT  BIOIMENSIONNEL 
(Mr  MmitIc*  SIRIEIX 

OniM  NmMiM  ^rtudw  m  «•  NMhmhM  A4ro«MI«lM  (ONIRA) 

taaao  cmatillon  ■  Ara«c« 


>  HE3DIB  - 

AjirE*  «rolr  dtf  ini  1m  (wnotlrM  gte^nuz  dM 
MDM  ddooUdM  turbulantM  at  dlieutd  notiwwit 
1«  x^dLitd  pbjntiqua  d'tfooulMMta  atrlctMant 
bldlMMlooMls,  iM  trola  probliaM  foadMKitaux 
qul  qppandMMt  Ion  do  I'aoalpM  ospdilooittalo 
ddtaiUdo  d'uw  mbo  ddooUdo  i  ddoollMant, 
nooTlMint,  oowfloflo  aont  ouooMsiTMant  abordda 
da  MDldn  k  aattn  an  drldanM  1m  princlpauz 
faotaun  d'lafluaoca  qul  rdglaaant  oau  phdaaahnaa 
at  ddpandaat  da  la  natun  oubaonlquti  tranaaonlqua 
an  svvanonlqua  da  I'dooalaMnt* 

Qm  zsma  n^iida  dM  adthodM  da  prdrlalos  aotial- 
lannt  dlaponlblM  tanalna  oat  axpoad. 


TDRSmOT  TVO-OIMaBSiaHiL  SS>lRlTICn  - 


-  AB3TR1CT  - 

Tha  sMonl  faaturaa  of  aapantad  turbulant  flow 
racLona  an  dafir  ad  and  In  particular  a  dlaouaaion 
la  aada  on  tha  physical  reality  of  strictly  two- 
dlaanalcnal  turbulant  flows« 


-P* 

P* 

P 

9 

R 

Gis,9. 

Tf 

Tr 

AJL 

M.' 

XL 


I  prasslon  au  ddoollaaant. 

I  prasaion  au  reoollenent. 

I  noabra  da  prasslon  da  Buaaaans. 

I  ddblt  usslqua  Injaota  dans  I'aau  aorta 
at  prasslon  dynaalqua. 

t  dlstanoa  k  I'aza  an  dooulamant  da 
rdrolutlon  at  rayon  da  courbura  d'una  llgna 
da  eourant. 

I  nonbra  da  Reynolds, 
t  tarpdratura  da  parol. 

!  tenpdratura  da  frottamant. 

I  *  rdfdranca . 

I  eoaposanta  lon^tudlnala  da  la  vltaasa 

Boyanna. 

I  fluctuation  da  rltasaa. 

I  vltasaa  k  la  frontlkre  do  la  aoua-oouoba 
Unite. 


t  rltasaa  k  la  frontlkra  da  la  sons 
dlsslpatlra. 


V 


t  aodula  du  vaetaur  rltassa. 


Tha  tbna  fundsMntal  problaas  which  occur  In  tha 
datallad  axparlaantal  analysis  of  a  separated  aona* 
l<a  I  aoparatioB(  nattaofaasnt  and  coi^ln^,  an 
oonsldend  suooMslvaly  and  tha  sain  faoton  of 
influanoo  idiioh  rule  these  phenomena  aooordiog  to 
tha  aubeonlo-tranaonlo-avqierBonlo  nature  of  the 
flow  an  pnaantad. 

IiMtly,  a  rq)ld  nriow  of  the  nathods  of  prediction 
currently  anllabla  Is  aada* 


WOTiTIOre. 


b 

Cf 

Cf 

Fc 

9 

h 

H 

Him 

Hl 

L 

£ 

M 

f 

<f^ 


t  dpaissour  du  bulba  da  ddeollnant. 

I  oooffiolant  da  frottnant  parldtal. 

I  "  prasaion. 

I  *  ddbit  gdndnllsd. 

I  fonotlon  oorraotrloa  da  parol. 

I  ”  da  eorrdlatlon  pour  la 
ddoollaaont  libn. 

I  hauteur  d'una  oxorolasanoe  da  parol. 

I  npport  d'dpaissaura  (H  =  Z*/?**), 
t  paraaktra  do  forao  Inoonprasaibla. 

I  ■  T  /  H  lac 

I  quantltd  do  aouroaant  Injaotda. 

I  lon^our  da  ddroloppaaant  du  adlanga  at 
dohalla  oaraotdrlstlqua  du  ddoollaaant. 

I  longueur  do  adlanga  at  dtandua  du  doaslne 
d'lntanotlon. 

I  noabra  da  Naoh. 

t  ”  k  la  parol. 

I  prMsloa. 

I  Talaur  affloaoa  da  la  fluctuation  do 
prasaion. 


X 

Xe 

Xi 

Xa 

V 

or 

S’ 

r 

r* 

? 

$ 

'i-t 

e 

cr 

V 
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t  absoissa. 

t  absoissa  da  I'origlne  flctlra  du  adlanga 
I  "  "da  1* interaction, 

i  longueur  du  bulba  ddoolld. 

I  ordonnda. 

I  inollnalson  da  la  parol. 

I  angle  da  la  raapa. 

I  dpalsaaur  da  la  couche  diasipatlre. 

I  "  ddplaeemant. 

I  "  quantltd  da  mouvement. 

t  "  la  sous  couche  llmite. 

j  raleurs  do  J”*  5*^  at  J"*  *  k  I'orieina 
da  I'lntaractlon. 

I  fonction  do  dlsaipatlon. 

I  allongeaant  du  bulba  ddcolld. 

I  frottamant  turbulent  apparent. 

i  masse  spdclflque. 

t  paramktre  da  melan^^e  turbulent. 

I  angle  de  n^collenent. 

:  direction  du  vecteur  Vitesse. 


-  DJTHOIXIOTION  - 

L'intdrBt  qul  est  portd  au  ddodlesient  d'une  couche 
llmite  turbulente  peut  itre  motivd  soit  par  des 
considdntions  utilitains  liees  k  la  rdduction  dee 
perfonanoaa  que  oatte  oirconstance  peut  entrainer, 
soit  anoont  d'un  point  de  Tue  plus  fondamental 
par  la  noheroha  dao  phdnomknas  qul  caractdrlsent 
1m  dooulanents  sdpards. 


Oea  daux  points  da  Tue  s«  rejoignent  d'aiUeurs 
lorsque  la  oonstiuotaiir  prond  consoisaoe  qua  pour 
■aitrlasr  las  problkias  da  ddoollenent,  il  aat 
niioaasalra  d'entreprandra  daa  azptSriencaa  da  basa 
paniattant  da  prdclsar  cas  phdno^naa  at  da  ddflnlr 
las  faotaurs  qui  condltlonnent  I'cqjparitlon  at  la 
ddreloppeaent  das  zonas  ddoolldas. 

Cast  dans  ostta  parspaotlva  qua  nous  nous 
sfforoarona  da  plaoar  oat  azpoad  an  oattimt 
1' accent  non  aeulement  but  las  r^sultats  da  oea 
raoharchao  aals  dgalement  avo*  lea  dlffioultds  da 
nature  azparlaantala  ranoontr^. 

L'lntdrlt  daa  axpdrianoas  da  qualitd  ne  nous  paralt 
pas  ooqiraeda  oaia  ranfored  par  la  ddreloppaaant 
rdoant  at  trba  rapida  daa  ndthodaa  da  oalciil 
ntadriquaa.  L'avteaQsnt  d'ordlnataura  puleaantst 
aasurant  une  rdduotlon  oonsiddrabla  das  taops  da 
calcul  ast  k  I'orlgliia  da  oa  ddraloppoBsnt,  la 
rdeolution  daa  dquatlona  oonTenablsBent  noddllades 
du  ooinreaent  txirbulent  dtant  actuel].eaent  k  notra 
portda  dans  la  css  bldlaianaiannal*  Catta  ddnarcha 
na  paut  ftra  mends  k  blen  qua  par  una  ooopdratlon 
dtroite  antra  le  calcul  at  I'azpdrlanoe  la  idle  da 
catta  demikre  dtant  da  foumlr,  par  una  analyse 
fine,  daa  moyens  da  contrAlis  uiks  ddtalUda  an 
rima  taaps  qua  las  Infomatiota  ndoasaairaa  k  la 
nlso  an  oeurre  du  calcul,  notaasent  an  oa  qui 
ccnoama  la  structure  da  la  turbulanoa  at  aa 
Doddllaatlon. 


Una  observation  analogue  ast  prdsentda  par  Rada  at 
Murphy  [2],  qui  ont  da  suiorolt  laantrd  qua  l'^)pa^ 
rltlon  at  la  ddvaloppanant  Initial  d'una  zona 
ddoollda,  sous  I'affat  d'un  (dioc  incident  d'lnten- 
sitd  crolssanta,  ast  un  phdnoaikna  da  nature  typl- 
quaoant  tridlaansionnslla,  malgrd  la  prdaanoa  d'un 
dooulaaient  raisonnableawnt  uniforae  an  anont  da  la 
rdflezlon  tant  an  oa  qui  conceme  I'dpaiasaur  qua 
la  profll  da  vltesse  moyenna  da  la  oouche  linlta* 
Caa  ■Mines  auteurs,  ont  tantd  da  mini  miser  cas 
effats  par  una  diminution  Importonte  da  I'dpaiasaur 
doe  couches  limltes  latdrales,  an  amdnagaant  una 
fausse  parol,  nlnoa,  ddgagda  da  la  coucha  limits 
naturelle,  dont  le  bord  dtait  sltud  k  une  dlstence 
faible  du  donaina  dtudid  mais  sufflsanta  pour  quo 
solent  dtabliaa  daa  couches  limltes  turbulentes. 

las  rdsultats  obtonus  ont  dtd  ddoavants,  las 
affets  trldimanaionnels  demeurant  extrinement 
iaq>ortants  [3]« 

La  second  azemple  choiai  concer.iS  le  reooll  ament 
turbulent  d'un  dooulement  incompressible  an  aval 
d'una  marcha  dasoendanta  [d],  Dana  oa  cas,  la 
ligna  da  adparation  eat  g^dtrlquemnnt  fizds  at 
1' dooulement  eat  bldimenslonnel  k  I'eztdrleur  das 
couches  limites  latdralss. 

La  recollement  se  produit  sur  une  paroi  d'lnclinai- 
son  variable,  en  prdaanoa  d'un  dcoulement 
gdndrol  aocdldrd  (  o(  >0)  ou  ralenti  (  •(  <-0)» 


1  -  GkRACTERES  (SmRAUX  DES  ZONES  lEOQLLE'BS 
TURBULHmS  PSEODO-BIDDOSIOKIJELLBS  - 

1,1  -  Ecoulementa  bidlmenaionnale  t  rdalitd  ou 
fiction  ? 

L'aziatenoe  physique  da  tala  dooulements  eat  loin 
d'dtra  confirmdea  dans  da  nombreusas  olroonatanoae, 
ausal  blen  par  1' analyse  da  la  structure  intims 
das  phdnomknaa  dlsslpatifs  qua  par  I'azsEsn  das 
affats  rdaultacts  da  la  ndoessalra  limitation 
transvaraala  da  1*  dcoulement  an  aoufflarla, 

Dana  le  cas  d'un  montage  Intdressant  toute  la 
largGur  da  la  velne  d'essai  at  soumls  sans 
prdcautlons  particullkres  k  1' influence  das  couches 
limltes  se  ddvaloppant  sur  les  parols  latdrsles 
da  cette  velne,  das  affets  trldimensionnels  morquds 
apparolssent  comma  lo  montrent  les  exomples 
suivants  : 

Lt  premier  emprunte  k  Green  conceme  1' etude  da 
1' .'nteraction  couche  limite  -  onde  de  choc  [l]. 

La  visualisation  parietola  met  en  evidence,  dans 
le  cas  de  ddcoUements  dtendus,  unc  structure 
tridimensionnelle  complexe  dont  1 '  interpretation 
ertraite  de  [l]  eat  donnde  figure  1.  On  observe 
une  llfyie  de  recollemont  tree  Incurvde  assoclde 
k  daux  tourbillons  sdpards  par  une  distunce  dgale 
aux  2/3  environ  de  I'envergure  du  montage. 


Fig.  1  Interaction  couche  limite  ■  unde  de  choc 
Visualisation  pariitale  (Green). 


On  observe  unc  variation  sensible  en  envergura  de 
I'dtendua  longitudinale  M  a  du  bulbs  ddeoUd, 
spdcialement  pour  les  valours  ndgatives  de  df  , 
loreque  I'allongemant  X^b/Xn^de  ce  bulbe 
diwdnua  (fig.  2}. 


Fig.  2  -  Influence  de  I'allongement  sur  I'uniformiti  trensversele 
du  recollement 

L'doart  nuiTdniMi  anreglstrd  paut  attaindre 

30  'jh  pour  un  all ongamant  k  da  I'ordre  de  3  at 
dans  la  caa  le  plus  ddf svorable  (  oc  •  -  7°) . 

Bien  qua  1 '  incurvation  de  la  ligna  de  recollement 
ddcrolsse  rapidement  lorsqua  X  davlent  trks  faible, 
cette  cirocDstanoa  na  oonatitua  plus  un  crltkre 
Buffisant  de  validitd.  Las  rdsultats  obtainua  dans 
ce  cas  sont  trks  diffdronta  da  oeux  qui  sont  enre- 
gistrds  lorsque  X  eat  important,  spdcialement  en 
ce  qui  conoeme  I'dvolution  longitudinale  das 
pressions  dans  I'axe  du  montage  t  I'lntdrMt  de 
rdaliaer  das  configurations  de  zones  ddeoUdes  de 
grand  allongeaent  spparait  loi  da  fagon  trks  olaira. 

Ces  diffdrents  exemples  n'ont  pas  dtd  donnds  dma 
I'intention  da  nier  I'axiatanoe  de  zones  ddoolldes 
k  caraetkra  essentlellamant  bldimansionnel  mais 
d'attirer  I'attention  sur  la  ndoassitd  d'un  axamsn 
trks  approfondi  das  conditions  d'essais. 

Parml  les  remkdas  proposds  pour  diminuer  les  effete 
dus  k  la  limitation  transvaraala  de  I'dooulement, 
nous  signalerons  le  oontrOle  das  couches  limltes 
latdrales,  en  partlcullar  par  aspiration,  qui 
conduit  k  das  rdsultats  spectaoulalres  [31 J. 

Toutefols  la  mdthodo  probablement  la  plus  eatlsfal- 
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MBt«  Mt  Odl«  4Ul  OOBBllt*  k  HwUW  dM  OOBfl#!- 

rttlooa  ntajndtxlquM  pour  IwqyoUM  la  dlatanou 
1 1'an  R  Mt  txto  gcmi»  doTMt  I'dpalMuur 
Mgnniia  f  dM  oouoh—  ddoelldM. 

C'Mt  Mtt«  TOlu  qul  a  dtd  net  Mint  aiplorda  par 
Boahko  [5  •  d]»  Bogdonoff  [?]  ot  Iom  [s]. 

L'MialjM  ddtalUdo  da  tallM  ooBflgurationa  na 
fait  PM  apparaitra  d'affata  tridlMMioanala 
rjffquSb  anjoguM  k  oaui  qua  noua  aroM  prdawttda, 
I'viiifoxaltd  tranaraiaala  dtMt  Um  raapaotda. 
Otpaadut,  alM  dana  laa  om  1m  plM  farorafelM, 
il  n'M  daarijca  pM  aolaBf  d'un  polat  da  Tua  txka 
foolMBBtalt  qua  dM  affata  ti  lillaaiiatnnnala  plua 
aubtUa  axlatant  dana  1m  sodm  ddodlldM* 

C'Mt  ea  qua  aontra  par  araapla  la  rlauallMtiOB 
paridtal^  au  rolaiaaga  d'uaa  11^  aopaDaa  da 
raooUaaant  affaetuda  par  Soahko  [6]i  Ttauallaatioa 
qui  Mt  an  dfldanoa  (flf.  3)  mo  atxuotura  fina  at 
pdrlodiqua  da  natura  tridiMnaloiaialla. 


Flf.  4  -  Fluctuatiom  da  praadon  dam  un  ddcolhmant 
aubaoniqua  lUabayl. 

an  Mont  d'una  aarcha.  Cs  rMarquara  qM  Mtta 
ooafiguratlon  Mt  partloulltre  dana  la  aaeuza  ok 
alia  oc^porta  ua  oouplaM  da  daux  bulbM  da  ddool- 
laaant  TOialaa  (fig.  13;  dtant  altud 

naturallaaMBt  au  Toiaixaga  du  raooUaaant  la 
plua  aval. 


Fig.  3  ~  Viaualiaation  parUtata  dan  un  racoHamant 
turbulant  axlaymdiriQua. 

Sana  pour  autant  ronattra  on  oauna  Vaxiatanoa  d'un 
aohdaa  bidlMnaionnal  aojran.  uaa  «ia.^jM  ddtaillda 
da  oea  {didnaabnaa  tant  aur  la  plan  thdorlqua 
qu'azpdxlMiital  parait  aouhaitablo. 

1.2  -  Caraettroa  laatfctionnalrM  propraa  aig 
aouM  ddooUdae  - 

La  aaoond  point  quo  noun  abordarona  aalntanant 
oonoarao  1m  aapaeta  InatationnalrM  lido  k  la 
fonution  da  boom  tuzdiulantM  ddodlldM.  loua 
axoluarooa  toutafola  1m  problkuM  apdoiflquM  du 
ddodllaaant  inatatlannaix*. 

Daux  affata  paurant  an  groa  Itxa  ddtaotdo  t 

a)  d'una  part  oouz  qui  ddooolont  da  la  natura 
turbulMta  dM  oounhaa  dlMipatlTN  | 

b)  d'autra  part  oauz  qui  paurant  ttra  attribuda  auz 
inatabilitda  aziatant  au  niraau  du  ddooUaMnt  at 
da  roodllaMnt  at  au  omqilaga  qu'allM  antrainant 
par  auita  da  I'dtrolta  ddpendanoa  da  oaa  deux 
phdnoutaM. 


Dana  la  om  ok  I'doouleaiapt  Mt  suboooiqua 
I'analyM  offaotudo  par  llab«^[9J  pazMt  da  ddfinir 
I'ljqiortanoo  da  om  affata  k  partlr  d'un  arMon 
ddtalUd  dM  fluotuatlona  dM  proMiona  parldtalM. 


L'analyM  du  apaotra  au  roialnaga  du  raoollaaMat 
prdMnta  I'allura  indiquda  figma  3  arao  un  Modjaia 
faiblaaont  narqud  ot  una  baodo  aaaaa  larga*  m 
■axiauB  oorraapondant  k  I'affat  da  ooupl^  aoullgad 
M  b) 


Fig.  S  -  Spactra  daa  fluctuation  da  pnaaion  au 
racoHamant  l¥abay). 


Lot  rdaultata  prdoantdo  dana  [9]  Mttant  dgalonoct 
an  drldanoa  una  influacoa  trko  falUa  du  noubro  do 
Naoh. 

Dema  la  om  d'un  ddoolloMBt  da  c^ot,  1m 
phdnoiaknaa  oboarrda  aont  oaraotdriada  par  un 
niraau  da  fluotuation  dlardi  aupdilaur  aux  prdo^ 
dantOf  ot  par  I'oxlstanoa  d'una  frdquanoa  priril6> 
gida  llda  k  la  foxaation  do  grooMa  otruoturoa 
turbulontea  OMOoldM  k  I'inatabllltd  du  alUaga. 


Dana  toua  1m  om  traltda  qui  oourrent  una  granda 
razldtd  da  oonfigurationa,  I'drdlutlon  loogitudi- 
nala  du  niraau  dM  fluatuationa<'f^  prdoenta  una 

al' ura  triangulalra  oaraotdriatlquo  dont  la  aoaMt 
iuii  altud  aauibloMnt  au  niraau  du  raoollmant 
(fig.  4). 


La  natura  fondaaantalaaont  inatationnaiza  da  om 
oonflgurationa  Mt  alora  un  dM  aapaota  aaaantiala 
du  ddooUoMnt.  BUa  oondult  notMant  k  dM  ralauza 
aojanoM  da  la  praaaian  da  oulot  trko  dlffdzantM 
dana  la  om  d'un  obatanla  ajnadtrlquOf  loraqu#  om 
inatabilitda  ont  dtd  aupprladM  m  Mtdrialiaant 
la  plan  da  apsdtrlo  par  una  plaqua  (fig.  6) . 


Catta  intonoitd  Hcxlnala  drOluo  anrao  la  oonflgurM 
tion  dtudlda  t  alia  m  altuo  an  Mjranna  antra  0,04 
at  0,06  at  attaint  una  0x1001  oaxiaola  trko  iq)oz^ 
tanto  da  I'ordro  da  0,1  dana  la  om  du  ddooUaMnt 


Loiaqua  I'doouleMnt  eat  avaaraonlQua  la  rlaualiaa. 
tion  pptlqua  oonotitua  un  aogran  tika  pulMant 
d'analraa  at  da  oontrOlo  da  la  atabilltd  daa  ddool- 
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Fig.  6  -  Tntn4t  dt  cutot  »n  tub$oniqu»  - 
IntkJtnct  tht  conditiont  d»  ncolltmtnt. 


leaentSt  ra  partloulier  I'enreglatrMMnt  cln^t»- 
naphlqua.  Lee  obeerratlona  en  teops  ti^s  bref 
(fig.  7o)  iMttent  clairenent  en  eTldenee  la  structure 
tourblUonnaire  at  le  earaetbre  Inetatlonnalre  dee 
couches  dlaaipatlree  turbulectes  dont  on  perpoit  las 
rdperouBsians  par  I'analTse  dee  presslona  instants 
ndes  [l0  -  1l]. 


b  .  SfrioKOp*t  confinur  ( » ai  0,02  %  ) 


c  .  SrrioKop*#  (  r  ■  1  ^$  ) 

(  eanvra#M9ut  par  I  &  D0NAL05ON  ) 


Fig.  7  -  Visualisations  du  recollement  turbulent  en 
aval  d'une  marche. 


Le  ciTeau  moyen  des  fluctuations  obsenr^es  est  de 
I'ordre  de<-p>/<)  -  O/lOdans  la  region  de  reoolle- 

ment  coane  le  montre  la  figure  8  extraite  de  [lO]. 


Btroiteiaant  asacrlda  h  oaa  fluctuations  at  lea 
antratenant  se  produlsant  daa  ddplaoaoients  daa 
lignea  aioyonnaa  de  adtmration  et  de  recolleaent 
qui  ont  dtd  analyate  notament  par  Holden  [lO] 
k  partlr  da  iBeeuiea  du  frottenant  parldtal«  Oea 
ddplaoaMnte  pauront  atteindre  dea  aopllttides  da 
I'ordre  da  ^/3  • 

En  remnobaf  la  deacrlption  de  I'ieouleetsnt  qu'offra 
1* observation  pendant  un  teiq>s  plus  long  iO,OZ^-~,) 
est  oelle  d'un  phdnomkie  pemanant  en  Bbyarintf  dans 
la  plupart  das  cas  et  reproductible  (flg<  7a  et  b). 
Ce  double  carut^re  eat  algn^floatif  de  deux  types 
da  ddoiaroha  qui  dolvent  dtre  dtroltement  assocides 
BUT  le  plcn  expdrlmental  t  d'une  part  1 'analyse 
ddtoillde  de  la  structure  du  ohi  '.p  noyen,  d' autre 
part  celle  de  la  turbulence  et  de  ses  effets« 


1.3  -  PlffdrentB  types  de  ddcollenent  - 

L’ezaaen  des  aspects  Instatlonnairea  nous  a  pensia 
de  dlstlnguer  panil  les  zones  ddcolldes  i 

-  oellos  qui  sont  organlsdes  sous  la  fonae  d'un 
bulbs  accold  k  une  parol  aur  laquelle  se  sltue 
le  point  de  ddcollcmcnt  et  de  reoollement, 

-  oelles  qui  s'dtabllssent  k  I'eztrdmitd  d'un 
corps  et  sont  forades  par  la  confluence  de  deux 
nappes  de  courant  distinctes  qui  aprks  avoir  quit- 
td  la  parol  le  long  d'une  ligie  de  separation  se 
rejoignent  en  aval  du  bord  de  fulte. 

Selon  une  conception  quelque  peu  Iddallsde,  le 
bulbo  epparait  coane  un  domaine  fermd,  au  sein 
duquel  I'dcoulement  moyen  s’organise  autour  d'un 
tourbillon  principal,  los  points  de  sdparation  et 
de  recolleaent  qui  le  llmitent  dtant  flxds  ou  llbres 
coane  le  montrent  les  exemples  de  la  figure  9  • 
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Fig.  9  —  Examples  de  ddcollement  turbulent. 


zona  (jv  rocollamtnr 


0.001  L 


0 


Holdan 


5 


10 


M 


a' 


v; 


tlV 


'Ft 


-J’ 


ii>» 


'0) 


V'  , 


p. 

L 

P. 


Fig.  8  -  Intensity  des  fluctuations  de  pression  dans 
une  zone  d4coll4e  supersonique  (Holden). 


15 


Fig.  10  -  Schimatisation  de  la  confluence  en  aval  d'un  culot. 
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Par  oontra,  la  oonnuanoa  da  daus  dooulaaanta  an 
(dndral  diffdranta  na  paut  Itre  iMfinda  an  rdflaa 
auppoad  atationnalra  qua  aalon  la  aohdaa  raprdaantd 
fi^ura  10 .  Saux  loiiaa  toxirblUonnairaa  da  radrou- 
latlon  apparaiaaant)  oontribuant  k  I'dtaUlaaaaant 
d'un  prooaaaua  paramant  d'Mtanea  turbulant  antra 
las  dauz  dooulaaanta.  Toutafolat  oobm  nous  I'arona 
TU,  la  atabllltd  d'un  tal  aohdaa  aat  hautsaant 
ia^babla  at  axpliqua  la  ndoaaaltd  das  fluotuatima 
da  oa  tulba  ddoOlld. 

O'autxa  part,  nous  dlatlnfuaroos  arae  Bradahav  [ip] 

3  tppaa  da  parturbatlona  Induitaa  par  la  ddoollsaant, 
aaloo  qua  la  bulbs  i 

a)  oat  nojrd  au  sain  da  la  oouoha  llalta  t  o'ast  la 
eas  par  aia^la  d'una  axorolaaanos  da  parol  dont 
la  bautaur  h  aat  trte  patlts  darant  ^  t  oat 
aspaot  partloullar  na  sara  pas  anrlsacd  dans 
notra  axpoad  i 

b)  posabda  vma  aztansion  longitudinals  da  qualquea 
dpalssaurs  f  , 

o)  attaint  das  dlaanaions  grandaa  davant  S  , 

A  ostts  olaaslfloat^  oorraapondant  daa  affats  du 
noabra  da  Bsynolda  KJ  trba  diffdrants«  li^rtanta 
pour  daa  oonflgurationa  tallaa  qua  a)  at  b),  oaa 
affats  pouvant  #trs  sanalbloaant  rdduita  dana  la 
oaa  e),  la  ddfalqppaaant  k  la  frontlbrs  du  ddoolla- 
■snt  d'una  oouoha  da  adlangs  aur  una  dtandua  L/S  »1 
dtant  pratiquaaant  Inddpondant  dm  SI  j  • 

Csa  proprldtds  aont  aalablaa  quails  qua  aoit  la 
configuration  du  ddcoUaaant.  Lorsqua  las  points 
9  at  K  na  aont  pas  flxde  (fig,  90),  oaa 
la  plus  frdquMssnt  rsnoontrd,  la  solution  d'un 
problbM  da  ddoOllstant  ndoaaslto  lour  localisation, 
oaol  nous  oondulra  tout  naturaUownt  k  szamlnar 
an  prMior  llau  aur  la  plan  da  la  connalsaanoa 
aetualls  das  phdnoaknss  phyalquas,  las  3  problbaas 
fondanentauz  qul  aont  asaodds  k  oatta  ddmarehat 

~  fozastlon  du  ddoollsaant, 

•>  oondltiona  da  raodlloBant, 

-  problbasa  da  oou^ags  ddoollaaant  at 
raodUsMot. 

Apika  quol  nous  tantarona  do  drssaar  la  bilan  das 
progrks  rdallsds  dans  la  doaains  das  adthodas  da 
prd^lon. 

Malaau  pidalabla,  arant  da  olors  ostts  rerua  gdnd- 
rala,  nous  allona  prooddar  k  una  draluatlon  rapida 
tant  das  aojana  doot  noua  dlspoeona  actual laaant 
pour  I'dtuda  aupdrlaantala  daa  sonaa  ddoolldas, 
qua  daa  diffloultda  apdolflquas  da  oaa  problbaM. 


1.4  -  inalyaa  aipdrlaantala  daa  aooaa  ddoolldaa  - 

Oba  analTsa  ddtalUds  da  la  atructurs  daa  aonaa 
ddoolldaa  aat  rsndua  partloulikraunt  dlffloUa 
par  I'sxtrlMa  suaosptlbllltd  da  oa  typo  d'dooulo- 
Bsnt  tIs  k  ala  doe  obataoloB  qua  oonstltuant  loo 
sondes  d'azploratioo  aatdilallaa. 

Ikia  altdration  aonalbla  da  la  foiaa  at  da  1*  dtandua 
d'un  ddonllaanit  paut  Itra  aoraglstrdo,  au  ooura 
du  ddplaoiMDt  tranaaaiaal  d'un  pitot  par  oaaapla, 
oonduiaant  k  una  dnlutlon  ooDtlnuo  das  aaauraa, 
■ala  k  una  daoeriptlon  snonda  daa  phdnoakisa. 

Bn  aaoond  llau,  la  prdoonoo  d'un  oourant  da  ratour 
ndoosslta  una  adivtatlon  das  aandaa  usuallaa  k  daa 
Tariatlona  artrifcaaant  t^ortntas  at  rapldoa  da 
I'lnollnalaon  du  Tootaur  altaasa  ■oyanno  V  . 

Enfin,  I'axiatanoa  da  fluotuatlons  da  rltaaaa  du 
■Ika  ordra  da  grandaur  qua  V  local  paut  Ctra  una 
aouroo  d'anauis  laportantaa  pour  la  fU  o!jaud 
notaBMDt. 


Toutao  oaa  raiaona  a^Uquant  quo  las  axpdrlonooa 
ooaportant  una  analyaa  flna  da  la  stzuoturs  da  tala 
doaalnas  aont  xalatlTMont  pau  noafarouaaa  at  parfola 
aujattoo  k  oautlon. 

Pour  suiBOBtar  an  partis  oaa  diffloultda  on  aat 
oondult  k  una  ■inlaturlaatlon  das  Instruaenta  do 
■ssura  qul  na  pamat  pan  toutofoia  da  dlalnuor 
I'anooabiaaant  looal  au  daaaoua  d'un  oortain  aauil 
dont  I'ordra  da  grandaur  aat  1  m  pour  las 
sondaa  k  fU  ohaud  at  una  dpalaaaur  d'anriron 
0,15  Ml  pour  las  aondaa  Pitot  a^atiaa. 

Una  analyaa  prdoiae  at  ddtalllda  das  oouohaa 
dlaoipatlToa  ndoaaslto  daa  dlaanaions  transTsraaloa 
da  00s  oouohaa  algnlfioatiTsaent  grandas  darant  oaa 
raloura,  00  qui  oxdut  pratiquaaant  das  assala 
affsetute  k  trop  faibla  ddallo. 

Haurouaaaant,  la  rdlooladtxio  laaor  ourra  una  rola 
d'analyaa  nouralla  partlcullkraaant  blsn  ad^tda 
k  oatta  ostd^orla  da  problkaoa,  oar  alia  peiaot 
d'affaotuar  las  laoauros  da  rltoaaa,  an  grandeur  at 
diraotion,  aanti  parturbar  la  phdnonbna  ot  da  ddflnlr, 
an  outro,  las  jixinoipalsa  oamctdziatiquas  da  la 
turbulanoa. 

Las  raoharohaa  aotualleaant  an  oouia  [l3  -  14  - 
15  -  16]  oonduiaant  k  das  rdsultats  sztrlOaMnt 
pronattaun  ooobs  la  oontra  par  azaaipla  la  figure  1 1 . 


Fig.  11  -  Analym  da  Ficouhtnant  IncompraalLilr  darn 
una  canird  par  animomttrla  laaar. 

Paxai  loo  aogrons  da  000010  azaaq)tB  d'lnteraotion  da 
7.^port,  11  faut  dgalaaant  ■antionnar  l'lnteifdro> 
■dtila  dont  I'utUiaation  paut  a'ardrar  trks  prd- 
ciouaa  pour  I'dtuda  daa  ddoollaaanta  bidlnnalonnals 
an  tranaaoniqua  at  auparaoniqua. 

Ralatlranant  pau  utUisda  Juaqu'k  prdsant,  on 
raison  da  aon  oottt  at  da  saa  diffloultda  d'explol- 
tatlon,  oatta  taohniqua  a  fait  I'objat  dopuls  pau 
d'un  regain  d'lntdx#t,  oobbo  la  aontrent  las  txvrauz 
rdoanta  aiaq^iala  olio  fat  aaaooida  [l7  -  18  ]. 

1b>  daa  arantagas  da  I'lntarfdraadtiia  aat  do  pourolr 
figar,  an  un  aaul  diohd  ot  au  ulna  Instant,  l'o»> 
aanbla  daa  infoxBations  paiMttant  d' analyser  la 
atruotura  d'un  ddoollsaant  at  d'aaaooiar  aon 
droltttion  k  ooUo  da  I'dooulaaant  oxtdrlour. 
oontra  partis  oatta  taohniqua  da  aaBuio  qul  na 
paiaot  paa  d'aooddar  dlraotaaant  auz  rltosaos  na 
paut  notaMsnt  Itre  utUlada  pour  las  falblea 
ralouxs  da  oalla  oi» 


2  ~  PROaiMBS  SPBCmODES  DD  IBOOUiMEm!  - 

2*1  -  Apparition  du  ddoiHlsaant  an  dooiilaawt 
aubaoniqua  - 

2.1.^  -  Houa  asadnarona  oa  problbao  dans  la  oaa 
gdndral  ok  la  ddoollsaant  oat  proroqud  par  un 
gradient  da  prsaalon  positif  ljq)ortast  qnl 


l2-<> 


entralne  una  daetabilisatlon  plua  ou  Dolns  rapid* 
d*  la  oouoh*  linit*  at  la  formation  d'un  couront 
d*  retour,  I4)paraiaaant  lorsque  1*  frottooent 
parldtal  a'animl*. 


libi  prcmior  lieu  nous  signnlerons  les  effete  de 
courbure,  eoit  de  la  parol,  eoit  plus  edneraleoent 
dee  llgnes  de  courant  moyennee  de  I'dooulement 
dlaslpatlf  au  voisina^e  du  ddcollement. 


Comma  nous  I'aTons  d4jk  indlqud,  le  proomaaua  da 
ddoollement,  rdrdld  par  un  trop  petit  nombre  d‘ez- 
pdrienoea  ddtaiUdea,  preaente  un  oaroctire  insta- 
tionnalre  mis  an  dvldence  notannent  par  Kline  [20] 
et  Sandboxn  [21 ]• 

Cea  dtudes  ont  montr^  qu'il  eziste  une  region  dont 
I'dtendua  est  de  I'ordre  de  S  ,  aseurant  la 
transition  entre  un  4tat  de  coucho  liinite  non  ee- 
par^e  et  celui  de  decollement  ^tabli.  L'origlne 
de  la  adparatlon  oacille  largement  en  fonctlon  du 
tesips  dans  ce  domains  comne  le  montre  la  figure  12 
eztraite  do  [21  ]•  Si  'Z  represente  la  fraction  du 
temps  d' observation  T  eorrespondant  i  un  decol¬ 
lement  ^tabll,  la  position  moyenne  du  decollement 
est  ici  ddfinie  par  la  condition  que  Tt/T  soit 
dgal  &  50  En  gfedral,  la  localisation  ozpdri- 
mentale  du  point  moyen  de  separation  pourra 
ddpendre  largement  de  In  miHhode  utillsue  (mesure 
du  frottement,  visualisation  porietale,  sondogos, 
etc, • » } , 


r v-  12  -  Fluctuation  de  la  Uontiire  du  courant 
de  retour  en  irKOmpreaible. 


Un  second  aspect  important  de  oe  probl&mc  est  la 
granda  diversitd  des  situations  qui  apparalssent 
au  TOislnage  du  ddcollement  (D)  et  se  traduisent 
notaoBient  par  des  variations  aensibles  de  la  forme 
du  profil  de  vltesse  en  b. 


A  tltre  d'ezemple,  la  visualisation  du  ddcollement 
turbulent  obtonue  au  tunnel  hydrodynamique  de 
I'ONIHA,  A  I'aide  d'un  ressaut  est  Instructive 
(fig.  13). 


Fig.  13  -  Visualisation  du  dicolletnent  incompressible 
provoqui  par  une  marche. 

Cette  configuration  particuliere  net  en  evidence 
deuz  decollemcnts  successifs,  le  premier  situs  en 
amont  du  ressaut,  le  necord  se  icveloppant  sur  la 
paroi  superieure  de  la  marche,  innddiatenont  en 
aval  de  l'ar@te. 

Le  cliche  f’l3a}  prJsente  une  visualisation  par 
bull©  d'aiT  du  ducollement  laminairc  obtenu  k 
faible  Reynolds,  faisant  apparaltre  uno  influence 
amont  tres  marquee  et  une  evolution  rdgulifere  et 
progressive  de  la  frontifere  du  donrlne  de  recircu¬ 
lation. 

Dans  lo  cas  ou  la  couche  limite  est  turbulcnte 
(lib),  I'dtenduc  de  la  sonc  decollee  est  beaucoup 
plus  reduite,  ce  qui  entralne  une  forte  courbure 
des  lignes  de  courant  moyennes,  au  voisinago  de 
la  separation  (d),  imagee  sur  le  cliche  (l3c)  par 
une  injection  porietale  pratiques  imnediatement  en 
amont  de  D, 


Cast  alnsi  que  le  paramfetre  de  forme  H=  ^'*/J^** 
dvolue  entre  1 ,8  et  plus  de  3  tandis  que  le  compor- 
tement  de  I'dooulement  au  voisinage  de  la  paroi  tend 
k  s'dcarter  des  lois  usuelles. 


Cette  evolution,  spccialement  brutale  dsns  le  cas 
considere,  exists  toutefois  dans  la  plupart  des 
configurations  dc  decollement  dtendu  et  s'occompagne 
de  forts  gradients  de  pression  trsnsversnuz. 


Dans  cee  conditions,  le  concept  de  couche  limite 
d'dquillbre  au  voisinage  du  ddcolloment  ne  peut 
ttre  en  general  envlsagd,  En  fait  I'dtat  de  la 
couche  dissipative  en  D  reroUe  de  son  histoire 
antdrleure  et  des  influences  uLverses  qu'elle  a 
subies,  pami  lesquelles  celle  du  gradient  do 
pression  est  la  plus  marqude. 

Pourtant  on  ne  saurait  minlmiser  d'autres  factcurs 
dont  1* action  sur  les  circonstances  du  decollement 
a  une  grande  importance  et  qui  n'ont  requ  que 
dopuis  peu  1*  attention  qu'Us  moritent. 


Le  second  effet  speclfique  des  facteurs  de  courbure 
conceme  1* Evolution  de  la  structure  turbulente  des 
couches  dissipatives  qui  y  sont  soumises  (Bradshaw 
[22],  Hathleu  [23],  Hichel  [24]). 

A  titre  d'ezemple,  nous  avons  represento  figure  14 
un  r<5sultat  de  Michel  et  al  •  [24],  concemant 
1' Evolution  des  couches  limites  a  I'approche  du 
decollement  dans  le  cas  des  essais  effectues  par 
Bchubauer  et  Klebancff  [25],  qui  met  clalrement  en 
evidence  1' importance  de  la  prise  cn  compte  des 
facteurs  de  courbure. 
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Fig.  14  -  Priie  ert  comptt  des  ftcttun  dt  courbun. 


ilors  que  dans  le  premier  ces  {  Bg  ,  turbulence 
faible)  la  couche  limlte  k  I'ertromltd  du  domaine 
de  mesure  (  3C  •=  4^  mm)  est  dons  unc  situation 
voisino  du  ddooUement  (  Cr  trks  faible,  paramktre 
de  forme  de  I'ordre  de  2,2),  dans  le  second  (  8t  , 
intensity  de  turbulence  ^lerde)  W  demeure  prati- 
quement  constant  (  H  a/  1,6)  ;  I'^TOlutiou  du  Cr 
n'est  que  lentement  d^croissante,  la  raleur  obtenue 
en  X  =  450  nm  dtant  de  I'ordre  de  1,2,10“5 
e'est-k'Kilre  loin  des  conditions  de  sdparation. 


Dens  la  muthode  utiliace  per  Kichel,  le  frottement 
turbulent  apparent  est  ezprimd,  k  I'oide  du 
concept  de  longueur  de  melange,  selon  un  expression 
modifide  pour  tenlr  compte  de  ces  facteura  t 


200  300  400  SOO 


F c  dtant  une  fono^ion  correctrice  enpirique 
ddnerdant  du  piirainktre  JijLS. ,  ou  R  eat  le  rayon 

de  courbure  d'ur:  ligne  de  courant  de  refurence 
(paroi  en,,TaiBEde  do  I'effet  de  ddplacement)  et 
M.  la  vltyj-e  locale  dans  la  couche  llmite. 

La  turbuLence  de  I'dcoulenent  extdrieur.  agit 
dgalecnnt  de  facon  significative  cur  la  position 
du  ddcolleaont,  conne  le  nontre  I'exenple  suivant  : 

-  la  figure  Ip  donne  1' evolution  en  fonction  de  la 
distance  longituuir.ale  *  ,  dea  grandeurs  C^et  H  , 
mesurdoc  nu  cours  d* experiences  effectudes  par 
.'lichel  et  al.  l26],  pour  deux  niveaux  de  la 
turbulence  extdricure  s  0,3  (configu¬ 

ration  B,  )  et  / jd.  s  5  (configUTation  8«), 

sur  une  plaque  plane  sounioe  a  un  mSme  gradient 
de  pression  positif  intense. 


U«o 


Ori\i0  df  »<jrbutMC* 


Chonnbrv 


Fig.  15b  -  Effet  de  turbulence  extirieure  -  Mwiteti 

Des  niveaux  de  turbulence  extdrieure  aussi  impor- 
tants  sont  loin  d'Stre  irrdalistes  ;  ils  se  ren- 
contrent  par  example  dans  les  roues  de  turbomachines 
mais  dgalement  lors  de  I'dcoulement  autour  d'lme 
aile  k  volets  multiples,  lorsque  I'un  d'eux  est 
soumis  k  I'effet  du  siUage  de  I'dldment  disposd  en 
amont. 


2,1.2  -  Prdvision  du  ddcolleaent  par  les  mdthodes 
elassiques  - 

Avant  d'aborder  le  probueme  du  calcul  complet  d'une 
zone  ddeoUee  il  est  Intdressant  d'examincr  dans 
quelle  mecure  les  mOthodes  de  calcul  elassiques  des 
couches  limites  permettent  de  localiser  le  decoU^ 
ment,  I'dvolution  dos  presoions  sur  le  contour  do 
I'obstaclc  dtant  supposde  connue,  a  partir  de 
1*  experience  par  exeoq>le. 

D'une  fa^on  gdncrole  nous  incluerons  dans  ces 
mdthodes  les  criteres  de  ddoolloment  plus  ou  moins 
empirlques  ce  qui  permet  de  les  classer  en  deux 
catdgorios  : 

-  d'une  part  celles  qui  requierent  une  solution 
ddtaillde  des  dquations  de  la  couche  limlte 
obtenue  soit  per  resolution  numdrique  (mdthodes 

de  differences  finies)  soit  k  I'aide  de  techniques 
intdgreles  ; 

-  d' autre  part  des  mdthodes  plus  simples  basdes  sur 
I'existenoe  d'une  relation  caraetdristique  du 
ddoollcment,  les  grandeurs  intervenant  dans  cette 
relation  ne  ndeessitont  pas  en  gdndral  un  calcul 
coiiq>let  de  couche  limite.  Un  exemple  typique  est 
le  critkre  de  Stratford  [27,  28]  qui,  pour  un 
dcoulement  Incompressible  est  ddfinl  par  la 
relation  suivante  : 


oil  sc  est  la  distance  comptde  a  partir  du  maximum 
de  Vitesse.  Rn  fait,  il  ne  ndeessite  pour  6tre 
appllqud  que  la  connoissance  de  la  lol  C  ^  (  v-l 
et  peut  $tre  dtendu  au  cas  d' dcoulements  cooqires- 

sibles  [29]. 


Fig.  15a  -  Effet  de  turbulence  extirieure  - 
Conditions  d'essai. 


Une  etude  critique  assez  cooiplete  des  performances 


do  ces  diveneo  mdthodes  a  dtd  effectude  per 
Cdbdcl  et  ai«  [28]  en  dcoulement  Incompreesiblo. 

Se  rdfdrant  k  des  experiences  existantes  oil  la 
distribution  de  pression  ainsi  que  In  position  du 
point  de  (Ucollement  1)  dtaient  connues,  le  calcul 
de  D  a  dtd  effectud  en  utilisant  trois  nethodes 
tjrpiques,  asset  representatives  des  atoyens  da 
prevision  courants,  sans  Stre  ceper.dant  lea  plus 
raffinea"  < 

-  Is  methode  de  Cebeci  et  Smith  (Oifferenoes  finles) 

-  la  methode  de  Heod  (methods  integrals} 

-  le  ciltfero  de  Stratford. 

Sur  les  examples  traitds  qui  comprennent  une  grande 
vsridte  de  configurations  (profila  d'alleo.  cylindre 
circuloire,  cylindre  elliptique),  ces  trois  rndthodes 
condulsent  k  un  recoupement  asset  satisfalsant  avec 
1 'experience,  la  meilleur  resultat  etant  foomi  par 
la  methods  de  cebed  et  Smith. 

A  titre  inJicatif  la  figure  16  exiralte  de  [l9] 
reprdsente  une  statistique  affectuce  par  cos  demiors 
auteurs  portant  sur  67  configurations,  eomparant  la 
prevision  et  I'experience,  I'orreur  moyenne  sur  la 
position  du  decollement  etant  dgale  k  7,18  /^. 


Fig.  16  -  Priviiion  du  dicollement  i/Kompmsible 
(Cebeci  et  Smith). 

Une  si  faible  dispei«ion  pourrait  a  priori  paraltre 
etonnanto  compte  tenu  des  incertitudes  indi  itables 
Hoes  h  la  localisation  expcrimentale  du  point  de 
separation  comme  k  la  mise  en  place  precise  de  la 
transition  leminalre  turbulent. 

file  est  1' indice  tout  d'abord  de  la  flsblllte 
remarquable  de  la  rndthode  de  calcul,  mais  aussl 
d'une  interpretation  Intelligente  des  distributions 
de  Vitesse  au  voisinage  du  point  de  separation  dans 
les  cas  difilciles. 

Une  analyse  de  mSme  nature,  etendus  au  cas  d'eoou- 
lements  subsoniques  compressibles  a  etd  effectuee 
par  Gerhart  et  al.  [30]. 

Huit  mdthodes  do  calcul  ont  ete  testees  en  prcnant 
conne  reference  les  resultats  expdrimentaux  obtenua 
par  Alber  et  al.  [31  ]  :  par  consequent  oette 
cooparalson  porte  sur  un  nombre  d'essais  llmltes 
appartensnt  k  une  mftoe  configuration  experimentale. 

Un  ezamen  superflciel  des  rdsultats  conduit  k  des 
conclusions  assez  deoevontes,  aueune  des  methodes  de 
calcul  de  couche  limite  ne  permettant  \mo  prevision 
rdelle  du  decollement.  Far  contre  le  critkre  de 
Stratford  ddfinit  un  point  de  separation  assez 
proche  de  1' experience. 


Toutefois,  une  interpretation  rolsonnee  des  rdsul- 
tats  de  calculs  de  couche  Unite  permet  d'etablir 
une  estimation  qui  dans  certains  cas,  ooooe  le 
montre  la  figure  17  peut  §tre  considereo  cobbm 
satisfoisante,  la  rndthode  propoade  par  Bradshaw 
et  Ferris  foiunlasant  le  meilleur  rdsultat  d'ensem- 
ble. 


.  StraUord 

,y.  .  Bradshaw  et  Farris 

^  <  oulres  mettiodas 

C(Ci*ul 


fig.  1?  -  fr4viiion  du  decollement  en  wbsonique  compressible. 


Ces  deux  exenples  ont  dtd  donnda  k  dessein  pour 
illustrer  deux  tendances  plutOt  contradictoires 
qui  refletent  la  situation  actuelle. 

Si  la  prevision  du  ddcollement  dans  la  plupart  des 
cas  "classiques"  est  correotement  effectude  par 
lee  methodes  de  calcul  de  couche  limite  les  plus 
dlabordes,  11  n'en  domeure  pas  ncins  certains  cas 
rebelles  qui  ndeessitent  soit  une  interpretation 
"raisonnable"  des  rdsultats  ou  des  donneea,  soit 
la  prise  en  compte  des  factcurs  d' influence  dvoquds 
prdeddemment  (courbure,  turbulence  extdrieuro  ...)• 

n  convient  dgalement  de  noter  qu'une  prevision 
convenable  de  la  position  du  ddcollement  n'entroine 
pas  ndeessairement  un  calcul  precis  d'autres  dldments 
tels  que  factcurs  de  forme,  dpaisseurs  caractdristl- 
ques  etc... 

Cette  carence  est  spdcialement  ressentle  lorsqu'une 
evolution  realiste  des  pressions  autour  de  1' obstacle 
ne  peut  8tre  obtenue  k  partir  d'un  calcul  de  fluids 
parfait,  sans  tenlr  compte  du  couplage  entre  le 
ddveloppement  des  couches  dissipatives  et  celui  de 
I'dcoulement  extdrieur. 


2.2  -  Formation  du  ddcollement  en  dcoulement 


supersonique  - 


2.2.1  -  Fhdnoiiifenes  gdndraux  - 


Nous  n'examlnerons  id  que  les  configurations  de 
ddcollement  se  produisant  sur  une  paroi  continue. 

Un  des  caraetkres  essentlels  de  telles  configura¬ 
tions  reside  dans  le  passage  extrSmeraent  brutal  sur 
une  etendue  dont  I'ordre  de  grandeur  est  comparable 
k  I'dpaisseur  ^  de  la  couche  limite  amont,  d'une 
situation  ddfinle  par  un  profil  do  vitesse  du  type 
plaque  plane  par  excuse  k  celle  d'un  dcoulement 
ddcolld  avec  courent  de  retour,  oe  phdnomkne  brutal 
s’acoouqiagnant  d'une  onde  de  choc  intense  prenant 
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nalssajiM  au  seln  da  la  coucha  dlaBipative  lorsqua 
le  noobre  do  Mach  est  important  at  ae  propageant 
dana  I'dcoulement  ezterieur. 

L'analyae  ezpdrimentale  d^talUde  de  ce  proceasua 
faite  notaanent  par  Dolery  et  al.  [54J  at  Roae  [55] 
■at  an  dTidanoe  qu'au  couro  de  cette  coopreasion 
bruaque  le  rdle  Joud  par  la  viscoaltd  et  la  tension 
de  Reynolds  dericnt  ndgligeable  dans  la  majeure 
partie  de  la  oouohe  limite,  oonfirnant  ainai  da 
nofflbrcuscs  constatations  antdrieures  concemant  lea 
phdnomenea  d'intoracticta  rapide  [6  -  32  -  33]»  Lea 
principalcs  obsenrations  effectudes  au  coura  da  cea 
analyses  sent  donnees  sur  les  fifjurea  18  k  21 
eitraites  de  [36]. 

Dana  1 ' eipdrienee  pnJsentda  ici,  I'dcoulemont  anont 
non  perturbd  est  plan  et  uniforme,  de  nombre  de 
Mach  Meo=  1,92. 

Lea  mesures  ont  comportd  un  relevd  soigne  de  la 
preasion  paridtala  ainai  que  dos  explorations 
ddtailldes  de  la  couche  dissipative.  Le  calcul 
de  I'dcoulement  suppose  non  vioqueur  dans  la 
zone  suporsoniquo  a  dtd  effootud  par  la  mdthode 
des  caractcristiquea  rotationnclles.  Ce  calcul  part 
d'une  distribution  initiale  ddduite  d'un  sondage 
de  la  couche  Unite  en  amont  de  1 '  interaction.  La 
progression  se  fai^ensuite  vers  I'aval  en  affichant 
sur  la  frontiers  S  (courbe  iso-Mach  a  H  =  1,05) 
la  rdpartition  dec  preasit.is  meaurees  ii  la  parol 
corrigde  si  becoin  eat  d'un  effet  ^  non  uniformite 
rd'siducl  dans  la  sous-couohe  .  Conne  le 

montre  la  figure  lb,  ce  calcul  predit  aveo  une  trka 
bonne  precision  la  position  de  I'iso-I'^h  K  1,05 
expdrimcntale,  sur  une  distance  ddpasssnt  5  fois 
I'epaisseur  initiale  de  la  couche  limite. 


Fig.  18  ~  Concept  ue  double  couche  -  Structure  du  chemp  superso- 
niipje  wpposi  non  visqueux  Irdsultats  ONFRA). 


Cur  la  figure  IS  sont  tracdos  les  r'portitiona 
tronsveroaleo  de  prossion  stasiquo  qui  font  appa- 
raltre  une  forte  variation  de  jusqu'u  la 
station  oc  =  45  mn,  voisine  du  ddcollonont. 


Fig.  19  -  Concept  de  double  couche  -  Ripartitions  transfer- 

sales  de  pression  dans  un  ddcollement  AM—  1,92. 

^0 


I 


dans  un  dAcollement  lONFRA). 


L' evolution  ezodrisentale  des  profile  de  vltesse 
noyenr.e  est  repr'oentde  figures  20  et  21.  bile 
met  en  evidence  tout  d'abord  la  oonne  pr 'vision 
du  cnanp  supersonique  des  couches  dlssipativos  par 
les  equations  d'Euler  (fig.  20)  et  ri'nseigne 
ensuite  sur  le  comportement  de  I'dcouleraent  entre 
In  frontidre  J  et  1...  poroi  (fig.  21 ), 

La  Vitesse  m.  constantc  sur  S’  a  dtd  utilisde  pour 
normaliser  cette  evolution  sous  forme  de  profils 
reduits  m-IjL  a  On  observe  une  tres 

rapide  destaoilisaiion  de  ces  profile  bien  reprd— 
aentes  par  une  loi  en  puissance  M./Ji  =r  Iri/iy'* 

l*expoBant  fv  tenj^ant  vers  1  au  docolloment* 


Fig.  21  -  Concept  de  double  couche  —  Prof  Us  de  vitesse  dens  le 
sous-couche  {r^sultets  ONBRA). 
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Now  feronu  2  veoarii^ioB  i 

-  le  oboiz  d*  1b  frontl^re  J*  a  ^t4  iaposo  Icl 
par  la  D^thodo  de  celcul  retonue  (m^thode  doa 
caractdrlatlques).  La  aeule  sletufication  physi¬ 
que  apparelssant  a  posteriori  est  quo  S’  siSpare 
groaao  ar^o  la  couche  dissipative  cn  deux  regions 
dans  lesquellee  l'^lutlon^f<y)est  diffdren^et 

dtant  senaibleoent  constant  pour 
et  dvoluant  par  oontro  forteaent  lorsque  y  ^  S'  ; 

-  ^  R*  assure  done  pas  neoessairemont  la  separa¬ 
tion  entre  un  doonine  extdricur  oil  I'dvolution 
das  prasslons  at  dos  vitesses  est  rt'gir  par  un 
eooqtortement  essentiellcaent  non  visqueux  et  un 
doaaine  prociia  de  la  parol  ou  aont  coneantrds  lee 
affets  lids  h  la  viscositd  at  N  la  turbulenoa* 

La  mdeanisme  du  ddcollemcnt  turbulent  supersonlqiie 
apparalt  au  vu  de  cas  oxpdriences  coane  le  rdsultat 
du  oouplage  qui  s'dtabllt  entro  ces  deux  dooalnes. 

L '  dpuississesont  rapide  de  la  couche  risqueuse 
voiaine  de  la  paroi  entralne  me  ddviation  importan- 
te  de  1 '  fc-coulement  rotationnel  oxtdrieur  de  nature 
essenticlleoent  supersor.iquei  Induisont  ainsi  des 
gradients  de  pres-ior.  ioportants  qui  ont  pour  effet 
d'entretenlr  la  destabilisation  de  la  couche 
paridtale.  Les  porturbatiorjs  ains;.  crdCes  sont 
tronsnises  h  I'dcoulenent  extdrlcur«  h.  trovers  la 
couche  rotationnellc  sous  foriae  d'ondes  convergentes 
focalisant  rapidement  pour  erder  une  onde  de  choc. 

Cette  procedure  d' auto-induction  dvidente  k  I'examen 
de  la  figuie  22  permet  d'eipliquer  un  cortaln  nombro 
de  rdsultats  et  uotomicnt  le  concept  d'interactlon 
llbre  propose  par  Chsqman  |.37]  dans  le  cas  de  ddcol- 
leaents  dtendus. 


fig.  23  -  Reflexion  d'un  choc  -  fyotution  des  pressions  dens  It 
domeine  d'interection. 


2,2,2  -  Correlation  das  pressions  dans  le  domaine 
de  ddeoUenent  ;  crltcrcs  de  ddcollement  - 

C'est  h  partir  de  ce  concept,  bien  vdrifid  par 
I'expdrience,  qu'a  dtd  tentde  11  y  a  prds  de  20  ana, 
la  premiere  ddoorche  aboutlssant  &  la  formulation 
d'un  critere  de  ddcollement  dans  le  oas  d'un  dcou- 
lement  unlforme  en  amont  du  domaine  d'interactlon 
(Chapman  -  37).  Ces  iddes  ont  dtd  reprioea  tout 
d'abord  par  Srdos  et  Fallone  [38]  puis  par  Carrifere 
[39  -  40j  qui  les  a  gendralisdes  et  dtenduee  nu  cas 
ou  le  ddcollement  se  produit  Hana  un  dcoulement 
non  unifome. 

Cette  formulation  conduit  &  reprdsenter  la  lot 
d'dvolution  de  prescions  dsns  le  domaine  d'interac¬ 
tlon  par  1' expression  sulvante  i 

(0  -P-  ■P-'  PfM)  -  P(M)  ,  T‘/  x-x,] 

Cf,  '  /  / 

dans  laquelle  : 


-  1* Indies  1  caraetdrise  I'origine  de  1' interaction, 

-  M  reprdsento  le  nombre  de  Mach  qui  existerait 
h  I'abscisse  x  ,  en  1* absence  de  ddcollement, 

-  P  eat  le  nombre  de  prosslon  local  de  Busomonn, 

qr 

-  J  eat  une  fonctlon  empirioue  unlverselle  ne 
ddpendant  que  de  I'a'oecisse  rdduite(x-X(y/, 

/  dtant  I’etendue  du  domaine  d'interactlon 
jusqu'au  point  de  sdparation. 

La  ddtermination  de  ^  a  dtd  faite  par  le  regrou- 
pement  d'expdrienocs  diversoo,  couvrant  un  ossez 
large  domaine  de  nombre  de  1-Iaoh  conme  le  montre 
la  figure  23,  main  correspondant  en  gdndral  &  des 
valeurs  ooddrees  de  di,. 


PtM)-P(B) 

9,  Cf,  - 


Fig.  23  -  Difinition  expirimentale  de  l»  fonction  W. 


Pour  cette  game  de  valeurs  ,  les  dcarts  sur 
C  r  ,  sont  malgrd  tout  auf fisaament  isiportants 
pour  justifier  une  ddpondance  do  I'dvolution  des 
pressions  vis-^-vis  du  nombre  de  Reynolds. 

A  partir  de  la  fonction  ^ ,  il  est  possible  de 
ddfinlr  la  prcscion  au  point  de  ddcollement  qui 
corroepond  A  une  valeur  de  ^  =  4,22  et  la 
presslon  dite  de  plateau  qui  cat  spdciflque  d'un 
ddcollement  dtendu  et  isobare.  Cette  condition 
n'est  pas  toujours  ossurde,  ce  qui  justifie  une 
dispersion  plus  grtoide  des  points  expdrimentaux 
en  aval  du  point  de  separation. 

On  reaarquera  j 

-  tout  d'abord  que  oet.e  cor.dJation  qui  regroupe 
des  rdsultats  d'originns  trfes  di  verses  (ddeoUe- 
ment  devant  une  marche  ou  un  coin,  interaction 
choc  couche  limite,  ddcollement  dans  une  tuydre 
au  point  fixe  etc...}  est  une  justification 
dvidente  du  concept  d' interaction  libre  dont  la 
volldltd  est  assurde  jusqu'au  ddcollement. 

-  quo  la  relation  (l)  fait  apparaltre  un  effet  du 
nombre  de  Reynolds  f^S,s  de  la  couche  limite  en 
X»,  par  I'intermediaire  du  coefficient  de  frot- 
tement  Cf,  • 

Une  remiee  en  cause  de  ce  dernier  rdsultat  est 
apparue  lorsque  des  essois  effectuds  A  des  valeurs 
de  fi  St  beaucoup  plus  isqjortcntos  ont  dtd  disponi- 
bles  {  10^).  Four  cet  ensemble  de  mesures 

on  observe  une  quasi  inddpendance  vis-^vis  du 
nombre  de  Reynolds  du  saut  de  prosslon  caractdrl- 
sant,  soit  le  ddcollement  ['('■p, -/>,)/-#>, j,  soit  le 

plateau  dans  le  cas  de  ddeoUements  dtendus  et 
iB0bare3[(^j-^>J/-f<J  .  Lorsque  I'dooulement  est 
unifoime  en  amont  de  1' interaction,  ce  qui  est  le 
cas  de  la  plupart  des  rdsultats  disponlbles,  le 
seul  paramAtre  rdgissant  I'dvolution  de  oes  graji- 
deurs  est  alors  le  nombre  de  Maoh  .  lb  exenqile 
typlque  (extrait  de[5])  des  variations  ds^^-^,)/-^ 
en  fonction  de  Kf  est  donnd  figure  24 , 
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Sur  oell«-«i  aont  regro\q)^  laa  maauraa  faltaa 
par  Roahko  [5]  aur  um  oonfiguratlon  ati  type  rampe 
at  1m  oourbaa  moyennea  d^flnies  k  partlr  d'azp6- 
rianoes  collactdaa  par  Zulnntald.  [42]  at  Verld  [4'3] 
aur  la  ddoolleaieDt  derant  une  oaitjhe,  la  recoupa- 
naut  da  I'enaanbla  dtant  aaaaz  aatlafaiaant. 


Fig.  34  -  Evolution  av4c  Iv  nombn  de  Mach  du  saut  da 
"rassion  au  plateau. 


Cee  reaultats  ne  remettent  paa  an  cause  un  oartaiu 
caraotiire  d'unlversalitd  et  d'tnddpendance  via-A- 
vis  du  nonbre  de  Mach  que  preaento  1' Evolution 
das  presslona  et  qul  apparait,  comma  I'a  montrd 
Zukowsld.  [42],  par  le  cholz  des  rarlables  rddultes 
aulvantaa  t 


f  -  -Pj 

*  “Pi 


n 


X  -  x< 
oe,  -  Xy 


■] 


qui  c'ast  autre  qu'uue  certains  normalisation  da 
la  fonctlon  7  t  en  effet  > 


■P-  -P,  - 

Pp-Pi 

Four  conciliar  oes  dx  r  series  de  rdsultate 
contradlctoirea  on  doit  admattre  qu'auz  falbles 
Taleurs  do  1' Evolution  des  presslona  dans 

le  dooalne  1' interaction  peut  ^tre  reprdeentda 
par  la  relation  (1)  oe  qul  entralne  lorsqua  Si  Sa 
au^nte  una  ddorolssanoe  foible  de  la  presslon  da 
plateau,  par  ezemplc^  qul  cesae  dks  quc  sont  attein- 
tes  lee  raleurs  correspondant  aux  rdsultats  de  la 
figure  24 . 


lea  limitations  q<je  I'on  peut  trouver  a  la  valldltd 
des  crl^'kres  de  ddcoUement  ne  concement  pas 
seulement  1' Influence  du  noobre  de  Reynolds,  oals 
surtout  le  domalne  d' application  envl.tageabia. 

Ce  domalne  eat  restrein’.  tout  d'ab'rd  -xu  cas  de 
ddoollements  dtendus  et  Isobeiros  condixlsant  k  une 
presslon  de  plateau  bien  dkflnle.  Snsuite,  la 
plupart  des  rdsultats  disponibles  ont  dtd  obtenus 
dans  le  cas  d'^coulements  amont  wlformes  ou  modd- 
rdment  eecdldrdu  le  telle  sorte  qve  le  profU  des 
Tltasses  de  la  -ouche  limite  k  I'nilglne  de 
1 'Interaction  ist  tou jours  reri  v;i;  in  d'une 
configuration  du  type  pl^us  place. 


Lorsqu'il  n'en  est  plus  alnsl,  par  ezemple  dons  le 
cas  d'une  compression  continue  suffisetancnt  impor- 
tonte,  rn  peut  s' attendee  coopte  tenu  du  mdeanisme 
de  formation  du  ddcollement,  k  un  effet  sensible 
de  la  forme  du  profil  des  ritesses  en  amont  de 
1' Interaction,  susceptible  de  remsttre  en  cause  la 
gdndrolitd  des  lols  prdsentdes. 


2,2.3  -  Froblkmes  spdciflques  du  ddcollement  en 
dcoulement  hypersonique,  effets 
tliarmlques  - 

Nous  ezamlnerons  maintenant  brievomant  1* incidence 
sur  le  ddcollement  des  effets  thermiques,  opdclale- 
ment  Importants  dans  le  domalne  hypersonique  oil 
I'dtude  des  pbdnomknes  de  forte  interaction 


vlsqueuse  pour  une  couoho  limits  turbulonte  a  fait 
I'objet  de  rdoentes  contributions  [44  -  45  -  46  - 
47]. 

Pour  de  tels  dooulemcnts  on  observe  deux  partlcula- 
rltds  typiques  1 

-  tout  d'abord  In  pdndtration  profonde  du  choc, lid 
au  ddcollement,  au  seln  de  la  couche  rotatlonnelle, 
[  44  ]  qui  est  une  conedquence  naturelle  d’un 
nombre  de  Mach  eztdrleur  dlevd, 

-  ensuite  1*  importance  accrue  des  effets  rlsqueuz 
au  voisinage  de  la  parol. 

En  oe  qui  concerns  I'dvolutlon  des  presslona  au 
voisln^  du  ddcollement,  une  large  variation  du 
rapport  Tp/TEda  la  tempdrature  do  paroi  k  la 
tempdrature  da  frottement  n' entralne  que  des  effets 
nd^lgeables  coome  le  montre  la  figure  25  extrsite 
de  [43] 


Fig.  35  -  Effet  de  la  tempirature  de  paroi  sur  revolution 
des  pressions  au  dfcollement. 


Fig.  36  —  Distribution  du  flux  de  chaleur  dans  un  decoUement. 


Ch, 


Fig.  3?  -  Correlation  entre  les  plateaux  de  flux  de  chaleur 
et  de  pression. 
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li'^volutlon  doa  flux  da  chalaur  dans  une  zoim 
ddooUde  turbulante  pr^'sento  un  aspaot  oaraot^ria- 
tlqua  trka  different  da  oalui  qul  eat  obaerrd  dana 
la  oaa  laminnira  at  qui  ao  traduit  par  un  eccrola- 
semant  du  flux  dana  la  dcwaine  d'lntaraction  ▼oialn 
du  ddooUenent  avilvi  d'un  plateau  trka  marqud  dana 
la  zone  ddoollda  (fig«  26) • 

Direraea  oorrdlatloDa  aaaooiant  praaalan  plateau 
et  flux  da  cbaleur  oorraspondant  out  M  propoadoa. 
A  tltre  d'exeapla  noua  donnona  figure  27  oalla  da 
Holden  [44]. 


3  -  OCHDmCNS  I£  REOXLStCaiT  - 

3.1  -  Structure  du  reeolleaent  - 

Qua  I'doouleizent  solt  aubaonlque  ou  superaonlque,  la 
plupart  dea  rdeultata  util  lads  pour  caractdriaer 
lea  conditions  de  recolleaent  provtennent  d'dtudea 
effectudea  sur  une  configuration  de  aarche  desoen- 
dante.  L* organisation  gdndrale  de  I'doouleokant 
moyan  fait  apparaltre  dcs  caractdrea  coomuna  dana 
lee  deux  eas. 

Ii'exemple  de  nature  auq)ersonlquo  prdsentd  figure  28, 
oil  le  noabre  de  Naoh  aoont  eat  volsln  de  2,  a 
fait  I'objet  d'une  analyse  ezpdrlaantale  ti4s 
ddtaillde  par  Tagulror. 


'I 


Fig.  28  -  Ftcolltmtnt  turbultnt  en  Ml  d'un*  march* 
Oiff4r*ntt  domain**  da  rdcouhment. 


Lorsque  I'doouleoent  est  suboonlqu^  lea  rdsultata 
aont  analoguea  exceptdea  lee  clrconstanoea  du 
ddooUement  (la  forte  ddTlatlon  initlale  epp»> 
raiaaant  an  aupeisonique  par  suite  da  la  ddtente  de 
1  <  dcoulenent  axtdrieur  diaparait  en  aubsonlque). 

Hous  nous  soniiea  volontalreoent  plaods  dans  le  oaa 
d'une  couehe  llailte  mince  en  D  ,  condition  ndoesoal- 
re  cocane  noua  le  Terrons  pour  ddflnlr  dee  proprldtda 
trds  gdndrales  coneemant  le  phdnomdne  du  reoollement 
turbulent. 

CoiiEio  le  Dontro  la  figure  28,  I'dcoulemcnt  dissl- 
patif  pout  6tre  divlsd  en  3  rdglons.  La  premldre 
situde  au  volslnage  de  L  oorrospoui  au  ddoollement 
de  la  couehe  11ml te. 

En  aval  ae  ddveloppe  une  zone  de  ndlange  quasl- 
laobare  (ll)  qui  eat  sulvie  Junqu'su  point  de 
reoollement  R  (lU)  par  la  Ibre  partle  d'une 
recompression  continue  se  poursuivant  et  a'achevant 
en  aval  de  R  (V).  Parallelement  s'opdro  une  restruc- 
turation  de  la  couehe  limite  Jusqu'k  un  nouvol 
dtat  d'dquillbre. 

Au  aein  de  la  zone  ddeoUde,  ddlimitde  par  I,  II, 

III,  nous  avons  distingud  le  domalne  de  recircula¬ 
tion  IV  i  I'intdrieur  duquel  reflue  le  oourant 
aliioentant  la  couehe  da  melange,  I'oxistonco  d'un 
tourbiUon  secondairo  contrarotatif  oltud  au  pied 
de  la  marche,  ne  jouant  pas  un  rOle  important  dons 
I'dvolution  du  oourant  de  retour. 


Nous  nous  Intdreeserona  aseentlelleBant  dans  oe 
qui  euit  aux  domaines  in,  IV,  et  V  qui  sont  plus 
epdoifiques  dee  oonditlons  de  reoollement.  Tout 
d'abord  I'dtat  initial  du  domalne  III  est  ddflnl 
notanaent  par  un  prof  11  de  vi tease  dont  la  forme 
est  pratiquement  inddpendante  de  celle  de  la 
couehe  ll^te  initlale  turbulente,  lorsque  So 
est  faible  devant  I'dtendue  de  la  zone  ddoollde. 


Fig.  29  -  Profih  d*  vita***  dan*  la  r*comprt*tion  en  amont 
du  point  d*  racoHamant. 


Fig.  30  -  Correlation  d*t  profit*  d*  vita***  dan*  le  domaina 
d*  recirculation. 


Dans  oe  cas,  on  constate  que  les  prof  Us  de  vltesae 
dens  lea  domalnea  III,  IV,  V  obdisaent  &  dea 
propridtde  de  aimilltude  que  I'on  peut  ddfinir 
de  la  manlbre  suivante  : 

-  quasi  Invajiance  des  profile  rdduits  dona  le 
domalne  III  et  la  partie  du  domalne  IV  adjaoente, 
comae  le  montrent  lea  figures  29  et  30,  la  couehe 
paridtale  du  courant  de  retour  dtant  de  faible 
dpaisseur, 

-  dvolutlon  typlque  dans  le  domalne  V  (fig.  31 ), 
faisant  apparaltre  une  reatructuratlon  de  la 
couehe  limite,  oaractdrlsde  par  une  diminution 
du  poramdtre  de  forme  Hmk  lorsque  oc  crott, 
qui  treduit  I'accdldration  progressive  de 
I'dcoulement  au  volslnage  de  la  paroi. 


II 


r 
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Fig.  31  -  Prof  ill  de  ¥itnm  dans  la  rtcompnssion 
an  aval  du  point  da  ncoHamant 


punbtrant  plus  ou  moins,  selon  le  nombre  do  Hsob 
extdrieuTi  au  sain  daa  couches  disslpatives  | 

-  enauite,  ooom  I'ont  notanaent  obeerr^  Tani  [48] 
et  Bradshaw  [l2],  la  structure  de  la  turbulence 
interne  sublt  da  profondes  modifications  entre 
deux  dtato  distincte  dont  I'un  eat  ddfini  par  le 
processus  de  mdlange  et  1' autre  par  une  configu¬ 
ration  de  couche  llmite  parldtale  d'dquUibre 
atteinta  loin  en  aval,  coame  le  montre  la  figure 
33. 


Dee  lois  simples  permattent  de  reprdsenter  area  une 
excellente  approilmation  1' ensemble  de  ces  profile 
de  Vitesse  ;  en  particulier  Ddlei7  et  Miranda  [36] 
ont  ddflni  une  famille  h  un  param^tre  principal 
ossurant  coitmie  le  montre  la  figure  32  une  tr^s  bonne 
represeritation  de  I'eipdrience,  Nous  renvoyons 
h  la  rdfdrence  [36]  pour  I'expreaslon  d'itaiUde  de 
003  profils  dont  la  formulation  en  oval  du  recolle- 
nen'i.  eat  tr^s  proche  de  colie  de  Coles. 

On  remorquera  h  I'exomen  de  la  figure  :'>2  que  Mtte 
representation  n'eot  valablc  que  sur  I'dtenduo 
dee  doeaalnes  III  et  V  et  ne  oaurait  convemx  dans 
le  domalne  II  et  dans  la  partle  de  17  qui  lui  act 
adjaoente. 


La  prise  en  conpte  de  oes  effets  est  ndoessaire 
lors  de  1 '  dtabllssement  d'une  mdthode  de  celoul 
precise  et  les  Informations  ddtaUldes  qua  nous 
possddons  but  oea  ph4nomhnes  notanmient  en  dooula- 
ment  supersonique  sont  rares. 


3.2  -  racteure  d’ influence  du  recoil ement  - 

3.2.1  -  Los  faoteure  susceptibles  d'a^ir  eur  les 
conditions  de  recoUement  ont  4t6  discutds  per  de 
nonbreui  auteurs  (on  trouvera  une  revue  de  oee 
travaux  dans  [36]  et  [30]).  Uepeuvent  ttre  olassds 
en  deux  categories  i 

a)  des  facteurs  intrlnsiques  intervenant  au  niveau 
du  processus  de  melange  turbulent  et  modifiant 
la  structure  de  I'dcoulement  qui  aborde  le 
domaine  III  ; 

b)  des  facteurs  exterieurs  agissant  eur  I'dtat  de 
I'dcoulement  non  vlsqueux  h  la  frontiers  des 
couches  dlssipatives,  et  notaament  sur  la 
relation  existant  entre  la  direction  locale 

du  vecieur  vitesse  et  la  presslon. 

3.2.2  -  Facteurs  intrinsfeques  - 

Dans  cette  catdgorie,  Intervlennsnt  essentielle- 
meot  les  effsts  lids  h  la  ccntpressibilitd  (Noabre 
de  Mach,  tempdrature  et  flux  thensique  etc...), 
ce'.^  que  provoquent  un  soufflage  ou  une  aspiration 
h  falhle  ddbit  et  vitesse  dans  le  ddcoUeoent  et 
enfin  la  couche  llmite  initials. 


Fig.  32  -  Profils  da  vitasaa  dans  un  racollamant  incomprassibla 
turbulant. 


Taut  que  ces  effets  demeurent  moddrds,  la  ferae 
du  profll  des  vitesses  au  ddbut  de  III  eat 
pratiquement  Inchangde. 


Cette  transformation  raplde  des  profile  de  Titea’s 
dans  le  domaine  de  reoollement,  assoolde  h  la 
prdsence  de  gradients  de  presslon  longitudinaux 
Intenses  a  pour  oonsdquence  deux  effeta  importants  i 


On  constate  t 

-  tout  d'abord  I'existenoe  da  gradients  de  presslon 
normaux  slgnlflcatifs  q\il  sont  lids  k  la  forte 
oourbure  des  lignes  de  courant  et  entrainent  dans 
le  ces  supersonique  formation  d'un  choc 


Koyennant  cette  hypothkae,  on  peut  laontrer  [5l] 
que  I'dtat  de  1 ' deoulement  sur  la  li^  de 
courant  aboutlssant  en  R  (fig.  28)  peut  ttre 
ddfinl  k  I'alde  d'un  seul  parai^tre  caraotdxdstlqtie  i 


(2) 


-? 

^1  i- 


dans  cette  expression  interviennent  t 


I 
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-  l'*^&i8S9ur  dft  quantity  de  oou^nent  t)i  k 
I'orijclnfi  da  la  eone  laobarat 

-  la  d^lt  9  injactd  dans  I'aau  aorta  • 

-  la  quancitd  da  aoimcant  ^  Introduita  par  oatta 
Injaotlon, 

-  una  dfihelle  oaraotdrlstiqua  du  ddoolleoant  L  , 

-  I'dtat  ^  -Uy  da  I'deoulement  k  I'aztdrleur 
du  doBialiie  II. 


En  partiouller  la  reoonprasBlon  Juaqu'au  point  da 
rccolleaant  eat  dtroltcmant  ddpandante  de  C9  . 
En  I'absanoa  da  soufflage  (2)  a'dcrlt  1 

Co.  =  eT/* 

^  L  ”  X  a  +  X. 


ou  Xa  reprdsente  I'dtendue  de  la  zone  ddcoUda 
at  X.  un  ddcalace  de  I'origlne  d'l  adlan^  ddflnl 
dans  la  cadre  du  concept  d'origine  fictive  [50] 
par  une  relation  da  la  forma  1 


oc. 


K  dtant  une  fonction  du  param&tre  da  forma  da 
la  coucha  liaita  initiale  [36]. 


Une  analyse  azp&'iaantale  ddtaiUda  affactude  k 
I'OtJERA  an  dcoulement  Incompressible  plan  [49] 
a  permia  d'dtablir  la  loi  eopiriqua  reliant  la 
racoopresaion  obtenue  an  R  t 

--f>y)  /  9* 

au  paraoktra  Cf  an  I'absenoe  d'affeta  d'injactlon 
da  Bssaa  dans  I'eau  morta. 

Catta  loi  aat  raprdsantda  fi^OJra  34.  EQla  regroupa 
dee  expdriences  rdalisdea  pour  das  conditions  da 
recolleoent  artrSneBent  dlversifldes.  an  presence 
c'dcouleaenta  ertdrleurs  ralentis  ou  accdldrda  at 
da  couches  limites  initlalea  d'dpalaaeur  variable. 


Fig.  34  -  Ssut  de  pretuon  eu  recoilement  en  incomprewble. 


On  constate  qua  la  niveau  da  raoompraasion  obtenu 
ne  correspond  pas  k  I'hypothkse  gdndralament  ivdolsa 
d'une  raoompresslon  quaai  isantroplqua  sur  (  ^  }, 
lea  doarts  dtant  d(!ls  aux  affets  disalpatlfs  ren- 
contrds  lore  du  processus  de  recomprasaion. 

lAie  loi  comparable  n'a  pas  dtd  dtablia  k  notra 
connalssance  dans  la  oas  supersonique.  Toutefols 
1' exploitation  da  qualques  expdriencaa  effectudas 
k  I'CNERk  a  peimis  da  montrer  qua  dans  la  donudne 
f  las  affets  dissipatifs  restent  faibles 
devant  las  niveaux  da  recomprasaion  obtenus,  da 
telle  aorta  qu'ils  peuvent  ttre  ndgllgds  en  premikre 
approximation. 

liorsqua  la  coucha  llmite  dpalssit  fortement.  on 
enragistre  non  saulenent  une  diminution  sensibla 
de  la  racoopresaion  en  H  ,  oais  dgal  mant  une 


Dodlfloatlon  profonda  de  la  structure  da  I'doou- 
leoant  dlsslpatif  k  I'extrdmltd  du  dooalna  II  da 
la  figure  26  (cf.  §  1.3).  Oe  oe  fait,  I'dvolutlon 
ultdrleure  das  profila  da  vitesse  n'obdlt  plus 
aux  lols  de  codportament  simples,  ddfinies  §  3.1 
(fig.  32).  En  partlouliar  la  valaur  da  H  au 
point  de  recolXement  varle  fortemant  (fig.  35) 
de  oAat  qua  las  relations  da  ddpendonca  antre  lea 
divers  paramktrea  de  fonae. 


Fig.  35  -  Fmfiit  de  vitetse  eu  ncollement  -  Influence  de 
le  rouche  limite  initiale  1C  L  1). 


3.2,3  -  Facteurs  extdrieura  - 

!>' influence  das  facteurs  extdriours  (non  uniformity 
de  I'dcouleBect,  courbure  de  peueia)  en  I'absenca 
do  discontlnuitys  marquy*?  talles  qua  das  ondes  da 
choc,  intervlent  essentialleoent  au  niveau  du 
couploge  cntre  le  dyveloppemant  dee  couches  dlssi- 
potiTes  et  celui  da  I'ycoulemont  non  vlsqueux. 

Cette  action  prdpondyrante  en  ce  qui  ooncame 
I'dvolutlon  des  pressions,  n'altkre  cependant  pas 
la  structure  des  profile  de  vitesse  au  voisina^  du 
recolleoent,  du  moins  tant  qua  la  couche  limite 
Initiale  est  mince  et  tant  qua  les  facteurs 
extdrieurs  dcmeurent  moddrys.  C'est  ce  qu'a 
'lotamment  oontrd  I'dtude  aipdriiiientale  du  reool- 
lemcnt  subsonique  en  prdsence  d'un  ycoulement 
extdrieur  accdldre  ou  relent! ,  effectude  par 
lliranda  [49] 

Un  problkoe  particuller  est  calui  rencontrd  dans 
2  a  cas  du  reoollement  supersonique  lorsqua  sent 
aises  en  Jeu  de  fortes  perturbations  en  aval  du 
zecollenient .  Ca  problkme  sera  examind  §  5. 


3.3  -  Lois  empiriquea  de  recollement  en 
suparsoniqua  - 

L.z  plupart  des  lols  de  recollement  utillsdaa  en 
d'zoulemant  supersonique  en  vus  de  prddlre 
noteament  la  pression  de  culot  ont  dtd  dtablies 
k  partir  de  crltkres  empiriquea  plus  ou  moins 
ijispirds  da  I'ezpdrienco  et  dont  les  plus  connus 
sent  oeux  de  Ch^man  -  Korst  et  de  Nash  [50]. 

Tiks  diffdrente  est  la  ddmarche  ddveloppde  k  I'ONERA 
depuls  I960  [52],  qui  est  fondde  sur  1' utilisation 
directs  da  donndes  expdrimentales  et  repose  sur  le 
oonoept  da  orltkre  an^aire  de  recollement.  Celui- 
ol  retiont  ooBnie  Idda  de  base  que  ce  phdnomkne 
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•at  •ntltwimt  d<tanintf  par  I'^tat  da  la  oouoha 
dlaalpatlT*  an  fin  da  la  eona  11  (fi(.  28),  dtat 
qul  paut  ttr*  oaraotdrlnd  par  laa  dldoenta  euivanta  t 

-la  dlraotion  V  da  I'dooulenant  aztdrlaur  non 
Tlaquauz  relatlvaoent  k  la  paroi, 

-  la  naibra  da  Maoh  axtdrleur  Mi , 

-  la  lol  da  dlatrlbution  daa  vitaaaaa  at  danaitda 
dans  la  coucha  dlasipatlTs. 

Dans  oaa  oondltions  at  ooeipte  tenu  da  oa  qui  a  it6 
•zpoad  prdoddaeDant  §  3>l  at  3.2,  la  loi  aa^alra 
raoharehda  dolt  ndoasaaireoant  Itre  da  la  fozae  t 

V  =  Y{Mi,  C,) 

qui  a'doritfCq  pouvant  gdndralanant  Itre  oonalddrd 
eons  un  patit  paranktra  t 

y.  y(M,)  ♦  C<f 

On  eat  alnsi  amend  k  ddteminar  2  fonetlons  i 

V  (  Ml)  at  jLy.  (  rt<) . 
iC^ 

A  oat  affat,  la  procddure  sulvanta  a  dtd  adoptda  t 

la  fonctlon  Vf^t)a  6X6  ddduite  d'un  oartaln 
nonbre  d'ezpdrlonoea  aystdoatlquea,  pour  laaquallaa 
lea  oondltions  d'essaia  ont  ltd  cholalaa  auaal 
Y'^lainea  qua  poaalble  du  oaa  1 1dol  Cq  ^  O  ,  oil  la 
coucha  lli^te  Inltlala  eat  netrlleeabla,  lea  oorre<^ 
tlons  dues  aux  Co  rdslduala  a^ant  toutefola  6X6 
efi'octudes. 

La  fonction  est  calculda  aelon  la  mdthoda 

ddcrite  en  (52)  et  (36).  Lea  fonetlons  V(^<)  et 
()y/dCf  ( rt'ij  alnal  obtenues  sont  reprdaentdea 

figure  36. 


Oh  effort  da  gdndraliaation  at  d* extension  da 
oatta  loi  pour  traltar  dee  configurations  d'obstaolea 
prdsantant  una  ayndtrle  axiale  a  6X6  dgaleoent 
entraprla  [54]. 

La  oorrAatlon  propoada  (fig.  37)  expiine  dans  la 
oaa  Iddal  non  parturbd,  I'dcart  aur  laa  angles  da 
reoollanant 

an  fonotion  d<i  pareoktra  F  ddflnl  fignre  37,  qui 
oaraetdrisa  I'deolution  du  ooaffioiant  la  adlanga 
(j~  avac  la  gdoaidtrla  da  la  frontikra  ;loobara. 

Cooaa  la  montre  oette  figure,  la  dlaparaion  rdsi- 
duelle  daa  donndas  expdriaantalaa  da  V  eet 
infdrleura  k  1*,  oa  qul  correspond  dans  un  dwulna 
da  nombre  da  Ha^  oonqprls  antra  1 ,6  at  6  k  una 
•rraur  naximala  aur  la  prassion  da  1*  ordra  da 
5^. 


Farml  las  adthodea  ddrirdea  du  concept  da  loi 
angulalre  da  raoollement,  nous  slgnalarons  oella 
da  Page  at  al.  [53]  qui  conduit  k  das  rdsultata 
voislns. 


3.4  -  Flux  tharmlqusB  au  voislnege  du  raoollaaient  - 

L’lntdrlt  qua  rerlt  la  prdvlsion  des  flux  da 
chaleur  import  ante  qul  i^araissant  dans  la  doc  nine 
da  raoolleaant  d'un  dooulement  supenonlqua  ddooUd 
sa  aanlfaste  dans  das  doaaines  d'^iplloation  trks 
dlTara  (tuykrea  propulalTss  k  faible  ddblt  aeoon- 
daira,  gouremes  en  faypersonlqua  ato...). 

O'una  faqon  gdndrale  on  observe  qua  I'dvolution  das 
eoaffleianta  da  flux  da  ohaleur  suit  en  gros  oella 
das  oourbae  de  prassion,  an  partioulier  dans  la  do- 
maina  hypereoniqua  [44].  Toutefola  k  das  nombras  de 
Mach  plua  moddrd  at  dans  la  oas  du  ddooUemant 
dtanduB,  la  naxliimi  da  flux  da  ohaleur  aa  situs 
prks  du  raooll ament  et  Idgkramant  on  aval  [55].  La 
oorrdlatlon  proposda  par  Holden  [44]  entre  las 
maxima  da  flux  da  chaleur  at  da  prassion  eat 
raprdsentda  figure  38.  Elle  ragroupe  un  noobra 
li^rtant  da  rdsultata  obtanua  darn  un  large  domains 
da  noobra  da  Mach  oompris  entre  2,5  at  13. 

Mima  loraqu’lls  sont  Aavds  cas  flux  n'ont  qu'una 
faible  incidence  aur  la  distribution  daa  preaslona 
dans  la  domaina  da  raoolleaant. 


Fig-  38  -  Correlation  tht  mtximt  do  flux  do  chohur  ot  do  proalon. 


3.5  -  Cdnlraliaatlon  de  la  notion  da  reoollenant  - 
Problkmea  da  oonfluanoa  - 

Laa  axeaqilea  analyads  juaqu'k  prdsent  oonoamant 
la  problkma  du  racoUenant  turbulent  aur  me 
parol  aolida.  La  parent!  dtrolta  qui  relia  oa 
phdnomkne  k  oalul  da  la  oonfluanoa  da  daux  dooula- 
nenta  syndtriquea  a  6X6  obseirda  dapnls  longtemps  | 
lea  exsqilaa  prdsentda  figure  39  aontrent  qua  la 
prassion  da  oulot  n'sat  pas  affaotda  da  fapon 
senslbla  par  la  prdsanoa  d'uns  plaque  natdrialiaant 
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It  plan  dt  ayndtrle  qu'll  j  ait  ou  non  injeotion  do 
aaase  it  faiblo  TittBsa* 


a  .  tatoit  dt  HAMA 


0  0.02  0.04  0.06 


b.tssais  ONE.RA. 


Fig.  39  -  Fieolltmgnl  tur  ptroi  »t  ncolltment  wr  une 
ntppt  fluidi. 


Cta  rdaultats  ont  conduit  k  utUlaar  lea  lola  dt 
reoollaaont  sur  parol  pour  traitor  lea  problkata 
do  oonfltience  a^  dana  le  oas  d'dooulaaonta  lasua 
da  condltiona  gdn.'ratricaa  diffdrentea  (fig.  10). 

On  reoarquera  que  par  aulte  do  la  TentUatlon 
naturelle  aui  a'organlat  al^.'s.  I'dcoulenent 
trtdrleur  (l)  ae  trouve  aur  oet  ezempltt  dana  une 
altuatlon  da  recollement  arec  aaplratlon  d'un  ddbit 
alore  qua  I'dooulenent  interna  (ll)  k  I'lnverae 
subira  laa  offets  d'une  Injection  da  aiasse  da  mdrae 
ddblt. 


4  -  FHOIOKEIIES  IE  OOUFUGE  lEOOLLEKQIT-RECOIiLIllEIlT 
EK  mANSS0iaQU.i  ET  SUPE.fUONKjOE  - 

4.1  -  Gn  ddpit  da  noobreuaea  ezpdrlencea  aocunuldea 
dapuia  20  ana,  dont  beauooup  malheureusanent 
n'offrent  pas  toutea  lea  garantles  de  piiretd  ddal- 
rablea  pour  lea  raisons  droqudes  §  1.1,  les 
■doanioaes  fandanentsuz  qul  rdgiasent  1*  apparition 
ot  le  ddreloppeoent  Initial  d'une  eons  ddoollde 
aous  I'lnfluenoe  d'une  perturbation  d'intensitd 
crolsaante  aont  encore  insufflsaament  oonnus.  En 
partlculier  lea  infomatlons  recuelUlea  sur  les 
effete  da  trks  larges  variations  du  nonbre  de 
Boynolds,  prdsentent  das  aspects  oontradictolrea, 
qui  na  peuvent  pas  toujours  Itre  ezpllquds  d'una 
■anlkre  rationnelle. 


llde  k  la  limitation  traiisversale  de  I'dooulement. 
II  a'a^t  das  ezpdrlenoei  effectudes  par  Roshls  et 
al.  [6J,  aur  une  oonfiguiation  azisyiadtrlqua  dont 
la  distance  k  I'aze  eat  grande  devant  I'dpaisaeur 
do  la  oouebe  Unite  (fig.  40),  d'ns  le  domalne  da 
nombre  de  Reynolds  et  de  Kaoh  aulvant  t 

10^  <  flj,  <  10® 

1,98  <  My  <  4,93 

A  titre  indioatif,  les  dlutrlbutiona  des  pressiona 
aeaurdes  k  la  parol  pour  lUffdrentea  valeura  de  ^  , 
My  et  ftJy  dtant  respectivenent  dgauz  k  3,96 
et  30.10",  aont  prdaentden  figure  41. 


Fig.  41  -  Evolution  dot  i^ftaiont  i  h  ptroi. 


EHea  Bsttent  en  dvidence  troia  types  d'dvolution 
blen  earactdrisda  i 


Rous  analyaerODs  douz  examples  qui  nous  paralaaent 
assez  algnifleatifs  des  prdoceupations  actuelleai 

-  tout  d'abord  le  problkme  de  la  rampe  en 
svqpersonlqua  pour  lequel  on  dispose  de  nombreux 
rdeultats, 

-  ensuite  oelui  de  1*  interaction  couche  Unite 
turbulente  -  onde  de  choc  en  transsonique. 

4.2  -  Problkae  da  la  ranpe  - 

4.2.1  -  Aspects  gdndraux  - 

Nous  nous  rdfdrarons  k  das  essais  oii  I'on  na  peut 
suspeoter  a  priori  I'exlstenoe  d'effats  parasites 


-  le  premier  correspond  k  une  coapresaion  brutale 
et  monotone  ; 

-  le  second  eat  marqud  par  la  prdaence  d'une  triple 
inflexion  (de  la  courbe  dea  oreasiona)  qui  eat 
I'indice  d'un  ddoolleoent  dd.jk  dtabli  ; 

-  anfin  le  dernier  eat  spdoifii'.ue  d'un  ddcoUenent 
dtendu  nvec  un  plateau  blen  ildflnl  (dana  oe  cas 
d'aUleuro,  I'origine  du  ddodlenent  est  sltud 
en  dehors  du  domaine  analysd) . 

On  remarquara  que  la  pressiot  au  point  d*  inflexion 
nddian  25  ,  no  tend  que  lentement  vere  la  preasion 

du  plateau.  Oelle-oi  n'eat  rdellement  attelnte 
que  loreque  I'origine  du  decoUenent  est  sltude 
trks  en  amont  de  la  ranpe. 


12-17 


L'Aralution  an  fonotioo  da  da  la  loncuaur  Oat  anaaable  da  rdaultata  aat  parfaltaaant  oohdrant 

d'intaraetion  ti  ddftnia  flgura  41  at  nonullada  at  axplloabla  k  partir  daa  oonnaiaaanoaa  aoqulaaa 

par  I'dpalaaaur  5i  da  la  ooudta  llaita  initiala  but  las  phdnoaknes  da  ddooUsaent  at  da  raoollaaant 

aat  doonda  figura  42.  dtudida  iBOldaant. 


10  20  30  40 


Fig.  41  -  emkjtion  svtc  ^  dtt  ktnguturt  d'lnuncthn. 


La  forma  axponantlelle  de  cette  dvoluticn  ezpllqua 
qua  lonqua  ^  attaint  das  voleurs  elertSes.  da 
petlteti  variations  entralnent  un  accroisaenent 
Important  de  /./cT.  • 

L'lnfluance  du  nombra  da  Raynolds  sur  I'dtendua 
du  ddcollement(/,/J’4japparalt  flgura  43  i  catta 

grandeur  dderolt  d'unn  mani^re  d'autent  plus 
Borquda  qua  la  nombre  de  Mach  Mi  at  I'angLa  yd 
sont  plus  granda. 


Fig.  43  -  Cfftt  du  nombn  dt  RtynoUt  ur  It  hngutur 
(Tinttrtction. 


Sana  la  caa  da  ddoOllaaent  dtandua  ( lijSi 

at  de  nombra  da  Reynolds  (Sa  aaaez  granda, 
I'utillaatlon  daa  loia  da  ddo^laaant  at  da  reool- 
leaant  (§  2  at  3)  painet  da  Juatifiar  lee  traita 
assantlala  obaerirda  at  notMBwnt  t 

>  las  fortes  variations  qua  aublt  lorsque;^ 
tend  vers  une  valeur  crttique  qul  eat  la  llaita 
das  eondltlons  da  reoolleoent  rdgulikraa*. 

-  la  ddoro^ance  pluo  ou  nolns  raplt<  da  /JV 
lorsqua  (Rx,  augjaenta. 

Lore  de  1' exploitation  do  oaa  essala,  au  oours  da 
la  rseharcho  d'une  forme  de  prdaantation  cowaoda 
pour  I'utUisateur,  Roabko  at  al.  ont  obaarrd  la 
partioularitd  auivanta  qui  n'ast  oasortie  d'aucuna 
Juatlfioation  t  pour  una  valeur  A  flzda,  lea 
longueurs  rddultaa  d'interaotianCf^r«exprindM  an 
fonotion  du  ooeffioieiit  de  frottement  paridtalC/V 
k  I'origine  de  1*  interaction  aa  regrovqpent  aur  una 
courbe  unique  Inddpandanta  da  (fig.  44). 


Fig  44  -  Influtnct  tmont  -  Corriittion  dt  Rodiko. 


Interprdtds  da  catte  manibre  lea  rdaultata  obtenua 
dans  d'autrea  aeries  d'ezpdrienoea  [7  -  56]  ne 
conduisent  pos  k  un  reooupeoent  entlkreaent  aatls- 
f Bis ant. 

D'une  faqon  gdndrale,  lea  tendances  observdea  dans 
los  essoia  de  Roabko  et  al.  sent  senaiblaaant 
vdrifidea  tant  qua  le  nombre  de  Macb  reata  aoddrd 
{  Ml  <.  3)  et  pour  daa  valcura  da  ,  aupdrieuree 
k  105. 

Par  contre  daa  rdsultats  aaaez  diffdrente  en  oe 
qui  oonceme  I'dvdlutlon  de  A/^en  fonotion  de 

R  Xfappvalaaent  soit  en  bypereonique  pour  doe 
valeursVlJ.  aaeez  dlevdes,  soit  pour  oortaina 
aaaals  supersonlquea,  notaaaent  oeuz  da  Kuabn  at 
ol.,  pour  lesquels  las  valeura  de  Sift  dtaient 
eoaprlaea  entre  10^  et  10^. 

La  partioularitd  esaentiollo  da  oea  rdsultats  eat 
I'inversion  de  I'effet  du  Reynolds, fV^erolsaant 

loraque  Rx,  au^aente. 

Cat  effat  se  monifeate  da  fopon  spdolalement  marqude 
loraque  it/ ft  e,  1  et  plus  partioulikreDent  au 

voisinage  des  (.onditlona  d'apparltion  du  ddoollement 


*  si  'f  oat  I'an^e  de  ddoollement  (inddpendant 
da  Ac  pour  cea  valauzs,(KA  )  la  oondition 
gdsmdtrlque  V  ddflnlt  une  valeur 

llaita  du  reooUeaent  rdgulier. 
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4.2,2  -  D4oollemont  naicaant  - 

n  correspond  au  can  limite  d'une  configuration 
assooiant  decollcisent  at  rocollement  lorsqua 
I'dtondueL  de  la  zone  ddcolld*  tend  vers  0, 
e'ent  done  une  des  plus  ooopliqudes  qui  soient 
tant  du  point  de  vue  de  la  prdi^ion  que  do  la 
definition  ezperiaentale.  Celle-ci  est  pour  lo 
moina  tris  ddlicate  et  depend  fortement  de  la 
methode  exp^rinentale  utilisde  oomme  Ic  nontre 
la  figure  45  extraite  do  [5?]. 


0*3  irvn»iiton»  dons  p(x)|  &PAtO 
b  ■  plolvau  dan»  p,(p)  I  •t 

c  a  Mm  Itqutd*  j  FRi5HCTT 

d  d*doul>l*nr>*nl  du  choc  I  s  2  9 


P’ 

J 


2(i 


n 


\  M, 

''15 

\ 

\ 

\ 

''---.3 
'■4^.  2.5 


.  KUEHN  (01 

_ RObHKO  (b) 


«.92  _  —  "  ^  - 
3,03- 

2,05 _ 


1,95 _ 


M. 


10*  10*  10*  10' 
Fig.  4S  -  Detection  du  dicoUement  naiaant. 


lea  techniques  de  detection  doreloppill-es  sent 
extrflmesient  varices  > 

-  visualisation  paricStale  par  film  liquidc, 
observations  striosoopiques  des  couches  dissi- 
patives,  dedoublemen t  du  choc  pixrvoque  par  la 
rampei  analyse  fine  des  courbes  de  pression, 
perturbation  locale  (orifice  dam),  mesure  du 
frottement  parietal.  CSiacune  d'entre  elles 
comporte  ea  propre  part  d' incertitude  et  dans 
certains  cas  d'erreur  -  (film  parietal). 

n  n'en  deoeure  pas  moins  que,  molgrd  cette 
dispersion  et  mis  k  part  certains  rusultats 
"douteux"  obtenus  a  partir  de  la  technique  du 
film  liquids,  une  tendance  gencrole  se  manifeste 
qui  corrobore  I'effet  d'inversion  signal(5  proc^ 
demment . 


On  observe  en  effet  (fig.  46),  que  le  nombre 
de  Heeh  K.  dtant  fixd,  lorsque  le  nombre  de  Reynolds 
(R  Si  varie,  le  ddcollement  apparalt  pour  une  valeur 
/3  de  I'angle  de  la  rampe,  qui  d(Scroit  d'abord  aux 
faibles  valeurs  de  d  Si  et  oroit  ensuito  lorsque 
d  Si  au^sente,  la  limite  du  domalne  d'inversion 
variant  de  fapon  assez  sensible  avec  . 

Klfstrom  a  proposd  une  explication  de  ce  phdnomkne 
(s 'accordant  parfoitement  avec  les  conslddratlons 
ddveloppdes  §  2.2. l)  k  partir  de  laquelle  il  a  pu 
developper  une  methode  de  provision  du  ddocllenent 
naissont.  3elle-ci  est  basde  sur  le  concept  de 
structure  k  double  couche  de  1 '  eooulement  disslpa- 
tif,  une  representation  approchde  de  cette  structure 
dtant  foumie  par  la  lol  de  Coles  dtendue  au  oas 


coapresslble.  A  partir  de  cette  reprdsentation  il 
est  aisd  d'extrtqxiler  k  la  parol  une  vltesse  limits 
flotive  et  par  suite  un  nombre  da  Mach  . 


liS  crltkre  du  ddoollefflent  naissant  eat  fixd  pour  une 
valeur  de  yd  donnde  par  la  condition  d'apparitlon 
d'une  solution  de  cdioc  fort. 

Come  le  montrent  la  figure  46,  1 'allure 
des  courbes  ealouldes  dans  le  cas  d'dcoulements 
odiabatlques  et  de  parols  refroidies  tradult 
bien  1' dilution  ezpdriiiientale  et  expllque  notamment 
les  variations  en  fonctlon  de  et  deTe/Trdu  nombre 

de  Reynolds  ddfinlsaant  la  frontlkre  de  I'effet 
d'inversion. 


ECOULEMENT  ADIABATIQUE 


o'  ECOULEMENT  NON  ADIABATOLE 


Fig.  4€  -  Prtvision  du  dicoUement  neissant  par  Elfstrom. 


4.3  -  Interaction  couche  limite  onde  de  choc  en 


transsonique  — 


4.3.3  -  Structure  de  I'dcoulement  - 


Plus  gdndrolement  les  phdnomknes  que  nous  dtudie- 
rons  apparalssent  lorsqu'une  compression  brutale 
assuront  le  passage  d'un  dcoulement  aupersonlque  k 
un  (Scoulement  subsonique,  se  prodult  en  presence  de 
la  couche  limite  turbulente  dtablie  sur  une  parol. 
Cette  situation  se  rencontre  sur  le  prof  11  d'aile 
en  dooulement  transsonique  mais  dgalement  dans  lea 
grilles  d'aubes  de  turbomachines,  les  prises  d'air, 
les  tuykres  etc.... 


La  configuration  de  base,  que  I'on  Imagine  la  plus 
simple  est  celle  do  I'onde  choc  droite  qui  a  dtd 
analysde  en  premier  lieu  par  Soddon  [58]  et  plus 
recemmont  par  Le  Blanc  et  Goethols  [59],  Le  petit 
nombre  d'experiences  ddtaillees  concemant  cette 
configuration  s'explique  par  la  trks  grande 
diffiiniltd  de  rdallser  des  dcoulements  stables  et 
bidimensionnels. 


La  figure  47  ddfinlt  les  caretotkres  sp(5cifiques 
de  ce  type  d' interaction  foumis  par  I'expcSrience 
[56]. 
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Fig.  48  -  Intanction  choc  •  coucht  limit*  *n  4eoul*m*nt 
tmmoniqu*  l*u*it  ONER  A). 


Fig.  47  -  Intanction  couch*  limit*  •  ond*  d*  choc 
quui  norm*!*  Id'ipiH  S*ddonl. 


La  praoler  at  la  plua  apparent  aat  la  natura 
aoaantlallamant  suporaonique  du  ddooUamant,  dont 
la  m^canlaoa  da  formation  aat  on  tout  point  aam- 
blabla  ^  calul  qul  a  dtd  ddcrlt  §  2,2,  II  aa 
coractdrlaa  par  la  presence  d'une  onda  de  choc 
oblique  provoquant  un  accrolssaoent  de  presalon 
extrSaeaent  brutal  Jusqu'au  point  do  separation  ; 
la  racoopresslon  aa  poursult  en  aval  d'uno  maniera 
baaucoup  plus  ooderda,  monotonef  d'abord  jusqu'au 
point  de  racaHeacnt  at  onsuitc  aup-delii  aur  una 
etondua  Inportanta,  supdrleure  b  50  ,  I'ecoula- 

ment  dtant  alors  entieremont  subsonique. 

Sntre  las  points  de  separation  at  de  recollcoent, 
la  structure  de  I'dooulemcnt  &  I'ezterieur  des 
couches  disslpatlves  prescnte  un  caractere 
eomplexa  qui  est  lid  &  la  prusence,  tout  d'abord 
d'une  configuration  de  choc  en  X  resultant  de  la 
rencontre  du  choc  oblique  de  decolloment  avec  le 
choc  principal  eztdrleur,  anaulte,  d'un  dtroit 
domaine  faiblaoent  siq>er80nlque  s'dtendant  Jusqu'eu 
point  da  raoollement. 

Dana  le  cas  du  prof 11  d'aile,  les  phdnomines  observds 
sont  de  aSme  nature,  comae  le  wntre  I'ezemple  prd- 
sentd  figure  48  et  artrait  da  [60].  L'lntaiiTerogranDe 
prls  en  telnte  plate,  net  bien  en  drldenca  la 
structure  das  chocs  et  la  deviation  brutale  qua 
subit  I'dcoulenent  lore  du  ddeollenent. 

Dans  ca  cas  partioulier  I'dcoulenent  est  entldrement 
subsonique  &  I'aval  de  la  2dme  broncho  du  X  . 


Uh  outre  aspect  caraotdrlstique  de  oette  forme 
d'lnteraetion  ohoc  couche  Unite  est  I'ezlstonce 
d'effets  Instationnalres  marques  au  voisinage  du 
reooUeoent  qul  sont  mis  en  evidence  figure  49  par 
une  visualisation  onbroecopique  k  falble  toraps 
d'ezposition  (lyus).  Cas  affets  se  repercutent 
diracteaent  sur  la  zone  ddcollde,  nais  aussi  pexivent 
affecter  la  structure  des  chocs  principauz. 


M  0,7 
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Fig.  49  -  intanction  choc  ■  couch*  limit*  an  4coul*m*nt 
transtoniqu*  :  atttit  ONER  A.  VituaUution  par  ttrioacopi* 
,4clairi  It^  t 


4.5.2  -  Influence  de  la  non  unlfomitd  da 

I'dcouleiaBnt  eztdrleur  et  du  nonbre  da 
Reynolds  -  Apparition  du  ddooUenent  - 

Une  discussion  trks  complkte  des  phdnooknes  lids 
notamnent  k  la  prdscnce  de  gradients  de  pression 
adverses  qul  peuvont  dtre  Importants  en  aval  de  la 
configuration  de  choc  a  dtd  effeotuda  par  Fearoay 
[  61  ] .  On  lui  dolt  an  partioulier  une  analyse  das 
phdnomknes  d'lnterfdrenoe  entre  le  ddoollement  ordd 
par  1*  interaction  oouche  Unite  onda  de  dhoo  et 
celui  qui  peut  se  produira  au  volslnage  du  bord  da 
fuite  d'une  oile  sous  I'effet  de  oes  gradients. 
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Un  excople  typique  de  oes  effets  eztralt  d'una 
dtude  de  Stanevel^  [62]  eet  prdsen'rd  figure  50. 

11  owntre  I'drolutlon  avec  le  nombre  de  Mach 
de  la  position  de  I'onde  de  choc  et  de  I'dtendue 
des  zones  ddcollees  our  un  profil  d'cile  en 
dcoulomont  tranaoonique*  Lorsque  lo  nombro  de 
Mrch  Hm  au^nte,  la  ddrelopponent  raplde  des 
d.jz  tones  ddcolldes  ezlstoni  I'une  derrl&re 
I'onde  de  choc,  1' autre  eu  voislnage  du  bord  de 
fuite  conduit  k  la  ordatlon  d'un  ddcollemcnt  uni  ;ue 
et  dtcndu,  entralnant  paasagkremcnt  unc  inversion 
du  dcplaceoent  du  choc  en  fonction  de  M  . 


Fig.  SO  -  Enemple  d'tvolution  du  dicoHement  sur  un 
profil  d'aile  en  transsonique. 

Les  effets  spucifiques  du  noabre  de  .ieynoldo 
defini  par  I'ochclle  du  profil  sent  de  mCae  n-’-ture 
que  oeui  rencontres  en  superaoniquo,  la  diminution 
de  I'dpaisseur  relative  de  la  couehe  limite  entrai- 
nant  lorsque  Gitiest  suffioaanent  dleve  une  dininu- 
tlon  de  I'btendue  longitudinnle  du  dJcollement. 

Dans  I'dtat  actual  des  choscs  nous  ne  disposons  pas 
de  moyens  simples  permettant  de  ddfinir  1*  apparition 
du  dcooUeoent  en  fonctlon  des  circonstances  de 
I'eooulcocnt  et  de  I'dtat  de  la  couche  limite 
innediatenent  en  anont  de  I'interactlon,  les  procrus 
dans  ce  domoine  dtant  lids  au  ddveloppeioent  de 
mothodcs  de  calcul  de  I'interaction  couche  limite 
onde  de  choc  en  transsonique* 


5  -  METIIODSS  DE  CALCUL  lES  ECOULQCNTS  SEPARES 
ET  APPLICATIOUS  - 

5.1  -  General it es  - 

Nous  terminerons  cet  expose  essentielleaent  consaerd 
k  1' analyse  ezperimentale  de  la  structure  des 
dcoulementn  turbulents  ddcolles  par  une  brkve  revue 
des  moyens  de  provision  dont  nous  disposons,  en 
essayant  de  prdciser  dans  quelle  Hsure  I'ezpdrien- 
ce  peut  alder  k  leur  ddveloppement. 


5.2  -  Hdthodes  globales  — 

Ces  mdthodes  trks  rapides  do  mise  en  oeuvre,  sont 
esscnticll Client  basdet  sur  I'appl lection  k  un 
DOdolc  de  fluide  parfoit  reprdsentani;  sohdmatique- 
ment  les  ftontlkres  d'une  zone  ddoollde  et  Ind^ 
temind  a  priori,  des  critkres  de  iv'qolleiiient  et 
de  recollcmcnt  permettant  de  lever  cette  inddtei^ 
minatlon. 

Les  application.'  les  plus  connues  conoement  les 
calculs  do  preszion  de  culot  et  plus  gdndralemcnt 
les  problkmes  de  confluence  dcoulements  inteme- 
exteme  traitds  dans  le  cadre  d'une  optimisation 
des  syctemes  propulsifs.  La  qualitd  des  rdsultats 
obtenus  depend  bien  entendu  largeaent  de  la 
validitd  des  lois  ou  critkre  retenus,  le  domalne 
d'application  dtont  en  principe  restraint  au  cas 
des  couches  limites  initiolcs  d'dpaisse'ur  moddrde 
(§  3).  Ainsi  que  le  nontre  la  rdf.  l36]  qui  prdsente 
uno  revue  de  ces  mdthodes  de  tres  bons  rdsultats 
peuvent  6tre  enreclstrds,  notaanent  lorsqu'il  s'aglt 
d'efl'octucr  une  analyse  parandtrique  dans  lo  voisi- 
na^:e  d'un  cas  expdrin'i.i  1  connu,  Le  faible  coflt  on 
temps  de  calcul  cst  un  des  dldme::t8  essentiels  du 
cucces  do  tols  progr-mnes. 

On  peut  dgclencnt  inclure  dons  la  ofime  oatdgorie 
de  ndthodec,  celles  qui  ont  dtd  ddveloppdes  en 
dcoulcment  incompressible  pour  prdvoir  I'effet 
d'un  ddcollcment  de  bond  de  fuite  sur  la  portance 
d'un  profil,  er.  simulsnt  le  ddeoUomont  par  un 
dcoulcment  de  .sources  satlsfaissnt  k  des  conditions 
particuliorcs  aux  points  de  separation  et  de  conflu¬ 
ence  L  J  • 

L' amelioration  de  ces  diverses  mdthodes  se  poursuit 
darn  I'espoir  de  traiter  avec  plus  de  prdcision  un 
noauro  de  configuration  plus  ctendu.  Toutefois  les 
rogreo  que  I'on  peut  envlsager  k  terme  demeurent 
foibles. 


5.3  -  Methodes  integales  - 

5.3.1  -  licoulement  extdrieui’  superEonique  - 

Le  principe  de  base  ddfini  dks  1952  par  Croooo  et 
Lees  repose  stir  la  description  de  la  zone  dissipa¬ 
tive  ddcolldc  au  moyen  des  dquations  de  Frandtl 
rd.rolues  par  une  technique  Intdgrale,  La  loi  de 
pres  ion  ou  de  vitesse  imposde  k  la  frontikre 
n'est  plus  une  donnde  mais  rdsulte  du  couplage 
entre  le  chomp  exteme  et  la  couche  vlsqueuse. 

Dons  le  cas  d'un  dcoulcment  extdrieur  supersonique 
cette  loi  peut  8tre  ddtemint'o  au  fur  et  k  mesure 
de  le  progression  du  calcul,  dks  que  la  condition 
de  couplage  est  fizde. 


Les  progrks  rapides  enreglstrds  ces  demlkres 
anndes  dars  le  calcul  des  phdnomknes  de  forte 
interaction  visquouse  en  dcoulement  laminalre 
se  sont  rdpercutds  d'une  manikre  trks  directs 
sur  le  devcloppement  de  mdthodes  similalrea  pour 
traiter  le  cos  turbulent. 

Nous  classerons  les  moyens  de  provision  en  trols 
grandes  catdgories  qui  correspondent  k  trois 
ddmarches  dlffdrentes  sur  le  plan  de  la  connaissan- 
ce  des  phdnomknes  i 

-  les  mdthodes  globales, 

-  les  mdthodes  ddrlvdes  das  techriques  Intdgrales 
de  calcul  des  couches  limites, 

-  enfin  les  mdthodes  purement  numdriques  utillsant 
dee  approohes  du  type  diffdrence  finie  ou  dld- 
ments  finis  pour  rdsoudre  les  dquations  plus  ou 
Bolns  simpllfldes  du  mouvement  moyen  ; 


Dans  les  mdthodes  les  plus  rdeentee  ddveloppdes 
depuis  1967  [64]  les  2  equations  re  tenues  pour 
ddcrire  les  couches  dissipatives  sont  celles  de 
Karman  et  de  I'dnergie  cinetlque  du  mouvement 
moyen.  Leur  mise  en  oeuvre  ndeessite  < 

-  tout  d'abord  le  cholx  d'une  famille  de  profils 
de  Vitesse  k  un  paramktre  principal  Mx  ^ 
partir  duquel  sont  exprlmds  les  diffdrents 
paramktres  de  forme  intervenant  dans  ces  dqua¬ 
tions, 

-  ensuite  une  expression  de  frottement  turbulent 
apparent.  Celle-ci  Intervient  essentlellement 
pour  ddfinir  1' Intdgrale  do  dissipation  supposde 
fonctlon  universelle  de  'Hi, 

Une  discussion  trks  complkte  des  variations 
auxquelles  oonduii.ont  les  cholx  effectues  par 
diffdrents  auteuis  eat  presentee  dans  [^36]. 
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Lea  oGOoluslons  aont  lea  auirantes  t 

En  oa  qui  oonoaina  I'axpraaalon  daa  divan 
paraaitns  da  fui«a  laa  diffdnntaa  adlutlona 
propoadaa  oondulaant  k  daa  rdaultata  pratiquaaant 
idantiquaa  bian  reoovq>da  par  I'azpdrlanoa  ooaM  la 
■ODtra  I'azaiqila  da  la  fl<ura  51* 

Par  oontre  daa  doarta  ii^rtanta  apparaiaaant  au 
nlTaau  da  la  relation  ^(7C>)(iis«  5Z),  aalon 
la  ■oddliaation  da  la  turbulenca  adoptda. 


0  q2  OK  Qd  Qd  1 


Fig.  SI  -  Fonction  wxUiain  4 .  <4 


La  aaoood  problkaa  poad  par  la  iniaa  an  oeuvre  daa 
Bdtbodas  intdgralaa  oonoerna  I'intdgration  du 
ayatkae  diffdnntiel  (k)  fozird  par  laa  Z  dquationa 
da  la  couche  linite  ouqual  on  adjoint  la  relation 
da  oo^>laea« 

Una  preoikra  diffioultd  t^arait  Ion  da  I'initia- 
liaation  du  oalcul.  Lorsque  le  noabn  da  Haoh 
n'aat  pan  trka  faible  I'intdgntion  du  ayatkna 
(a)  conduit  k  una  dvolution  dderoiseante  da  la 
preaaion  incoopatibla  avec  la  foimation  d'un 
ddooUenanta  Oatta  aituation  rdsulte  da  I'etat 
"ai^parurltiqua"  da  I'dcoulenent  an  anont  da  la 
Etna  ddoollde*  Pour  obtenir  tma  aolution  da  ddool- 
laaent  il  aet  alora  ndoeaaalre  d'avoir  reooura  k 
I'artifioa  du  aaut  aupercritiqua  ■■  aubcritique 
dont  I'effet  aur  la  diatribution  das  pressiona 
eat  analogue  k  oelui  d'un  choc  [36]> 

S' autre  part,  la  aolution  da  (a)  aat  en  gdndral 
aatreinte  k  paaaer  par  un  point  critique  K  du 
type  ool,  intpoad  par  la  ndMaaitd  d'un  retour  k 
I'dtat  aiqMrerltique  qui  nc  conduiae  paa  k  \me 
dvolution  irrdaliate  daa  preasione  et  du  poramktn 
da  foma.  C'eat  ectte  condition  critiqua  qui 
ddterBlna  la  aolution  du  problkae. 

La  rdalitd  pbyaiqua  du  point  K  a  dtd  I'objet  de 
noid>xeu8ea  oontrovanes.  Laa  ddtraeteurs  font 
raaarquar  qua  laa  valeun  oritiquaa  ainai  obtenuaa 
(poaition  an  oc  ,  nonbre  da  Mach  local,  paranktn 
da  forma  ate...)  variant  da  faqon  aenaible  aalon 
la  lol  da  oouplage  ntenua.  Laa  tenants  par  contn 
ae  rdfkrent  k  I'azpdrienoa  qui  ddmontre  I'exiatenca 
en  oval  du  point  da  reoollenient  d'un  point  parti- 
culler  poaaddant  I'aasentlel  dea  propridtda  da 
K  [36]. 

Laa  prenlkna  tentatlvea  d*  application  das  ndthodaa 
intdgrales  ont  dtd  affactudaa  en  vua  da  prddire  la 
pnaaion  de  culot  [Alber  1967]. 


1  Fig.  B2  -  Fonction  do  dmpttion  on  dcouiomont  incomproaiblo  -  Fig.  S3  -  Exompht  (fopplicotion  do  lo  thgorit  (TAIbor. 

I  Componiton  oxoe  r«xpdrwne». 

I 

! 

On  leMrquan  qua  I'arlstanoe  da  teUaa  relationa  La  oonparaiaon  avao  I'expdrienoe  prdaentde  figun 

n'aat  juatifide  cooeee  noua  I'arona  vu  §  3  qua  53  et  axtralte  de  [64]  aat  asaez  aatiofaiaanta 

loraque  la  oouohe  Unite  an  Hiont  du  ddeoUanent  dana  das  toutefoia  ok  I'dpaiaaaur  da  la  coucha 

aat  d'dpolaaeur  noddrde  dnvant  I'dtendua  da  la  llmita  initiole  eat  granda.  Una  ooeparalaan  effao- 

Eona  ddeoUda.  tude  aur  una  configuration  eonportant  una  ooucha 

linite  inltlale  nd^igeahle  (fig.  54)  eat  baoucoiq) 
i 

i 

I 

t 

i 


'$ 

i 
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moljis  bonne.  Sur  oette  figure  sont  ^galeoent 
prtieentte  deux  oalouls  effeotuds  selon  la 
mitae  technique  moia  en  utillsant  un  module  de 
turbulence  basd  sur  le  concept  de  longueiu*  de 
a<$lange  propoed  par  Michel,  pour  deux  lots  de 
coiqilage  diffdrentea  i  tout  d'abord  oelle  propoade 
par  Alber  ou  le  oouplage  eat  effeotud  &  la  fron^ 
tifere  ^  de  la  cou^  lijiite.  enauite  la  lol  da 
ddplacement  claasique  dS^/ S  ,  plus 

exacte  conse  I'a  montrd  Hankey  [73J. 


Fig.  54  -  Exempli  d'xpplication  -  Couche  limite  initiele 
nigligeeble.  M^=3,19. 


Fig.  55  -  Dicollement  turbulent  dens  un  diidre  -  Influence 
de  la  longueur  de  rampe  -  Thiorie  de  Hunter  et  Reeves. 


On  conatate  que  les  rdsultats  rarient  d'une  fa?on  Inaufflsaneea  dea  mdthodos  intcjr.Iea  clBaalguea 

trds  Importonte  selon  le  cholx  ef'ectud.  11  faut 

ae  garden  toutefois  de  tirer  des  concluaiona  Outre  son  inadaptation  au  traitement  des  zones 

ddfinitirea  d'eipdrlences  numdriques  deatinees  a  dccolldes  peu  dtendues  sisnalee  precedennient,  un 

Dettre  en  evidence  la  senaibllitd  de  la  mdthode  a  des  points  le  plus  discutable  des  ndthodes  intd- 

deux  quantitds  dont  la  connaissance  est  oal  etablie  gr  les  est  certainenent  I'hypothese  d'une  preasion 

i  aavoir  le  frottenent  turbulent  et  I'dpaisseur  conr.tante  solon  y-  ddcoulant  des  hypotheses  de 

physique  S'  de  la  couciie  dissipative.  Prcndtl. 


Parmi  les  extensions  de  cette  mdthode  successiveoent 
rdalisdes  on  notera  t 

-  le  traitement  du  probleme  de  la  rampe  par 
Hunter  et  Reeves  en  1971  [62], 

-  celui  da  la  confluence  de  deux  dcoulcments  avec 
ddeoUement  de  bord  de  fuite  par  Uineberg 
Kubota  et  Lees  en  1972. 

L'exemple  prdsentd  figure  55  (probleme  de  la 
rampe).  bien  recoups  par  I'expdrlence  exceptd  au 
ddcollement.  met  en  evidence  les  principavuE 
caracteres  de  la  solution  thdorique  i  aeut  auper- 
critique  -  subcritique,  point  critique  etc... 

La  configuration  dlte  rampe  infinie  correspond  & 
dea  conditions  de  recollement  rdgulidres.  le  point 
K  ae  trouvant  en  aniont  du  bord  de  fuite  . 


Un  cortiln  nonbre  de  tentatives  ont  dte  fai'es  afin 
d'introduire  Ifs  gr,  dients  de  pression  norma'  •' 
notcfflment  p-j-  Hhaaroth  et  Hac  Donald  [69].  Ho.  an, 
Myring  [70]  ces  demiers  autours  ayant  montre  que 
lu  solution  devient  subcritique  lorsque  I'on  tient 
compte  d'uTiC  variation  de  la  pression  selon  y.  . 

Une  amelioration  important  des  mdthodes  intdgroles 
apdciolement  dans  le  cos  de  ddcollementa  peu  dtendus. 
est  celle  proposde  notannent  par  Rose  [35].  en 
introduisant  le  concept  de  "double  couche"  dont 
nous  avons  ddjh  discutd  le  bien  fonde  §  2. 

Cette  technique  permet  tout  d'abord  de  prendre  en 
cootpte  d'une  maiiifere  rigoureuse  les  offets  de 
gradients  de  pression  normaux  et  d'ottenir  en 
prlncipe  une  meilleure  description  des  phenom^nes 
diasipatifs. 


Par  contre  la  solution  "rampe  eourte"  eat  relative 
h  une  configuration  singullbre  qui  est  perturbde 
par  la  prdsenee  d'une  ddtente  de  I'dcoulement  au 
point  F  en  aiaont  du  point  critique  K  entralnont 
une  modification  profonde  des  conditions  de  recol- 
lement. 

Le  calcul  d'une  telle  configuration  est  mend  a  bien. 
en  imposant  quo  les  ddrivdes  dS* .  dMe  ^  d3Ci  , 

dx  dx  dx 

tendent  simultandment  vers  1*  inf  ini  en  F  . 

D'une  fagon  gdndrale.  la  prdsenee  de  fortes 
perturbations  dans  le  domaine  de  recollement 
examinde  notamsent  dans  [36]  et  [78]  pose  un 
probleme  qui  n'a  dtd  resolu  par  les  mdthodes 
lntdgr'J.es  que  pour  les  detentes  centrdes. 

Le  cas  de  I'onde  de  choc  n'a  pas  dtd  traitd. 


Faroi  les  cmdliorations  possibles  de  ces  mdthodes 
nous  signolerons  dgalement  1' extension  au  cas 
turbulent  des  travaux  actuellement  entrepris  par 
Crocco  en  leminaire. 


5.3.2  -  Scoulement  extdrieur  suosonique  ou 


transsonique  - 


Dans  ce  cos.  le  caraetdre  elliptique  ou  mixte  des 
dquations  rdgissant  I'dcoulement  extdriour  Impose 
le  recours  &  une  proeddure  iterative  pour  satisfaire 
les  conditions  de  couplage.  consistant  h  calculer 
suocessivement  les  effets  de  ddplacement  de  la 
couche  limite  pour  un  gradient  de  pression  connu 
et  I'dcoulemont  extdrieur  en  tenant  compte  de  ces 
effets  ;  la  proeddure  est  par  exemple  initide  k 
partir  de  la  solution  de  fluide  parfait  dventuel- 
lement  amdnagde. 
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Une  telle  Btithode  derlQiit  ia^ratloable  dkn  qu'un 
d^collssent  ^tendu  se  produit  par  suite  ds  diffi- 
cultde  mim^rlques  li^s  &  I'exlstenoe  de  slzi^arlt^s 
au  volsina^  du  d^collement  ;  oea  difficult  de  ne 
pemrent  6tre  suraontdes  qu'&  I'aide  d'artifioeBt 
et  lee  erreurs  alnsl  conaiaes  sent  sourect 
loport  antes. 

Un  dee  progrks  sarquanta  enre^trda  rdcecsnent  a 
dtd  do  aontrer  qua  lea  difficultds  rencootrdea  sent 
Inhdrentes  k  la  contrainte  non  rdellste  d'un  gra.* 
dlent  de  preaslon  arbitralrement  flxd  k  I'^proche 
du  ddooUenent  et  diaparaiasent  lorsque  lea  donndea 
ndoeasaires  au  oalcul  de  couche  lioite  aont  aoit  la 
distribution  de  frottement  poiidtalt  aoit  I'deolu- 
tion  de  I'dpaiaaeur  de  ddplaceoent.  On  obtient  alora 
une  proeddure  de  calcul  de  couches  dlssipatiTea  dite 
"inverse"  dans  laquelle  ^r*^doTiont  la  rdaultat 
de  calcul  et  qui  pemet  de  traitor  lea  zones  dacol- 
Idea  sons  difflcultd  nuaerique.  De  oe  fait,  eea 
mdthodes  sont  susoeptlbles  de  bendfieier  de  toutes 
lea  ameliorations  provenont  d'una  moddliaation  plus 
raffinde  de  la  turbulence  et  de  aes  effeta. 

Les  principauz  travaux  effectuda  dans  oatte  vole 
sont  ceux  de  Kllneberg  ot  dteger  [74]  et  de  Kuehn 
et  Illelsen  [75]« 

D* application  de  oea  proeddurea  au  calcul  d'dcou- 
lestents  tranasoniques  presents  un  intdrSt  India- 
cut  able. 


5.4  -  ‘idrhodes  numeriguea  - 


U  ooncenM  la  ddeoUeaent  se  produlsant  en 
dcoulcaent  inootspressible  ou  niveau  de  I'dlargla- 
aenent  brusque  d'une  oondulte  cfll&drique.  Cette 
configuration  a  fait  I'objet  d'une  dtude  expdri- 
mentale  et  thdorlque  trka  ddtaillde  k  I'Institut 
de  Ndcanique  dee  fluides  de  Toulouse. 

Sor  la  figure  56a  est  prdsentde  une  oonparaison, 
portant  but  lea  viteasea  noyennee  et  le  frotteoent 
apparent  turbulent,  entre  lea  aeaurea  et  dea 
reaultata  foumia  par  deux  types  da  calcul.  Le 
preailar  eat  bead  sur  une  Boddllaation  ne  ndcessl- 
tant  qu'une  seule  dquation  ds  transport,  cells 
de  I’^ergle  cindtlqus  turbulente,  I'dcbelle 
spatlale  earactdrlstlque  de  la  Turbulence  dtant 
foumie  par  une  relation  algdbrlque  ajuatde  sur 
1 'experience. 


C'eat  finnlement  dons  ce  domaine  que  lea  rdaultata 
lea  plus  apectaculalrca  ont  dtd  obtsmis.  Ce  auccks 
est  dl  a  la  eonjonctlon  de  trola  effets  favorablea  i 


fig.  5Si  -  Ccouliment  incompnttiUe  ixityirduigui  m  »v$l 
tfun  tUcmchtmtnt  de  ptroi  h/RsO.S. 


a)  la  diminution  trda  importonte  de  la  durde  dea 
calculs  llde  aux  progrks  technologiques  dea 
ordinateura, 

b)  le  ddreloppeiaent  de  nouvcllea  techniques 
numdrlques  aocroisaant  la  atebilitd  et  la 
convergence  de  ces  calculs, 

c)  enfln  les  progrka  occomplls  dens  la  moddliaation 
de  la  turbulence. 

Nous  ne  nous  dtendrons  pas  sur  les  techniques  de 
calcul  ddveloppdea  qui  seront  abondament  oommentdea 
au  eoura  de  oette  sesalotv  nous  contentont  de  falre 
quelquea  remarques  l 

En  oe  qui  conceroe  a),  la  progression  rdallsde 
depuis  une  ddcade  lalase  penser  quo  lea  calculs 
beads  sur  la  rdsolutlon  numdrlque  des  dquatlons 
completes  du  mouvement  moyen  pourront  4tre  dtendus 
Huns  un  futur  relatlvement  proche  k  des  configura¬ 
tions  tridiaenaionnellea. 

Une  rdduction  aubstantlellc  dea  temps  de  calcul 
peut  dgaleMsnt  Itre  attendue  de  b)  grftce  k  la 
■lae  en  oeuvre  de  achdmsa  plus  dlaborda  et  plus 
perf  omenta. 

C'eat  ainsi  que  les  rdsultats  renarquables  publlda 
notaasent  par  Balduln  et  Doivert  [76]  ont  dtd 
obtenus  k  I'aide  du  schdiiia  expliolte  da  MaoComaok 
qui  s'est  rdvdld  partlcullkrement  blen  odeqptd  au 
traltement  d'dcoulements  vlsqueux,  compress Ibles, 
coaportant  des  ondes  de  choc.  L'utilisation  de 
sebdmas  iaqilicltea,  actueUement  en  cours  d'dtuda, 
devralt  entrainer  un  oecroissement  sensible 
des  pas  de  tempo  et  par  suite  une  plus  grands 
rapldltd  des  calculs. 

Mala  I'dldoent  ddterminant  qui  conditionne  lorge- 
ment  la  qualltd  des  rdaultata  demeure  la  moddlisa^ 
tlon  de  la  turbulence  (c),  comma  le  montre  I'exem- 
ple  donnd  figure  56  et  extrait  de  [77]« 


Le  second  plus  dlabcrd  comports  deux  dquationa  de 
transport  relatives  k  I'dnergie  eindtique  turbu¬ 
lente  et  k  la  diasipation.  Ces  deux  modkles 
retiennent  le  concept  de  viscoeitd  turbulente* 

On  constate  que  le  seoond  conduit  k  dea  rdaultata 
beaucoup  plus  proofaes  des  aiesurea  apdcialement 
en  CO  qui  oonoeme  1*  dtendus  da  la  zone  ddeoUde 
et  la  prdvlaion  du  frottement  apparent  turbulent. 

La  dlatribution  des  preaslona  axiales  (fig.  56b} 
est  oBsez  correctemeut  prdvue  par  le  seoond  calcul, 
alors  que  des  dcarts  importanta  avec  I'expdrienoe 
apparalasent  dane  les  rdaultata  issue  du  premier. 
Cependant  le  oiodkle  le  plus  dlabcrd,  n'est  pas  en 
meaure  de  foumlr  une  d^ution  prdcise  des  viteaaes 
et  du  frottement  au  sein  dea  couches  dlssipativea 
dans  le  domaine  de  restructuration  en  aval  du  point 
de  recollement  moyen  oil  se  produlsent  oomme  nous 
I'avons  vu  (§  3)  de  fortes  variations  longltudinales 
des  caroctdristlques  de  la  turbulence. 


fig.  S6b  -  Dittribution  de$  jntMiont  exielet. 


'.i 


)( 
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Cat  •zenplc  qui  ooooenia  le  coa  relatlreaent  alxqile 
d'un  dcouleaent  lnooiiq>re8glble  enrec  point  d« 
•dparatlon  flzd  nat  on  dvidenoa,  pour  une  moddli> 
satlon  da  la  turbulenoe  ddjh  Aaborda,  das  doarta 
■oddrds  mala  non  nd^lgeablas  entre  le  coloul  at 
laa  maoures,  dans  oartains  donalnes  da  I'dcouleaeut. 

II  nous  paralt  instructif  dans  la  aesura  ou  il 
■ontre  > 

-  qu'una  oritiqua  ezpdrinantala  trds  dd^alUda  da 
confi^turations  da  edlcul-tast  aat  ndoesaaira, 

-  qu'una  aoddllsation  da  la  turbulanoa  trfes 
raffinde  pout  seula  pazBsttrc  d'obtenlr  une 
representation  exaote  das  phdnosidnea  phyaiquas. 
Catte  condition  eat  impdrativa  loraqu'il  eat 
denandd  au  calcul  da  simuler  certains  affets 
tels  qua  ceuz  du  nombre  da  Reynolds  par  ezemple. 

Pour  obtonir  oes  rdsultats  des  experiences  & 
caroctdre  trds  fondaoentol  sur  das  configurations 
da  ddcoUeoent,  cooportent  notansent  une  analyse 
trds  complete  de  la  structure  da  la  turbulence  sont 
indispensables  aussi  blen  dans  le  cas  incompressible 
que  dans  le  cas  compressible  oil  les  informations  da 
catte  nature  sont  rares. 

L*  association  dtroita  entre  thdorle  at  experience 
neccssite  en  partloulier  la  connaissance  prdclsa 
des  conditions  inltiales  du  calcul  ce  qui  requlert 
un  nombre  de  donnees  ezpdrinentales  d'autent  plus 
grand  que  le  module  de  turbulence  est  plus  clabord. 


6  -  (XmaUblCM  - 

Four  conclure  catte  revue  das  probldmes  posde  par 
I'dtude  des  dcoulements  ddcollds  bidimensionnels 
at  turbulents,  aprds  avoir  rdsumd  la  situation 
prdsente  telle  qu'elle  a  dtd  ddcritoi  nous  indi- 
quarons  les  orientations  de  recherchea  qui  nous 
paraissent  souhaitablae. 

Sur  la  plan  axpdrlaentali  I'dtat  des  connaissances 
actuellas  aet  le  fruit  de  recherches  patlentes  dont 
les  progrda  bian  qua  lents  ont  permis  tout  d'abord 
d'obtenlr  une  vua  assaz  oompldte  das  aspects 
phdnoadnologiqueSf  ansuite  de  ddflnir  les  principaux 
facteura  d'influanoa  rdglsEant  la  formation  et  le 
ddvaloppeaent  des  zones  ddeolldes.  Toutefols  par 
suite  da  difflcultda  inportantes  specifiquas  des 
oasures  dans  da  telles  tones,  I'analyse  da  la 
structure  Intias  daa  phdnom^s  turbulents  darm 
CCS  domalnas  alnsi  que  oalla  des  affets  Instatlon- 
naires  assoeida  n'a  pas  progressd  de  faqon  tr^ 
marquda. 


Sur  la  plan  thdoriqua,  I'abaanoa  Jusqu'ii  oea 
damikraa  axmdaa  d'un  support  auffisant  a  dtd 
duxament  raaaantie  au  niveau  da  1' exploitation  et 
da  I'intaiprdtation  des  axpdrlanoas  at  a  longtesQa 
limltd  las  poaalbilitda  da  oaloul  k  quelquaa 
oonflgurationa  ausoaptlblas  d'una  sohdmatlsstion 
ralativement  ainpla,  impoaant  malgrd  tout  un  larga 
raooura  k  I'empijlaae  (dooulament  da  culot  an 
Btparsonlqua  par  axeapla)*  Las  progrka  rdaliads 
rdofant  dans  la  dniMina  thdoriqua  an  laninslra 
ont  pu  Itia  rapldament  dtandua  au  oas  turbulent 
arkoe  k  I'dvolution  anrsglatrda  dans  la  moddlisatlon 
da  la  turbulenca,  £n  partloulier,  la  mlsa  an  oauvia 
da  mdthodea  mmidriquas  susoeptibla  da  rdeoudra  daa 
dquationa  oomplktes  du  nouvamact  conatltue  un 
toiimant  dana  la  maltrlaa  das  doouleasnta  ddoollds. 

La  solution  da  la  pli^art  daa  probldmes  da  ddooll»- 
laent  turbulent  bldisiansionnsls  paut  ttre  anvlaagda  k 
condition  d'entreprendra  une  action  oMsportant  la 
ddvelqppement  oonjolnt  da  racberohaa  oonoemant  i 

-  I'dlaboratioD  da  achdsias  numdrlques  parfozmants 
adaptds  k  das  conditions  aux  liaitas  vaxldas, 
permettsnt  d'assurer  una  dsaoription  fine  das 
phdnomknes  disslpatifs  siais  aussi  d'obtenlr  use 
rdduction  das  tamps  da  calcul  | 

-  I'analyse  axpdrimentale  ddtaillde  dans  un  large 
docaina  da  nembre  da  Reynolds  et  sur  des  confi- 
guratlona  da  base  partlcullkrament  purea,  du 
chsiq)  moyen  et  da  la  structure  da  la  turbulence 
dans  las  zones  ddooUdes,  en  particuller  des 
facteurs  agissant  sur  sa  production  et  son 
ddveloppement. 


Gette  action  pour  laquelle  I'utillsation  ds 
techniqites  nouvsUes  telles  que  I'andmomdtrie 
laser  peut  se  rdveler  ddciaive  ooiiq>ortera  un 
double  caractkre  t  aboutir  en  premier  lieu  k 
une  modcllsation  rafflnda  dee  pbdncmknss  turbulents, 
foumlr  ensuite  das  dl^nts  de  contrAle  prdcis 
pour  les  etudes  numdrlques* 

Parmi  les  aspects  fondamontaux  lids  k  I'analyse 
des  structures  turbulentoa  et  ndeessitant  une 
dtude  ^profondia,  il  sonvlent  de  signaler  les 
problkmes  conoemant  i 

-  les  ondes  de  choc  (an  particuller  dans  le  domaina 
tranasonique)  at  leur  rfile  sur  la  formi.tlon  at 
la  ddvaloppament  da  caa  structures, 

-  la  oonfluanoa,notB)aiient  an  dcoulement  subaonique, 
et  les  instabilitds  de  siUage  assocldee* 
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SUMMARY 


Two  different  types  of  pressure  distribution  resulting  In  separation  were  Induced  In  the  flow  over 
a  flat  plate  at  zero  Incidence.  Measurements  were  made  of  velocity  distributions,  skin  friction  (Preston 
tubes  and  Clauser  plots),  turbulence  components  and  shear  stress  distributions  at  various  stations  both 
prior  to  and  just  after  separation.  The  results  have  been  compared  with  the  predictions, of  various 
theories.  Of  these  only  those  of  Bradshaw  and  of  Kuhn  and  Nielsen  showed  good  agreement  for  Integral 
quantities  with  the  measurements  right  up  to  the  separation  point,  the  predictions  of  the  remaining 
methods  tended  to  depart  radically  from  the  measurements  some  little  distance  ahead  of  separation. 
Significant  differences  were  found,  however,  between  the  measured  shear  stress  distributions  near 
separation  and  the  predictions  of  Bradshaw's  method,  these  differences  Indicate  where  Improvements  to  the 
method  may  be  made.  With  certain  Important  provisos  the  methods  of  Stratford  and  Townsend  for  predicting 


the  separation  position  are  shown  to  be  fairly  reliable. 

NOTATION 

^pe 

X 

effective  pressure  coefficient  (see  text) 

^f 

u 

local  skin  friction  coefficient 

mean  velocity  component  parallel  to  plate 

distance  along  plate  measured  from  transition 
trip  In  Inches 

‘Jl 

local  free  stream  velocity  at  edge  of 
boundary  layer 

x 

distance  along  plate  measured  from  virtual 
origin  of  a  zero  pressure  gradient  boundary 
layer  having  same  momentum  thickness  as  actual 

undisturbed  stream  velocity 

boundary  layer  at  beginning  of  adverse 

u 

friction  velocity  ( Ay p ) 
turbulent  velocity  components  In  x. 

pressure  gradient. 

T 

u' ,v' ,w' 

y 

distance  normal  to  plate 

y  (normal)  and  z  (lateral)  directions 

A 

pressure  gradient  parameter  ^ 

«x 

Reynolds  number  In  terms  of  max.  value  of 

Ui  and  X  I.e.  U,^,^.x/v 

Reynolds  number  In  terms  of  U^  and  8 
pressure  coefficient 

displacement  thickness 

Cp 

e 

momentum  thickness 

frictional  stress 

1. 

INTRODUCTION 

The  main  objects  of  the  Investigation  were  to  provide  detailed  experimental  data  on  two 
dimensional  turbulent  boundary  layers  In  the  process  of  separation  and  to  compare  the  data  with  the 
predictions  of  various  available  theories. 

Two  different  types  of  pressure  distribution  leading  to  separation  were  Induced  towards  the  rear 
of  a  flat  plate  at  zero  Incidence.  For  the  first  (called  Series  I)  an  Initial  region  of  favourable 
(negative)  pressure  gradient  was  followed  by  a  region  of  strongly  unfavourable  (positive)  pressure 
gradient  provoking  separation  1n  a  relatively  short  distance  aft  of  the  peak  suction  position.  For  the 
second  (called  Series  II)  a  less  intense  and  practically  nonotonIc  unfavourable  pressure  gradient  was 
Imposed  and  the  approach  to  the  separation  condition  was  therefore  more  gradual. 

The  measurements  Included  pressure  distributions,  velocity  profiles,  Preston  tube  readings, 
turbulent  velocity  components  and  shear  stress  distributions.  The  available  theories  with  which  some  of 
the  salient  results  were  compared  were  those  due  to  Stratford^,  Townsend^,  Bradshaw*,  Ng  and  Spalding^, 
Head  and  Patel^,  Horton^,  Kuhn  and  NIelsenS. 

2.  SOME  EXPERIMENTAL  DETAILS 

The  plate  was  about  2)  m  long,  ]  m  wide  and  2.5  cm  thick,  and  It  had  a  rounded  nose  and  a  flap  at 

the  trailing  edge  to  ensure  that  the  front  stagnation  point  was  located  on  the  nose  without  the  formation 

of  a  separation  bubble  and  the  subsequent  basic  pressure  distribution  was  nearly  uniform.  The  plate  had 
closely  spaced  pressure  tappings  (1)  cm  apart  over  the  main  region  of  Interest)  staggered  close  to  the 
centre-line,  and  4  parallel  rows  of  tappings  (spaced  2)  cm  apart)  at  about  15  cm  and  30  cm  from  the  centre 
line  and  on  either  side  of  It  In  the  region  where  significantly  non-zero  pressure  gradients  were  Induced. 

A  transition  trip  was  fixed  5  cm  aft  of  the  nose  position.  For  convenience  chordwise  stations  are 

labelled  by  the  number  of  Inches  aft  of  the  trip  (X).  The  plate  was  set  at  zero  Incidence  In  the  working 

section  of  a  wind  tunnel  between  false  walls.  The  wind  speed  used  for  the  tests  was  about  20  m/s  giving 
a  Reynolds  number  In  terms  of  the  plate  length  of  about  3  x  10^. 

The  method  used  to  Induce  the  Series  I  pressure  distribution  Is  Illustrated  In  Fig.l.  For  these 
tests  a  cylinder  of  diameter  about  7.5  cm  with  a  porous  surface  was  fixed  with  Its  axis  parallel  to  the 
plate  at  about  11  cm  from  It  and  normal  to  the  wind  stream  direction  at  about  1.7  m  (X  >  65)  behind  the 
trip  wire. 

Air  was  sucked  through  the  porous  surface  of  the  cylinder  by  means  of  a  suction  pump  connected  to 
both  ends  of  the  cylinder,  A  small  Thwaltes  flap  was  fitted  to  the  rear  of  the  cylinder  and  ':y  adjusting 
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its  position  and  the  suction  a  strong  and  steacty  circulation  could  be  induced  about  the  cylinder  with  the 
tunnel  running  and  with  only  a  very  thin  wake  behind  the  cylinder.  In  consequence  a  pressure 
distribution  that  was  initially  favourable  and  then  unfavourable  was  produced  on  the  flat  plate.  The 
intensity  of  the  pressure  gradients  could  be  controlled  by  varying  the  position  of  the  Thwaites  flap  as 
well  as  the  distance  between  the  cylinder  and  the  plate.  This  arrangement  had  been  previously  used  for 
experiments  on  laminar  separation  bubbles^,  but  was  found  equally  effective  in  producing  turbulent 
boundary  layer  separation  by  inducing  a  sufficiently  strong  adverse  pressure  gradient.  Porous  panels 
were  also  fitted  to  the  side-walls  through  which  the  porous  cylinder  passed,  suction  through  these  panels 
eliminated  any  tendency  for  the  wall  boundary  layers  to  separate  due  to  the  pressure  field  of  the  cylinder 
and  also  helped  to  ensure  a  high  degree  of  spanwlse  uniformity.  The  streamwise  pressure  distribution  on 
the  piate  tested  is  illustrated  in  Fig. 2.  For  the  Series  II  tests  a  spoiler  flap  of  chord  10  cm  was 
fixed  near  the  rear  of  the  plate  at  X  •  75  (i.e.  75  in.  behind  the  transition  trip)  at  an  angle  of  90°  to 
the  plane  of  the  plate.  This  produced  the  pressure  distribution  shown  in  Fig. 3.  The  slight  Initial 
favourable  pressure  gradient  ahead  of  X  >  40  is  probably  due  to  the  circulation  round  the  plate  Induced 
by  the  spoiler. 

The  two  dimensionality  of  the  flow  was  investigated  by  observing  the  degree  of  spanwise  uniformity 
of  the  pressure  distributions  and  by  visualising  the  separation  front  across  the  span  of  the  plate  as 
revealed  by  a  thin  film  of  suitably  coloured  oil  that  was  painted  on  to  the  plate.  In  both  Series  of 
tests  the  pressure  distributions  showed  an  acceptable  degree  of  uniformity  over  the  part  of  the  span  to 
which  they  refer  (i.e.  the  central  2/3  of  the  span).  In  the  Series  I  arrangement  the  flow  visualisation 
showed  the  separation  line  to  be  remarkably  straight  over  the  whole  span,  for  the  Series  II  tests  there 
was  some  curvature  of  the  separation  line  near  the  walls  associated  with  an  inflow  into  the  wall  boundary 
layers  there.  It  was  concluded  that  the  flow  upstream  of  separation  could  be  tentatively  assumed  to  be 
two  dimensional  over  the  central  part  of  the  span  in  which  the  measurements  were  made.  Downstream  of 
separation  the  flow  visualisation  tests  revealed  no  significant  flow  patterns  and  the  surface  pressures 
remained  acceptably  uniform,  but  there  can  be  no  doubt  that  the  flow  if  relatively  slow  moving  was  complex 
and  not  two-dimensional  in  any  detailed  sense  of  the  term  although  overall  there  was  no  well-defined 
spanwise  variation. 

The  mean  velocity  profiles  at  various  stations  were  mainly  derived  from  measurements  made  with 
flattened  pitot  tubes  (0.2  nn  x  0.75  irm)  but  some  measurements  ahead  of  and  at  separation  were  also  made 
with  hot  wires.  Near  separation  and  aft  of  it  the  poor  accuracy  of  the  hot  wire  for  determining  small 
mean  velocities  in  the  presence  of  large  turbulent  velocity  components  as  well  as  its  lack  of 
directionality  left  its  reliability  there  in  strong  doubt,  and  the  hot  wire  was  not  used  aft  of  separation. 
The  main  measurements  of  mean  velocity  were  therefore  made  with  a  double  headed  pitot  tube,  i.e.  one  with 
two  pitot  tubes  facing  opposite  directions.  Such  a  device  after  calibration  can  give  both  the  mean 
velocity  magnitude  and  direction  sense,  although  it  too  lacks  sensitivity  where  the  mean  velocity  is  small 
and  there  are  relatively  large  fluctuating  velocities,  and  there  are  always  doubts  about  the  Interpretation 
of  pitot  tube  measurements  in  a  highly  turbulent  flow.  The  Preston  tube  measurements  were  made  with 
round  tubes,  0.7  mm  in  diameter. 

The  measurements  of  the  turbulent  velocity  components,  as  well  as  of  the  shear  stress  distributions, 
were  made  with  single  and  crossed  hot  wires. 

3.  THE  MAIN  RESULTS 

3.1  Overall  Data 


The  integral  quantities,  i.e.  displacement  and  momentum  thicknesses,  as  well  as  the  skin  friction 
coefficients  given  by  the  Preston  tube  measurements  and  Clauser  plots  and  the  Reynolds  number  based  on  the 
momentum  thickness  and  the  local  free  stream  velocity  (Rg)  for  the  various  stations  X  are  given  in 
Table  I  for  the  Series  I  tests  and  Table  II  for  the  Series  II  tests.  In  addition  these  Tables  show  the 


corresponding  values  of  the  non-dimensional  pressure  gradient  parameter  a  =  ^  . 

pu' 

It  will  be  seen  that  tne  skin  friction  distributions  are  consistent  with  separation  at  about  X  =  69.5  for 
the  Series  I  tests  and  at  about  X  =  67.5  for  the  Series  II  tests.  These  positions  are  also  those 

indicated  by  the  mean  velocity  profiles  as  measured  by  pitot  tubes. 


3.2  Velocity  Profiles 


Some  representative  mean  velocity  profiles  are  shown  in  Fig. 4(a)  and  (b)  for  the  Series  1  tests 
and  in  Fig. 5  for  the  Series  II  tests.  Where  measurements  were  made  with  hot  wires  as  well  as  pitot  tubes, 
both  sets  of  measurements  are  indicated.  It  will  be  seen  that  in  general  agreement  between  the  two 
different  methods  of  measurement  is  good  except  In  the  immediate  region  of  the  separation  point  particularly 
close  to  the  surface.  For  the  reasons  already  referred  to  the  pitot  tube  measurementr  were  regarded  as 
the  more  reliable  in  that  region,  although  their  accuracy  there  cannot  be  regarded  as  high.  The  kinks  in 
the  shape  of  the  velocity  distributions  aft  of  separation  near  the  zero  velocity  point  can  be  plausibly 
explained  as  arising  from  the  poor  accuracy  of  the  pitot  probe  in  regions  where  the  velocity  Is  low  and 
relatively  large  fluctuations  in  velocity  are  present  due  to  turbulence  and  local  flow  unsteadiness. 

3.3  Skin  friction  measurements 


As  already  noted,  in  addition  to  inferring  the  skin  friction  distributions  from  Preston  tube 
measurements,  they  were  also  determined  from  Clauser  type  plots  of  the  velocity  distribution.  For  the 
former  the  calibration  of  Patel9  was  used,  and  the  pitot  tube  diameter  d  was  chosen  so  that  u^d/v  was  less 
than  about  40  where  u^  is  the  friction  velocity  This  ensured  that  as  long  as  the  profile 

exhibited  an  identifiable  'log  law'  region  the  tube  centre  was  located  in  and  near  the  lower  boundary  of 
that  region.  For  the  Clauser  type  plots  the  process  of  identifying  the  'log  law'  portion  which 
determined  the  skin  friction  presented  no  difficulty  in  regions  of  small  to  moderate  pressure  gradients 
but  they  did  present  some  difficulty  in  the  regions  of  large  pressure  gradients.  This  is  Illustrated  in 
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Fig.  6  ind  7  for  the  Series  I  end  II  results,  respectively.  In  the  regions  neir  separation.  In  Fig. 6  It 
will  be  seen  that  the  profile  changed  rapidly  from  that  of  station  66  which  e)h1b1ted  the  characteristic 
convexity  above  the  sub  layer  region,  due  to  the  preceding  large  favourable  pressure  gradient,  to  that  of 
station  69,  just  prior  to  separation,  showing  above  the  sub  layer  region  the  concavity  characteristic  of 
a  strongly  unfavourable  pressure  gradient.  The  arrows  mark  the  position  y  «  d  where  d  Is  the  diameter  of 
the  freston  tube  end  It  will  be  seen  that  the  emrws  lie  near  the  lower  bound  of  regions  which  can  be 
plausibly.  If  not  conclusively.  Identified  as  regions  where  the  plots  of  u/U]  against  log  y  U^/v  are  most 
nearly  straight.  The  values  of  c.  have  therefore  been  Inferred  from  the  slopes  of  the  tangents  to  the 
plots  Iff  the  region  of  the  artwws.^  For  l#>e  Series  H  results  sf  illeitraWl  In  Fig;?  the  straight  line 
portions  of  the  plots  were  somewhat  easier  to  Identify  but  the  arrows  again  provided  a  useful  guide  as  to 
where  to  measure  the  slope. 

The  resulting  distributions  of  the  skin  friction  coefficient  are  shown  In  Fig. 8  and  9  for  the 
Series  I  and  II  tests  respectively.  It  will  be  seen  that  In  general  the  two  methods  agree  fairly  well; 
surprisingly  enough  the  largest  differences  (about  8*)  occur  In  the  upstream  region  for  the  Series  II 
experiments  where  the  pressure  gradients  are  very  small,  elsewhere  the  differences  are  less  than  5S. 

The  two  methods  are  not  entirely  Independent  since  both  depend  on  the  existence  of  a  'log  law' 
region,  and  the  method  used  for  determining  the  appropriate  slope  from  the  Clauser  plots 
between  the  two  methods  somewhat  stronger.  Nevertheless,  the  agreement  between  the  two 
encourages  a  degree  of  confidence  In  the  results  shown  In  Fig.  8  and  9  and  In  general  1n 
Preston  tube  method  even  close  to  separation. 

The  corresponding  Law  of  the  Wall  plot:  (l.e.  u/u^  against  log  (yu^/v)  are  shown 
for  the  Series  I  and  II  tests  respectively.  The  overall  consistency  and  agreement  over 
portions  with  the  generally  accepted  relation 

yu 

^=5.5  log, 0-^.  5.45 

T 

provide  additional  support  for  the  skin  friction  distributions  of  Fig.  8  and  9. 

3.4  Turbulence  Measurements 

We  denote  the  turbulent  velocity  components  by  (u',v',w').  Lines  o,'  constant  are  shown 

in  Fig. 12  (Series  I)  and  Fig. 13  (Series  II).  In  the  former  case  the  reduction  in  the  boundary  layer 
thickness  as  well  as  in  the  overall  intensity  of  turbulence  In  the  region  of  favourable  pressure  gradient 
(X  »  55  to  X  »  65)  is  very  marked  as  is  the  subsequent  rapid  growth  of  the  thickness  and  turbulence 
intensity  in  the  region  of  adverse  pressure  gradient.  It  will  be  seen  that  at  separation  the  maximum 
turbulence  intensity  is  of  the  order  of  25%.  For  the  Series  II  tests  the  changes  are  on  the  whole  more 
gradual,  as  might  be  expected,  and  the  maximum  turbulence  Intensity  is  considerably  less  than  for  Series  I 
being  of  the  order  of  13%.  The  plots  for  v'  and  w'  are  similar  to  those  of  u'  and  are  not  therefore 
separately  shown. 

In  general  the  Series  II  separated  flow  was  much  steadier  than  that  of  Series  I,  presumably 
because  of  the  constraint  imposed  by  the  spoiler  flap  since  reattachment  had  to  occur  at  the  flap  tip. 

The  unsteadiness  of  the  Series  I  flow  was  mainly  of  a  low  frequency  associated  with  small  oscillatory 
movements  of  the  separation  position  and  a  related  oscillation  of  the  separated  shear  layer.  This  was 
reflected  in  pressure  transducer  measurements  made  at  the  plate  surface  in  the  separated  region. 

In  both  Series  of  tests  the  measurements  were  taken  down  into  the  outer  region  of  the  viscous  sub¬ 
layer  at  each  station  as  conventionally  described  by  yu^/v  =  10.  It  was  noted  however  that  a  hign  level 
of  turbulence  was  present  in  that  region  and  the  associated  mean  velocity  grcdient  was  not  such  as  to  lead 
to  a  viscous  stress  consistent  with  the  local  skin  friction  coefficient.  T lis  implied  that  the  thickness 
of  the  viscous  sub-layer  is  significantly  smaller  than  Is  suggested  by  yu^/v  =  10. 

3.5  Turbulent  eddy  shear  stress  distributions 


makes  the  link 
sets  of  results 
the  use  of  the 


In  Fig.  10  and  11 
the  straight 


Some  representative  turbulent  shear  stress  distributions  for  the  Series  I  and  II  tests  are 
illustrated  In  Fig.  14  and  15  respectively.  The  effect  of  the  Initial  favourable  pressure  gradient  in 
the  Series  I  tests  in  reducing  the  strength  of  the  shear  stress  is  evident  and  is  consistent  with  the 
reduction  in  turbulence  intensity  noted  above.  Further  downstream  where  the  pressure  gradient  is 
unfavourable  the  shear  stress  strength  grows  rapidly  over  the  outer  part  of  the  boundary  layer  but  the 
position  of  the  maximum  shear  stress  moves  characteristically  away  from  the  surface.  In  the  region  of 
separation  we  note  that  the  shear  stress  does  not  reduce  to  zero  at  the  outer  edge  of  the  boundary  layer. 
No  clear  cut  explanation  can  be  offered  for  this  except  to  recall  the  degree  of  relatively  low  frequency 
unsteadiness  In  velocity  magnitude  and  direction  that  was  present  in  the  region  of  separation  in  the 
Series  I  tests ,  this  was  evident  in  the  flow  outside  the  boundary  layer  and  may  have  given  rise  to  an 
effective  u' v'  correlation  there  as  measured  by  the  crossed  hot  wires. 

For  the  Series  II  tests  we  observe  In  Fig. 15  the  steady  change  of  the  shear  stress  distributions 
from  the  initial  characteristic  form  for  a  near- zero  pressure  gradient  at  X  =  24  with  the  maximum  stress 
practically  at  the  surface  to  the  separated  flow  shape  beyond  X  =  67.5  We  see  that  the  maximum  stress 
position  moves  monotonically  away  from  the  surface  with  distance  downstream  as  the  effect  of  the  adverse 
pressure  gradient  grows. 

We  note  that  for  the  Series  II  tests  the  shear  stress  tends  to  zero  at  the  boundary  layer  edge 
even  where  the  flow  was  separated.  There  the  flow  was  markedly  steadier  in  the  region  of  separation  than 
for  the  Series  I  tests,  and  this  supports  the  above  suggestion  that  the  unsteadiness  of  the  separated  flow 
in  the  latter  tests  contributed  to  the  apparent  non-zero  shear  stress  measured  outside  the  boundary  layer. 

In  both  Series  of  tests  the  measured  shear  stress  distributions  close  to  the  surface  in  the  region 
of  separation  are  unreliable  for  the  reasons  already  stated. 
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4  COMPARISONS  WITH  THEORY 


4.1  Separation  position  theories 
2 

Stratford  developed  a  theory  based  on  his  two  layer  concept  of  the  boundary  layer  for  predicting 
the  position  of  separation.  His  theory  results  In  the  following  formula  to  be  satisfied  at  separatlon:- 


10 


-6 


«x' 


i/io 


Here  x  Is  the  distance  from  a  virtual  origin  of  the  boundary  layer  derived  for  an  equivalent  uniform  flow 
preceding  the  adverse  pressure  gradient  region  and  resulting  In  the  same  value  of  the  momentum  thickness 
at  the  beginning  of  that  region  as  the  actual  one.  Thus,  for  the  Series  I  tests  the  velocity  of  the 
equivalent  uniform  flow  was  equal  to  that  at  the  maximum  suction  point,  for  the  Series  II  tests  It  was  the 
same  as  the  undisturbed  stream  velocity.  The  pressure  coefficient  Cp^is  measured  relative  to  the  static 
pressure  of  the  equivalent  uniform  flow  and  Is  In  terns  of  the  dynamic  pressure  of  that  flow,  R^  is  a 
Reynolds  number  based  on  x  and  the  velocity  of  the  equivalent  uniform  flow. 


K  Is  an  empirical  constant  which  was  subject  to  a  change  from  0.39  to  0.35  in  the  course  of  the 
development  of  the  theory.  With  the  latter  value  of  K  and  the  measured  pressure  distribution,  the 
separation  point  for  the  Series  I  tests  was  predicted  to  occur  at  X  =  69.3  which  Is  very  close  to  the 
measured  value  of  69.5.  The  earlier  value  of  K  of  0.39  leads  to  X  =  69.25  for  separation.  However,  the 
likely  problem  in  practice  would  be  one  in  which  the  theoretical  inviscid  flow  pressure  distribution  is 
known  and  not  the  actual  one  which  could  be  very  different.  Stratford's  derivation  suggests  the  value  of 
0.5  for  K  If  the  theoretical  Inviscid  flow  pressure  distribution  is  used  and  this  produced  a  predicted 
separation  position  of  68.9. 


For  the  Series  II  tests  x  was  taken  as  the  distance  from  the  plate  leading  edge  and  the  predicted 
separation  positions  when  the  measured  pressure  distribution  was  used  were  67.8  with  K  *  0.35  and  67.4 
with  K  =  0.39  as  compared  with  the  measured  value  of  67.6. 

Townsend's  method^  which  can  be  regarded  as  a  development  of  Stratford's  method  results  In  a 
formula  for  the  pressure  coefficient  at  separation  which  Involves  the  skin  friction  coefficient  at  the 
beginning  of  the  region  of  adverse  pressure  gradient.  The  latter  is  required  with  a  high  degree  of 
accuracy  as  the  resulting  value  of  Cp  at  separation  and  hence  the  separation  positions  are  very  sensitive 
to  the  value  of  the  skin  friction  coefficient.  With  the  experimental  pressure  and  skin  friction  values 
the  predicted  positions  of  separation  were  68.9  for  the  Series  I  tests  and  67.5  for  the  Series  II  tests. 

It  seems  that  both  methods  can  be  regarded  as  fairly  reliable  in  predicting  the  separation  position 
provided  one  has  a  good  knowledge  of  the  actual  pressure  distribution.  For  Stratford's  method  one  must 
be  able  to  make  a  reasonable  assessment  of  the  effective  origin  of  the  boundary  layer  In  cases  where  the 
adverse  pressure  gradient  region  Is  preceded  by  a  favourable  pressure  gradient  region  culminating  In  a 
maximum  suction  position.  For  Townsend's  method  one  must  similarly  be  able  to  determine  the  skin 
friction  fairly  accurately  at  the  beginning  of  the  region  of  adverse  pressure  gradient. 

4.2  Detailed  development  of  the  turbulent  boundary  layer 

The  predictions  of  the  methods  of  a  number  of  workers  were  compared  with  the  results  of  the 
present  experiments,  namely,  the  methods  of  Bradshaw  et  al4,  Ng  and  SpaldingS,  Head  and  Patel®,  Horton^, 
Kuhn  and  Nielsen®.  The  last  three  are  integral  methods  in  which  some  allowance  Is  made  for  non- 
equilibrium  effects;  the  first  two  are  differential  methods  in  which  these  effects  are  more  directly 
taken  Into  account. 


The  predicted  values  of  the  integral  quantities  Cf,  Rg  and  H  for  the  Series  1  tests  are  compared 
with  the  values  derived  from  the  Preston  tube  and  pitot  tube  measurements  In  Fig.  16,  17  and  18,  whilst  In 
Fig. 19,  20  and  21  the  corresponding  comparisons  are  made  for  the  Series  II  tests. 

It  will  be  seen  that  all  the  methods  lead  to  results  In  acceptable  agreement  with  the  measured 
values  of  Cf  for  the  regions  of  small  to  moderate  pressure  gradient.  However,  for  the  Series  I  tests 
only  Bradshaw's  method  and  that  of  Kuhn  and  Nielsen  give  results  In  acceptable  agreement  right  up  to 
separation  (although  the  latter  method  shows  a  significant  departure  from  the  measurements  In  the  region 
of  maximum  suction).  None  of  the  other  methods  predicts  separation  in  the  sense  of  leading  to  a  point  of 
zero  Cf.  Again,  In  the  Series  II  tests,  Bradshaw's  method  and  Kitm  and  Nielsen's  method  show  very  good 
agreement  with  the  measurements  right  up  to  separation  with  the  other  methods  tending  to  fail  In  the 
region  of  strong  adverse  pressure  gradient.  Here  the  methods  of  Horton  and  Head  and  Patel  show  up  rather 
worse  than  for  the  Series  I  measurements.  The  same  general  picture  of  the  marked  superiority  of  Bradshaw's 
method  and  Kuhn  and  Nielsen's  method  over  the  other  methods  considered  In  the  region  approaching 
separation  Is  evident  In  the  Rg  and  H  distributions  shown  In  Fig.  17,  18,  20  and  21.  Kuhn  and  Nielsen's 
method  can  be  used  beyond  separation  and  although  It  shows  results  In  good  agreement  with  the  measurements 
there  for  Rg  and  H  In  the  Series  I  tests,  the  rapid  reduction  In  Rg  after  separation  measured  In  the 
Series  II  tests  is  not  reflected  In  their  prediction.  However,  tne  accuracy  of  the  measurements  there 
and  their  Interpretation  are  subject  to  some  doubt. 

In  view  of  the  generally  consistent  good  agreement  between  Bradshaw's  method  and  the  measured 
results  for  Integral  quantities  up  to  separation  It  was  thought  of  Interest  to  compare  the  predictions  of 
this  method  for  the  shear  stress  distributions  In  detail  with  those  measured.  Some  comparisons  are  shown 
In  Fig.  22  and  23  for  Series  I  and  these  reflect  the  fact  that  over  much  of  the  streamwise  development  of 
the  boundary  layer  the  agreement  Is  reasonable.  Although  the  predicted  shear  stress  near  the  surface  Is 
generally  a  little  higher  than  the  measured  value  there  is  good  agreement  at  the  wall  Itself.  However, 
near  the  separation  point  the  predicted  values  are  significantly  less  than  the  measured  values  In  the 
outer  half  of  the  boundary  layer  In  contrast  to  what  happens  near  the  surface.  Similar  comparisons  for 
the  Series  II  measurements  are  shown  In  Fig.  24  and  25.  Here  the  differences  between  the  predicted  and 
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measured  distributions  In  the  region  of  separation  are  even  nore  marked,  but  again  the  differences  change 
sign  at  a  little  more  than  half  the  boundary  layer  thickness  from  the  surface  with  the  predicted  values 
being  considerably  greater  than  the  measured  values  near  the  surface.  One  nay  Infer  from  this  that  the 
assumption  of  the  Bradshaw  method  that  the  shear  stress  and  the  turbulence  kinetic  energy  are  linearly 
related  Is  a  reasonable  overall  assumption  for  the  prediction  of  Integral  quantities  but  detail  It 
appears  to  lead  to  errors  of  one  sign  near  the  surface  and  of  the  opposite  sign  In  the  r  er  part  of  the 
boundary  layer,  and  these  errors  can  become  large  in  regions  of  strong  adverse  pressure  gradient. 

The  observed  degree  of  overall  agreement  between  the  measurements  and  the  predictions  of  the 
various  methods  considered,  differing  as  the  methods  do  In  their  assumptions  and  structure,  lends 
additional  support  to  the  Initial  Inference  drawn  from  the  experimental  evidence  referred  to  In  i?.  that 
the  flows  tested  could  be  regarded  as  two  dimensional.  Checks  of  the  overall  consistency  of  the  results 
In  satisfying  the  two  dimensional  momentum  Integral  equation  were  equally  encouraging,  but  It  must  be 
noted  that  this  Is  not  a  very  precise  test  where  the  pressure  gradients  are  large. 

5.  CONCLUSIONS 

It  Is  concluded  that 

(a)  Subject  to  care  being  taken  in  Interpreting  the  effective  origin  of  the  boundary  layer  where  the 
pressure  gradient  is  not  monotonic,  the  Stratford  method  Is  reasonably  reliable  for  predicting  separation 
positions  If  the  measured  pressure  distribution  Is  used. 

(b)  The  Townsend  method  Is  also  reliable  If  the  measured  pressure  distribution  Is  used  and  If  the  skin 
friction  at  the  beginning  of  the  region  of  adverse  pressure  gradient  can  be  accurately  determined. 

(c)  Of  the  various  methods  examined  for  predicting  the  development  of  turbulent  boundary  layers,  only 
the  Bradshaw  and  Kuhn  and  Nielsen  methods  give  acceptable  agreement  with  measurements  of  integral 
quantities  (e.g.  Cf,  Rg  and  H)  in  the  region  of  separation.  All  the  methods  showed  more  or  less  reasonable 
agreement  elsewhere  in  regions  of  small  to  moderate  pressure  gradient.  Surprisingly  enough.  It  seems  that 
the  Series  II  conditions  (monotonic  adverse  pressure  gradient)  provided  a  somewhat  more  severe  test  than 

the  Series  I  conditions  (Initially  favourable  pressure  gradient  followed  by  an  adverse  pressure  gradient), 

(d)  Comparison  of  the  predictions  of  turbulent  shear  stress  distribution  by  the  Bradshaw  method  with 
the  measured  distributions  Indicate  significant  differences  near  separation,  with  the  predicted  values 
being  larger  than  the  measured  values  near  the  surface,  but  they  are  smaller  than  the  measured  values  away 
from  the  surface.  This  suggests  that  the  assumption  of  linearity  between  the  turbulent  shear  stress  and 
the  turbulence  kinetic  energy  can  in  detail  lead  to  errors  of  one  sign  In  the  lower  half  of  the  boundary 
layer  and  of  the  opposite  sign  in  the  upper  half  and  these  errors  can  be  of  significant  magnitude  In 
regions  of  strong  adverse  pressure  gradient, 
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CHARACTERISTICS  OF  A  SEPARATING  INCOMPRESSIBLE  TURBULENT  BOUNDARY  LAYER 
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ABSTRACT 

Laser  and  hot-flls  aneaoaeter  aeasureaents  upstream  and  downstream  of  the  separation  aone  are  pre¬ 
sented  for  a  nominally  two-dimensional  Incompressible  turbulent  boundary  layer  for  an  airfoil  type  flow. 

The  directionally  sensitive  laser  anemometer  measurements  Indicate  that  the  location  of  Intermittent  sepa¬ 
ration  as  defined  by  Sandbom  Is  the  proper  location  of  where  the  flow  first  deflects  from  the  wall  to  re¬ 
lieve  the  Imposed  pressure  gradient.  Upstream  of  separation  the  correlations  of  Perry  and  Schofield  (1973) 
for  mean  velocity  profiles  are  supported  within  the  uncertainty  of  the  data.  The  separated  flow  field 
shows  some  profile  similarity  for  all  measured  quantities.  The  low  velocity  backflow  in  the  region  next 
to  the  wall  apparently  just  serves  to  satisfy  continuity  requirements. 

The  normal  stress  terms  In  the  momentum  and  turbulence  energy  equations  are  shown  to  be  Important 
near  separation  and  cannot  be  neglected  for  the  close  prediction  of  the  separation  location.  The  boundary 
layer  prediction  method  of  Bradshaw,  et  al.  (1974)  Is  modified  to  include  these  normal  stress  effects. 
Preliminary  results  show  considerable  Improvement  In  predictions  of  Cf/2  and  H  near  separation  and  the 
location  of  separation. 

NOMENCLATURE 


“1 

Cl 

Cf/2 

e 

U.fz 

F 


C 

h 

H 

L 

L 

I 

H 


u 

u’ 

U2 

Us 

U 

T 

U. 


M- 

Mp 


U+ 


;^w2 


-uv 


-uv/q^ 

constant  In  eqn.  (19) 

defined  by  eqn.  (3) 
defined  in  eqns.  (3)  and  (1) 

ratio  of  total  turbulence  energy  production 
to  shear  production,  eqn.  (IS) 

Bradshaw  large  eddy  diffusion  function 
constant  In  eqn.  (3) 

6*/6  shape  factor 

distance  from  wall  of  shear  maximum 
dissipation  length,  eqn.  (16) 
distance  from  wall  of  u^  maximum 
u^  +  v^  +  w^ 

streamwlse  mean  velocity 
(-uv) 

max 

max  pseudo-shear  stress,  defined  by  eqn.  (8) 

defined  by  eqn.  (1)  and  f;(0)  1 

^o/P 

free-stream  velocity 
U/U^ 

mean  square  streamwlse,  normal  and  spsnwlse 
velocity  fluctuations 

kinematic  Reynolds  shear  stress 


entrainment  velocity 
X  streasiwlse  distance 

y  distance  normal  to  the  wall 

y^  defined  In  eqn.  (7) 

y+  yU^/v 

Creek  Symbols 

a  angle  of  real  characteristic  with 

x-axls 

Yp  fraction  of  time  the  flow  moves 

downstream 

5  y  where  U  -  0.99U. 

*0.995  y  ''here  U  ■  0.995U. 

6*  dlsplacesient  thickness 

6  length  defined  by  eqn.  (2) 

ri,ri2  defined  by  eqns.  (3)  and  (I) 
e  momentum  thickness 

V  kinematic  viscosity 

p  density 

0^  defined  In  eqn.  (24) 

(B) 

1  shear  stress 

defined  In  eqn.  (24) 

Subscripts 

max  denotes  maximum  value 

0  denotes  wall  value 


1.  INTRODUCTION 

The  results  from  experiments  described  In  this  paper  are  concerned  with  a  nominally  two-dimensional 
Incompressible  turbulent  boundary  layer  on  a  flat  surface  which  separates  due  to  an  adverse  pressure 
gradient.  Many  experimental  Investigations  have  been  made  of  this  classical  problem,  but  nor.e  have  em¬ 
ployed  a  directionally  sensitive  laser  anemometer  to  determine  quantitatively  the  flow  structure  down¬ 
stream  of  separation.  It  Is  well  recognized  that  this  separated  flow  strongly  Influences  the  free-stream 
potential  flow,  whl'  'n  turn  Influences  the  upstream  flow  behavior.  The  primary  objective  of  this  re¬ 
search  program  Is  ti  ivlde  needed  experimental  Information  about  this  type  flow. 

In  addition  to  laser  anemometer  mes'urements,  hot-fllm  anemometer  measurements  were  also  obtained 
In  regions  where  the  flow  did  not  change  clrectlon.  Many  different  types  of  measurements  have  been  made. 
Including:  skin  friction,  mean  velocity  profiles,  turbulent  shearing  stress  and  Intensities,  downstream- 
upstream  flow  Intermlttency,  dissipation  rate,  and  separation  zone  location,  which  are  all  discussed  here; 
and  spectra,  wall  bursting  frequencies  and  spanwlse  structure,  turbulent-nan-turbulent  Interface  Inter¬ 
mlttency  and  frequency,  eddy  celerities,  and  downstream-upstream  flow  reversal  frequency.  All  of  these 
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measurements  arc  discussed  at  more  length  by  Simpson,  et  al.  (1974). 

One  of  the  most  Important  results  deduced  from  these  experiments  Is  that  the  normal  stress  terms  of 
the  momentum  and  turbulence  energy  equations  play  a  significant  role  In  the  flow  behavior  In  the  vicinity 
of  separation.  A  model  that  accounts  for  these  terms  Is  presented,  which  when  Incorporated  Into  the  Brad¬ 
shaw,  et  al.  (1967,  1974)  turbulent  boundary  layer  prediction  program  shows  close  agreement  with  the  ex¬ 
perimental  results  presented  here. 

2.  EXPERIMENTAL  EQUIPMENT 

Figure  1  la  a  side  view  schematic  of  the  16  foot  long,  three  foot  wide  test  section  of  the  blown 
wind  tunnel.  The  detailed  features  of  this  tunnel  as  used  in  the  current  experiments  are  given  by  Strick¬ 
land  and  Simpson  (1973).  The  test  boundary  layer  on  the  wind  tunnel  floor  was  an  airfoil  type  with  first 
flow  acceleration  and  then  deceleration  as  shown  in  figure  2.  To  eliminate  preferential  separation  of  the 
curved  Cop  wall  boundary  layer,  this  layer  was  removed  prior  to  the  last  eight  feet  of  test  section.  To 
provide  the  necessary  backpressure  to  blow  out  this  flow,  a  perforated  metal  plate  was  located  at  the  exit. 
Under  these  conditions,  this  tunnel  produced  a  free-stream  flow  uniform  within  0.05X  in  the  spanwlse  di¬ 
rection  and  within  IZ  In  the  vertical  direction  with  a  turbulence  intensity  level  of  0.  IZ  at  60  fps. 


Figure  1.  Sldeview  schematic  of  the  test  section.  Major  divisions  on  scales;  10  Inches.  Note  baffle 

plate  upstream  of  blunt  leading  edge  on  bottom  test  wall,  upper  wall  boundary  layer  scoop,  and 
perforated  metal  exit  plate. 


Just  upstream  of  the  blunt  leading  edge  of  the  test  wall,  33  smoke  ports  are  located  spanwlse  across 
the  wind  tunnel  contraction.  A  baffle  plate  deflects  the  smoke  In  the  free-stream  direction  and  tends  to 
produce  a  uniform  spanwlse  distribution  of  smoke.  The  room  temperature  smoke  used  for  laser  anemometer 
measurements  is  dioctal  phthalate  atomized  by  the  shearing  action  of  compressed  air  jets  to  approximately 
1  micron  particles. 

The  laser  anemometer  system  used  a  backscatterlng  fringe-type  arrangement  and  Is  discussed  in  some 
detail  by  Simpson,  et  al.  (1974)  and  Simpson  and  Barr  (1974a).  The  argon-ion  laser  beam  (4880A)passed 
through  an  ultrasonic  Bragg  cell.  The  horizontal  first-order  diffracted  beam,  which  was  shifted  25  MHz, 
and  the  unshlfted  beam  were  focused  to  form  real  moving  fringes  in  a  volume  0.0125  Inches  di -.meter  and 
0.140  Inches  long.  Signals  greater  than  25  .MHz  were  obtained  from  flow  moving  downstream  while  signals 
less  than  25  MHz  were  obtained  from  flow  moving  upstream.  Received  signals  from  this  volume  were  focused 
onto  the  plane  of  a  variable  aperture  diaphragm  .and  passed  through  a  narrow  window  ('5A°)  Interference 
filter  to  the  face  of  a  photomultiplier  tube.  All  the  optics  were  mounted  on  a  single  mobile  cart  which 
allowed  movement  along  the  wind  tunnel  test  section  and  provided  for  adjustment  In  all  three  directions. 

Sampling  spectrum  analysis  of  the  signals  was  used  because  of  the  high  signal  drop-out  level  en¬ 
countered  In  this  flow  with  the  low  particle  seeding  level  and  the  high  signal  frequencies  produced  by 
frequency  shifting  one  incident  beam.  Most  frequency  trackers  cannot  handle  either  of  these  signal  con¬ 
ditions.  The  basic  principles  of  this  signal  processing  method  are  explained  here  while  more  details  are 
given  by  Simpson  and  Barr  (1974b).  The  signal  from  the  photomultiplier  tube  is  input  to  a  swept  filter 
spectrum  analyzer.  Fur  each  sweep  of  the  analyzer  when  a  particle  Is  in  the  focal  volume,  a  vertical 
voltage  distribution  proportional  to  the  filter  output  Is  displayed.  The  simultaneous  horizontal  sweeping 
voltage  is  linearly  proportional  to  the  signal  frequency.  The  peak  of  the  vertical  voltage  distribution 
marks  the  frequency  of  the  passing  particle  signal  and  Is  used  as  a  gating  signal  to  allow  the  instanta¬ 
neous  value  of  the  horizontal  sweep  voltage  to  be  sampled. 

Prior  to  gating  the  horizontal  sweep  voltage  the  vertical  voltage  distribution  Is  fed  into  a  pulse¬ 
shaping  circuit  which  produces  a  pulse  simultaneously  with  the  occurrence  of  the  peak  value.  This  output 
pulse  is  used  to  trigger  a  sample-and-hold  circuit.  Into  which  the  horizontal  sweep  voltage  has  been  input. 
The  sampled  sweep  voltage  Is  held  by  the  sample-and-hold  circuit  until  a  new  signal  from  another  particle 
Is  detected.  The  output  of  the  sample-and-hold  circuit  Is  Input  to  a  SAICOR  model  41  digital  probability 
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•Mlyiar  to  obtain  a  aoaawhat  sauaalan-llka  hlatograa  of  output  voltagaa  which  ara  ralatad  to  partlcla 
valocltlaa.  Froa  a  hlatograa  obtalnad  for  a  (Ivan  location  In  the  flow,  tha  aaan  atraaawlaa  valoclty  U, 
tha  Man  aquare  atraaawlaa  fluctuation  velocity  u^,  and  tha  fraction  of  tlM  that  tha  flow  aovaa  down- 
atreaa  Yp  (downatreaa  flow  Intaralttancy)  ware  obtained  froa  tha  ralatlona 


!(£/,  -  U)2(iS) 


A'l’ 


ip  * 


where  (AA/A),  la  the  fraction  of  the  total  hiatogram  area  for  a  given  probability  analyaer  bln  correspond¬ 
ing  to  velocity  U  and  the  subscript  p  denotas  positive  velocity  quantities. 


Standard  Therao-Syateas,  Inc.  constant  teaperature  aneaoaeters,  llnearlsers,  algnal  condltlonera, 
and  corralator  were  uaed  In  the  Masureaents  reported  here.  Standard  Therao-Systeaa,  Inc.  0.001  Inches 
dlaaeter  platlnua-coated  quarts  rod  hot-flla  aanaora  were  used  in  the  normal  aenaor,  the  45*  alanted 
sensor,  and  the  dual  croaa-fila  probes  uaed  hare.  The  fluah  surface  mounted  hot-flla  sensors  used  for 
wall  shaar  stress  measurements  were  fabricated  at  SMU  and  are  described  In  detail  by  Strickland  and 
Slapson  (1973).  A  double  hot-flla  sensor  was  constructed  for  measuring  the  fraction  of  tlaa  the  flow  was 
downstream.  The  probe  consists  of  two  0.02  diameter  platinum  hot-flla  sensing  spots  180*  apart  on  the 
side  of  a  2  ma  diameter  quarts  rod  near  one  end.  The  probe  was  Inserted  through  the  test  wall  with  one 
sensor  facing  upstream  and  one  downstream.  The  sensing  spots  were  approximately  0.75  Inches  froa  the  wall. 


3.  DESCRIPTION  OF  THE  TEST  FLOW 


The  test  boundary  layer  flow  on  the  wind  tunnel  floor  was  an  airfoil  type  with  first  flow  accelera¬ 
tion  and  then  deceleration.  All  experimental  data  were  obtained  with  the  temperature  and  stagnation 
pressure  being  maintained  essentially  constant  at  77*F  and  1.310  Inches  of  water. 

In  the  bottom  wall  boundary  layer  the  static  pressure  at  the  wall  Is  essentially  equal  to  that  at 
the  boundary  layer  edge  except  at  the  last  station  measured  (183  ).  However,  In  the  center  portion  of 
the  boundary  layer  the  static  pressure  tends  to  be  less  than  the  at  the  wall  or  freestreaa.  Spangenberg, 
et  al.  (1967)  also  noted  such  a  phenomenon  In  their  separating  flow.  This  can  first  be  noticed  In  the 
present  flow  at  station  103.8,  although  the  variation  Is  only  on  the  order  of  .003  inches  of  water  with 
the  uncertainty  being  about  0.002  Inches  of  water.  At  station  157.1  the  variation  la  approximately  .020 
Inches  of  water.  Rotta  (1962)  shows  by  use  of  the  y  momentum  equation  that  the  static  pressure  In  the 
boundary  layer  Is  less  by  an  amount  equal  to  pv^  from  that  of  the  freestream.  This  appears  to  account  for 
the  variation  for  stations  up  through  station  139.1.  At  stations  157.1  and  183.6  the  factor  pv'  accounts 
for  only  about  1/3  to  1/2  of  the  variation.  The  existence  of  a  significant  pressure  gradient  nonaal  to 
the  wall  near  station  183.6  Is  produced  by  exit  screen  effects  and  Is  responsible  for  the  lack  of  agree¬ 
ment  at  that  station  as  discussed  by  Strickland  and  Simpson  (1973). 

Figure  2  shows  the  free-stream  velocity  distributions  along  the  tunnel  center  line  obtained  using 
the  stagnation  pressure  and  these  several  static  pressure  measurements.  The  agreement  of  these  results 
Indicate  a  rather  uniform  pressure  across  the  freestream.  Near  the  exit,  the  velocity  calculated  from  the 
wall  tap  data  Is  seen  to  be  about  5X  higher  than  that  obtained  using  free-stream  static  pressurea.  This 
Is  due  to  the  wall  static  pressure  bei.ig  lower  than  that  In  the  freestream.  This  effect  Is  prlMrlly  pro¬ 
duced  by  the  curvature  of  the  free-stream  flow  toward  the  bottom  wall  as  the  perforated  sheet  metal  exit 
cover  with  Its  associated  high  pressure  drop  Is  approached. 

Figure  3  shows  the  pressure  gradient  measured  along  the  centerline  of  the  bottom  wall.  Just  down¬ 
stream  of  the  location  of  the  upper  wall  scoop  (96  Inches),  the  slope  of  the  static  presaure  gradient 
changes  sign.  Near  station  128  Inches  the  pressure  gradient  abruptly  drops  to  an  approxlMtely  constant 
value  downstream. 


Figure  2.  Freestream  velocity  distribution 
O  F'rom  bottom  wall  static  taps 
Q  From  bottom  B.L.  probe  (pitot) 
^  From  top  B.L.  probe  (pitot) 


tTATION,  in. 

Figure  3.  Pressure  gradient  along  bottom  wall 


Three-dlmenslonallty  of  the  mean  flow  Is  often  thought  to  dominate  separating  boundary  layers.  Con¬ 
sequently,  several  types  of  measurements  and  observations  were  made  to  assess  this  condition.  Boundary 
layer  velocity  profiles  using  Impact  probes  were  obtained  to  examine  the  upper  wall  and  bottom  wall  flow 
behavior  (Strickland  and  Simpson,  1973).  Mean  streamwlae  velocity  profiles  taken  across  the  center  12 
Inches  of  the  bottom  wall  Indicate  that  the  flow  was  two-dimensional  within  ubout  1  fps.  Wall  static 
pressures  measured  In  the  same  region  are  within  IX  of  the  dynamic  pressure  of  being  uniform  across  the 
flow.  Mass  flow  balance  considerations  Indicate  that  the  effective  convergence  of  the  flow  due  to  side 


wall  boundary  layer  growth  Introduces  aone  small  three-dlmenalonality .  The  maximum  value  of  thla  conver¬ 
gence  occurs  near  station  120  Inches  and  la  approximately  0.07  Inches/Inch  of  flow  length.  Prediction  of 
this  flow  up  to  eeparatlon  by  the  Bradshaw  et  al.  (1967)  method,  with  and  without  the  measured  convergence 
effect,  indicates  that  there  was  a  negligible  affect  of  convergence. 

Data  obtained  with  the  sensor  slanted  with  45°  angle  to  the  stem  was  also  used  to  obtain  an  estimate 
of  the  crossflow  velocity  along  the  .unnel  centerline.  By  obtaining  mean  voltage  signals  at  different  stem 
orientations,  the  W  and  U  components  could  be  deduced  at  a  given  spatial  location.  Results  obtained  up¬ 
stream  of  station  124.8  inches  indie  ite  negligible  crossflow  within  the  small  uncertainty  of  aligning  the 
probe  with  the  tunnel  centerline.  Downstream  the  peak  values  of  W  appear  in  regions  near  the  wall  where 
the  mean  velocity  U  is  small.  The  value  of  W  indicated  in  these  regions  is  less  than  1.5  fps  or  about  3Z 
of  the  free-stream  velocity.  However,  as  discussed  below,  incipient  flow  separation  and  backflow  occur  in 
these  regions  so  these  latter  results  from  the  directionally  insensitive  hot-film  sensor  are  susplclt  s. 

Some  asbestos  particles  were  introduced  at  tlie  downstream  portion  of  the  separation  zone  and  migrated 
upstream  until  a  dune,  straight  within  about  2  inches,  was  formed  perpendicular  to  the  streamwlse  direction 
across  the  tunnel  floor.  Thus,  within  the  uncertainty  of  the  instrumentation  and  techniques  employed,  the 
apparent  mean  three-dimensionality  uncovered  by  all  of  these  measurements  appears  to  be  minimal  upstream 
of  station  124.8  inches  and  small  downstream. 

4.  EXPERIMENTAL  RESULTS 

4 . 1  Mean  velocity  and  downstream  flow  intermlttency 

Figures  4  and  5  present  laser 
anemometer  results  for  the  mean  ve¬ 
locity  along  with  downstream  flow 
results  from  the  normal  hot-film 
and  impact  probes.  Table  1  presents 
characterizing  parameters  for  this 
flow.  The  laser  anemometer  results 
were  obtained  from  two  different 
optical  setups  at  different  times. 

Turbulence  intensity  measurements 
from  the  earlier  work  (Simpson,  et 
al.  1973)  were  known  to  be  in  error 
due  to  dispersion  bandwidth  limi¬ 
tations  of  the  spectrum  analyzer 
used  at  t)iat  time.  The  signal  pro¬ 
cessing  technique  described  above 
and  by  Simpson,  et  al.  (1974) 
seems  to  have  alleviated  that  prob¬ 
lem.  Good  agreement  between  these 
two  sets  of  results  is  observed. 

Simpson,  et  al.(1973)  liave  noted 
good  agreement  between  the  Impact 
probe  and  hot-film  mean  velocity 
profiles  fur  tlie  downscream  flow, 
accounting  for  turbulence  intensity 
effects. 

Figure  6  shows  rp  measured 
0.010  Inches  from  the  test  wall 
while  figure  7  shows  ip  at  the 
several  streamwlse  locations.  For 
Tp  -  0.8,  we  can  see  from  figure  4 
tnat  the  normal  hot-film  data  a- 
gree  with  the  laser  anemometer 
results,  even  though  some  signal 
rcr t if icat ion  effect  is  present. 

As  mentioned  in  section  2 
above,  the  double  hot-film  sensor 
was  constructed  fur  measuring  tp 
and  the  frequency  of  flow  reversal. 

The  original  Intent  was  to  sub¬ 
tract  the  signals  from  the  two 
sensors,  thus  producing  a  positive 
signal  when  the  flow  was  in  one  di¬ 
rection.  However,  thermal  coupling 
and  other  problems  (.Strickland  and 
Simpson,  197 J)  prevented  this.  In¬ 
stead,  mean  voltage  signals  from 
each  sensing  spot  were  obtained 
with  each  spot  oriented  both  up¬ 
stream  and  downstream.  Using  the 
non-linear  cooling  relationship 

for  film  sensors,  it  was  determined  (Strickland  and  Simpson,  1973)  that  rp  •  1/2  when  the  mean  voltage 
signals  from  a  sensor  facing  upstream  and  downstream  were  equal.  This  condition  was  satisfied  al  station 
132,  in  agreement  with  the  laser  anemometer  result  shown  on  figure  6. 


Figure  4.  Mean  velocity  profiles;  -F  Impact  probe,  Q  normal  hot 
film,  ^  laser  anemometer  (Simpson,  et  al.  1973),  Q 
present  laser  anemometer.  Solid  lines;  stations  60  and 
88.6,  predictions  of  Bradshaw,  et  al.  method;  stations 
103.8  .and  124.3,  correlation  of  Perry  and  Schofield; 
stations  139.1  and  157.1,  visual  aid  only.  Dashed  line: 
equation  (11).  — • —  :  predictions  with  normal  stress 
effects . 
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4.2  Turbulence 

Leser  aneaoaecer  signal  effect!  on  the  turbulence  Intensity  u^  were  found  to  be  negligible  for  the 
data  presented  here  (Slapson,  et  al.,  1974).  Tlie  effects  examined  were  transit-time  broadening,  velocity- 
gradient  broadening,  and  low  velocity  particle  biasing.  Simpson,  et  al,  (1974)  reported  good  agreement  of 
these  data  with  u^  obtained  from  the  cross-film  probe  for  Vp  >  0.95.  Velocity  probability  diagrams  ob¬ 
tained  using  the  normal  hot-fllm  Indicated  a  doublad-peaked  distribution  for  Yp  ^  0.95,  which  evidently 
indicates  some  rectification  effect.  For  Yp  <  1,  the  hot-fllm  measured  u^  was  drastically  lower  than  the 
laser  anesximeter  value. 

Figure  8  shows  downstream  separated  flow  stations,  where  ^max  and  M  are 

the  maximum  mean  square  fluctuation  and  Its  location  for  that  profile.  The  observed  similarity  Is  fairly 
good  for  y/M  <  1  even  at  station  124.6  where  Yp  i  0.8.  At  all  other  stations  shown  In  that  figure,  simi¬ 
larity  throughout  th**  profiles  Is  shown.  It  is  interesting  to  note  Yp  appears  to  approach  unity  for  each 
profile  In  the  vicinity  of  the  maximum  observed  u^  value.  A  plot  of  uVU^  vs.  x  for  0.010  Inches  off  the 
wall  shows  that  the  maximum  value  occurs  near  station  132,  which  Is  consistent  with  the  location  of  Yp  " 
0.5  shown  in  figure  5,  the  location  of  lero  mean  wall  shearing  stress  shown  in  figure  10,  and  the  maximum 
surface  hot-fllm  fluctuation  signals  presented  by  Simpson,  et  al.  (1973). 

Hot-fllm  measurements  of  u^,  w^,  and  -uv  were  also  reported  by  Simpson,  et  al.  (1974)  for  Yp  ’  0.8. 
Figure  9  presents  -uv/U„^  results  for  the  several  stations  for  Yp  *  0.95  obtained  by  cross-film  ana  slant- 
film  probes.  Agreement  between  measurements  made  at  the  same  station  by  both  probes  is  within  20Z  while 
the  uncertainty  of  each  measurement  was  estimated  to  be  about  IIZ. 

Spectral  data  for  u^  were  obtained  for  Yp  ~  1  using  the  normal  hot-film  probe  and  were  used  togeth¬ 
er  with  the  -5/3  law  of  the  inertial  subrange  to  determine  the  turbulence  energy  dissipation  rate.  The 
dissipation  rate  was  also  estimated  using  tha  assumptions  of  local  Isotropy  and  Taylor's  hypothesis  for 
convection  velocities.  Agreement  of  results  between  these  two  methods  was  within  20Z  at  stations  upstream 
of  103.8  inches  but  was  somewhat  poorer  at  the  downstream  stations  near  separation.  Details  about  these 
measurements  and  the  results  are  presented  by  Simpson,  et  al.  (1974). 


Figure  8.  Streamwise  normal  stress  in  the 
separated  region  normalized  on 
the  maximum  stress  and  the  distance 
from  the  wall  to  the  maximum. 


location 

124.6 

M/« 

0.40 

17.6  X  10-^ 

(U/U„)m/4 

0.47 

□ 

139.6 

0.58 

27  x  10-5 

0.52 

0 

157.1 

0.65 

36  x  10'5 

0.52 

X 

183.6 

0.66 

58  x  10-5 

0.59 

4 . 3  Wall  shearing  stress  results 


Four  different  ways  of  deducing  the  mean  wall  shearing  stress  distribution  were  used  and  the  results 
reported  in  some  detail  by  Simpson,  et  al.  (1973):  the  velocity  profile  crossplot  used  by  Coles  and  Hirst 
(1968),  the  Preston  tube  technique,  flush  surface  mounted  hot-film  sensors,  and  the  Ludwleg  and  Tillmann 
skin  friction  correlation.  Tlie  flush  surface-mounted  hot-fllm  sensors  were  also  used  to  deduce  shearing 
stress  fluctuations.  The  crossplot,  Preston  tube,  and  Ludwleg  and  Tillmann  methods  require  the  existence 
of  a  universal  logarithmic  law-of-the-Wisll .  All  velocity  profiles  obtained  upstream  of  about  station 

124.3  inches  indicated  similar  logarithmic  regions. 


The  agreexent  of  the  mean  wall  shearing  stress  values  obtained  by  the  several  methods  is  reasonably 
good.  F.8tlmated  uncertainties  for  each  type  of  result  were  computed  with  the  largest  uncertainties  occur¬ 
ring  at  station  124.3  Inches.  The  Coles  crossplot  and  Ludwleg-Tl 1 Imann  methods  using  hot-fllm  velocity 
profile  data,  the  flush  hot  film,  and  the  Preston  tube  produce  results  within  <  16Z  at  this  station.  Con¬ 
sidering  the  small  value  of  Cf/2  being  measured,  this  agreement  is  gratifying.  These  results  are  shown  in 
figure  10.  The  data  obtained  by  the  flush-mounted  hot-film  sensors  are  not  dependent  on  the  notion  of  a 
logarithmic  wall  region.  This  would  tend  to  suggest  that  the  law-of-the-wal  1  holds  until  near  where  Yp-  1 
first  at  the  wall,  since  there  appears  to  be  reasonable  agreement  between  flush-mounted  hot-film  data  and 
the  methods  which  utilize  the  law  of  the  wall. 
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The  fact  that  only  abao- 
lute  ahaarlng  atraaaaa  art 
datectad  axplalna  In  part  why  a 
aaan  value  of  ahaarlng  atreaa 
equal  to  taro  waa  never  obaarvad 
froa  the  fluah-aountad  hot-flla 
data  In  the  region  of  separation. 

Since  tlaa-averagad  backflow  was 
obaarvad  downstreaa  of  station  132 
by  laser  aneBoaeter  aaasureaents 
near  the  wall,  those  shearing 
atresses  ara  presented  as  negative 
values.  No  atteapts  to  correct 
the  aean  shearing  stresses  In  the 
separation  region  for  the  rectifi¬ 
cation  effect  were  made. 

The  apparent  aean  wall 
friction  coefficient  waa  also 
evaluated  froa  the  laser  aneaose- 
ter  data  using  the  relation 
Cf/2  ■  (v/U,^) (iU/Ay) ,  where 
Ay  ■  0.010  Inches  and  AU  the  ve¬ 
locity  at  0.010  inches.  This 
method  gave  values  of  Cf/2  about  *UF 
loot  too  high  as  compared  with  the  yi 
estlaates  given  by  the  surface  * 

hot-fllm  results.  However,  these 
results  did  Indicate  that  the  mean 
wall  shear  changed  sign  at  about 
132  Inches  position  where  ip  -0.3. 

3.  DISCUSSION 

The  Bradshaw,  et  al.  (1974) 
computer  program  was  used  to  pre¬ 
dict  the  behavior  of  this  boundary 
layer.  Velocity  and  shear  stress 
profiles  at  station  28  Inches  were 
Input.  The  side  wall  boundary 
layer  effects  on  the  convergence 
were  accounted  for,  but  there  was 
much  less  than  IT  difference  when 
this  effect  was  Ignored.  The  sur¬ 
face  shear  stress  distribution 
shown  In  figure  10  Indicates  good 
agreement  up  to  about  station  108 
with  the  flush  surface  sensor  re¬ 
sults  while  the  mean  velocity 
profiles  were  In  good  agreeaent 
only  up  to  about  station  70.  Be-  Figure  9. 
cause  of  this  good  agreeaent  up 
to  this  streamwlse  location,  the 
discussion  here  will  be  limited 
to  the  downstream  region. 


-uv/U.,,''  distributions;  Q  ^^toss  film,  ^  slant  hot-fllm. 
Solid  lines:  pseudo-shearing  stress  distributions; 
dashed  line:  prediction  of  Bradshaw,  et  al,  method,  no 
normal  stresses;  — •  —  :  current  prediction  with  norisal 
stress  effects.  Note  displaced  ordinates. 


Perry  and  Schofield  (1973)have  recently  proposed  a  correlation  for  unseparated  flow  mean  velocity 
profiles  In  the  presence  of  strong  adverse  pressure  gradients,  based  upon  145  mean  velocity  profiles  from 
flows  on  flat  or  slightly  curved  surfaces  taken  from  Coles  and  Hirst  (1968)  and  Including  both  equilibrium 
and  non-equtllbrlum  profiles.  This  correlation  only  applies  when  the  maximum  shearing  stress  U|.(^  •  ^““''^max 
exceeds  3/2U,‘,  where  U,  Is  the  wall  shear  velocity.  In  tlie  present  results,  only  stations  103.8  and 
124.3  meet  this  requirement. 


They  proposed  that  the  outer  flow  be  described  by 


U.  -  U 

— ^ —  -  f2(''2)  •  hj  -  y/A  (1) 

s 


where  12(^2)  is  a  universal  function,  f2(0)  ■  1  defines  the  velocity  scale  U,,  and  A  Is  determined  through 
the  displacement  thickness  6*  Integral 


Near  the  wall 


A  •  2.86 

Us 


(2) 


(3) 
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I. 


Figure  10.  Friction  factor  distributions;  O 
flush  hot  film,  ^  Preston  tube,  ^  crossplot  of 
hot-fllm  data,  ^  from  Ludwleg  and  Tlllmann  rela¬ 
tion  (Simpson,  et  al.  1973).  Solid  line  -  visual 
aid  only;  dashed  line  -  prediction  of  Bradshaw, 
et  al.  (1967)  method;  — • —  :  current  prediction 
with  normal  stress  effects.  Experimental  F  and 
H.  0- 


where  h  is  a  constant  and  L  Is  the  distance  from 
the  wall  to  the  maximum  In  the  local  shear  stress 
profile.  The  proposed  relation  for  e  was  empiri¬ 
cally  determined.  The  existence  of  an  overlap 
region  between  fj  snd  f2  requires  that  1''  that 
region 

f(nj) 

and  that 


E 

8 


Figure  11.  Half-power  mean  velocity  profile  relation¬ 
ship  near  the  wall  upstream  of  separation.  Station 
103.8:  X  hot-fllm;  Q  anemometer;  A  •  2.96; 

point  B  -  predicted  point  of  tangency  y^;  point  C  - 
y'*'  •  32.  Station  124.3:  *  hot-fllm;  ^  laser  anemo¬ 

meter;  A  ■  8.S6;  point  0  -  y'^  >  10.  Solid  lines  - 
6.4  slope;  dashed  line  -  8.05  slope. 


r" 

•  > 


0 

0  Oi  04  0* 


Figure  12.  H  vs.  ^  present  dsta:  sta¬ 

tions  88.2,  103.8,  124.3,  139.1  sod  157.1,  respective¬ 
ly,  for  Increasing  H.  Shaded  areas  -  dsts  for  Inter¬ 
mittent  and  fully-developed  separation  (Sandborn  and 
Kline,  1961).  Path  predicted  from  Perry  and  Schofield 

velocity  profiles  — .  Solid  line  -  Intermittent 

separstlon;  — • —  fully  developed  separation  (Sand- 
born);  —  •  • —  data  of  Sandborn  and  Liu  (1968). 


where  the  constants  were  empirically  determined. 

Within  the  inner  flow  nearest  the  wall  equation  (3)  takes  the  usual  logarithmic  form  for  y'*'  >  30 


V*  -  Inly"^!  ♦  5.0  (6) 

0.41 

I  and  U*  ■  y^  In  the  viscous  sublayer.  The  point  of  tangency  between  equations  (3)  and  (6)  occurs  at 

I 

(  y  ■  0.58e  or  y  /A  •  37.1  U  ^ (7) 

i4  c  c  T  n 

1/2 

For  the  data  presented  here  Ug/U.  was  determined  from  a  U/U„  vs.  (y/i)  plot  with  the  slope  of 
j  the  half-power  region  extrapolated  to  the  wall,  as  suggested  by  Perry  and  Schofield.  This  and  other  para- 

I  meters  are  shown  In  Table  2.  In  terms  of  U/U„  vs.  y/4,  the  center  of  the  band  of  data  presented  In  figure 

6(al  by  Perry  and  Schofield  for  f2(n2)  is  plotted  on  figure  4.  For  station  103.8  there  is  very  good  agree- 
reent  with  the  measurements  and  the  scatter  is  well  within  the  scatter  of  the'r  correlation.  For  station 
124.3,  there  Is  more  deviation  but  the  present  results  fall  alony,  the  edge  of  the  scatter  in  their  corre- 
'  lation. 
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Nearer  the  wall  there  le  sone  scatter  In  the  present  results,  as  shown  In  figure  11,  but  equations 
(3)  and  (4)  seem  to  be  roughly  satisfied.  At  station  103.8  the  slope  of  equation  (4)  seems  to  be  satis¬ 
fied  by  the  laser  results  while  the  hot-fllm  results  require  about  a  8.05  slope.  The  predicted  point  of 
tangency  is  substantially  further  out  In  the  boundary  layer  than  the  inner  edge  of  the  logarithmic 
region.  At  station  124.3  the  predicted  point  of  tangency  occurs  In  the  sublayer,  so  supposedly  no  loga¬ 
rithmic  region  remains.  However,  It  should  be  recalled  from  section  4.3  that  good  agreement  between  wall 
shear  stress  measurements  that  do  and  do  not  require  the  assumption  of  a  logarithmic  law  of  the  wall  seems 
to  support  the  existence  of  some  logarithmic  region  at  this  station.  Plots  of  IT^  vs.  y***  (Simpson,  et  al., 
1973)  also  support  equation  (6)  near  the  wall  at  these  two  locations.  Figure  5  shows  a  logarlthmlc-like 
region  for  station  124.3  for  y/6  <  0.01.  When  U  0,  h  0  and  equations  (3)  and  (4)  should  become  Inde¬ 
pendent  of  U^.  Evidently  this  condition  is  being  approached  at  station  124.3 


The  experimentally  determined  values  of  Ug/U).|  and  A/L 
fall  within  the  scatter  of  the  plot  from  which  Perry  and 
Schofield  obtained  equation  (5).  However,  better  agreement 
with  equation  (3)  Is  obtained  If  the  "pseudo-shearing  stress" 
Is  used 


y 


J  max 


(8) 


for  the  maximum  shear,  (x-dlrection  derivatives  were  estimated 
using  the  (u"^  -  v^)  profile  similarity  along  the  flow.  For 
more  details  see  Simpson,  et  al.  (1974).)  Curves  showing 
U|i{p^/U„^  are  given  In  figure  9.  The  reason  for  using  this  Is 
that  Perry  and  Schofield  neglected  the  normal  stresses  term  In 
the  differential  momentum  equation  (Rutta,  1962) 


L' 


+  V 

3x  ay 


+ 


dP_^ 

“dx 


ix 


dy  (9) 


103.8 

124.3 

1'3/u. 

0.7 

0.96 

“s/«M 

17.64 

17,38 

‘'s/“Mp 

16.7 

15.74 

0.0606 

0.00453 

A/6 

1.01 

1,29 

L/6 

0.25 

0.45 

Table  2.  Perry  and  Schofield 

correlation  parameters  from 
the  present  experimental 
data. 


when  they  produced  shear  stress  profiles  from  mean  velocity  profiles  and  this  equation.  Consequently, 
they  were  effectively  calculating  U 

np 

The  data  analysis  of  Perry  and  Schofield  did  not  support  the  mixing  length  theories  (Townsend,  1962; 
McDonald,  1969)  which  predict  a  significant  departure  from  equation  (6)  under  strong  adverse  pressure 
gradl''nts.  The  present  resul  s  do  not  support  those  theories  either.  These  theories  are  predicated  on  a 
linear  shearing  stress  distribution  near  the  wall  being  a  function  of  pressure  gradient  while  Ignoring  the 
normal  stress  terms.  For  station  124.3,  the  present  data  suggest  that  at  y/6  >  0.05 


■I  (-uv/U^‘) 

>(y/6) 


2  x  10 


while 


63  (i?  -  ^)  , 
3x 


5  X  10 


so  that  near  sepaiation  near  the  wall,  normal  stress  terms  are  quite  significant  in  the  momentum  equation 
as  compared  to  the  shear  term.  Also  note  that  while  the  -uv  measurements  near  the  wall  are  relatively  un¬ 
certain,  1  jieems  to  be  fairly  constant  and  agrees  with  the  wall  value,  an  observation  consistent  with  other 
measured  -uv  data  (Newman,  1951). 

The  description  of  tii''bulcnt  boundary  layer  separation  is  not  clear  cut  as  In  a  steady  laminar  flow, 
where  separation  is  presumed  to  occur  at  a  location  along  the  flow  where  the  wall  shear  vanishes.  Turbu¬ 
lent  separation,  or  intermittent  separation  according  to  Sandborn  and  Kline  (1961),  occurs  at  the  upstream 
point  at  the  wall  where  backflow  begins  on  an  Intermittent  basis.  This  point  Is  the  Intermittent  sepa¬ 
ration  point  or  the  turbulent  separation  point.  Downstream  of  this  location  yp  decreases  along  the  wall 
in  the  Intermittent  separation  leglon  where  flow  moves  both  upstream  and  downstream  on  an  Intermittent 
basis.  Tlie  so-called  fully-developed  separation  point  or  time-averaged  separation  point  Is  where  the 
average  wall  shear  stress  Is  zero. 

It  is  clear  from  figure  6  that  intermittent  separation  begins  somewhere  downstream  of  station  120. 

At  station  124,  ,p  -  0.8  near  the  wall,  which  as  pointed  out  In  section  4.1,  appears  to  be  about  the 
lowest  value  of  rp  fur  which  the  hot-film  mean  velocity  values  are  not  appreciably  affected  by  signal 
rectification.  This  would  appear  to  be  a  good  criterion  for  the  beginning  of  Intermittent  separation, 
considering  also  the  uncertainty  In  measuring  yp  as  noted  In  figure  6.  Figures  2  and  3  Indicate  that  Che 
pressure  gradient  drops  off  rapidly  after  Intermittent  separation. 

Figure  12  presents  the  separation  criteria  of  Sandborn  as  discussed  by  Sandborn  and  Kline  (1961), 
which  .are  based  on  examination  of  many  laminar  and  turbulent  separation  velocity  profllcc.  For  InCer- 
mitcent  separation  the  followln,;  relation  was  proposed 

H  -  1  +  (1  -  6*/6o.„5)”^  (10) 

while  the  laminar  velocity  profile  at  zero  wall  shear  was  proposed  to  predict  the  H  vs  6*/6o.g95  at  which 
fully-developed  separation  was  located.  The  present  data  are  in  good  agreement  with  these  criteria.  Al¬ 
though  no  velocity  profile  data  were  taken  at  station  132,  interpolating  betweun  the  124.3  and  the  139.1 
data  points  on  figure  12  places  132  somewhere  near  Che  fully-developed  separation  curve.  The  data  of 
Sandborn  and  Liu  (1968),  which  agree  with  these  criteria,  Indicated  that  y^  -  0..’  near  the  wall  at  Inter¬ 
mittent  separation,  somewhat  agreeing  with  the  above  proposal  that  yp  '  Q.g  at  Intermittent  separation. 
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Use  of  the  Perry  and  Schofield  correlation  lapllea  that  there  Is  only  one  U  vs.  d^/dg  99;  path  that 
a  flow  can  follow  to  separation.  This  Is  Inplled  through  equation  (1),  which  can  be  Mnipulated  using 
their  12(02)  correlation  plot  to  produce  the  curve  shown  on  figure  12  for  this  path.  If  one  allows  U,->  U. 
which  laplles  that  the  half-power  relation  approaches  the  wall,  then  0  and  separation  la  predicted 

at  H  •  2.28.  Which  separation?  Judging  froa  all  these  data  and  figure  12  It  can  only  be  the  Interalttent 
separation,  although  this  prediction  la  only  fair.  The  data  usea  by  Perry  and  Schofield  were  obtained 
froa  flows  over  low-curvature  faired  aurfocea  such  as  the  data  presented  here.  The  data  of  Sandborn  and 
Liu  was  obtained  after  a  moderately  large  nange  In  curvature.  The  H  vs.  d*/dQ,995  path  for  those  data 
was  at  considerably  lower  d*/dg,995  than  the  data  presented  here  or  the  Perry  and  Schofield  path.  Evidently 
the  curvature  effect  la  Important  In  determining  this  path,  and  the  Sandborn  criteria  for  separation  are 
thus  more  general. 

Downstream  of  separation  the  outer  mean  velocity  profiles  behave  similarly  to  a  two-dimensional 
mixing  layer.  For  U/U.  >  0.3  the  eo-.  *ion  presented  by  Strickland  and  Simpson  (1973) 


U  -  Ug 


I  1  +  erf 

2  ( 


(11) 


was  found  to  fit  the  mean  velocity  profiles,  where  6'  •  35,  Ug/U„  •  0.2,  y'  Is  measured  from  U/U„  ■  0.6 
near  the  siaximum  shear  locations,  and  x*  is  measured  from  88  Inches.  As  shown  on  figure  4  this  relation 
does  not  fit  the  data  at  124.3  very  well.  The  value  of  5'  Is  about  twice  Che  value  obtained  for  mixing 
layers  with  zero  pressure  gradient  and  with  Ug/U_^  0.2  (Halleen,  1964). 


Rather  flat  mean  velocltv  profiles  are  observed  for  y/5  <  0.15  downstream  of  the  beginning  of  inCer- 
mlccenc  separation.  This  low  velocity  region  evidently  Just  serves  the  function  of  providing  Just  the 
small  amount  of  net  backflow  tequlred  to  satisfy  the  continuity  requirement  after  the  energetic  flow  near 
the  freestream  has  deflected  away  from  the  wall  upon  separation.  In  the  same  region  Yp,  U,  and  the  average 
positive  velocity  also  remain  fairly  flat,  as  seen  In  figures  5  and  7,  also  Indicating  that  the  average 
negative  velocity  Is  also  about  constant. 


Figure  8  strongly  suggests  that  there  Is  some  flow  field  similarity  downstream  of  separation,  with 
the  maximum  streamwise  rms  fluctuation  and  the  distance  M  from  the  wall  to  the  location  of  this  maxi¬ 

mum  bel,  the  velocity  and  length  scales,  respectively.  Figure  4  indicates  Chat  the  location  of  ma/imum 
occurs  at  U/U„  ^  0.5  for  stations  139.1  and  157.1  while  the  mean  velocity  changes  direction  at  y/M < 0.25. 
The  velocity  profile  similarity  equation  (11)  also  Indicates  mean  velocity  profile  similarity,  at  least  In 
the  outer  region.  Yp  also  provides  further  evidence  of  similarity. 

The  data  shown  on  figure  7  were  replocted  to  test  the  proposed  similarity  relation 


P  P., 


1  -  r. 


g(y/M) 


an 


where  Yp  Is  the  near  wall  value  shown  In  figure  6.  For  stations  downstream  of  intermittent  separation, 

Q 

equation  (12)  was  s.<tlsfied  within  about  i0.05  at  a  given  y/M.  An  empirical  curve  fit,  accounting  for  the 
linear  portion  and  the  tail  near  y/M  •  1,  produces 


g(y/M) 


1.58  -  0.08J 


0.1  < 


-  0.453  exp  1^  -27.1(1  -  y/M)^ 
y/M  <_  1 


Thus  the  separated  flow  field  similarity  Is  supported  by  all  the  data  presented  here. 


(13) 


The  turbulence  structure  seems  representative  of  previous  adverse  pressure  gradient  work,  although 
the  effects  of  the  normal  stress  terms  have  not  previously  been  emphasized  (Simpson,  et  al.,  1974).  The 
parameter  -uv/q^  -  a^,  whlc'i  Is  fairly  constant  across  the  middle  of  s  boundary  layer,  represents  the  fact 
that  In  most  flows  the  tutoulence  energy  Is  a  direct  result  of  shear  production.  Bradshaw  (1967)  obtained 
values  of  aj  aiound  0.15  for  two  equilibrium  type  adverse  pressure  gradient  flows,  with  values  as  low  as 
0.1  for  scail  values  of  y/i.  Upstream  at  stations  88.2  and  103.8,  ai  has  a  value  of  about  0.13  near  the 
outer  boundary  layer  edge  and  smaller  values  closer  to  the  wall.  In  fair  agreement  with  Bradshaw's  result. 
At  station  124.3  S]  Is  substantlully  smaller  near  the  wall.  Indicating  either  too  low  -uv  measurements  or 
some  other  source  of  turbulence  production. 


The  normal  stress  production  term  Is  not  negligible  In  the  turbulence  energy  equation 

-uv  -  -  -  ^)  - 


iz] 

r  £v  9.  i 

+  e  - 

[  2  3x  2  3y  J 

3y 

L  P  !’  J 

(14) 


where  the  terms  are  advectlon,  diffusion,  dissipation,  shear  production,  and  normal  stress  production, 
respectively.  Figure  13  shows  estimates  of  the  ratio  of  normal  stress  to  shear  production  for  the  several 
stations,  along  with  the  results  of  Schubauer  and  Klebanoff  (1951)  near  separation.  If  we  multiply  ai  by 
the  factor 


F  -  1  _  (u^  -  v^)  3U/8X 
-uv  3U/3y 


(15) 


14-11 


Figure  13.  Ratio  of  nonal  stress  production  to  shear  stress  pro¬ 
duction  at  the  several  streaowlse  locations:  O  103.8, 

Ci  124.3,  O  139.1,  X  157.1.  Solid  line  shows  results 
of  Schubauer  and  Klebanoff  flow  near  separation,  24.5 
feet . 


which  is  the  ratio  of  total  pro¬ 
duction  to  shear  production,  then 
aiF  should  represent  the  ratio  of 
of  the  total  turbulence  production 
aechanlsB  to  the  turbulence  energy 
produced.  As  separation  Is  ap¬ 
proached  F  takes  on  values  of  the 
order  of  1.5  or  2,  although  uncer¬ 
tainties  In  estlaatlng  3U/3x  suke 
the  values  In  figure  13  also  un¬ 
certain,  especially  at  high  and 
low  y/i.  Clearly  though,  the 
large  value  of  F  near  the  wall  at 
station  124.3  Is  needed  to  at 
least  partially  account  for  the 
small  aj  observed.  In  general 
aiF  takes  on  values  closer  to  0.15 
than  aj.  This  suggests  that 
aiF  0.15  Is  the  more  general 
correlation.  The  curvature  turbu¬ 
lence  production  term  -uv  3V/3x 
(Bradshaw,  1973)  has  been  neglected 
from  t'-e  right  side  of  equation 
(14),  since  In  this  flow  the 
largest  value  of  (3V/3x)/(3U/3y) 

Is  crudely  estlsisted  to  be  less 
than  0.03.  Thus  the  effect  of 
curvature  attributable  production 
Is  negligibly  small  as  compared 
to  shear  production. 


Figure  30  of  Simpson,  et  a1  .  (1974)  shows  that  the  dissipation  length  L  defined  with  -uv  is  also 
quite  a  bit  lower  than  Bradshaw's  (1967)  distribution.  It  should  be  noted  that  the  data  seem  to  depart 
from  the  L^/6  >  0.4(y/i)  relatlcii  In  the  vicinity  of  the  predicted  y^/i  of  the  Perry  and  Schofield  corre¬ 
lation  at  y/(  «  0.06  at  station  103.8.  Again,  -uv  F  should  be  used  to  represent  the  amount  of  energy 
available  for  dissipation  since  we  have  found  that  ajF  :  0.15,  l.e..  It  seems  we  should  use 


(16) 


with  Bradshaw's  L  /i  vs.  y/6  distribution  for  the  left  side.  As  shown  In  figure  30  of  Simpson,  et  al. 
(1974),  the  level’of  Lj^/6  using  -uV  F  at  station  124.3  Is  about  double  the  result  using  only  -nv,  but  is 
still  quite  a  bit  lower  than  Bradshaw's  distribution.  At  station  103.8  the  result  is  about  30X  higher 
over  that  obtained  not  using  F.  For  y/i  >  0.4,  the  Lf-Zi  results  using  -OV  F  at  these  latter  two  stations 
agree  with  the  results  at  station  88.2,  where  F  is  clcse  to  unitv. 

The  entrai.^ment  velocity  V^,  which  Is  proportional  to  the  diffusion  of  turbulence  energy  at  the 
outer  edge  of  the  flow,  was  computed  using  the  relation 


V 

e 


(17) 


Bradshaw,  at  al.  (1967)  found  that  could  be  correlated  by  the  maximum  Reynolds  shearing  stress  Inten¬ 
sity  In  equilibrium  as  well  as  non-equlllbrlum  boundary  layers  and  the  high  velocity  edge  of  mixing  layers: 


V 

e 


U 


10 


(18) 


Results  using  equation  (18)  were  In  general  about.  15Z  higher  than  those  computed  from  equation  (17) 
(Simpson,  et  al.,  1974).  The  deviations  are  within  the  scatter  of  data  originally  used  to  obtain  equation 
(18).  Apparently  the  normal  stress  production  of  turbulence  energy  does  not  appreciably  affect  the  en¬ 
trainment  process. 


6.  PREDICTION  MODEL  FOR  NORMAL  STRESS  EFFECTS 


From  our  discussion  In  section  5  above.  It  Is  clear  that  normal  stress  effects  are  Important  In 
both  the  momentum  equation  (9)  and  the  turbulence  energy  equation  (14).  Here  a  simple  model  Is  presented 
for  Inclusion  of  these  effects.  This  model  was  Inserted  Into  the  Bradshaw,  et  al.  (1974)  computer  pre¬ 
diction  method,  which  utilizes  equations  (9)  and  (14)  and  forms  a  hyperbolic  set  of  differential  equations 
since  large-eddy  diffusion  Is  used. 


The  normal  stress  offsets  in  the  turbulence  energy  equation  are  easily  modeled  using  the  approxi¬ 
mation  that  F  Is  constant  across  the  boundary  layer,  which  is  about  true  for  the  mid-region  of  the 

total  turbulence  production  term  becomes 
stresses  In  the  momentum  and  F  equations  Is  to 
For  example  let  us  use  the  model  equation 


piakiun  uii«v  r  is  kuiiBLaiiL  aDiusB  biic  uivuiimse/  »  wiiAcii 

boundary  layer  for  the  data  shown  In  figure  13.  Thus  the 
F(-uv3U/3y) .  One  way  to  spec^  (u^  -  ^  for  the  normal 
relate  (u^  -  ^)  to  ^  ■  u*  +  v^  +  wO  or  to  -u>r.  For 


14-12 


-  v’’  •  Cjq^  (19, 

whtra  C|  la  a  conatant,  which  la  approalaactly  trua  near  the  raglon  of  BaxlMia  nonul  atrcaaea  In  aero  and 
adveraa  preaaura  gradient  boundary  layera.  A  brief  aurvcy  of  available  data  Indlcatea  the  following  valuea 
for  C|  In  the  region  of  Baxlaua  noraal  atreaaea:  xero  preaaurc  gradient,  0.32  (Klebanoff,  1954);  U„  *  x~**‘ ^  ^ 
and  U.*x~***^^  equlllbrlua  flowa,  0.28  and  0.23,  reapectlvaly  (Bradahaw,  1967);  praaent  data;  atatlon  88, 
0.33;  atatlon  103.8,  0.42;  atatlon  124.3,  0.38. 

With  equation  (19)  Inaerted  Into  aquation  (IS),  It  la  advantageoua  to  uae  the  relation 

.  p(-55;)/a,,  a,  -  0.15  (20) 

auggeated  In  aectlon  5  above  f;>r  the  center  portion  ot  the  boundary  layer.  Thua,  equation  (IS)  can  be  re¬ 
arranged  Into 


1 


1  ♦  — 

•1 

Since  F  haa  already  been  aaauaed  conatant  acroaa  the  boundary  layer,  equation  (21)  need  only  be  evaluated 
at  one  location  In  the  region  of  naxlaua  normal  atreaaea,  say  at  the  location  of  the  iiaxlaun  ahearlng 
atreaa,  where  one  alao  haa  a  finite  non-xero  value  for  (<)U/3x)/(9U/3y). 

Since  the  Bradahaw,  et  al.  program  expraaaea  all  turbulence  quantltlea  In  tema  of  -uv.  It  la  alao 
advantageoua  to  uae  equation  (20)  In  equation  (19)  to  produce 


3U/3X 

3U/3y 


(J7  .  ^7)  . 


C|(-in7)F 


(22) 


for  uae  In  the  aooencua  equation  (9).  For  the  reaulta  preaented  here,  C|  waa  aelected  at  0.30,  which  la 
fairly  repreaentatlve  of  the  experimental  valuea  preaented  above.  An  added  benefit  of  eq-iatlon  (22)  la 
chat  juat  ao  (u^  -  v^)  upproachea  xero  near  the  outer  edge  of  the  boundary  layer,  -uv  approachea  xero.  In 
agreement  with  experimental  reaulta. 


The  Inclualon  of  nonaal  atreaa  effecta  Into  equatlona  (9)  and  (14)  requlrea  a  rederlv'atlon  of  the 
governing  differential  equatlona  along  Che  three  real  characterlstica  of  the  hyperbolic  act  of  awiawnCua, 
continuity,  and  turbulence  energy  equatlona  (Slmpaon  and  Colllna,  1975).  The  angle  between  a  character- 
latlc  and  the  x-axl8,a,  la  given  by  the  three  valuea 
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(24) 


By  aubstitutlng  Che  continuity  equation  Into  Che  momentum  equation,  the  equation  along  the  vertical 
characteriatlc  la 


-U 


dy 


^  +  V 


dU 

dy 


-  U,. 


di 

— -  * 
dx  dy 


The  equations  along  the  Inclined  characterlatica  are 


(25) 


rFdU  1  i 
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When  C]  la  set  equal  to  zero,  equations  (24-26)  reduce  to  those  derived  bv  Bradshaw,  et  al.  (1967). 


Figure  10  shows  predictions  using  the  Bradshaw,  et  al.  program  with  and  without  normal  stress 
effects.  Upstream  of  the  vicinity  of  separation,  there  Is  no  detectable  effect  of  normal  stresses  on  C^/2 
and  II  predictions,  although  F  Is  slowly  increasing.  Downstream  of  about  station  108,  the  Inclusion  of 
normal  stresses  more  closely  predicts  0^/2  and  H.  Note  that  the  predicted  F  factors  agree  with  the  ex¬ 
perimentally  determined  values  from  figure  13  evaluated  at  the  nmxlmum  shear  location.  Separation  Is  pre¬ 
dicted  at  about  station  127.5  which  Is  about  midway  between  the  locations  of  Intermittent  and  fully- 
developed  separation.  No  separation  Is  predicted  when  norul  stresses  are  not  Included,  The  mean  velocity 
profile  predictions  are  not  particularly  improved  with  Inclusion  of  normal  stress  effects  although  figure 
9  shows  some  improvement  in  the  shearing  stress  In  the  mid-region  of  the  boundary  layer. 

This  model  is  currently  being  refined  and  tested  against  the  strong  adverse  pressure  gradient  flows 
presented  by  Coles  and  Hirst  (1968).  One  refinement  Is  the  use  of  the  Perry  and  Schofield  wall  similarity 
relations  discussed  above  Instead  of  the  McDonald  (1969)  type  law  of  the  wall  used  by  Bradshaw,  et  al.  The 
results  presented  here  show  the  small  but  significant  effect  normal  stresses  can  have  on  a  turbulent 
boundary  layer  near  separation. 
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7.  C0NCL1SX0MS 

Tha  followlnt  aajor  concluatona  aay  ba  drawn  fro«  tha  praaant  asparlaanC.;: 

(a)  laaar  anaaaaacar  MaauraMnta  of  u^t  U,  and  cha  fraction  of  tlna  tha  flow  novaa  downatraan  y.  oh- 
talnad  ualng  a  dlractlonally  aanaltlva  ayataa  ara  praaantad  for  an  airfoil  typa  flow  In  tha 
vicinity  of  aaparatlon. 

(b)  Tha  corralationa  of  Parry  ami  Schoflald  (1973)  for  naan  valoclty  profllaa  aubjactad  to  advaraa 
praaaura  gradlanta  ara  aupportad  within  tha  uncartalnty  of  tha  data. 

(c)  Tha  aaparatlon  crltarla  of  Sandbom  ara  aupportad,  with  Intamittant  aaparatlon  apparantly  baginning 
whan  Yp  =  0.8  and  tha  fraa-at.raan  praaaura  gradlant  dtopa  rapidly. 

(d)  Naar  aaparatlon  tha  naglact  of  tha  noratal  atraaa  tama  In  tha  nonantun  and  turbulanca  anargy 
equatlona  la  not  Juatlflad.  Aa  nuch  aa  ona-thlrd  of  turbulanca  anargy  production  la  attributable 
to  thaae  atreaaaa.  Tha  correlation  factor  F,  glvan  by  aquation  (IS)  can  ba  uaad  to  account  for 
theaa  noraal  atraaa  affacta  on  -uv/^  and  L^.  There  la  no  apparent  affact  on  the  entralnnant  rate. 

(a)  T'.a  separated  flow  field  shows  aone  slnllarlty  In  u^,  U,  and  Ypi  with  the  ataxlnun  fluctuation 

and  M,  the  distance  frost  tha  wall  to  tha  naxlaua  fluctuation,  nalng  tha  valoclty  and  length  acalea. 
The  low  velocity  backflow  apparently  Juat  aarvaa  to  natlafy  continuity  raqulreaenta.  Tha  Inclusion 
of  nornal  stress  effects  In  the  Bradshaw,  at  al.  (1974)  prediction  nathod  Indicate  a  significant  In- 
provanent  In  Cm/2  and  H  predictions,  good  prediction  of  F,  and  slightly  Inproved  shaarlng  stress 
distributions  in  the  vicinity  of  separation. 
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SUMMARY 

Two  aethoda  have  been  developed  at  McGill  Unlveralty  for  calculating  the  jet 
Boaentum  required  to  prevent  the  aeparatlon  of  the  two-d Imenalonal  Incoapreaelble  turbulent 
boundary  layer  In  advarae  preaaura  gradients.  The  first  was  a  strip  Integral  aethod  for 
plane  walls  the  shear  stress  at  each  Halt  being  based  on  aeasurements  in  self-preserving 
wall  jets.  It  was  extended  by  Kind  for  curved  walls  and  for  cases  In  which  the  boundary 
layer  upstream  of  the  blowing  slot  has  a  deficit  of  aoaentum  which  Is  not  small  compared 
with  the  added  jet  aomentum  so  that  the  developing  wall  jet  contains  a  significant  outer 
wake.  The  second  aethod  la  an  extension  of  the  differential  methods  pioneered  by  Spalding, 
I.aunder  and  their  associates  which  uses  four  model  equations  for  the  Individual  Reynolds 
stresses  and  one  equation  for  the  rate  of  turbulence  dissipation.  The  extension  consists  of 
systeaat lea  1 ly  accounting  for  the  presence  of  the  wall  in  certain  pressure,  velocity- 
gradient,  correlations  and  also  for  a  1 Iqht  curvature  of  the  wall. 

These  two  aethoda  are  compared  with  aeasurements  of  blown  boundary  layers,  curved 
wall  jets  In  still  surroundings  and  two  conventional  boundary  layers.  In  general,  the 
differential  aathod  la  more  accurate  particularly  t;han  the  outer  waka  is  large.  However, 
as  used,  this  method  required  mors  Input  data  and  was  about  three  times  more  expansive 
to  run.  The  integral  method  Is  thsrafora  still  useful  and  Is  not  lialtad  to  low 
curvature  . 
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D_ 

Dt 


fourth-order  tensor  occurring  in  the  expression  for 
the  pressure,  velocity-gradient  correlations  (sqn  (11)) 
blowing  slot  width 

reference  length,  often  aerofoil  chord 

constants  In  the  model  equations  of  the  differential  method 
(«qnt.) 

local  skin  friction  coefficient  ■ 


blowing  momentum  coefficient  • 


excess-momentum  coefficient  > 


p0j»b 

•sPl'oo’c 

'soc_*c 


PU^(Uj-U„)b 


substantial  derivative  for  the  mean  flow 

^  • 

shape  factor  g— ,  of  the  upstream  boundary  layer  at  the  slot 
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Kind's  curvature  factors, 
dissipation  length  scale  ' 


(eqn  (L)) 
kV2 


‘i“i 


exponent  for  the  shape  of  the  Inner  boundary  layer  In  the 
Integral  method 

fluctuating  static  pressure  anywhere  in  the  flow 
time-average  static  pressure  at  the  wall 
longitudinal  radius  of  curvature  of  the  surface 
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El 


eddy  viscosity  Reynolds  number 
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value  of  R  when  C 
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U 

U 

0 

U 
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tlms 

vsloclty  fluctuations  In  the  x,y  and  c  directions 

velocity  fluctuation  in  the  x^  direction 

mean  velocity  in  the  x  direction 
mean  velocity  In  the  x^  direction 

local  mean  velocity  In  the  free  stream 

value  of  u^  at  the  slot. 

jet  velocity  at  the  slot 

value  of  u  at  the  velocity  maximum 
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valu*  of  U  at  tha  velocity  alnlniuii 
value  of  U  at  y  «  6 
aklr,  friction  velocity  - 

reference  velocity,  often  the  velocity  far  upstream 
mean  velocity  in  the  y  direction 

wall  correction  to  the  expression  for  pressure,  velocity- 
gradient,  correlation  (eqne  (12)) 

coordinates  along  and  normal  to  th'.-  surface  respectively 
coordinates  in  cartesian  tensor  form  xi-  x,  xj-  v,  xj-  z 

value  of  y  at  U  -  U 
’  m 

1 

value  of  y  »t  U  “  -  (U^*Ug)  where  is  negative  (see  fig.  1) 

third  orthogonal  coordinate  perpendicular  to  x  and  y 
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-  (2*  3C? ) 

1  1 

value  of  y  at  U  -  (fig.  1  ) 

boundary-layer  displacement  thic)tness 

Kronec)cer  delta 

value  of  y  where  1)  first  equals  L'  (fig.  1) 

rate  of  dissipation  of  turbulence  energy  per  unit  mass 

eddy  viscosity  in  the  outer  half-jet 

eddy  viscosity  at  y  »  1/2  y_ 

111 

-  ('jOC!^4) 

55 

boundary- layer  momentum  thickness 

kinematic  viscosity 

density 

shear  stress  at  y  . 
shear  stress  at  y  w  !jy 
shear  stress  at  y  •  y 
sklnfriction 
(2  PC  3  *  f,) 

55  »  y 

^  X  R 

rate  of  striin  ratio  c— - 

In  .  -i>_ 

■)y  ft*  y 

i  ,  j  ,  f.  ,  m  cartesian  tensor  subscripts;  summation  convention  is  used. 


p  denotes  a  plane  wall,  R  ♦ 
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1.  INTRODUCTION 

Streamwise  blowing  along  a  boundary  is  an  effective  way  of  delaying  the  separation 
of  a  turbulent  boundary  layer  in  an  adverse  pressure  gradient.  In  practice  it  has  been 
used  to  improve  the  efficiency  of  a  wide-angle  diffuser  and  to  Increase  the  maximum  lift 
of  an  aerofoil.  The  momentum  of  the  jet  in  two-dimensional  flow  is  pu  *b  per  unit  length 

DUj’b 

of  slot  and  is  usually  expressed  non-d imeiis I ona 1 ly  as  C  =  -  for  an  aerofoil  of 

chord  c  in  flow  with  velocity  U® .  Values  of  C^  as  low  as  0.05  have  doubled  the  maximum 
lift^'.  Full  scale  applications  are  usually  designed  from  model  tests  at  sufflcientlv  high 
Reynolds  number,  and  such  work  has  been  co-related  in  terms  of  C  or  more  precisely  in 


P0(U  -U  )b 
J  J  es 

'}pU„’c 


where  U  is  the  striaming 
es 


terms  of  the  excess  momentum  coefficient  Cy  ' 

o 

flow  velocity  at  the  slot  •. 

Analytical  methods  have  also  been  developed  for  two-dimensional  flow  and  are  becoming 
increasingly  useful.  The  method  of  Gartshore  and  Newman^"  was  limited  to  cases  in  which  the 
momentum  deficit  of  the  boundary  layer  which  forms  upstream  of  the  blowing  slot  is  small 
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coapared  with  tha  ■oacntuai  of  tha  jat  It^air  ao  that  a  alapla  wall  jat  la  foraad  downatraaa 
of  tha  alot.  In  practical  appllcatlona  howevar  tha  upatraaa  boundary  layar  fraquantly 
paralata  aa  a  algnlflcant  waka  In  tha  outar  part  of  tha  wall  jat  and  tha  flow  la  aora 
coapllcatad.  Klnd^‘  haa  aatandad  tha  Gartahtira' Nawnan  aathod  aaplrlcally  to  daal  with 
thla  coapllcatlon  and  alao  tha  affact  of  having  a  boundary  wall  which  la  curvad  In  tha  flow 
diractlon.  It  la  probably  tha  noat  aophlat icatad  of  tha  Intagral  aathoda  which  bagan  with 
tha  work  of  Carrlara,  llchalbrannar  and  Tolason  Quinton^*,  Thowaa^'  and  NcGahan'*.  Howavar 
tha  dagraa  of  aaplrlclaa  nacaaaary  to  calculata  auch  a  coapllcatad  flow  la  high  and  thara- 
fora  dlffarantlal  aathoda  baaad  on  aconoalcal  nuaarlcal  procaduraa,  auch  aa  thoaa  of 
Spalding  and  Patankar*',  bacoaa  attractlva.  Early  attaapta  aodallad  tha  turbulanca  ualng 
tlapla  alalng-langth  thaory  or  aodallad  tha  downatraaa  variation  of  turbulanca  anargy 
dlaalpatlon  and  turbulanca  anargy.  In  tha  aoat  aophl a' 1 ca tad  of  theae  aathoda  tha  rapreaen- 
tation  of  tha  turbulanca  anargy  la  raplacad  by  nodal  aquatlona  for  aach  conponant  of  tha 
Raynolda  atraaa  tenaor ^ .  (gan and  Laundar i  Laundar  ,  Raaca  and  Rodl)  .  Irwlnll*'!^* 
haa  racantly  nodlflad  thla  lattar  nathod  to  account  for  tha  affact  of  tha  wall  on  praaaura, 
valoclty-gradlant  cor ra lat Iona .  and  alao  for  alight  longitudinal  curvatura  of  tha  wall. 

The  purpoae  of  tha  praaant  papar  la  to  compara  tha  Intagral  nathod  of  Kind  and  tha 
dlffarantlal  nathod  of  Irwin  for  two-dlnanalonal  plane,  Inconpreaalbla ,  flow.  The  nathoda 
have  bean  conpared  with  exparlnantal  data  for  curvad  wall  jata  with  atlll  aurroundlnga , 
leveral  blown  boundary  layara  on  plana  walla  and  two-cnnvantlonal  boundary  layara.  Tha 
relativa  neritu  of  the  two  nethoda  la  dlacuased. 

2.  THEORY 

2 . 1  Integral  Method 

Klni'a  extenalon  of  the  Gartahor ••Newaan  nnthod  la  capable  of  handling  a  blown 
boundary  layer  In  which  an  outar  wake  paralata,  and  aoreover  can  treat  flow  over  a 
longitudinally  curved  aurface  fc.r  which  the  radius  of  curvature  la  not  particularly  large 
conpared  with  the  width  of  tha  flow. 

For  the  purpose  of  setting  up  four  Intagral  aquatlona,  suitable  naan  velocity 
profiles  are  assumed  for  the  various  portions  of  the  flow.  Referring  to  figure  1 


fit  1  Mmm  wnlaclty 
In  blown 
bnuntary  1#]^ 


*'^m 

where  -  is  taken  to  be  2.3. 


For  6  <  y  the  profile  shape,  rtpresented  by  a  power  law,  is  the  sane  as  that  of 

tha  outer  part  of  the  upstream  boundary  layer  at  the  slot. 

The  total  pressure  la  asaumei  to  be  constant  along  the  streamlines  In  this  region 
and  hence  the  volume  flux  for  y  <  A  is  constant  unless  all  the  boundary-layer  wake  becomes 
entrained  by  the  jet. 

Integral  angular  momentum  equations  are  used  with  the  following  limits  (see  fig.  1) 

1)  y  •  0,  y  ■  l/2y  I  half  the  inner  boundary  layer 

n 

2)  y  ”  0,  y  «  y^!  the  whole  of  the  Inner  boundary  layer 

3)  y  “  y_,  y  "  y  half  the  outer  jet 

In  In/  4 

V  •  y  ,  y  “  ^ :  the  whole  of  the  outer  jet 
in  ^ 


The  pressure  across  the  flow  is  calculated  in  mean  streamline  coordinates  and  for  convenience 
an  average  pressure  la  assumed  between  adjacent  limits. 

The  various  shearing  stresses  at  Sc ch  limit  must  be  knowni 
assumed :  ^ 

1)  At  y  -  0  -  0.0257 


the  following  forma  are 
(3) 
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whare  is  the  velocity  at  y 


r' 

-  l  U/U 

"  J.  " 


the  momentum  thickneas  of  the  Inner  boundary 


(i-o/u^)d(y/y^)  -  ■iy^)77;7Y7 


This  is  the  Ludwieq>Ti  1  Imann  law  with  constants  adjusted  to  conform  to  data  for 
plane  wall  jets  in  still  surroundings^'.  The  effect  of  curvature  on  la 
considared  to  be  amall^^'  and  la  neglected. 


At  y  •  y  ...  The  shearing  stress  there,  T|,  is  calculated  assuming  a  constant 
eddy  constant  fj  for  the  half  jet  which  la  determined  using  Townsend's  large 
eddy-equ  1 1  ibr  1  uiii  hypothesis'".  Kind's  theory  takes  account  of  the  effect  of 
flow  curvature  on  the  turbulence  structure  by  incorporating  results  for  curved 
wall  jets  in  still  surroundings.  The  hypot hen  1 s,  whl ch  also  uses  experimental 
se 1 f -preservi ng  wall  jets  in  streaming  flow,  ultimately  gives  the  eddy  viscosity 
Reynolds  number 


1  ♦  295r/-20,000f 


is  defined  as  the  ratio  of  the  rate  uf  lateral  strain 

rate  of  shear  strain  ^  where  R  is  the  radius  o 

3y  R+y 


lateral  strain  t —  ♦  —  to  the 
r  X  R 

is  the  radius  of  the  surface. 


K  1  (0.677+0. 369K 0.046K,  ) 


where  K  ?  ■  K 


‘P 

At  y  -  y 


is  the  shearing  stress  for  a  plane  wall. 

3"J 

although  is  zero  here,  measurements 


is  zero  here,  measurements  indicate  that  the  shearing 


stress  T  is  non-zero  and  of  opposite  sign  to  T  because  of  the  relative 

fft  w 

dominance  of  the  outer  turbulence,  particularly  when  y  is  not  so  Inhibited 
by  the  presence  of  the  wall.  Ti  is  a  good  measiire  of  ?he  outer  turbulence  level 
and  once  again  an  empirical  expression  based  on  measurements  in  se  1  f -pr eserv 1 ng 
wall  jets,  is  adopted. 


•  0. lS+0. 
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At  y  •  l/2y  ,  T  ■  Tj.  A  constant  eddy  viscosity  is  again  assumed  for  the  outer 
part  of  the  inner  boundary  layer  because  such  an  assumption  has  beer, 
established  as  appropriate  for  conventional  boundary  layers.  Thus  for  plane 
walls 

/9u\ 

'^P  ‘  1 


15  ♦  J5  exp 
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rw  1 


if  y  tt'y  becomes  very  small  downstream,  the  method  reverts  to  the  calculation 
m/2  m  U 

of  a  conventional  boundary  layer,  U  ■  U  and  -  Is  set  equal  to  50. 

IT)  6  Z  ^ 

To  correct  equation  (7)  for  curvature,  the  curvature  effect  is  assumed  to 
decrease  linearly  to  zero  within  the  boundary  layer  as  the  wall  is  approached. 
Thus  ^ 

T  -  T  +  -Il—EE  (8) 

?  3p  2 


where 
y*  /  -5 


T  is  the  value  of  T  for  a  plane  wall  obtained  by  putting 
np  TD 


0  and  K I 


Note  that  there  is  no  curvature  correction  if  the  flow 


becomes  a  conventional  boundary  layer  and  this  Is  known  to  be  incorrect 
(e.g.  Bradshaw^^  ■ )  .  The  exponential  part  of  the  expression  for  C;  Is  an 
empirical  representation  of  the  effect  of  outer  turbulence  on  the  eddy 


viscosity,  and 
turbulence. 


is  chosen  as  a  suitable  non-dimensional  measure  of  this 


For  y  >  {  the  shearing  stress  (and  gradient  of  stress)  is  taken  as  zero  so  that 

the  velocity  U  along  mean  flow  streamlines  is  related  to  the  pressure  b/ 

Bernoulli's  equation.  This  assumption  is  similar  to  that  made  by  Jones  vhan 

determining  the  drag  of  aerofoils  from  near  traverses  of  the  wake^^*.  The 

four  integral  equations  are  sufficient  to  determine  the  four  primary  unknowns 

U  >  y  y  n-  calculations  are  usually  started  at  the  blowing  slot 

IT)  in/  ^  m 

and  the  flow  of  figure  1  is  assumed  to  occur  at  the  end  of  the  potential  core 
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about  10  alot  widtha  froa  tha  alot.  Thus  tha  paak  valocity  In  tha  initial 
wall-jat  profile  ia  tha  alot  valocity  in  tha  potantial  cora.  Exceaa  Boaantua 
ia  aaauaad  to  ba  conaarvad  during  thia  procaaa  and  akin  friction  ia  na9lactad. 
The  ataqnation  praaaura  ia  aaauaad  conatant  for  atraaalinaa  outaida  tha  wall 
jet.  The  initial  value  of  n  la  taken  aa  1/11  and 

tha  aethod  la  ralativaly  Inaanaitiva  to  thaaa  particular  choicaa^-. 

The  prediction  of  ia  unreliable  when  becoaea  aaall  coaparad  with 

becauaa  the  neqlectad  ahear  atraaa  in  the  outer  flow  woul  1  tend  to  increaae  . 
However  the  aaauaed  ahape  for  the  outer  part  of  the  wake  («  piece  of  power  law) 
ia  inaccurate  in  a  aenae  which  tanda  to  give  too  high  a  value  of  0^.  The  two 
errora  therefore  oppoae  each  other. 

Separation  ia  aaauaed  to  occur  when  n  becoaea  >  1/2. 

2 . 2  Differential  Method 


The  Bean  moaentua  equation  la  written 


DUi  .  i  ill.  _  SUiUt 
□t  ~  0  dx  3X] 


where  P  ia  the  preiiure  at  the  wall.  The  normal  atraaaea  and  viacoua  teraa  have  been 
omitted.  In  cartesian  tensora  the  Reynolds-atresa  equationa  can  be  written 


(10) 


In  order  to  express  tha  third  order  correlations  in  terms  of  the  Reynolds  stresses 
and  mean  velocity  the  turbulence  model  of  launder.  Reece  and  Rodi  with  modifications  by 

Irwin^^',  is  used.  The  turbulence  model  uses  the  approximations  given  below. 
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on  rate. 


k  .  -5  UjUj 


(11) 


a  -  (4C2  ♦  10)/11, 

B  -  -(2  ♦  3Cj)/ll  , 

n  -  -(50Cj  +  4)/55, 

U  -  (20C2  +  6)/55, 
and  C|  and  C2  are  constants. 

The  term  is  the  correction  in  the  presence  of  a  wall.  The  fluctuating 

pressure  is  related  to  the  velocity  everywhere  in  the  flow  by  a  Poisson  equation)  the 
solution,  using  a  simple  Green's  function,  the  reciprocal  of  distance,  enables  an  exact 

3ui 

expression  for  ^  to  be  obtained  containing  a  volume  and  a  surface  integral 

(Chou^^’).  The  form  of  equation  (11)  ia,  in  fact,  based  on  this  expression.  Irwin^^' 
eliminated  the  surface  integral  by  a  suitable  choice  of  Green's  functio.'.  which  can  be 
interpreted  as  adding  the  effect  of  the  image  in  the  wall  of  the  complete  turbulent-flow 
field.  For  boundary-layer  flows  this  lad  him  to  propose 
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where  ^ -  .  The  values  of  the  empirical  constants  T;  and  Cj  in  equation  (11)  are 

obtained  directly  fro’"  experimental  data  for  homoqeneous  shear  flow  and  anictroplc  qrid 
turbulence  yioldinq^  •  C'l  ^  1.5  and  Cj  •  0.4.  A  value  of  C  which  qives  qood  results  in 


computations  of  both  wall  jets  and  boundary  layers  is  0.005  ' .  Very  near  to  the  wall  the 

^  € 

turbulence  model  becomes  inaccurate  and  unrealistic  computed  values  of  —  are  possible. 

For  this  reason  the  iitio  in  cqu.itionE(12)has  a  prescribed  upper  limit  of  3.8  as  the 

wall  is  approached,  which  is  consistent  with  established  values  in  the  wall-law  reqion. 

Followinq  Launder  et  al  pu./  's  assumed  to  be  neqliqible  and  Uj^UjU.  is  expressed 
AC  3  P  3 


u.  u  .  u  . 
k  1  3 
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_ 3U|^Uj  _  3UjV. 


where  C  is  a  constant.  This  expression  can  be  considered  as  a  q ener a  1  i za t i on  of  the 
qt  ad  i  ent-d  i  f  f  us  i  on  hy  pot  fi-.-j  i  s  as  applied  to  diffusion  of  the  Reynolds  stresses.  C  is 

10.  ® 

set  equal  to  0.11,  or-qinally  on  the  basis  computer  optimization  ,  but  a  value  near  to 
this  is  also  suqqested  b',  a  direct  comparison  of  equation  (13)  with  mea  surement  a  of  the 

triple  velocity  products  u.u  u,  in  a  wall  jet  by  irwin-'^-.  The  term  t  1  j  is  often 

fairly  small  compared  with  others  in  equation  (10)  and  thus  C  is  a  relatively  uncritical 
parameter.  / — -j \  ® 


The  viscous  term 


isotropy. 


/  D  *  u  ,  ^  ^  “  4  \ 
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is  first  simplified  using  the  assumption  of  local 


j  it  then  becomes  simply  - yt »  where  c  is  the  rate  of  dissipation  of 


turbulence  enerqy  defined  earlier,  and  for  i  j  it  becomes  zero.  The  dissipation  rate  is 
a  difficult  quantity  to  model  because  even  though  an  exact  transport  equation  for  it  can  be 
derived  only  the  advecfive  terms  are  at  all  amenable  to  measurement.  The  following 
approximate  form  of  the  equation,  due  to  Hanjalic  and  Launder®'  and  resembling  in  some 
respects  that  of  Daly  ind  Hail-.w^^',  is  therefore  one  of  the  least  certain  elements  of  the 
turbulence  model  /  \ 


where  in  the  present  work  C  =  1.5,  C  -  1.9  and  C  •  0.15.  The  value  of  C  is  derived 

r,  f,  "  = 

from  the  observed  decay  of  kinetic  enerqy  in  qrid  turbulence'  ' .  In  near  wall  turbulence  (14) 
reduces  to  a  simple  expression  which  relates  to  and  .  Thus  only  need  be 

fixed  by  computer  optimization  and  then  C  follows  from  the  known  properties  of  near-wall 
turbulence.  *" 


follows  from  the  known  properties  of  near-wall 


u,u,u^ 


Mo  correction  is  made  to  u^u^u^ 
t.ils  is  because  In  many  flows 


9u . u . u  . 

k  1  J 


r  for  the  presence  of  a  wall.  In  the  case  of 


is  relatively  small  compared  to  other 


terms  in  (10) .  In  the  case  of  c  it  is  because  viscous  dissipation  occurs  only  in  the 
very  small  eddies  which  it  seems  reasonable  to  assume  are  unaffected  by  the  wall  except 
within  the  viscous  sublayer. 

For  flows  on  flat  surfaces  this  completes  the  set  of  equations  used  in  the 
computations.  For  curved  surfaces  a  similar  set  of  equations  can  be  derived  which  contain 
extra  terms  due  to  curvature.  For  small  curvature  it  is  possible  to  neglect  all  except 
first  order  curvature  terms  and  the  resulting  simplified  equations,  which  for  brevity  are 
not  repeated  here,  are  given  by  Irwin  and  Arnot  Smith^^'.  The  mean  momentum  equation  is 
the  same  as  that  for  flat  surfaces  but  the  equation. s  for  the  Reynolds  stresses  and 

dissipation  rate  contain  extra  ter"in  Involving 

To  solve  the  above  set  of  equations  the  finite  difference  scheme  of  Spalding  and 
Patankar®'  is  used.  Since  the  turbulence  model  is  not  applicable  to  the  viscous  sublayer 
the  boundary  conditions  are  applied  in  the  form  of  slip  values.  The  slip  values  used  were 

uiuj  »  "Uy*'  Uy  *  .  uj*  »  0.6  Oy*  and  us*  «  2.9  u  ‘  where  u  “(^1  .  The  slip 


uiuj  »  -0.^  ,  ui  -  5.2  U.J.  ,  uj  »  0.6  O.J.  and  us  «  2.9  u.^.*  where  ^  slip 

value  of  Ui  is  obtained  by  matching  the  velocity  to  the  logarithmic  law  of  the  wall  (with 
the  constants  of  Patel^®')  at  .a  point  outside  the  viscous  sublayer,  and  that  of  E  by  equating 
production  and  dissipation  of  turbulence  energy  near  to  the  wall.  At  the  free  stream 
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boundary  the  conditions  follow  directly  from  the  known  (o.  assuaed)  mean  velocity  and 
turbulence  properties  of  the  external  flow.  In  the  present  work  the  computations  were 
usually  started  from  measured  profiles  of  mean  velocity  and  turbulence  properties. 

However,  the  program  contains  an  option  whereby  the  starting  profiles  can  be  estimated 
frcT  Integral  parameters  if  these  are  all  that  are  a'nllabla.  "or  such  cases  it  assumes 
a  power  1...  velocity  profile  for  the  upstream  bound*  layer  which  is  merged  into  the  jet 
by  a  thin  miting  layer  for  which  a  cosine  velocity  profile  is  adopted.  The  inner  boundary 
layer  withlr  the  slot  is  neglected  and  the  width  of  the  Irrotatlonal  region  below  the 
minin':  layer  is  assumed  to  be  0.6  L.  In  the  outer  boundary  layer  uv  is  calculated  on 
the  basis  of  an  eddy-v  i  s'os i t y  Reynolds  number  based  oir  displacement  thickness  of  60  and 

uv 

the  three  normal  stresses  are  taken  to  be  equal  to  — —  .  In  the  mixing  layer  the  same 
procedure  is  used  except  that  an  eddy  viscosity  Reynolds  nuuiber  of  — ^  x  (thickness 
of  mixing  layer)  •  160  is  assumed.  Th^^turbulence  in  the  Irrotatlonal  region  of  jet  is 
*^.03  r.m.s.  and  dissipation  Is  *  —  Elsewhere  dissipation  is  set  equal  to 

production . 

At  each  output  station  the  complete  profiles  of  mean  velocity,  Reynolds  stresses 
and  dissipation  rate  are  printed  but,  for  the  purposes  of  the  present  comparison,  on  I 
the  integral  parameters  are  presented.  Complete  comparisons  of  computed  and  experimi  ital 
profiles  have  been  given  by  Irwin^^'  .  The  skin  friction  is  also  computed  and  separation 
is  assumed  to  occur  if  falls  below  about  0.0003. 

3.  DISCUSSION  OF  THE  TWO  METHODS  OF  PREDICTION  AND 
COMPARISON  WITH  EXPERIMENT 

The  flows  being  considered  here  are  two-dimensional  wall  jets  with  or  without  an 
out' r  wake  on  flat  or  longitudinally-curved  surfaces.  The  integral  method  was  specifically 
developed  to  handle  these  flows  and  contains  some  ad  hoc  assumptions  which  are  probably 
not  valid  in  other  situations.  It  can  however  be  used  to  compute  conventional  boundary 
layers  for  which  it  assumes  a  power-law  velocity  profile  and  uses  a  constant  eddy- viscos Ity 
Reynolds  number  to  obtain  the  shear  stress  at  y  «  5/~.  The  differential  method  is  a  much 
more  general  method  of  computing  turbulent  shear  flows  and  the  empirical  assumptions  tend 
to  be  less  restrictive.  It  has  the  property  common  to  differential  methods  of  not  being 
limited  to  particular  forms  of  velocity  profile  so  that  most  of  the  empiricism  is  contained 
in  the  representation  of  the  turbulence  Itself.  The  present  turbulence  model  has  been 
shown  to  have  moderately  wide  validity  by  tests  on  a  large  number  of  different  shear  flows 
( 1 1  wi  n  and Ar not  Smi th ^ ^ ^  but  there  are  some  situations  where  it  is  demonstrably  Inaccurate 
such  as  plane  jets  and  wakes  with  small  excess  or  deficit  in  velocity.  An  additional 
limitation  of  the  differential  method  in  its  present  state  is  that,  in  accounting  for 
longitudinal  curvature,  it  assumes  the  curvature  Is  small.  Unlike  the  integral  method,  it 
therefore  neglects  the  variation  of  pressure  across  the  flow. 

Although  the  integral  method  is  not  specifically  designed  for  boundary-layer 
calculation  the  two  methods  are  compared  with  the  data  of  Newman^i*  ■ and  of  Schubauer  and 
Klebanoff^i'  for  conventional  boundary  layers  approaching  separation  in  figures  2  and  3. 

In  the  latter  case  the  surface  was  slightly  curved  which  is  taken  into  account  by  the 
differential  method  but  is  left  out  of  the  integral  method  when  it  reverts  to  a  boundary- 
layer  calculation.  The  overall  level  of  agreement  with  experiment  for  the  methods  is 
similar  except  that  C  tends  to  be  high  for  the  integral  method  near  separation.  Consider¬ 
ing  the  simplicity  of  the  assumptions  in  the  integral  method  its  performance  is  surprisingly 
good  . 
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The  next  caae,  ahown  in  figure  4,  ia  the  aelf-preaarvlng  wall  jet  of  Irwin^^‘ 
flowing  Into  a  positive  preaaure  gradient  on  a  flat  wall,  the  upatream  boundary  layer 
being  negligible.  >- with  experlaent  la  good  for  both  methoda.  In  the  caae  of 
the  integral  method  thin  ia  largely  to  be  expected  since  it  draws  extensively  on  other 
sel f-prasarving  wall  jet  data  in  ita  empirical  annumptions. 


The  next  four  cases,  figures  5,6,7  and  8  are  uncurved  wall  jets  with  outer  wakes^^' 
in  pressure  gradients  similar  to  those  cn  blown  flaps.  A  thick  upstream  boundary  layer  was 
artificially  generated  by  placing  a  rod  of  rectangular  cross-section  near  to  the  surface 
upstream  of  the  slot.  The  differential  method  was  started  just  downstream  of  the  slot 
using  measured  profiles  of  mean  velocity  and  turbulence  properties.  The  first  of  these 
cases,  shown  in  figure  5,  had  a  relatively  small  outer  wake  which  was  completely  absorbed 
by  the  wall  Jet  within  about  200  slot  widths.  It  is  evident  that  Ug  is  not  well  predicted 
by  the  integral  method  but  this  is  attributed  to  the  initial  velocity  profile  being 
different  to  that  assumed  by  the  method.  The  wake  from  the  rectangular  bar  had  not  fully 
merged  with  the  upstream  boundary  layer  at  the  slot. 

Using  the  empirical  starting  procedure  with  profiles  generated  from  integral 
parameters  gives  results  which  are  generally  closer  to  the  integral  method. 

In  the  case  in  figure  6  the  outer  wake  is  larger  and^the  jet  momentum  lesn  than  in 

figure  5.  It  can  be  seen  ’■hat  experimentally  the  value  of  ^  decreased  to  a  value  less 

that  0.5  towards  the  end  of  the  working  section.  The  initial  velocity  profile  was 
considerably  closer  to  that  assumed  by  the  integral  method  than  for  the  case  of  figure  5 
but  the  upstream  boundary  layer  had  still  not  quite  evolved  into  the  conventional  shape. 

The  differential  method  is  in  generally  better  agreement  with  experiment.  Its  prediction 

)( 

of  reverse  flow  in  the  wake  at  — =  190  does  r-ot  agree  with  the  data  but,  in  view  of  the 

b 

very  low  velocities  reached  in  the  region  of  velocity  minimum,  this  may  well  be  due  either 
to  experimental  inaccuracy  or  to  failure  of  the  boundary  layer  assumption.  For  x/b  ">  200 
the  outer  edge  of  the  wake  was  obstructed  by  the  roof  of  the  working  section:  thus  data 
points  beyond  x/b  »  200  have  been  given  a  prime  to  Indicate  'tnre 1 i ab i 1 i ty .  Similar  primes 
are  used  in  figures  7  and  8. 


In  figure  7  the  jet  momentum  is  larger  than  in  figure  6,  the  upstream  boundary 
layer  is  virtually  identical  and  the  pressure  gradient  is  greater.  The  value  of 

remained  above  1.0.  Two  sets  of  computed  curves  are  shown  for  the  differential  method  in 
order  to  show  the  effect  of  making  a  correction  tor  flow  convergence  and  divergence. 

Because  of  the  high  pressure  gradient  which  caused  rapid  growth  of  side-wall  boundary  layers 
it  was  difficult  to  maintain  two-dimensional  conditions  in  the  experiments.  Slots  in  side- 
walls  we.'e  used  to  bleed  away  the  boundary  layers  but  there  still  remained  a  residue  of 
lateral  flow  convergence  or  divergence  depending  on  whether  too  little  or  too  much  was 
being  bled.  Figure  9  shows  the  difference  between  the  measured  rate  of  growth  of  overall 
momentum  thickness  and  that  calculated  from  the  two-dimensional  momentum-integral 
equation  for  the  flows  of  figures  6,  7  and  8.  It  seems  highly  likely  that,  because  of  the 
low  velocity  in  the  outer  wake  compared  to  that  in  the  jet,  the  wake  suffered  much  more 
from  lateral  convergence  than  did  the  jet  in  the  same  pressure  gradient.  Thus,  in  applying 
the  convergence  correction  it  was  assumed,  somewhat  crudely,  that  the  jet  region  was 
unaffected  and  that  in  the  wake  the  local  convergence  angle  was  independent  of  height  y. 

The  correction  had  little  effect  on  computations  o£  the  flow  in  figure  6  but  it  is  evident 


that  in  figure  7  it  does  have  an  effect,  tending  to  improve  agreement  of 


U  ’ 
e 
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and 


ym/2 

b 


with  the  data.  Thus,  in  figure  7  it  seems  probable  that  for  both  methods  a  significant  part 
of  the  difference  from  experiment  is  due  to  lateral  convergence  or  divergence. 
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In  fiqur*  8  the  jet  le  stronger,  the  upctreae  bounder/  layer  li  aqaln  the  laae  and 

the  pressure  gradient  qreater  than  In  fiqure  7.  A  convergence  correction  was  attcnpted  but 

it  was  larqe  and  this,  coeblned  with  the  discontinuity  in  the  assuned  correction  at  the 
junction  of  the  wake  and  Jet  regions,  caused  the  computations  to  become  unstable,  eventually 

breaking  down.  Thus,  no  corrected  results  are  shown.  The  level  of  agreement  with 

esperlment  of  the  two  methods  is  about  the  same,  theii  high  prediction  of  Oj/U  being 

attributed,  at  least  in  part,  to  flow  convergence. 

The  next  two  cases  in  figures  10  and  11  are  similar  to  the  flow  over  a  slotted  flap 

in  that  the  total  pressure  in  the  flow  from  the  slot  is  equal  lo  that  of  the  free  stream. 

The  data  is  that  of  English^^-  and  the  surface  was  flat.  Figure  10  shows  results  for  zero 
pressure  gradient  whereas  figure  11  is  for  a  positive  pressure  gradient.  The  maximum  value 
of  x/b  in  these  experiments  was  only  about  30,  covering  the  typical  range  of  interest 
for  slotted  flaps.  Since  the  empirical  assumptions  of  the  integral  method  are  essentially 
for  x/b  greater  than  about  10  it  cannot  be  expected  to  be  very  accurate  in  this  situation 
and  thus  it  is  evident  that  in  figures  10  and  11  the  differential  method  is  superior. 

Finally,  in  figure  12,  a  comparison  is  shown  with  experimental  data  for  wall  jets 
in  still  air  on  logarithmic  spirals  for  which  the  radius  R  of  longitudinal  curvature  is 
proportional  to  distance  x  along  the  surface.  For  a  spiral  of  given  x/R  it  is  expected 

and  found  that  sensibly  constant.  Thus,  in  figure  13,  which  has 

abscissa,  each  point  represents  a  complete  set  of  data  for  a  particular  wall  jet.  The 
integral  method  is  in  good  agreement  with  the  da ta,  part  1 cular ly  Guitton's  for  which  the  flow 
was  more  accurately  two-dimensional.  However  it  should  be  noted  that  the  method  was  built 
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on  similar  msasuramants  of  wall  jets  on  circular  cyllndars.  Tha  diffarantial  mothod,  gives 
a  reasonable  variation  of  ssiall  tends  to  diverge  from  the  data 

outside  the  range  -.01  <  ^  described  In  section  2.3,  tha  differential 

method  asauB>' t  small  curvature  In  its  present  form,  neglecting  amongst  other  things  the 
pressure  gradient  normal  to  the  surface.  Thus,  the  poor  agreement  for  high  curvature  Is 
not  altogether  surprising.  However,  In  contrast  to  ths  Integral  method  the  differential 
method  contains  no  empirical  c’onstanta  especially  introduced  to  account  for  curvature. 

From  the  foregoing  comparisons  some  general  conclusions  can  be  drawn.  Both 
methods  are  capable  of  predicting  tha  main  features  of  blown  boundary  layers,  the 
differential  method  emerging  as  generally  the  more  accurate  particularly  for  rasas  In 
which  the  mean  velocity  profiles  are  significantly  different  from  those  assumed  In  the 
Integral  method.  However,  the  starting  conditions  for  the  differential  method  were 
considerably  more  detailed  than  those  for  the  Integral  method  and  part  of  Its  advantage 
In  accuracy  may  well  be  lost  In  practice  because  such  Information  la  oftan  unavailable. 

It  is  difficult  to  compare  the  cost  of  running  the  methods  because  It  depends  on 
chosen  step  slse.  Irwin,  case  (b)  ,  was  therefore  run  with  various  step  alses,  using 
synthetic  starting  for  the  differential  method,  the  results  indicated  that  the  minimum 
acceptable  step  size  was  approximately  one  slot  width  for  the  Integral  method,  and 
approximately  0.05  A  fot  the  differential  method.  The  time  fur  both  compiling  and 
running  the  Integral  method  on  an  IBM  360/75  computer  was  20  seconds  which  Is  1/3  to  1/4 
of  that  for  the  differential  method.  It  might  alao  be  remembered  that  the  Integral 
method  can  be  applied  to  more  highly  curved  flows  than  ths  differential  method. 

It  Is  interesting  to  note  that  in  shear  flows  of  tha  complexity  of  blown  jayers  the 
integral  approach  begins  to  become  somewhat  cumbersome  and  possibly  involves  as  much 
development  work  as  does  the  differential  approach.  Extension  of  the  integral  method 
to  even  more  complicated  velocity  profiles,  such  as  occur  on  multi-slotted  aerofoils, 
would  therefore  be  Inadvisable.  More  complicated  velocity  profiles  can  be  handled  by  the 
differential  method  as  it  stands.  However,  for  such  flows  It  Is  likely  that  modifications 
will  be  necessary  In  order  to  account  for  signlfl' ant  pressure  variations  across  the  flow 
when  Its  width  1  <i  not  small  compared  with  the  radius  of  curvature. 

4.  CONCLUSIONS 

I)  Both  the  Integral  and  differential  methods  are  capable  of  predicting  the  growth 
of  two-dimensional  blown  boundary  layers  to  useful  accuracy.  Indeed  the 
accuracy  of  prediction  may  be  better  than  that  of  a  corresponding  experiment 

If  spurious,  three-dimensional,  effects  are  not  sufficiently  eliminated  from 
the  experiment. 

II)  When  the  methods  are  started  using  Integral  parameters  their  accuracy  is  similar 
If  however  detailed  mean  flow  and  turbulence  data  Is  used  to  start  the 
differential  method  it  is  generally  more  accurate. 

ill)  The  differential  method  is  about  three  times  as  expensive  to  compile  s..J  run. 

iv)  The  Integral  method  is  not  well  suited  to  situations  where  the  starting  profiles 

differ  significantly  from  the  flow  sketched  In  figure  1. 

V)  Starting  procedures  using  integral  parameters  are  Important  and  might  usefully 
be  Improved  In  both  methods. 

vi)  The  integral  method  Incorporates  a  good  deal  of  empiricism  particularly  for 
curvature  efiects,  and  It  would  probably  be  unwise  to  try  to  extend  it  to  more 
complicated  situations  (e.g.  mu  1 1 1 -s lot  ted  flaps).  The  differential  method, 
on  the  other  hand,  Is  versatile  and  capable  of  further  development. 

vii)  When  either  method  must  be  cycled  many  times  to  determine  the  minimum  amount  of 
blowing  required  to  suppress  separation  In  a  given  situation,  the  cost  may  he  un 
acceptable.  There  is  therefore  need  for  an  approximate  method  corresponding 

to,  say,  Stratford's  method  for  turbulent  boundary  layers,  which  can  give  quick, 
if  somewhat  less  accurate,  predictions,  preferably  without  the  aid  of  a  large 
computer  . 
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SUMMARY 

Tins  paper  presents  a  method  of  computing  flow  Helds  characterized  by  the  presence  of  viscous,  separated  regions  interacting 
strongly  with  a  surrounding  inviseid  flow.  The  procedure  is  to  divide  the  flow  Held  into  several  regions,  each  dominated  by  a  particular 
type  of  Htiid  physics  li.e.,  boundary  layer  flow,  separated  flow,  and  outer  inviseid  flow),  and  to  analyze  each  region  by  using  the 
numerical  solution  technique  that  is  computationally  optimum  for  the  dominant  type  of  flow.  The  paper  specincally  addresses  the 
problem  of  matching  a  numerical  solution  of  the  Navier-Stokes  equations  for  a  region  containing  separated  flow  with  anotiier  numerical 
solution  appropriate  fur  an  adjacent  region  of  inviseid  flow.  A  key  feature  of  the  method  presented  is  the  placement  of  the  matching 
boundary  in  space  occupied  by  purely  inviseid  flow  and  remote  from  local  areas  of  strong  viscous/inviscid  interactions.  A  detailed  study 
and  numerical  substantiation  of  the  method  are  presented  for  axisymmetric  flow  over  an  ellipsoid  of  revolution  with  laminar  separation. 

INTRODUCTION 

In  the  past,  complex  flow  fields  with  regions  of  separated  flow  interacting  strongly  with  the  surrounding  inviseid  flow  have  been 
difficult  to  treat  analyti  .ally.  Tlic  classical  approach  to  the  problem  of  describing  the  complete  flow  Held  about  bodies  exhibiting  a 
variety  of  flow  phenomena  has  been  to  divide  the  flow  Held  into  regions  of  inviseid  flow,  boundary  layer  flow,  and  viscous  separated 
flow,  and  to  employ  numerical  methods  that  are  computationally  optimum  to  solve  the  type  of  flow  in  each  region.  The  problem  of 
matching  the  various  types  of  numerical  solution  procedures  across  common  boundaries  in  t.ie  flow  has  been  the  subject  of  many 
investigations.  These  studies  have  centered  about  the  use  of  displacement  thickness  concepts  in  the  formulation  of  a  boundary  value 
problem  describing  the  inviseid  parts  of  the  flow  (ref.  I ). 

Matching  has  usually  been  applied  at  the  edge  ol  the  viscous  layer.  In  cases  where  a  strong  interaction  exists  between  the  viscous 
and  inviseid  regions,  however,  the  commonly  used  leration  schemes  and  displacement  thickness  shapes  frequently  have  failed  to 
converge  to  a  matched  solution. 

The  central  idea  of  the  present  work  is  to  position  the  ni inching  br.iiidary  some  distance  into  the  inviseid  Held,  remote  from  the 
edge  of  the  viscous  region  where  strong  interactions  occur.  A  ncmc-ncal  method  that  solves  the  Navier-Stokes  equations  is  used  to 
calculate  the  flow  interior  to  this  boundary,  and  a  purely  inviseid  method  is  used  for  the  exterior  flow.  By  this  means,  the  powerful 
Navier-Stokes  method  deals  with  the  strong  local  interactions  at  the  ed<p;  of  the  viscous  region  but  the  interactions  along  the  dividing 
boundaries  of  the  flow  regions  are  sufficiently  weak  so  that  rapid  convergence  to  matched  solutions  across  these  boundaries  can  be 
achieved. 

An  alternative  approach  to  predict  flow  Helds  with  regions  of  separated  flow  is  described  in  reference  2.  The  procedure  avoids 
matching  altogether,  but  it  has  been  applied  only  to  problems  wherein  the  entire  flow  Held  is  amenable  to  an  integro-differential 
formulation,  as  in  the  case  of  laminar,  incompressible  How. 

An  approach  in  which  the  Navier-Stokes  equations  are  solved  in  the  entire  flow  Held  has  been  employed  for  the  study  of  viscous 
transonic  How  past  airfoils  (ref.  3 1.  However,  the  procedure  is  unnecessarily  powerful  a.id  its  use  computationally  expensive  in  regions 
of  inviseid  How  and  in  regions  where  the  flow  can  be  described  adequately  by  attached  boundary  layer  methods. 

A  NUMERICAL  MATCHING  PROC  EUURE 

Consider  first  a  conceptual  division  of  the  flow  Held  about  an  arbitrary  body  into  two  regions,  as  shown  in  figure  I .  The  dividing 
surface  is  termed  the  matching  boundary.  The  spatial  position  of  the  matching  boundary  is  arbitrary,  except  that  all  viscous  phenomena 
anticipated  to  occur  must  be  enveiored.  The  region  between  the  matching  boundary  and  the  body  surface  and  encompassing  all  viscous 
phenomena  is  referred  to  as  the  inner  region.  The  How  in  the  outer  region  is  entirely  inviseid.  All  How  properties  are  continuous  across 
the  matching  boundary. 

Now  let  the  matching  boundary  be  identified  as  a  surface  that  truly  divides  the  inner  and  outer  Hows.  This  can  be  done  by 
imposing  a  set  of  boundary  conditions  along  the  inner  and  outer  surfaces  of  the  matching  boundary,  properly  posed  so  as  to  define 
separate  and  unique  boundary  value  problems  describing  *he  flows  in  the  inner  and  outer  regions.  The  inner  and  outer  flows  thus 
become  amenable  to  analysis  by  separate  computational  means;  however,  the  two  Hows  arc  related  by  the  boundary  conditions  and 
resulting  How  pro[ierties  along  the  matching  boundary. 


•This  research  was  supported  in  part  by  the  Flight  Dynamics  Laboratory/FXM,  United  States  Air  Force,  Wright  Patterson  Air  Force 
Base,  Ohio,  under  contract  F336l5-73-r-3037.  The  results  of  the  contractual  work  were  published  in  Technical  Report 
AFFDL-TR-73-I53,  February  |974, 
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Iho  govorning  oqualions  lor  Iho  innor  How  aro  lakon  lo  bo  Iho  Navior-Slokos  i-qualions  m  aniioipalion  c  l  Iho  appoaranoo  ol'  roglons 
ol  soparatod  How  I  lio  lollowing  boundary  sondilions  govorn  llio  innor  How  Along  Iho  iinpomioablo  bt  dy  surlaio  Iho  nomial  and 
langonlial  volooity  soinpononis  vp  and  »|.  rospoolivoly  aro  /oro  liu>  slipl.  Along  Iho  inalohing  bonindary.  Iho  numial  volooily 
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Figure  3  -Physical  Characteristics  of  Mismatched  Inner  and  Outer  Flows 

The  question  now  is  how  to  determine  Ihe  distribution  of  vp  along  the  matohing  boundary  that  will  oorrespond  to  a  matohed  flow 
condition.  Tlie  oomputation  is  started  with  some  assumed  distribution  of  vp.  and  the  perfoolly  nialohod  solution  is  arrived  at  by 
iteration  of  the  vp  boundary  oondilion.  An  incremental  value  of  vp  is  computed  during  each  cycle  of  the  iteration,  loading  the 
procedure  closer  to  a  matched  solution.  Tlie  ohjoolive  of  the  iteration  is  to  update  Ihe  speoilied  dislribution  of  normal  velocity  along 
the  matching  boundary  by  the  inoromont  needed  to  erase  the  free  vortex  sheet  and  obtain  a  perfect  match  of  Iho  computed  tangential 
veirscilies  across  the  boundary.  Ibis  inoromcntal  update  can  be  cornpulod  directly  as  the  normal  velocity  oompononl  induced  by  an 
increriKntal  free  vortex  sheet  positioned  along  the  i  iatching  bouiiiiary  and  of  a  strength  equal  in  magnitude  and  opposite  in  sign  lo  Iho 
existing  velocity  discontinuity.  In  effect,  a  free  vortex  sheet  that  cancels  Ihe  existing  one  is  added  to  the  invisoid  flow,  and  the 
subsequent  change  in  the  normal  velocity  througli  the  matching  boundary  is  compiitod.  In  practice,  this  procedure  has  been 
accompanied  by  an  invisoid  displacement  body  representation  for  the  inner  fli  '.v.  jos. ribod  later  in  this  paper  fora  parlicuiar  example. 

Tigure  4  illustrates  the  entire  solution  process.  A  spatial  position  of  the  matching  boundary  is  selected  and  an  initial  guess 
established  for  the  normal  velocity  boundary  oondilior.  along  the  matching  boundary.  The  initial  guess  can  be  obtained  conveniently 
from  an  invisoid  flow  solution  about  the  configuraticii,  which  also  provides  the  first  cycle  solution  for  Ihe  outer  flow.  I  he  inner  flow  is 
computed  and  examined  for  any  viscous  regions  o*  nigh  shear  extending  to  the  malohing  boundary.  If  necessary,  the  boundary  position 
is  changed  and  Ihe  process  restarted;  if  not,  Iho  langonlial  vehn'ily  disconlinuily  across  Ihe  malohing  boundary  is  computed  as  the 
difference  in  velocities  provided  by  the  inner  and  outer  solutions.  This  cornpulod  tangential  velocity  disvontinuity  is  a  measure  ol  the 
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ii\iMiulch  bciwi-i-n  inner  aiul  oiilcr  niiw>  I  ho  iliMonlinuily  in  tiiinparod  willi  un  assiKiiod  lolorunto.  If  il  is  loss  tliun  llio  Uilorunoo,  tho 
itorution  has  oonvorgod  and  llio  solution  is  ooiiiplolo.  il  il  is  inoro.  the  coinpiilational  How  rotunis  along  a  loop  in  which  tho  Incroniontal 
change  to  ho  applied  to  ttio  vn  hoiindury  condition  is  coinpiilod.  Hie  main  computational  How  is  then  roontered  with  a  recomputation 
of  tho  inner  and  outer  Hows  based  on  the  updated  Vf.  '.oundary  conditions 


Figure  4.  -Solution  Flow  Chart 


Al’Pl.K  ATIONIO  AXISYMMI  TRK  SI  I'ARA  1 1 1)  PLOW 

The  problem  of  predicting  laMiinjr  How  with  separation  about  a  prolate  ellipsoid  was  used  to  explore  and  demonstrate  the 
matching  procedure  ii  st  discussed.  Ihe  shape  of  the  prolate  ellipsoid  was  obtained  by  rotating  an  ellipse  (a/b  =  4)  about  its  major  axis 
a.  All  calculations  were  perlormed  for  incompressible  How  and  a  Reynolds  number  of  I03  based  on  maximum  body  diameter  (d  =  2bt. 
The  undisturbed  frecstream  was  assumed  to  K'  parallel  to  the  major  axis  of  Ihe  ellipsoid.  In  addition,  Ihe  assumption  was  made  that  the 
separation  phenomenon  produces  an  entirely  steady  and  axisymmelric  How  field  at  Ihe  chosen  Reynolds  number. 

T>ie  flow  field  about  the  ellipsoid  was  subdivided  into  three  different  How  regions  comprising  an  upstream  boundary  layer,  an 
inner  re.eion  enveloping  the  region  of  anticipated  separation,  and  an  outer  region  of  potential  How.  The  boundaries  of  Ihe  inner 
region  w.'vich  contains  part  of  Ihe  boundary  layer,  viscous  separated  flow,  and  some  inviscid  How  in  the  vicinity  of  the  matching 
boundary  are  shown  in  figure  ,'i.  Ihe  matching  boiiiulaiy  is  a  circular  cylinder  of  radius  y/L  =  0.225  extending  from  x/L  =  0.5  to 
x/L  =  l.2fi  in  the  axial  direction.  I’hysically,  the  viscous  wak"  extends  far  downstream.  Computationally,  the  wake  downstream  of  the 
aft  end  of  the  matching  boundary  was  modeled  as  a  displ.i.eiiient  body  in  the  inviscid  outer  How. 


Idle  flows  in  the  various  regions  arc  governed  by  separate  and  well-known  differential  equations.  The  methods  employed  for  their 
solution  are  presented  first;  then  the  s'lbjecT  of  matching  is  discussed. 
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Ljminar  boundary  layer  growth  upstreain  of  Ihe  inner  region  was  predicted  by  an  implicit  finite  difference  method  of  the 
Crank-Nicholson  type  (ref.  4).  The  method  solves  the  axisymmetric  form  of  Uie  boundary  layer  equations  (ref.  5),  in  which  the  effect 
of  transverse  curvature  is  nut  accounted  for,  subject  to  the  no^lip  boundary  condition  at  (he  body  surface  and  a  known  tangential 
velocity  at  the  outer  edge  of  the  boundary  layer. 

Inner  Region 

Tlie  flow  in  the  inner  region  wa.s  determined  by  solving  the  time-deprnde:  i  Navier-Stukes  equations  (ref.  6).  For  this  purpose,  the 
inner  region  is  divided  into  a  network  of  rectangular  or  Cartesian  cumputatuinal  cells.  Cells  at  the  surface  of  the  ellipsoid  are  partly 
bounded  by  the  surface  contour,  as  shown  in  figure  b.  Ihe  velocity  field  is  discretized  so  that  the  axial  velocity  component  u  resides  at 
midpoints  of  x  cell  faces  and  the  normal  velocity  component  v  is  defined  at  midpoints  of  the  y  cell  faces.  This  selection  is  based  on  the 
notion  that  the  divergence  of  these  discrete  velocities  satisfies  mass  conservation  exactly  fur  each  computational  cell.  All  scalar  flow 
variables,  such  as  static  pressure,  are  defined  at  the  center  of  a  computational  cell.  Hie  momentum  equations  are  formed  by  centered 
finite  difference  expressions  for  the  convective,  viscous,  and  pressure  gradient  terms.  A  Poisson  equation  is  formulated  for  the  pressure 
terms,  which  provides  a  simultaneous  solution  between  mass  and  momentum  difference  equations.  The  convective  and  viscous  terms  are 
written  implicitly,  and  an  iteration  procedure  is  used  during  a  time  cycle  to  compute  a  nearly  time-centered  solution  of  the  discrete 
equations. 


Velocity  piolile 


•I  Specified  Boundary  Conditi'  in  bl  Computetionil  Celli 

Figure  6.  -  Inner  Flow  Calculation 


Curved  wall  boundaries  are  accounted  for  in  the  algorithm  by  conservative  first-order  difference  expressions.  At  the  surface  of  the 
ellipsoid,  the  no-slip  condition  was  satisfnd.  Along  the  matching  boundary,  ttie  normal  velocity  component  vn  was  required  to  be 
continuous  with  that  of  the  outer  tlow,  ard  the  axial  velocity  component  u  was  provided  by  ap-'ication  of  the  reflection  principle  or 
free-slip  condition.  At  the  inlet  plane  of  Ihe  inner  region  (x/L  =  0.51,  the  normal  velocity  component  and  Ihe  axial  velocity  component 
were  specified.  A  special  algorithm  ti  c.,  an  anechoic  boundary  condition!  was  needed  at  the  exit  plane  of  the  inner  region  (x/L  =  1 .261 
to  prevent  disturbances  at  that  boundary  from  traveling  upstream.  Numerical  experiments  rcNcalcd  that  this  could  be  achieved  by 
satisfying  conscrvaiion  of  mass  while  using  only  a  first-order  approximation  to  the  momentum  equatii  .i.  The  principal  assumption  in 
the  approximation  to  the  conscrvaiion  of  momentum  involves  Ihe  convection  terms  in  which  Ihe  gradient  in  the  x  direction  of  Ihe 
V  velocity  componeii!  is  neglected. 

Potential  Flow 


An  influence  co.'fricienl  method  was  used  that  employs  vorticity  of  linearly  varying  strength  along  piecewise  conical  segments 
representing  the  body  surface  and  matching  boundary.  Tlie  particular  theoretical  model  employed  a  displacement  body  interior  to  the 
matching  boundary,  as  shown  in  figure  7.  (This  was  done  primarily  to  provide  a  convenient  means  for  extrapolating  Ihe  downstream 
wake.)  In  the  upstream  boundary  layer  region  (0<  x/l  i  0.5).  the  displacement  thickness  was  computed  with  the  familiar  definition 
for  two-dimensional  flow  (ref.  5),  and  added  to  the  surface  of  the  ellipsoid.  In  the  inner  region  (0.5  5  x/L  5  1.26),  displacement 
thickness  was  defined  by 

ys^«*  VM 

UpVdy  =  I  (Up-u)ydy  (L=l) 

y.s  Vs 

where  y<;  denotes  the  surface  of  the  ellipsoid  (y^  ^  0  in  the  wake)  and  y^  denotes  the  location  of  the  matching  boundary.  The  radius 
of  the  displacement  body  in  the  inner  region  is  y^  t6*.  The  symbol  Up  denotes  the  axial  velocity  component  of  the  potential  flow 
about  the  ellipsoid,  whereas  u  is  the  axial  velocity  component  furnished  b  ’  the  solution  of  the  Navier-Stok:s  equations  in  the  inner 
region.  The  shape  of  the  displacement  body  downstream  of  Ihe  inner  region  '  x/L  >  1 .26)  was  specified  by  extrapolation. 


Figure  7.  -Potential  Flow  Calculation 
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Interface  of  Row  Regions 

The  potential  flow  veliKity  components  Up.  Vp  were  computed  at  the  midpoints  of  the  a  cell  faces  along  the  matching  boundary. 
The  nornul  veliK'ity  served  directly  as  the  boundary  condition  fur  the  inner  region.  The  axial  component  u  of  the  inner  flow  along  the 
matching  boundary  was  calculated  using  the  free-slip  condition.  The  strength  7  of  the  vortex  sheet  (indication  of  mismatch)  at  the 
comer  points  of  the  computational  cells  along  the  matching  boundary  was  computed  as  the  difference  between  the  inner  flow 
velocity  u  and  the  potential  How  velocity  Up. 

At  the  upstream  boundary  of  the  inner  flow  region,  both  velocity  components,  u  and  v.  were  specified  to  be  continuous  across 
that  boundary.  With  the  addition  of  an  auxiliary  column  of  computational  cells,  the  flow  field  could  be  discretized  in  a  manner 
consistent  with  the  algorithm  of  the  Navier- Stokes  equation  solver. 

Matching  Procedure 

The  general  course  of  the  matching  procedure  was  outlined  earlier.  The  numerical  explorations  reported  here  were  conducted  using 
the  iteration  sequence  shown  in  figure  H.  The  numbers  correspond  to  the  following  steps  of  the  matching  procedure: 

•Vrep  /  An  initial  guess  for  the  normal  velocity  component  along  th:  matching  boundary  and  for  the  inviscid  part  of  the  velocity 
profile  at  the  inlet  plane  of  the  inner  region  was  furnished  by  calculating  the  potential  How  about  the  bare  ellipsoid. 

•V/i-p  A  boundar)  layer  analysis,  with  the  surface  velocity  from  step  I  as  input  data,  provided  6*  and  the  viscous  part  of  the  velo''ity 
profile  at  the  inlet  plane  of  the  inner  region. 

Sit/i  y  The  Navier-Slokcs  equations  wi-re  solved  in  the  inner  region  subject  to  the  boundary  conditions  obtained  from  steps  I  and  2. 
Initial  values  of  the  time-dependent  solution  procedure  were  taken  to  he  those  ol  a  uniform  stream. 

.S'/t'/i  •/  The  shape  of  a  displacement  body  was  determined  as  explained  earliei  under  '‘Potential  I'low."  The  strength  yj  of  a  vortex 

sheet  along  the  matching  boundary  was  calculated  as  the  difference  of  the  axial  velocities  across  the  matching  boundary  between  the 
potential  flow  solution  of  step  I  and  the  Navier-Slokes  solution  of  step  3.  The  potential  flow  about  the  displacement  body  was  then 

computed  in  the  presence  of  a  vortex  sliect  of  strength  -7)  along  the  matching  boundary.  The  result  was  a  complete  and  updated  flow 

solution  of  the  outer  region  and  a  new  set  of  boundary  conditions  for  the  inner  region. 
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Figure  8.  -Picture  Flow  Chart  of  Matching  Procedure 


The  next  cycle  of  the  iteration  procedure  was  entered  at  step  ,3.  l  iie  properties  of  the  upstream  boundary  layer  were  not  updated, 
however,  because  the  subseiiiieiit  changes  in  the  upstream  How  were  negligible.  Steps  .3  and  4  represent  a  complete  cycle  of  the  iteration 
and  were  repeated  as  lollows 

.V/i  /j  I  rc/x'u/ci/  I  he  Navier-Stokes  equations  were  solved  in  the  inner  region  subject  to  the  boundary  conditions  obtained  from  step  - 
and  the  previous  step  4.  Initial  values  of  the  time-dependent  solution  procedure  were  provided  by  the  last  steady-state  flow  solution  of 
the  inne  region. 

.S'tc/i  ■/  n  iuulcd  I  he  shape  of  the  displacement  body  was  updated.  Hie  strength  7j  of  an  incremental  vortex  sheet  along  the  matching 
boundary  was  computed  using  the  must  recent  solutions  of  inner  and  outer  How  from  steps  .f  and  4.  I  he  potential  How  about  the  new 
displacement  body  was  computed  with  a  vortex  sheet  of  strength  -7|-7s-  .  -Tj  along  the  matching  boundary  during  the  i-th 
iteration  cycle. 

The  computation  was  terminated  when  y,  was  less  than  a  certain  prescribed  tolerance  and  when  the  shape  of  the  displacement 
body  had  converged. 

( onvergence  Characteristics 

During  the  iteration,  several  How  parameters  were  monitored  to  determine  the  convergence  characteristics.  The  strength  7i  of  each 
incremental  vortex  sheet  along  the  matching  boundary  is  plotted  in  figure  It  is  shown  that  the  initial  mismatch  in  axial  velocities 
across  the  matching  boundary,  of  up  to  T.i  of  the  freestream  value,  had  practically  disappeared  after  the  first  cycle.  The  velocity 
mismatch  increased  after  the  second  cycle  and  then  decreased  in  subsequent  cycles  until,  after  five  iterations,  it  was  everywhere  within 
\l2',i  of  the  freestream  speed.  It  was  not  possible  to  erase  the  vortex  sheet  completely  in  a  sixth  iteration  cycle;  the  iteration  procedure 
slowly  oscillated  about  a  solution. 
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Figure  9.  -Strength  of  Vortex  Sheet  During  Iteration 

Figure  10  illustrates  how  the  shape  of  the  displacement  body  changed.  A  converged  solution  was  obtained  after  four  iteration 
cycles.  Only  minor  variations  of  the  displacement  shape  took  place  in  the  upstream  part  of  the  inner  region,  results  that  seem  to  justify, 
a  posteriori,  the  freezing  of  6*  in  the  boundary  layer  region  after  the  First  cycle. 


Figure  W.  -Shape  of  Displacement  Body  During  Iteratiorr 


The  accumulated  strength  of  the  vortex  sheet  along  t''e  matching  boundary  is  shown  in  figure  1 1 .  The  sum  of  7i  decreased  during 
the  iteration,  but  a  strong  vertex  sheet  remained,  indicaVing  that  a  simple  displacement  body  is  inadequate  to  simulate  the  true 
influence  of  the  viscous,  separated  region  on  the  outer  flow. 
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Figure  1 1. -Accumulated  Strength  of  Vortex  Sheet  During  Iteration 


I  itEiiri-  12  sliiiws  (hr  vuriution  of  (hr  normul  vrluci(y  along  (hr  nia(ching  houndar)’  lor  rarh  iirralion.  Again,  five  ryclrs  wcrr 
rri|Uirrd  (o  ohiain  a  soUidon  (hal  rvsrnlially  had  convrrgrd.  As  rxprcird,  Ihrrc  was  almosi  no  rhangr  in  (hr  vrlorily  al  (hr  inlr(  planr 
ol  (hr  iiinrr  rrgion  during  (hr  i(rra(ion 

llir  surtarr  I'rrvsurr  dis(ribu(ion  is  shown  in  llgiirr  I.V  l  or  clarily,  only  (hr  rrsiiUs  of  (hr  rirs(  (woryrirsand  (hr  (Inal  solulion 
allrr  six  i(rralion  >.yclrs  arr  shown  Ilir  rcsuUs  display  a  disdihulion  (ypical  of  a  srparaird  (low. 
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Figure  1 2. -Behavior  of  Nurniui  Velocity  Along  .hatching  Boundary 
During  Iteration 


Figure  13.  -Surface  Pressure  of  Ellipsoid 


I  hr  I'lnal  solulion  (or  (hr  disinhulion  of  axial  vrlorily  is  shown  in  figurr  14.  illiisiraling  onrr  niorr  (hal  a  virlually  ronlinuous 
vrliKily  firld  across  (hr  malrhiiig  houndars  has  hern  ohiainrd.  Ihc  rrcirculaling  (low  in  (hr  innrr  How  rrgion  can  hr  hrllrr  visualizrd 
Willi  (hr  aid  of  sircamlinr  plols.  shown  in  figure  15.  Bolh  figurrs  indicair  dial  srparalion  lakrs  placr  rrlalivrly  far  downsircam. 
rslimalrd  al  ahoul  x  I  =  0.‘»4.  for  purposes  of  comparison,  noir  (hal  (he  boundary  layer  analysis  wilh  (he  zero  skin  friclion  ciilrrion 
prrdicird  separalioii  turlher  iipsireani.  i  e..  al  x  I  =  O.H.*  using  (hr  polenlial  How  pressures,  and  al  x'L  =  0.S5  using  (hr  Inial  solulion  of 
figure  1.1  as  iiipul  dala. 


Vrioruv  vcal» 
0  I 


Figure  IS.  -Streamlines  in  Inner  Begion 


rile  drag  of  (hr  elli  isoid  was  cah  ulaled  Itoni  (he  final  solulion  by  Iwo  dillerenl  melhods  I  hr  momenliim  detail  method,  using 
(he  computed  wake  veh  city  profile  at  x  L  =  I  2.  yielded  a  total  drag  coefficieni  of  0..17.  referred  to  maximum  cross-sectional  area. 
(  ompulal.  >1.  of  Iralion  Oi  'g  by  (he  boundary  layer  program  lor  X.l'.'  of  (he  body  length  and  pressure  drag  from  figure  1,1  resulled  in 
friclion  drag  and  pressure  drag  coelficienls  ol  0.2X  and  00*».  respectively.  The  sum  of  both  corffieiriits  is  the  same  as  the  total  drag 
civ-’fl'icirnl  calculated  through  the  momenlum  deficit  iiirlhod.  I  he  aulhor>  were  not  able  to  find  mrasiirrd  drag  coefficients,  but 
comparing  the  calculated  drag  coellicienl  with  the  imasiired  drag  ccH’fficiont.  ('|)  =  0.50.  of  a  sphere  at  the  same  Reynolds  number 
(ref.  5)  adds  credibility  to  the  result. 

I'ractical  Aspects  of  the  Method 

All  programs  were  coded  for  the  (  IK  -bhOO  digital  computer.  The  boundary  layer  and  potential  (low  codes  occupied  60K  of 
central  memory  each  and  required  approximately  20  seconds  of  central  processor  time  per  iteration.  The  Navier-Stokes  equation  solver 
required  I40K  of  central  memorx  for  the  cases  run  wilh  5’*0  computational  cells  and  used  .1  input/outpul  units.  Its  execution  time  was 
approximately  4  seconds  per  time  step.  An  excessive  number  of  lime  steps  was  nin  to  ensure  a  steady-slate  solulion  of  the 
Navier-Stokes  equations  during  each  iteration  cycle  of  the  matching  procedure.  It  is  estimated  that  the  final  converged  solution  can  be 
computed  with  a  total  of  600  time  steps,  requiring  approximately  40  minutes  of  execution  lime.  It  should  be  noted  that  the 
Navier-Stokes  code  was  not  optimized  and  could  be  improved  to  further  reduce  execution  lime  and  core  requirement. 

A  few  visual  aids  were  empl.'ved.  of  which  the  slreamfiie  plot  of  ligure  '  5  is  an  example.  The  development  ot  the  (low  in  the 
inner  region  was  observed  on  film,  where  each  picture  represented  an  automatically  plotted  pattern  of  particle  positions  al  a  fixed 
instant  of  time.  The  Iluid  particles  were  continuously  fed  into  computational  cells  located  along  the  upstream  boundary  and  in  the 
wake  region. 
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(INCLUSIONS 

A  mrihod  has  been  presented  for  computing  flow  Helds  with  regions  of  viscous,  separated  flow  by  numerical  matching.  An 
apparently  new  technique  has  been  outlined  to  match  a  numerical  solution  of  the  complete  Navier-Stokes  equations  with  another 
numerical  solution  appropriate  for  an  adjacent  region  of  dominant  inviscid  flow.  The  method  has  been  successfully  applied  to  a  model 
problem  of  axisymmetric  incompressible  flow  with  laminar  separation.  The  iteration  procedure  hovered  about  convergence,  and 
modifications  of  the  dc'scribed  basic  procedure  such  as  scaling  the  strength  of  the  incremental  vortex  sheet  and  scaling  the  changes  in 
the  shape  of  the  displacement  body  (i  e.,  improvements  typically  added  to  Newton-type  iteration  schemes)  might  he  desi.able  to 
hasten  convergence. 

The  matching  technique  presented  ultimately  can  be  expected  to  lead  to  an  economical  solution  procedure  for  many  problems 
of  interest  in  fluid  dynamics,  such  as  viscous  transonic  How,  turbulent  jets  spreading  in  the  vicinity  of  lifting  surfaces,  and  the 
problem  of  predicting  the  drag  of  upswept  afterbodies. 
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NOTATIONS. 


Une  dtudo  eipdriaentalo  approfondia  du 
recollenent  turbulent  on  aval  d'une  oarche  a 
6ti  condulta  an  dcoulomant  Incospraaalble 
bldlfflanalonnel  plan,  la  chaop  potential  au 
voisinago  du  recollaaont  dtant  A  volontd 
ralentl  ou  accdldrd.  L'analyaa  ddtaillde  dea 
distributions  da  praasion  at  da  vitaase  dans 
catto  zona  a  paroia  da  ddgager  daa  loia 
empiriquea  gdndnlea  an  caa  da  couene  limita 
initiala  since  au  d^collenant. 

Lo  calcul  eat  realisA  en  tant  qu* interaction 
auto-induite  d'un'.-  cojoi.o  Jiaaipativa 
paridtale  at  d'ur.  f-^oulecent  aztema  da  fluide 
parfalt  irrotatlonr.cl .  Sxceptd  dans  lea  rdglons 
oil  I'interaction  eat  faible,  on  adopts  un  soda 
do  calcul  inverse  qui  dvita  lea  singularitds, 
solon  la  technique  da  Klineberg  pour  lea 
profile  transsoniques.  La  presaion  paridtale 
daviont  ainsi  la  rdaultat  d'une  methode 
intdgrale  da  couche  Unite,  dont  I'insuffisan- 
ca  dans  lea  zones  fortenent  dccoll'-es  peut 
Itro  facilament  surmontde  par  I'l  substitution 
d'une  loi  da  presaion  eapirique. 


BCPeKIKENTAL  AND  T.H20RETICAL  STUDY  OF  TVC- 
DIMENSIONAU*  TURBULENT,  INC0KPRESSI3LE 
REATTACEKEirr. 


SUNKART  I 

Turbulent  roattaching  flow  downstreon  of 
a  backward  facing  step  has  bean  ezperiaented 
using  a  two-dimensional  plane  inconorassible 
configuration,  with  possibility  to  induce 
favourable  or  adverse  pressure  gradients  in 
tha  potential  flow  near  reattachnent. 

Datailod  pressure  and  velocity  ceasurenents 
in  this  region  makes  it  possible  to  suggest 
general  anpirical  rules  whose  efficiency 
relies  on  a  thin  initial  separating 
boundary  layer. 

A  whole  calculation  has  been  perfomed  by 
obtaiiing  a  solf-lnduced  interaction  in 
matching  a  wall  dissipative  layer  with  an 
inviscid  and  irrotational  external  flow. 
Except  for  weak  visesua  Interaction  regions, 
an  inverse  calculation  process  is  u.-ed  to 
avoid  singularities  following  tne  Klln'-rhrr-'- 
method  for  transonic  aerofcil.''.  .vail  rre  r';r=- 
distribution  then  results  of  or.  ir.togr-’* 
boundary  layer  calculation,  whose  ftll'.ro  fc.- 
strongly  separated  regions  in  casi'y  owsrc  it'.' 
by  subatitution  of  an  ecriricil  procrur"  1  w. 
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y  :  ordonn^e  normale  &  la  parol  da 
recollement. 

INDICES. 

0  :  condition  i  1'^ 


prend  an  conpta  lea  affeta  da  couplaga  antra 
couchea  diaalpativaa  at  dcoulanant  aztdrlaur, 
at  met  an  oauvra  une  tachniqua  proeha  da  calla 
ddvaloppda  par  Klineber^  at  Stagar  pour  lea 
dcoulenanta  transaoniques. 


1  :  au  point  da  decollement. 

•  :  eztdrieur  k  la  oouoha  visqueusa 

( en  y  s  6  ) . 

I  :  debut  da  la  recompreasion. 

j  :  aur  la  ligne  de  jet. 

R  :  au  point  de  recollement. 
i  -  i;.THOD’JCTION. 

Cette  4tude  a  eu  pour  objec  I'analyae  de 
confiKurationa  d'ecouler.ent  dicolle  pr^aantant 
un  point  de  a^paration  fixe  par  un  ddcrochement 
de  paroi.  De  cette  maniere  I'effort  a  pu  8tre 
concentrd  aur  lea  phenomenea  liea  au  recollement 
turbulent,  restreinta  dana  une  premiere  dtape 
au  casd'un  ecoulecent  incompreaaible  bidimen- 
aionnel  plan. 

L'essentiol  dea  recherchea  oonaacreea  k  ce 
aujet  I  se  rapporte  k  dea  configu- 

rationa  pour  leaquellea  le  recollement  aa 
produit  aur  une  paroi  parallkle  k  la  direction 
do  la  viteaae  amont.  II  a  paru  ndcaaaaira  de 
gdndraliaer  ces  tr-.vaux  et  de  lea  8tendro  k  dea 
caa  O'.:  une  modification  du  champ  potentiel  ae 
prod'uit  au  voiainage  et  en  aval  du  recollement, 
induisant  dea  graiienta  de  preaaion  poaitifa 
ou  negatifa  don*,  lea  effeta  peuvent  ae 
auperpoaer  a  ceux  qui  sent  ap^cifiquea  du 
phenomena  de  recollement. 

Le-  principaux  elements  aoquia  ont  etd  reaucea 
en  deux  parties  ; 

La  premiere  expoae  I'eaaer.tiel  dea  resultata 
oxperimer.taux  obtonua  par  I'analyae  detaillde 
du  champ  de  preaaion  et  de  viteaae  an  aein  du 
domaine  decolle  et  de  aon  voiainage.  Dea 
loia  empiriquea  de  portee  aaaez  gdneralc  ont 
pu  Stre  ddgagdea. 

A  partir  de  cea  reaultata,  une  methode  pratiq'ue 
de  calcul  d'ecoulementa  preaentont  dea  zonea 
decolUea  dtend-uea  a  dte  dtablie.  Elle  eat 
examinee  dana  la  aeconde  partie.  Le  calcul 


2  -  ETUDE  EXPERIHENTALE. 

2.1  “  Condi tiona  d'eaaa^  :  La  montage 
bidimenaionnel  plan  utiliad  a  dtd  amdnagd 
dana  une  petite  aoufflerie  aubaonique  da 
type  Eiffel  (fig.  la).  II  eat  conatitud  d'amont 
en  aval  (fig.  lb)  par  un  canal  de  section 
Constanta  ddbouchant  en  D  aur  un  ddcrochement  de 
paroi  da  hauteur  h  variable  suivi  d'un  plancher 
de  rocollomant  H  d'inclinaiaon  S  rdglable. 

En  cours  d'essai,  la  vi tease  Vo  da  rdfdrenco 
mesurde  en  amont  de  D  (fig.  1b)  a  dtd  saintenue 
k  une  valour  aenaiblement  conatante  (50a/a), 
le  niveau  gdndral  de  la  turbulence  de 
I'dcoulement  hora  couche  Unite  dtant 
caractdrisd  dans  co  domaine  par  un  taux 

rdduit  y^/vo  de  I'ordre  de 

En  I'abaence  de  ddcollement  (h  =  0,CI  «  O) 
la  couche  linito  eat  turbulento  en  D  et 
posskde  lea  caractdristiques  suivantea  i 

a* 

14  mm  Si9i  1,4  mm  H, «  1,34 

cea  grandeurs  ne  sublaaant  que  de  trka  faiblea 
variations  sous  I'effet  du  gradient  de  preaaion 
induit  par  le  ddcollement  loraqu'il  se  produit 


in  agissant  aur  lea  paranktres  gdondtrigues 
aet  h  (f  10;8  <  h  $  31,5) 

il  a  done  4z6  possible  d’^tudier  de  fa^on 
systenatique  les  circonstances  du  recollement 
en  ir^sence  d*un  dcoulement  ^ndral  accdldrd 
a  >0)  ou  ralenti  (  a<  0)  et  d»une  couche 
limits  initials  d'dpaiaseur  rektive  S./h 
variable.  ’ 

Les  meaurea  ont  portd  en  nremier  lieu  aur  la 
ddtemination  dea  presaions  paridtalea  au  moyen 
de  prises  disposdes  aur  la  paroi  infdrieure 
(fig,  1)  auivant  I'axe  du  montage,  4  rangdea 
transveraalea  placdes  on  aval  da  D  permettant 
un  contrdle  de  la  bidimensionnalitd  de 
I'ecoulement* 


Fig.  1  -  Montoge  exp«imentol. 

a)  Vue  d* ensemble  de  I'instollotion 

b)  Sebemo  du  dispositif  d* etude. 
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li«*  proflls  dt  vlttaa*  aoyanna  dans  las 
eouehas  dlssipatlvas  ont  dtd  obtanus  k  partlr 
d'aiploratlons  da  praaaion  ststlqua  at  d'arrit 
au  Boyan  da  aondaa  adaptdaa  k  I'dtuda  d'un 
dooulaaant  cosportar.t  un  courant  da  ratour  [l]> 
Caa  saauras  ont  dtd  coapldtdaa  par  una  analyaa 
au  fll  chaud  dt»  fluctuations  da  vitassa  at 
par  la  localisation  das  lignss  da  racollaaant, 
la  visualisation  paridtala  aettant  an  Jau  una 
tachniqua  axposds  dgalsasnt  an  [t]. 

Pour  toutas  las  configurations  sxpdrlaantdaa 
la  caractkra  bidissnsionnal  da  I'dcoul'aant 
a  dtd  contrfild  k  I'aida  das  distributions 
transvarsalea  da  praaaion  aala  surtout  par 
I'obsarvation  da  ia  lignr  da  raeollaaent. 

Coaaa  la  aontra  la  fig.  2,  una  variation 
ssnsibls  on  snvargura  da  I'dtandua  longitudi¬ 
nals  Xu  du  bulbs  do  ddcollaaant  apparalt, 
spdcialsaant  pour  laa  valours  ndgativoa  da  C 
(dcoulSBont  gdndral  ralantl),  loraquo 

I'allongoaant  Xa  da  eo  bulbs  diainua. 
L'dcart  aaziaua  anrsgiatrd  A2<s  pout 
attelndra  30>  pour  una  valour  voialna  da  }. 


Fig.  7  •  Influanca  da  rollongsment  iur  I'uniformila  du  lacollamant 
an  anvafgura. 


On  obsarva  dgalsoant,  cs  qui  peut  saabler 
paradoxal,  qua  pour  daa  allongemants  plus 
faiblss  (  X<})  la  tandance  s'invarsa,  las 
dcarts  AXr  s'  attanuint,  blen  qua  I'importanca 
relativs  das  couchas  lialtas  latdralos  augnanta. 

Pouts  da  pouvoir  assurer  an  touts  clruonstnnca 
das  conditions  d'sasals  absolunent  pures,  11  a 
6ti  convanu  k  la  suite  d'une  dtude  critique  d« 
la  coherence  dee  rdsultats  de  n'utillser  qua 
las  mssuros  offsctudas  dans  le  plan  do  oys;i.‘trla 
du  Bontags  et  da  ns  retsnir  qua  das  configura¬ 
tions  pour  lesquslles  AXR  dtait  infdrloir 

k  15;^.  Xr 

2.2  -  Anal’-sa  daa  praasions  paridtalas. 

Les  fig.  3  fournlsssnt  quslques  sxsoples  da 
repartitions  da  prsssion  obtenues  pour  des 
conditions  de  racolleDent  varldes  correspondent 
k  un  dcoulsDent  accdldre  (fig.  3a),  uniforaa 
(fig.  3b)  ou  ralanti  (fig.  3c). 

La  position  Xr  du  point  da  rocollaaont  ast 
dgaleBent  portda  sur  css  diagrasiBas.  On  obsarva 

que  I'dtanduo  ia  do  la  zona  ddeollda  augaanta 

h 

senalblefflent  loraquo  la  parol  da  rseollraant 
deviant  divorganta  (fig.  3c),  catta  dtanduo  dtant 
pratiqusaent  indepandants  do  I'dpaissaur 
ralativa  Oi  da  la  couchs  llalta  Initials 

pour  das  parols  convargsntas  ou  trks  falbloaant 
dlvsrgantos  (fig.  3a  at  3b). 


rdgion  Initials  quasi  isobars  sulvls  d'una 
rseosprosslon  rapids  jusqu'au  point  da  rseolla- 
aant  M  .  Par  contra  an  aval  da  R  •  la  foraa 
daa  distributions  ddpand  da  1' inclinalson  S 
du  planchsr. 


Fig.  3  ■  Evolution  dot  proitioni  poriatoUi  an  oval  du  docollamant 
(iniluonct  da  lo  houtauc  da  tiwrcha). 

o)  a-  7,>  b)  0-  -0,6*  c)  a=  -3.7' 


Roshko,  la  praalsr  [3],  tlrant  parti  do  cotta 
propriete,  a  proposd  une  noraallsation  da 
I'dvolutlon  das  prassions  dans  la  ddcollaaant 
sous  foraa  d'une  lol  anplriqua 

,JL) 

Rt  Xr 

Ri  4tAnt  la  praaaion  da  culot  at  la 
praaaion  djrnaaiqua  corraapondanta 

Dans  catta  reprdssntation,  11  subsists  una 
dispersion  assos  laportanta  notaaaant  au 
Tolainaga  du  point  da  racollaaant,  condulsant 
k  das  dcarts  aulBaux  sur  l^enqpBbls  da  noa 


Cos  dcarts  pouvant  Itra  Intorprdtds  do  la  alas 
aanlkrs  qu'sn  dcouleaent  suparsonlqua  [2]  [4] 
an  tsnant  coapta  das  affata  do  la  coucha 
llalta  Initials  k  1' origins  du  ddeollamant 
sur  la  ddvaloppemant  da  la  couchs  da  adlanga 
dtablla  k  la  frontlkro  astdrleurs  du  bulbs 
da  ddeollsBant. 


L'ensoabls  de  cos  repartitions  pressnts  antra 
les  points  de  decollsBant  at  da  racollemant  una 
similitude  d’evolution  caracterlses  par  una 


L'dtuda  thdorlqua  slapllflde  de  ca  phenomkns 
[4-5-6]  aontra  an  off  at  qua  la  ligna  da 
courant  Units  (l)  aboutisaant  au  point  da 


recollenent  et  fixant  le  niveau  de  preaaion 
par  une  condition  d'arrSt  eat  ddfinie  par  le 

paraofttre  Cq  -  Oi 

* 

^epjesente  une  origine  fictive  du 
Bdlange  1 5-61^donnde  par  une  relation  de  la 
forme  Xes  K  S,  ,  K  etant  dgal  I  81  pour  un 
dcoulenent  incompressible  [5]. 

Cq  I'^lution  du 

aaut  de  preaaion  au  recollement  n-Ph 

on  obtient  alora  une  relation  "universolle" 
propre  &  I’effet  de  couche  limite  initiale  et 
ind^pendante  de  la  configuration  dtudide,  cocme 
le  nontre  la  fig.  4.  ’ 


d^finit  ainui  une  r^gla  d' interpolation  dea 
rdaultata  de  la  fig.  5b.  dlininant  le  parametre 
geometrique  d  au  bdndfice  d*un  parambtre 
mieux  adaptd  au  traitement  de  configurationa  de 
recollement  varidea. 


'ii-P. 


C.5  a) 


(i)=  056 


/  CL  iftaftoJ#  H,a  13  .  14  , 


-  a 


d  orr»r  *yr  la  i<9r»  d# 
('^1009*  isobor#) 


C  L  mmcM  ^  C  L 

F.g.  4  .  Sou.  de  p,e»ion  ou  recollement  (influence  de  lo  couche 
iimite  initiole).  «  wwvtnc 

ve  resultat  appelle  2  reairquos  ; 

Tout  d'abord  eette  evolution  eat  differente  de 
celle  a  laquelle  conduirait  I'hypotheae  d'une 
recocpresaion  isentropique  de  I'ecoulecent  aur 

dtabli"  pleinement 

Snauite  le  concept  d’origine  fictive  n'eat 
^r.aiteient  juatifie  que  loraque  I'eteniue 
in“n  3o-fi3ante,  le  profil  dea  viteaaea  dans 
la  ^ouche  de  nelfinge  est  oroche  de  I'^tat 
aaynptotique,  cette  actuation  etant  realiace 
pour  dua  valeura  de  Cq  infirieur  h  C, 7.10-2 
qui  correspondent  a  ^  ^  1/^ 

Di8T»aant  d'une  relation  permettant  de  calculer 
le  aaut  de  preaaion  au  recollement  noua  avona 
ete  tout  naturellement  conduita  k  reohercher 
une  normaliaation  dea  repartitions  de  preaaion 
dans  la  zone  decoll^e  plus  raffin^e  que  celle 
propoaee  par  Soshko. 

Une  loi  d'evolution  de  la  forme  ^  -  f j  X  j 

permet  d'dlioiner  lea  effeta  de  cS!?c'h5  Umi tf 
initiale  coome  le  nontre  I'execple  present^ 
iig*  5a  dans  le  cas  s  s«0,6. 

Par  contre,  la  longueur  relative  de  la 

partie  isobare  du  decollement  evolve  de  facon 
senaible  avec  tL  conae  le  montre  la  fig.  5b. 

Une  representation  commode  de  cette  evolution 
aous  une  forme  plus  gdnerale  a  ete  recherchee. 

2>iie  est  obtenue,  en  portant  en 

^  “"Sle  local  **de  la  frontiere 

de  deplacenent  au  niveau  du  point  de  recollement 

5Cm 

Ce  choix  qui  assure  un  bon  reooupement  de 
1  ensemble  de  nos  experiences  permet  de 
rattacher  la  loi  0  j  .X  )  une  propridte  locale 
de  I'ecoulement  au  poi^  de  recollement.  On 


Q-  P-Pi 


de  I  ^oulP"w.r 
ty  pofBrtbel 


Pig.  5  •  Normolisotion  des  pressions  porietgles 
o)  a  -0,6® 

b)  lnflu«nc«  de  I'ongle  U. 

c)  Loi  d'evolution  de  I'etendue  du  domoine  isobore. 


^•3  -  toalyse  dea  couchea  disaipativea. 

L'analyae  detainee  de  ces  couches  a  ete 
effectuee  aur  4  configurations  geometriques 

2  valeura  de  ^  (o,9  et  0,6$.  Dana  tous  lea 

caa  co-naideres^n  longueur  Xq  du  decollement 
est  suffisante  pour  que  le  concept  d'ori/rine 
fictive  soit  applicable  (couches  limites 
initiales  minces  w  ^  ^ 

L' observation  dea  profils  de  vi tease  moyenno 
pour  3  configurations  typiquea  (fig.  6)  net 
en  evidence  une  analogie  d'evolutioii  que  noua 
analyserons  en  adparant  lea  doc-aines  situds  en 
amont  et  en  aval  du  point  de  recollement. 


t7<. 


Blen  qua  le  recoupement  auquel  ciitta  raprtfsenta- 
tion  conduit  aolt  iDparfait.  ii  eat  toutafoia 
I'indica  quo  dana  ca  d^wHina  lea  proTlla  da 
vlteasa  pauvant  Ctra  repr^aant^a  par  una  familla 
k  1  paramktra  p  dont  uno  raprtlaantatlon 
d^dulta  da  (l)  aat  da  la  forma 

P  al1-P)f<X) 

Catta  proprirftrf  rappelona  le  n'oat  valabla  qua 
dana  le  cadre  da  I'hypolh^se  da  couchaa  llmitea 
Initlaleb  mlncaa. 

En  aval  du  point  da  racollement  (  X  >X||)domaine 
qua  noua  appallerona  zona  da  rstructuration,  on 
obaarva  una  croiaaance  daa  vlteasra  longltudina- 
laa  au  volalnage  da  la  parol  (fig.  6),  plua 
ou  Bolna  raptda  aelon  aue  le  champ  extdrieur  eat 
acc^Mr^  ou  ralenti  {<X>0,  B<  OJ. 


F  I9.  10  -  Eaemple  de  prolilt  de  vittsst  dans  la  lone  de  lestfucturation. 


Toutofois,  comma  le  montre  la  fig.  10,  lea 
profile  de  viteaae  obtenua  pour  ui.e  o^me 
vaieur  (H  «  2,2)  Ju  paraa^tre  de  forme  H 
poaa^dant  quel  qua  soit  S  une  structure 
tris  voisine  analogue  a  celle  d'une  couche 
llmita  deatabilis^e  proche  du  d^collement. 

2.3.<l  -  Epaiaseurs  caract<''ristlques  et 
parametres  de  forme. 


X. 

Fig.  11  •  Evolution  des  epoisseurs  corocteristiques  en  oval  du 
deco  I  lement. 


Un  exemple  d'dvolution  avec  I'absciaae  des  ^ 
diffdrantos  rfpaisaeurs  caract<1ristiques  0,9, 
6**81"  yj  d^collde  et  en  aval 

est  donnde  fig.  11  pour  lea  3  configurations 
typiquus  prdc^damnunt  oxamindes  (  ft  >  -6,7, 
-0,6.  4,3). 

On  notera  I'dpalssissement  important  qua 
aubit  la  couche  dissipative  dans  le  cas  oil 
1 'dcoulement  exti^rieur  eat  ralenti  (fts-6,7®). 


L'existance  d'une  famille  de  profile  de  vlteasa 
dans  le  domains  proche  du  recollement  en  amont 
et  en  aval  de  celui-ci,  Ind^pendanta  da  la 
configuration  g^ometrique  ^tudi^e  qui  avait  tftd 
suggdr^e  par  I'analyse  locale  (fig.  9  et  IO)  est 
ici  confirmee  au  niveau  des  grandeurs  caracteria- 
tiques  globales.  Une  relation  fonctlonnella 
unique  entre  les  divers  param6tras  de  formes 
d^flnis  par  le  rapport  da  deux  ^paisseurs 
caractdristiquea  quelconques  en  est  notamment 
la  preuva.  Une  telle  relation  est  piarfaitement 
verifide  en  ce  qui  concerns  I'^volution  H  (  H) 
par  exemple  (fig.  12);  elle  cesae  dbs  qua  I'on 
pcnetre  dans  la  domains  isc^'are  du  d^collenent 
pour  les  raisons  indiqutFes  en  2.3.1. 


_ C  L  datlobilitaa  jraf  7j 


rosiructjrotioo  rvcomprvssion  mdlon9« 


a* 

<41 

31.5 

• 

-0.6 

7< 

• 

-37 

20 

« 

-67 

16 

-0.6 

16 

V 

Fig.  12  .  Corrtlotion  eaoarimantole  i1(H). 

'Jn  regroupement  moins  satisfalsant  est  obtsnu 
fig.  13  dans  la  representation  H  (h),  la 
dispersion  des  resultats  et  les  hearts  par 
rapport  auz  mesures  de  Head  en  partlculier 
pouvant  8tre  en  grande  partie  imputes  h 
1* imprecision  intervensnt  necessairement  dans 
la  definition  de  I'epaisseur  8  . 


1  2  p  S  10  20  SO 

rvyrvjcttjrolion  recomprvtktoo  m^long* 


Fig.  13  •  Correlation  experimentole  H  (H). 


2.3.3  -  Fonctions  oaraoteristiaues  do  I'eooulo- 
ment  disaipatif. 

Parallfeioment  k  I'examen  detailie  des  relations 
eiistan  entre  les  divers  parametres  do  forme, 
une  etude  experimentale  des  fonctions  oaracte- 
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rlstiquM  lnt«rv«nMt  dans  la  ealeul  daa  oouchaa 
dlaaipatlvaa  par  daa  adthodaa  Intdcralaa  a  4t4 
affactuda. 

L'dvolutlon  avac  H  da  la  fonction  d'antralnaMnt 
[8  -  to]  ddfinla  par  la  ralatlon  i 

[-"-‘■•I 

at  dddulta  da  noa  Mfuraa  aat  donnda  tig.  t4. 


r#ftrructurot»on  I  r#compr«ftMon 


Fig.  14  •  Foncfion  4*«ntroin*m*nt. 


Caa  rdsultata  aattant  an  dvldanca  1 ' i mpoaalbl- 
lltd  da  ratanlr  I'hypothdaa  d'una  ralatlon 
univaraalla  raliant  F  at  11  dana  las  doaalnas 
da  reconpraaalon  at  da  raatructuration;  daa 
affata  aarquda  lida  k  Tiaportanea  da  la  coueha 
ll^lta  inltlala  (paraaktra  )  at  k  la 
confl^ratlon  gdoadtrlqua  (  tt  )  antralnant  una 
diaparalon  laportanta  dans  la  plan  f,  H  . 


En  ca  qui  concama  la  fonction  da  dissipation 


♦ 

rai 


1 

atlon 


(Sc  3.2, 


,  ealeulda  par  la 

una  talla  hypothksa 
(•  a  #  I  H  ) )  saa  bla  aiauz  aaaisa,  bian 
qu' laparfaitamant  Tdrifids,  las  dcarta  par 
rapport  k  una  courba  aoysnna  daaaurant 
aoddrda  (fig,  15). 


^»compr«»»ior> 


Fig.  15  •  Fonction  dt  diffipotion. 

2a3t4  -  Reoiiirquea  divarsesa 
a)  Evolution  do  la  turbulanco  ; 

Dans  la  cadro  de  I'analysa  ddtaillda  das  couches 
dlsalpativas,  le  taux  de  fluctuation  da  la 
vi tease  longitudinals  eU^/Ugi  dtd  aesur*^ 

pour  la  configuration  d  *  -0,6  at  deux  valeura 
de  I'dpaiaaeur  relative  6| /h  de  la  couchs  llnito 
inltlala  (ft|/hs  0,6  at  1,7}  une  exploration  assee 
coaplkta  n'ayant  dtd  effectude  qua  pourfl^/h>  1,7. 

L'dvolution  transversals  deuqf/U»  prdssnta  un 


■axiaua  au  sain  da  la  couoho  disaipativo 
dtroltsaont  lid  k  oalui  qui  apparalt  pour  la 
profll  da  olsalllsaant  turbulont  [12]. 

I  u</i 

La  fig.  16  Bontra  l'dvolution  da  |  'm-T*** 

fonction  da  I'absciaaa  rdduite  X/  6  obtsnus 

au  ooura  da  ess  axpdrlaneaa,  dvolution  qui  a  dtd 
eoaparda  k  osllo  obtanua  par  Tani  dans  le  cae 

da  valsura  fi||  /h  plus  faiblaa. 

Dans  toua  esa  sxsaplsa  on  constats  qua 

prdssnta  una  dvolution  orolsaanto  Jus^tau  point 
da  raeollaaant  at  ddorolt  ansulto  prograssiva- 
■ent  dans  la  sons  da  raatructuration,  I'oxtraaua 
alnal  obtanu  ddpandant  fortanont  da  S,  /h  . 


La  partis  croissants  da  la  courba  aat  quasi 
unlvarsalla  pour  una  coucha  llnito  Inltlala 
donnds  at  rsprdaanta  la  transition  antra  I'dtat 
da  turbulanco  proprs  k  oetts  couchs  llnito  at 
oalui  qui  eorrsspond  k  un  procassus  da  ndlanga 
aaynptotiqua,  colui-cl  sat  obtanu  lorsqus 
I'dpaisaaur  da  la  coueha  linita  initials  oat 
faibla  dovant  I'dtandua  da  la  sons  ddcollda 

(Tani,  A-0,27). 
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Fig.  16  •  Evolution  do  lo  fluctuation  moximolo  do  vltotoo  on 
ovol  du  ddcollomont. 

Cos  expdriencaa  confiment  qu'un  dtat  d'dqul- 
librs  eat  attaint  pour  lea  profils  da  vltosss 
dans  une  coueha  da  ndlanga  Man  avant  quo  cat 
dquilibro  ns  soit  dtabll  pour  la  turbulanco 
interna. 


b)  Effet  d'une  couchs  linita  dpaiaso  (Cq|>0,7.10~^)i 

Tant  quo  la  couche  limits  Initials  sat  nines, 

In  couche  dissipative  abordant  la  zona  da 
’.'ecollenont  posakde  un  profll  da  vitosaa 
senslblanant  figd  dans  sa  fome,  mtno  si  la 
structura  de  la  turbulence  no  prdsen^a  pas  la 
■dne  situation.  Dans  ces  conditions  on  a  pu 
nettre  en  dvldenca  des  propriitds  asses  gdndiales 
concernant  l'dvolution  das  vltessea  noyennas 
et  la  reconpresalon  jusqu'au  point  de 
recollenent. 


Par  contra  lorsque  deviant  significatif 
devant  I'dtenJua  dn  la  sons  ddcollde,  caa 
propridtda  ne  sent  plus  conssrvdee,  la  fluids 
conservant  au-dala  da  la  mdnoira  du 

profll  da  vitessa  k  I'orlglne  du  ddeollonant. 


Cola  se  tradult  comma  le  montrent  les  fig.  17 
par  une  diffdranca  inportanta  aur  la  fome  des 
proflla  de  vltsassa,  en  partlculiar  au  point  da 
recollensnt  (fig.  17a  at  17b),  qui  antratna  la 
nodiflcatlon  de  la  relation  fonetionnella 
H  (H)  (fig.  17o). 


far  contra  l'dvolution  du  saut  daa  preaslon  au 
rocollement  rests  nonotona  (fig.  4)  at  la  lol 
d'dvolution  des  presslons  aat  pau  Infiuoncdo  di 
nolns  tant  qua  Cq  n'  exekda  pas  10~2. 


0  OS  1  u. 

jr 


C  L  rpoiftwt  C  L 


Fiq.  17  •  Influent*  de  la  couch*  limit*  initial*. 

a)  Pfofil  de  vite«s*  au  recalUment 

b)  Paranietre  de  form*  H  aj  recollement 

c)  Corr*lo<  on  H  (H). 


Sl^nalons  enfin  que  dans  le  caa  d'une  cot.'te 
limlte  inltiale  deatabillaee  (H  >  1,4'  laa 
propriatda  relatives  am  co'ichea  11ml tea  ml''"e3 
dtabllea  pour  H  <1,4  sont  conservdea. 

c)  Influence  dee  ^adiente  de  preealon  normauz  : 

Un  ezamen  de  cea  effete  eat  prdsent4  en  annexe. 

}  -  CAlCUL  DK  L’ECOVLEKEN’T. 

3.1  -  La  connalaaance  de  la  solution  de  flulde 
parfalt  gliaaant  aur  la  parol  aufflt  g^nArale- 
ment  pour  eatlraer  en  preniiJtre  approximation 
I’dpniaaeur  de  displacement  6  de  la  couobe 
llmitc  k  I'aide  dee  equatlona  de  Prandtl.  Un 
second  calcul  de  flulde  parfalt  aur  cette 
frontifere  de  displacement  determine  alora  la 
preasion,  toute  aJjonctlon  d' ltdrationa  aur  6 
n'apportant  en  princlpe  que  des  retouches 
ndgllgeablea.  Cette  procedure  qul  eat  relative 


A  une  couche  llelte  aaymptotlqur  rdgullAre  [h] 
es  rdvAle  Inadequate  dAe  qu'apparatt  une  forte 
Interaction  entre  couche  dissipative  et 
dcoulement  exterleur,  comae  on  la  constate 
dans  dea  regions  de  decollsment,  de  recollaoent, 
cu  da  couches  limltea  rapidemsnt  destabillaeea. 

blen  souvent  ndanmoina,  1 ' observation  des 
phenomAnea  indlque  que  lea  affets  dlsaipatlfs 
demaurent  conflnds  dans  une  couche  volslne  de 
la  parol  tandla  que  la  plus  grande  partla  de 
I'ecoulaoent  conserve  un  comporveoent  esaential- 
lement  non  vlnqueux.  Une  solution  pratique  peut 
dans  ces  conditions  ttre  legitimcaant  demandee 
A  une  analyse  de  type  couche  llmita,  aoyennar*' 
la  definition  d'une  structur*  aaymptotique 
appropride.  Quelques  elements  degages  da 
I'etude  experimentals  penuottent  de  penaar 
que,  si  la  couche  limlte  Initlale  eat  mince, 
la  structure  ordinaire  "flulde  parfalt 
Irrotationnel  -  couche  .Imite  de  Prandtl"  peut 
const! tuer  une  premlAre  approcha  ralsonnable 
pour  le  calcul  du  recollement  en  aval  d'une 
mi.rche  . 

Lee  grandeurs  dtant  adimensionnallsees  par 
unc  Vitesse  et  une  longueur  convenables, 
u(x^y)et  V(x,y)  ddslgnant  lea  composantea 
de  la  Vitesse  de  I'dcoulement  potential 
5(*,y)  et  v(*,7)  celles  de  la  couche  limita, 
on  admet  la  valldltd  dans  la  majeure  partle  du 
docalne  d' Interaction  dea  ddveloppements 
habltuels  par  rapport  k  I'dpalsseur  norBsliake 
5  de  la  couche  limlte  : 

u(  *,y  )  s  u,(  *,y)  ♦  6  .  u,  (  *,  v  >  ♦  . . . 

yc*,y  )  -  v,(x^y)  ♦  6  .  V,  (x,y  )  ♦  .  .. 

M(*^y)  >  u,(xj)  ♦  4  .  u,  (  x.f)  ♦  .  . 

y<x,y)  a  ♦  6  .  X,  y  )  ♦  . .  • 

Un  effet  viaqueux  plus  intense  qu'une  perturba¬ 
tion  d’ordre  6  peut  6tra  obtenue  en 
envlaageant  des  solutions  d' auto-' nduction  oil 
I'dcoulement  de  baas  <at  inddtermind  k  I'ordreQ 


L' Inddtermination  eat  levde  par  un  appel  k 
I'ordre  sulvant  qul  conduit  k  une  definition 
impliclte  do  6'  ^UsU,J,  ^va  V,  ♦  ® 

Pour  une  paroi  y  =  0  : 

( I  )  {  U  I  y  1  j  3  U  (  0  ) 

y— .. 

(2)  _ Vf«.0) 

dx  U(z,0)  dx  “u(*,a) 


La  resolution  de  ce  problkme,  Introdulte  par 
Crorco  et  Lees  [l9]  a  ete  abondaiomsnt  utilises 
en  jjpersonique  [20]  [21  ]  [22]  et  plus 
re.-embent  en  transsonlque  par  Kllneberg  et 
Steger  [23].  Sous  utiliserons  toutofoia  (2) 
sous  la  forme  equivalents  : 


(3)  dfl*_ 

dx  "  uTxt3T 


u(x,  6'')«u(x,0) 


do  preference  a  la  forme  utiliake  par  les 
precedents  auteurs  : 


(4)  d  6*  _  4  -6*  du(x,4)  _  'iy(x^4) 

dx  ~u(x,4)  ~  dx  "  u  (x/4) 
u  (x,4isu(x,0) 

pour  des  raisons  dietdes  pnr  I'ezperience 
[Annexe  ).  Dans  le  cas  present,  la  recherche 
de  la  solution  sera  gra.-idemant  facilltee  par  la 
connaissance  d'une  lol  empirique  constltuant 
une  approximation  suffisante  de  U  (  X^  0  )  dans 
la  zone  ddcoliee,  et  condulaant  k  la  procedure 
que  nous  allons  malntsnant  examiner. 


3.2  -  Calcul  il»  1«  couoh«  di»ilpatlT«. 

La  caraotkra  n^otsaalraBant  it^ratlf  da  la 
rdaolutlon  nuadriqua  du  problkaa  lapllelta 
ddflnl  par  (t)  at  (2),  at  la  aoucl  da  eonatrulra 
un  aoyan  da  calcul  asaat  ranlda  ont  aaand  k 
adlacttonnar  laa  adthodaa  laa  plua  aiaplaa 
poaaiblaa. 

Hora  du  bulba  da  ddcollaaant,  laa  couchaa 
dlaalpatlvaa  aaront  ddcrltaa  pa:  una  adthoda 
intd^ala. 

Dana  la  rd^lon  ddcollda,  I'axiatanca  pour  la 
praaaion  paridtala  d'une  loi  da  corrdlatlon 
aaplriqua  k  un  paraaktra  |  ^  ~  „  S  ^(  ||  , 

conatltua  un  aoyan  aflr  da  conatnira  u  (  ^^0  ), 
at  da  ddflnlr  avac  prdcialon  I'dpalaaaur  da 
ddplacaaant  aprka  calcul  du  chaap  potential. 
L'uaa^  da  catta  lol  da  corrdlatlon,  dtablla 
dana  daa  rarlablaa  noraalladaa,  r.dcaaalta  la 
connaiaaanca  da  la  longueur  Xu  du  b^ba 
ainal  qua  du  nlvaau  da  r'jcoapraaalon 

antra  lo  culot  at  la  point  da  racollaaant.  Una 
aaconda  lol  azpdrlaantala  aara  Introduita  pour 
rellar  ca  nlvaau  k  I'd  tat  da  la  coucha  llalta 
Inltlala  (fig.  4)  tandla  qua  Xu  aara 
ddtamlnd  par  la  calcul  lul-odna. 

La  adthoda  intdgrala  aat  conatrulta  an  falaant 
I'hycothkae  qua  laa  grandeura  caractdrlatlquaa 
da  la  coucha  limlta  (dpaiaaeura,  paraaktraa  da 
fonca,  ate....)  na  ddpandent  qua  daa  daux 
Inconnuea  prlnclpalaa,  vltaaae  V(de)at 
dpalaaaur  da  ddplacamant  A(x)  ,  at  d'un  aeul 
piraaktra  auxllialre  qul  eat  la  paraaktra  da 
forma  uaual  H(X)  .  Laa  donndaa  azpdrimentalaa 
ont  montrd  qua  catta  hypothkae  convlent  k  deux 
conditiona  i 

a) -  la  coucha  llalta  avant  ddeollenant  dolt  dtra 
alnea.  Laa  prof! la  da  vlteaaa  moyanna  dana  la 
rdglon  da  calcul  formant  alora  una  famllla  da 
profile  k  un  paraaktra  aenaibleDent  confondua 
avac  calla  das  couchaa  llmltaa  lantaaant 
daatabilladea  at  on  dlepoae  daa  relatione 
peraattant  da  ddflnlr  tout  paramktre  da  forme 

an  fonction  da  I'un  d'eux. 

b) -  11  faut  ratanlr  pour  dquation  auxllialre 
eelle  da  I'dnergla  clndtlqua  du  mu'ivament  moyan 
peur  lea  ralaona  Indlqudea  §  2.3.3- 

AJoutons  qua  la  lol  da  Ludwlg-Tl'ellman  eat 
adoptde  pour  la  frottement  parietal,  aon 
influence  aur  I'ecoulement  dans  la  rdglon  da 
recollamant  dtant  d'allleura  minima. 

So' t  0  (X)  la  direction  da  I'dcoulamant 
potential  au  nlvaau  da  la  frontlkre  da  ddplaca- 
ment.  La  problkme  conalate  k  ddtarmlner  lee 
quatraa  Inconnuea  «'(»*,  V(*J,0(*»,  H(*l 

On  dlapoaa  daa  trola  dquationa  dlffdrantlallaa 
globalaa  da  continultd,  da  quantitd  da  mouve- 
mant  at  d'dnargia  clndtlqua  : 


(•) 


(S) 


(a 


4_l2la(Ha2)  J»-09V  JL. 

dx  dx  H  dx  6*  2 

utu-atdl-oflV  dR  d^-  JL  (h£L.2 f)  (c) 
dx  dH  dx  O’  2 


avac  laa  ddfl nit Iona  :  0*s  H  0* 


0’"^  M 


-Ipalsaeur  d'dnargia 
clndtlqua 
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'fW/ 


T.du  fonction  da  dlaalp»> 
tlon 


On  dlapoaa  an  outre  daa  ralatlona  amplriquaa 
auxilalraa  i 


♦  =♦  (H) 

H  r  H  (H) 


La  ayatkua  aat  farad  Mr  we  relation 
fonctionnalla32  (v(drl^(*^xprlmant  qua  V  ate 
aont  affectlvanant  la  module  at  la  direction 
da  la  vl tease  dans  I'dcoulemant  potential 
la  long  da  la  llgna  da  courant  0*(X)  ■ 

La  caractkre  alllptlqua  da^l  V,  9  )lffipo8a  una 
solution  itdrativa  consistent  an  una  auccasslon 
da  calcula  potentlala  at  da  calculs  da  couche 
limlta,  I'lnconnue  princlpala  da  A  pouvant 
dtra  soit  VCxIaolt  6(x)  . 

Dans  la  premier  caa,  V  (x)  dtant  suppoad  connu 
par  ,  les  Inconnuea  principales  da  (5)  uont 
alora  H.  e  .  L'axaman  da  ce  ayatkma,  una 
fols  les  termaa  an  nlacds  au  second 

membra  montre  qu'una  slngularltd  apparalt 

dR  . 

lorsque  »  >  Catta  clrconatance  ae  prodult 

au  volainoga  Immddiat  du  point  da  racollemer.t, 
HsS,  at  nous  remarquerons  qua  I'dquation 
(5c)  sa  rdduit  alora  k  ; 


(5d) 


- j  ^  1  puisqueCfxO 

RCH-i)  Jpq 


relation  nimple  entre  6/^  at  ^dka  qua 

laa  valours  de  H  at  H  aont  connuea. 
Klineberg  et  Steger  [23]  [24]  ont  montrd  qua 
catta  difficultd  n'est  pas  intrinakqua  au  pro¬ 
blkme  coupld,  mais  eat  artificiellemant  intro- 
dulte  par  I’adoption  d'un  calcul  da  coucha 
limlta  k  vlteaaa  V  (  x)  Icpoada.  Ce  mode  de 
calcul,  qualifld  de  direct  ne  doit  done  Stra 
conaiddrd  comoe  le  proeddd  addquat  qua  loraque 
1* Interaction  vlaiueuae  eat  faible. 

Par  contra,  dans  lea  regiona  oil  1' interaction 
viaqueusa  est  forte,  --  aira  ptur  Inconnuea 
prircipalos  de  (5)  6*  ,  H  ,  V  ,  I'evolution 
eix)  etant  cette  foia  demani^e  a  Jf  •  On  t:  t 
alora  ramon^  au  systeme  suivant  : 

OX 

(Ha2)2^2ay.-H(rae-H£Ll  (b) 

dx  dx  2 

6*^  J^.6'n(H.1)^^-H{20-HS^)  (c) 

qul  n'est  slnguller  qua  si  6*a  0  ,  situation 
exclue  pour  laa  rdglons  conaiddrdes.  Catta 
proeddura,  qualifida  d'inverse,  prdaanta  da 
plus  I'avantaga  d'autorlaar  la  aubatltution 
d'une  lol  amplrlqua  da  vlteaaa  V(X)au 
systkme  intdgral  (6),  toutes  les  foie  que  e'est 
ndcasaalre  ou  commode.  Catta  facilltd  sera 
exploitda  dans  la  rdglon  du  bulbs  de  ddcollamant 
qul  na  peut  Itra  traltda  dans  aa  totalitd  par 
las  dquationa  (6)  (fig.  18). 


On  notora  enfin  qua  le  systkme  Inverse  (b) 
calcula  LogV(X)k  partlr  de8(X)par  una 
intdgration  tandla  que  la  systkme  direct  (  5 
ddterminait  9  (  X  )  d'nprks  Log  V  (  X  )  au 


) 


I 
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■oyen  d'un*  derivation.  La  ealcul  da  I'^eoula- 
nant  potant.al  attrlbuant  uit  rOla  syaetrlqua 
BUZ  fonctlona  Log  V  at  6  ,  la  moda  Inveraa 

Introdult  un  affet  da  llaaaga  Intdrasaant  aur 
la  plan  nuadrlqua  dont  la  oontra-partla  aat  un 
affat  da  ddrlva  rloquant  da  conpronattra  aon 
utlliaatlon  aur  daa  rdglona  dtanduaai  apdelala- 
oant  al  I'lnteractlon  viaquauaa  aat  falbla. 


C  OBX  ^  tmii* 


for  *9  'ion 


Covch*  Itm* 


Cokul  I 

(Out  ha  iim.lt  I 


D*'  at 


’  if»' 

C  orraio'aM 


I  •apar.fvwr.talM 


O-'-ni 


Fi^.  IS  •  Ooffloinas  d«  calcut  du  recollcmtnt. 


3.3  -  Calcul  da  I'ecoalement  potential. 


L'^couleDant  non  vlaqueuz,  plan,  incoDpreaalble 
at  Irrotatlonnal  admet  une  vltesaa  cocpleia  dont 
le  logarithne  U  Log|Vl-i  0  'at  una 
fonctlon  analytique  da  (*aLy  )  aur  un  domal- 
ne  born*?  Inferieurenant  par  la  frontlPre  de 
leplacamant,  et  llDltd  eventuallamant  par  una 
parol  auperieura  quelponqua. 

Subatltuant  h  la  variable  physique  (x«ly  ) 
la  potentlel  cocpleza  (  ^  t|l  ),  on  ae  ranine 
k  un  domalne  simple  :  0  <  Qf  <  Clfe  .  Une  trans¬ 
formation  conf orme  applique  enfin  eette  bande 
aur  un  deml-plan  o!i  la  fonctlon  analytique  U 
eat  dtudlde. 

L'adoption  d'un  processus  de  couplaga  en  mode 
tantflt  direct,  tantSt  inverse  (fig.  18)  conduit 
pour  U  k  un  problems  &  donneaa  miites  aur 
la  frontiers,  tantSt  0  tantSt  V  ,  de  type 
Volterra.  Sf.  resolution  dans  le  deml-plan,  pour 
laquelle  on  renvolt  h  [25]  se  ramSne  L  celle 
d'un  probieme  de  Dirlchlet  pour  1' equation  de 
Laplace  et  par  suite  4  dea  quadratures. 

3.4  -  Kiae  en  oeuvre  de  la  solution  complete. 


L'utlllsation  dans  la  region  du  bulbe  d'une  lol 
da  presslon  empirique  normalisde  par  une 
echella  longitudinals  Xfq  Inconnue  S  priori 
conduit  e  aatlsfaire  la  condition  de  couplage 
en  deux  4 tapes. 

Dans  une  premiere  dtape,  Xp  eat  arbltralrement 
fixe.  La  solution  coupiee  eat  alora  obtenue  au 
terms  d'un  algorlthme  numdrique  adapte  au 
ddcoupage  renreaante  aur  la  fig.  18-  Ddalgnant 
par  Vi  et  6i  lea  valeurs  diacretisees  des 
fonctlona  inconnues  V(x)  et  0  (x)  ,  on 

Itero  aur  la  vecteur  composite  J 

dans  les  rdglona  de  calcul  direct  1 

^;iVi  "  "  inverse  j 

La  problems  eat  dcrlt  sous  la  forme  Impllciis  i 

ti  ■  ^  t  ^  j  ) 

oil  ^  ddsigne  I'opdrateur  qul  conslata  k 
appliquer  suBcesslvemsnt  un  calcul  potentlel  et 
un  calcul  de  la  couche  dissipative.  La  schema 
Itdratif  habitual  : 

se  rdveie  inauffisant.  La  convergence  eat  obtenue 
en  introduisantune  sous  lelaxa  tion  assez  importan- 


La  difficulte  d'analysa  de  I'opdrateur  3^ 
amkna  k  choiair  pour  U  une  eonatanta 
aoalaire  rdella  0<y  <  1  suacaptibla  da 
aatiafalra  auz  conditiona  da  ecnvargancs  : 

1 1- U  ( 1  -  X|( )  |<  1 


oil  lea  X  K  aont  las^v^eura  proprea  de  la 
matrlca  Jacobienne 


(le-) 


la  valaur  da  U  detarminda  par  titonnamanta 
aat  da  I'ordrs  da  0,15. 

L'etapa  finale  consistera  k  determiner 
I'echella  qul  convlent. 


Au  total,  I'organlaation  du  calcul  complet  eat 
achematlaes  aur  la  fig.  19.  L'inltlallaatlon  du 
vecteur  (  eat  ndcsaasire  pour  amorcer 
I'algorithme  precedent.  En  ce  qul  concerns V(ad. 
le  choix  de  la  longueur  Xp  et  du  paramktre  0p 
assure  as  definition  k  I'interlsur  du  bulbe. 

A  I'szterieur,  I'evouutlon  V(x )  eat  approchde 
par  une  loi  d'aire  a'll  a'agit  d'un  canal,  par 
une  Vitesse  constants  si  I'dcoulement  aat 
illimltd.  La  lol  0  |x  )  eat  astimda  k  partlr 
de  la  direction  le  la  paroi  slle-mlme. 


Fig.  19  ■  Orgonigromm*  tchemotique  du  calcul  du  rKollement. 


Au  coura  de  la  boucle  d' iteration  interne  qul 
correspond  k  I'dtape  Interoediaira  oil  la  longueur 
Xu  eat  arbitrnire,  le  calcul  vlaqueuz  eat 
Interrompu  dans  le  domains  II,  ce  qui  impose 
pour  reprendre  1' application  de  la  mdthode 
integrals  en  aval  de  R  la  definition  de 
condltlms  initiales^  ce  point.  La  connala- 
sance  de  Hp  et  de  fixe  8pen  vertu 

du  ayatkme  diffdrentiel  (?).  Choiaisaant  3, 

on  obtient  explicitement  6p  de  la  relation 
(5d)  qui  a'dcrit  alora  : 


1 

L  <1*  Jr 

L  R(H-1)  Jl 

Hb5 


»0,018 


Au  terms  de  cette  boucle  d' iterations,  on 
dispose  done,  pour  une  valeur  da  Xp  arbitral- 
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resent  fii^e,  de  deux  lola  9(X)  ,  V (x) 
■atlafaisant  doe  conditions  d«  eouplage  strlctes, 
Bala  ne  correapondant  pas  ndcasaalreaent  au 
ddcroeheaant  de  parol  Inposd.  En  effet,  11  eat 
poaslbls  da  ddflnlr  la  frontiers  da  ddpIacaBsnt 
dans  le  plan  physique  par  Intt^K'otlon  de  6(X)i 
at  de  Bsttre  en  place  una  parol  flctlva  de 
calcul  par  la  conr.alssance  da 

L'dchella  X||  sera  done  flnalaaant  ajuatde  afln 
da  au.'arpoaer  catte  parol  flctlva  at  la  parol 
vdrl table. 

3.5  -  R^aultata. 

La  dur^a  d'un  calcul  complat  rests  siod^r^a. 
L'ordra  de  ^andeur  est  7  olnutea  sur  CIl/lHISSO 
pour  une  dlscrdtlaatlon  asses  raffln^a  conpranant 
ICO  points  de  calcul  dont  20  dans  la  bulbe. 

La  cooparalson  calcul-experlence  est  satisfal- 
santa  pour  des  couches  Jlml tea  Inltlalea 
BoddrdBsnt  dpalsses  .  La  fig.  2Ca 

presents  deux  rdsul^^.rfVe  rocolleoent  dans  un 
canal  dont  lea  pa  oia  son.  presque  paralUlea. 


Fig.  20  -  Comporoiftont  calcul-exp^ience. 

o)  Pr^iction  de  I'effet  de  couche  limile  initiote 

b)  Prediction  de  I'influence  de  I*  ecoulement  potentiel 

c)  Cot  d'une  couche  limite  initiole  epaieee. 


La  couche  limite  initials  6  est  senslblement 
la  mfine  et  la  hauteur  de  la  marchs  a  varl^  de 
50l.  La  provision  de  I'effet  de  la  couche  limite 
Initlale,  caraetdrisda  par  le  parambtre  S/hest 
corrects  tant  an  ce  qui  concerns  la  longueur  du 
bulbe  que  le  niveau  de  presslon. 

La  fig.  20b  illustre  I'influence  d'une  modifica¬ 
tion  sensible  du  champ  potentiel  provoqu^  par  un 
changement  de  la  gdom^trle  du  canal.  Les  deux 
configurations  sont  choisles  pour  que  les  effete 
vlsqueuz  soient  simllalres,  e'est-k-dlre  que 
les  longueurs  de  bulbe  ainol  que  les  nlveaux 
de  recompression  entre  le  cubt  et  le  point  de 
recollement  soient  trba  peu  dlffr^rents.  On 
observe  une  prediction  corrects  de  I'dvolution 
de  la  presslon  de  culot.  Enfln  on  notera  que 
dans  tous  les  cas  une  definition  satisfaisante 
de  I'epalsseur  de  deplaceoent  et  du  parambtre 
de  forme  de  la  couche  limits  est  obt'nue. 

La  fig.  20c  Bontre  le  rdsultat  d'une  application 
abusive  de  la  methods  k  uns  oonfl^rrtiQn  de 
couche  limite  initlale  dpalsse  .i—  si, 7.  Dans 
ce  cas  en  effet,  I'universallte  ucs  fonctions 
empirlques  utilise js  est  mise  en  defaut,  en 
particuller  pour  les  lol8H(H)  et  #(H),  et 
la  prediction  de  la  presslon  de  culot  devient 
grosslbre. 

4  -  CONDLU.SIOH. 

Une  etude  experimentale  detainee  du  recollement 
turbulent  Incompressible  a  ete  conduits  sur  un 
Bcdble  bldlmensionnel  simple,  comportant 
SI  sentiellement  une  narche  descendants  de 
hauteur  variable  suivle  d'une  parol  de  recolle- 
ment  rectlligne  d' incllnalson  reglable. 

En  cas  de  couche  limits  initials  mince,  e'est-a- 
dire  donnant  naissance  b  une  couche  de  mblange 
attelgnant  effectivement  son  etc  '  asymptotlquo 
svant  le  recollement,  des  lois  empirlques  nyant 
un  caraetbre  de  genbralite  interessant  on.  ete 
degsgees  pour  la  couche  d'ssipative  en  presence 
d'un  ecoulement  exterleur  globalement  acceidre 
ou  ralenti  : 

-  profile  de  vltesse  moyenne  constituent  une 
famine  b  un  parambtrs  eonfondue  avec  ceKe 
des  couches  d'equillbre  (loi  H  (H)  ). 
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-  definition  do  I'dvolution  #(H|do  lo  fonctlon 
do  dloolpotlon  globalo  ooroetdrlotlquo  du 
phdnonkno  do  rootructurotlon  ot  dlotlnoto  do 
oollo  gouvornont  loo  couchoo  d'^qulllbro. 

-  rdoartltlono  do  prooolon  parldtalo  dans  lo 
bulbo  ddcolld  obdlsoant  h  una  lol  k  un 
paraaktro. 

-  lol  do  correlation  reliant  la  nlvaau  do 
recoBpraoalon  antra  lo  culot  ot  le  point  da 
roeollenant  avoc  I'dtat  da  la  coucha  llolta 
Inltlale. 

La  partlo  thdorlquo  enviaago  la  racolloBont 
COBBO  una  Interaction  auto-lndulta  antra  una 
coucha  llaita  do  Prandtl  at  un  ecouloBont 
eit<Srlour  da  flulda  parfait  tant  qua  la  coucha 
llBita  Inltlale  eat  mince.  Lo  eaa  oil  la  coucha 
limlta  Inltlale  eat  dpalaao,  necaaaitant  la  prl- 
80  en  consideration  d'uno  rdglon  rotatlonnello 
n'aat  pas  envisages  Id. 

La  resolution  du  protalaae  eat  dans  son  prlnclpa 
analogue  k  la  nethoda  propoada  par  Kllneberg  at 
Stager  [23]  pour  le  calcul  daa  proflla  tranaso- 
nlques.  Eicapte  dans  lea  regions  oil  1*  Interac¬ 
tion  eat  falbla,  on  adopte  un  mode  da  calcul 
inverse,  la  prasslon  davemn.  une  inconnue  du 
calcul  du  coucha  llBlta.  On  '^ilta  alnal 
rintroductlon  artlficielle  daa  singular! tds 
qul  apparalasant  au  decollomont  at  au  racolla- 
Bsnt  dans  la  resolution  daa  equations  da 
Prandtl  k  preaalon  Imposes.  Cotta  procedure 
inverse  permst  an  outre  d'lntrodulre  la  lol 
emplrlqua  d'evolution  das  prasaiona  dans  la 
region  decolieo. 

La  coBparalaon  calcul-axperianca  eat  satlsfal- 
aante  tant  en  ca  qul  concarne  In  prediction  daa 
distributions  da  prasslon  k  la  parol,  at  notaa- 
ment  da  la  preaalon  de  culot,  qua  daa  epaissaurs 
caracterlstiquoa  das  couches  disalpatlvaa,  pourvu 
que  la  coucha  limlta  au  decollemant  aolt 
BoderdBont  dpaisaa  |  ^  . 
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Fig.  22  •  Ellel  du  grodiant  ds  prtsiion  normol  lur  U  colcul 
de  fi* '  (lefsience  de  vileste  U*) 


IJfFLTdNCE  DS3  CSAOIENTS  OS  PRESSION  IIORKA'JX. 

L'exlstence  da  gradients de  preasion  normauz 
dans  le  domnlna  de  ddcollofflent  racoilement 
est  lllustrea  fig.  21  par  une  comparaiaon  entra 
I'dvolutlon  longitudinals  de  la  preasion  k  la 
parol  et  k  I'ordonnda  fi  de  la  coucha  dissipa¬ 
tive,  pour  trols  configuratlona  typlques. 

Ces  gradients,  sensiblamant  da  bCbs  signs  at 
de  bIbo  intanoltd  qua  dona  I'ecoulsBont 
potential  oxterisur,  sulvant  I'dvolutlon  de  la 
courbura  daa  lignea  de  courant  volaina  do  8  . 

kbandonnant  las  approximations  da  la  coucha 
limita,  Bala  ne  retenant  que  las  tarmaa  prdpon- 
ddranta,  I'dquation  de  quantltc^  da  Bouvamant 
longitudinals  pour  la  coucha  alaalpatlva  peut 
a'dcrlra  sous  I'une  las  formes  integralaa  a/  b/ 
c/  de  la  figure  22,  salon  las  taraes  negligds. 

La  vltesae  Ug  est  cello  dddulta  da  la 
preasion  k  la  frontlkre  6  .  L' Integration 

de  ces  equations  differan^allas  pour  das 
rdpartltional^CxI  (*)]  dy  , 

dddultoa  da  I'experienco  conduit  aux  rdsultats 
prdsentea  figure  22  oil  la  condition  Initials 
est  fixes  au  point  de  recollefflent  R  .  On 
constate  que  lea  valeurs  ezperlmentales  aont 
correctenent  prdvuea  par  las  equations 
retenant  las  termes  da  gradient  da  prasslon 
normal  (b/  at  c/),  et  que  la  frottemsnt 
parietal  paut  Itre  negligd  (b/).  Ces 
conclusions  ne  aont  paa  alterdas  si  I'on 
transfkra  la  condition  Initials  k  I'absciasa 
par  exsBpla. 
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Fig.  23  -  Effet  du  grodisnt  ds  prsssion  j.ortnol  lur  It  colcul  de  S*' 
(reference  de  vitosie  Up). 

En  revanche,  la  prise  en  compte  du  terse  de 
gradient  de  preasion  normal  ne  s' impose  plus, 
sembla-t-ll  ,pour  calculer  ces  couches  dlssipa- 
tlves  si,  conservant  la  formulation  habltuelle 
de  It  couche  limite,  on  deflnlt  la  vlteese 
axterleura  partlr  de  la  preasion 

i>arieta''e.  Cette  nronriete  a  ete  verifies  aur 
I'dquation  da  Karman  pour  trols  configurations 
d'dcouleBsnt  ralentl  (  ai<0).  unlforae 
(  a  -  O),  ou  accdldrd  (Ol  >0)  (figure  23). 

Par  allleurs,  le  calcul  du  fluids  parfait 
montre  qua  si  la  llgna  de  courant  frontlkre 
admet  la  bAbs  rdpartition  ds  preasion  p  (x  ) 


qu'i  la  parolf  alia  coincida  aanalblanant  avac 
la  fronti^ra  da  ddplacaaant  azpdriaantala  8*(x  ). 
Catta  saconda  propridtd,  ajoutda  k  la  prdeddanta, 
aalida  un  calcul  eoupld  daa  daui  rdglona  fluidas 
salon  la  concapt  habitual  da  I'affat  da 
ddplacaaant. 
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SUM4ARY 

Two  possible  causes  of  the  pronounced  periodic  spanwise  disturbances  that  have  been  observed  in 
noainally  two-diaensional  or  axi-synaetric  reattaching  laminar  and  turbulent  separated  flows  are  studied 
theoretically.  Approximate  analytical  compressible  small  disturbance  flow  iiodels  for  both  a  local  vortex 
instability  mechanism  and  the  effect  of  a  row  of  incoming  streaiMise  vortices  are  set  up,  solved  and 
compared  with  available  experimental  data  on  surface  disturbance  pattern,  pressure  and  heat  transfer. 

The  results  on  all  counts  confirm  the  predictions  of  the  vortex  instability  model.  It  is  also  shown 
that  Reynolds  analogy  does  not  apply  to  the  disturbance  skin  friction  and  heat  transfer. 


LIST  OF  SYMBOLS 
a  Local  speed  of  sound 

B  Stagnation  velocity  gradient,  (du/dx)^ 

f  Similarity  solution  stream  function 

g  Total  enthalpy  ratio  H/H^ 

h,H  Static  and  total  enthalpy 

M  Mach  number 

p,p'  Static  pressure  and  pressure  pevturbation 

4  Heat  transfer  rate 

T  Absolute  static  temperature 

u,v,w  Streamwise,  normal  and  sidewash  velocity 
components 

x,y,z  Streamwise  coords.  m>!asured  from  reattach- 
ment  line,  distance  normal  to  surface 
and  spanwise  distance. 

V  Vj/g^ 

a  Inverse  wavelength  parameter  (2v/X) 

a  aVvo^/B 


Y  Specific  heat  ratio 

5  Boundary  layer  thickness 

e  Small  perturbation  parameter 

n  Similarity  coordinate 

X  Spanwise  wavelength  of  disturbance  pattern 

u  Coefficient  of  viscosity  (laminar) 

Eddy  viscosity  coefficient  (turbulent) 

V  Kinematic  viscosity  (u/p) 

p  Density 

t  Shear  stress 

Subscripts 

e  Edge  of  boundary  layer 

1  Perturbation  value.*; 

o  Basic  two-dimensional  flow 

s,R  Stagnation  line  conditions 

w  Nall  surface 


1.  INTRODUCTION 

The  study  of  separated  flows  and  their  reattachment  continues  to  be  of  basic  i^Mrtance  in  a  wide 
variety  of  fluid  mechanics  and  heat  transfer  problems,  especially  in  the  presence  of  three  dimensional 
effects.  A  particularly  i^>ortant  type  of  three-dimensionality  is  that  associated  with  the  presence  of 
vortices  in  the  flow.  In  recent  years,  an  appreciable  body  of  evidence  has  accumulated  showing  that 
significant  vortex-like  lateral -periodic  variations  in  shear,  pressure  and  heat  transfer  occur  in 
nominally  two-diiMnsional  reattaching  separated  laminar  and  turbulent  flows  under  both  low  and  high 
speed  flow  conditions  [Ref.  1-9].  For  exajqjle.  Fig.  1  illustrates  a  typical  such  resttachment  pattern 
downstream  of  a  rearward-facing  step  in  supersonic  flow  as  observed  by  Ginoux^  using  a  subllnating  sur¬ 
face  film  technique,  while  Fig.  2  shows  the  corresponding  periodic  lateral  total  pressure  variations 
measured  in  this  flow. 

The  following  major  properties  of  these  three  dimensional  disturbances  have  been  observed  over  a 
wide  range  of  Mach  and  Reynolds  numbers  in  both  two-dimensional  and  axi-syametric  reattaching  flows 
regardless  of  the  particular  upstream  cause  of  separation  (backward  facing  steps,  co^)ression  ramp,  etc.), 
(a)  The  disturbances  are  lateral ly-per iodic  with  a  wavelength  coaq>arable  to  the  Taylor-GOrtler  value  of 
2  to  4  boundary  layer  thicknesses,  (b)  They  have  a  definite  vortex-like  structure  consisting  of  a  layer 
of  alternating  vortex  pairs  located  roughly  at  the  edge  of  the  boundary  layer  with  a  maximus  sidewash 
around  the  center  of  the  layer  and  rapid  damping  near  the  wall  surface,  (c)  Pronounced  lateral  peaks 
(10-2St  of  swan)  in  the  pitot  pressure,  skin  friction  and  heat  transfer  occur  which  are  strongly 
correlated  with  each  other  and  with  the  spanwise  location  of  the  vortices  and  which  increase  markedly  with 
Mach  nwber.  (d)  Provided  that  there  is  some  kind  of  upstream  streamwise  vorticlty  disturbance,  however 
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weak  and  irregular,  the  three-dinensional  disturbances  aaplify  and  assume  a  characteristic  well- 
organized  fora  only  following  the  occurance  of  reattachnent. 

These  observations  suggest  two  possible  physical  mechanisms  as  the  cause  of  such  disturbances.  (1) 
The  birth  of  vortices  during  reattachment  due  to  a  local  disturbance  mode  unique  to  this  type  of  flow 
(e.g.  the  Taylor-GOrtler  instability  associated  with  thu  concave  streamlines*).  In  this  case  the  faint 
random  incoming  disturbances  merely  act  as  an  initial  "trigger"  and  have  no  significant  effect  on  the 
final  steady  state  behavior,  thus  giving  rise  to  an  eigenvalue  problem.  (2)  Possible  amplification 
during  reattachment  of  streamwise  vorticity  already  present  in  the  incoming  separated  flow.  Here,  the 
incoming  vorticity  (which  can  be  due  to  a  variety  of  upstream  histories  such  as  convex  streamlines  in 
the  separation  regionl®  or  streamwise  vorticity-formation  from  srall  surface  shape  distortions  as 
described  by  Totak^l)  is  the  primary  forcing  function  of  the  prob'em. 

The  present  paper  describes  the  results  of  a  theoretical  investigation  of  three  dimensional  dis¬ 
turbances  in  reattaching  flows  and  a  comparison  with  experimental  observations.  Our  approach  is  to 
formulate  an  approximate  analytical  flow  model  of  reattachment  and  to  consider  within  it  the  behavior 
of  each  of  the  two  aforementioned  vortex-like  small  disturbance  mechanisms  that  might  cause  the 
observed  three-dimensional  effects.  Solutions  are  obtained  for  each,  including  the  effects  of  com¬ 
pressibility  and  heat  transfer  and  the  derivation  of  useful  engineering  expressions  for  the  three- 
dimensional  pressure,  heat  transfer  and  skin  frictio.n  disturbances  at  reattachment.  Typical  niaserical 
results  are  given  and  then  compared  with  available  experimental  data,  thereby  identifying  one  of  the 
theoretical  models  as  the  likely  explanation  of  the  disturbances.  Finally,  we  conclude  with  a  brief  dis¬ 
cussion  of  some  recommended  improvements  and  extensions  of  the  present  work. 


2.  FORMUUTION  OF  THEORETICAL  APPROACH 


2. 1  Assumptions 

The  detailed  analysis  of  even  a  two-diaiensional  reattaching  high  speed  flow  is  in  itself  a  difficult 
problem  (Fig.  3).  Consequently,  as  a  first  step  toward  developing  a  general  theory  of  three-dimensional 
effects  in  such  flows  an  approximate  analysis  is  formulated  by  introducing  some  simplifying  assumptions, 
as  follows.  (1)  The  flow  is  composed  of  a  basic  two-dimensional  incoming  flow  Vg,  Pg,  Po>  hg  plus 
small  linearized  three-dimensional  steady  state  perturbations  u' ,  w',  p',  p',  H’.  Note,  however,  that 
the  "parallel  shear  flow"  model  of  the  basic  flow  common  to  many  small  disturbance  theories  is  not  used 
since  the  streamwise  change  (Sug/Sx)  is  very  important  in  tho  present  problem.  12  (2)  We  confine  our 

attention  to  a  neighborhood  of  the  reattachment  line  (Region  A,  Fig.  3)  which  is  small  compared  to  both 
the  incoming  flow  width  and  the  overall  scale  of  the  reattachment  region;  consequently,  in  the  leading 
approximation  we  may  idealize  the  incoming  basic  flow  outside  the  boundary  layer  as  an  infinite  uniform 
inviscid  flow  undergoing  a  stagnation- like  reattachment  normal  to  the  surface  as  shown  in  Fig.  4.  We 
thus  neglect  the  adverse  pressure  gradient  effect  of  the  overall  compressive  shock -boundary  layer 
interaction  on  the  local  three-dimensional  disturbance  field,  and  the  vorticity  and  finite  width  effects 
of  the  incoming  shear  flow.  Based  on  contemporary  studies  of  such  high  speed  reattaching  flowsl^,  these 
approximations  are  judged  acceptable  within  a  region  x  s  106  (which  is  more  than  ample  sire  for  the 
present  purposes]  provided  the  flow  is  not  hypersonic.  (3)  Under  the  presumed  high  Reynolds  number  flow 
conditions  of  interest  the  viscous  and  heat  conduction  effects,  wherever  important,  are  treated  on  the 
basis  of  boundary  layer-type  approximations.  This  is  accurate  unless  veiy  small  disturbance  wavelengths 
or  fine  scale  features  of  the  flow  are  of  interest.  (4)  The  laminar  density-viscosity  product  is 
constant  and  equal  to  its  basic  flow  value  (pu  *  PgUg  =  Pwo“wo^  ®  Prandtl  number.  (5)  In  the 

case  of  turbulent  flow,  the  correlations  between  the  disturbance  field  and  the  turbulent  fluctuations 
are  assumed  negligible,  thereby  permitting  the  turbulent  case  to  be  treated  as  a  quasi-laminar  mean  flow 
with  an  appropriate  eddy-viscosit;  pg  Moreover,  by  virtue  of  simplification  (2)  we  can  further 
neglect  the  contribution  of  any  incoming  flow  turbulence  to  ug^t  since  Bearman*^  has  shown  that  the 
larger  turbulent  scales  that  might  so  contribute  attenuate  strongly  during  stagnation,  while  Traci  and 
Wilcox^^  have  also  indicated  that  the  influence  of  such  turbulence  on  the  incoming  flow  can  be  neglected. 


2 . 2  General  Disturbance  Flow  Equations 


Confining  our  attention  to  the  immediate  vicinity  of  the  reattachment  (stagnation)  point  and 
introducing  the  compressibility-transformed  similarity  variables  n  =  Y/B/p^pj,,  dY  =  Pgdy,  the  basic  non- 
adiabatic  two-dimensional  flow  is  thus  self-similar  and  described  by  the  relations  u©  '  Bxfg(n),  PgV^  • 
-/BpyPy,fo(n) ,  Hg  =  Hojgg(n)  with  Pg  =  Pg  -  (pgsB2x2/2)  where  B  =  dUg  e/dx)s  is  the  stagnation  velocity 
gradient.  The  velocity  and  enthalpy  distribution  function  are  given  6y  the  solution  to  the  well-known 
momentum  and  energy  equations 


f  f" 
o  o 


f  =  (f)' 

O  '  O’’ 


-  in 


(1) 


f  g' 
o  o 


g..  =  0 


(2) 


subject  to  the  boundary  conditions  fg(”)  =  ggC*)  =  J  “"d  fg(U)  =  fa(n)  =  l  ,ggj^=  h^/Hg^  =  T^/Tg^  in  the 
absence  of  mass  transfer  through  the  surface  of  given  wall  temperature 

Using  the  aforementioned  simnliiying  assumptions  in  the  compressible  Navier-Stokes  equations, 

ai^UrAry  state  small  ttiTbe  d i nene  1  jn»4  dl stiirtaiHites  ■  v  Vg,  w  • 

w'(x,y,z),  p'(x,y,z)  *  p-Pg,  H'(x,y,z)  =  H-Hg,  p’(x,y,z)  =  p-pg  are  found  to  be  governed  by  the  set  of 
linear  equations 


*The  local  maximum  concave  radii  of  curvature  in  the  observed  reattaching  flows  are  ten  to  a  hundred 
times  larger  than  tlie  minimum  critical  value  defined  by  the  Taylor-GOrtler  theory. 
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which  represent  disturbance  field  continuity,  streanwise  and  spanwise  and  spanwise  Boaentun  conservation, 
energy  and  ideal  gas  equation  of  state,  respectively.  These  equations  generalize  an  earlier  theory  of 
three-diaensional  disturbances^^  to  the  case  of  non-parallel  shear  flow.*  The  pressure  disturbance  is 
governed  by  the  following  equation  derived  froa  coabining  the  noraal  moaentua  equation  with  the  others: 


where  M  •  u  /»  and  *  tRT^  »  **  ®  generalization  to  nonparaPel  flows  of  the  well- 

known  pressure  perturbation  equation  for  parallel-type  shear  flows.  7b  it  indicates  that  sizeable  nomal 
pressure  gradients  aay  occur  in  the  present  problen  (as  indeed  will  be  seen  below).  The  right  hand 
side  further  shows  that  the  pressure  disturbance  field  is  strongly  coupled  to  the  lateral  velocity 
perturbations  by  the  axial  pressure  gradient  effect  in  the  basic  reattaching  flow.  Finally,  note  that 
the  tera  Vg^/a^Z  (the  Mach  nuaber  squared  of  the  flow  noraal  to  the  surface)  is  always  very  saall  com¬ 
pared  to  unity  and  can  liereafter  be  neglected. 

2.3  Vortex-Instability  Mechanism 

As  previously  discussed  we  here  imagine  that  a  purely  local  instability  has  lead  to  a  steady  state, 
laterally-periodic  disturbance  field.  In  view  of  the  stagnation-like  character  of  the  basic  reattaching 
flow,  we  are  thus  lead  to  postulate  the  following  functional  forms  for  this  field  in  the  neighborhood 
of  the  reattachment  line  (neglecting  teras  of  order  x^  compared  to  unity) : 


u' (x,y,z) 

Bxuj(r,)  cos  oz 

V (x,y,z) 

= 

Vj(n)  cos  dz 

w’  (x,y,z) 

= 

“V  (n)  sin  az 

os  1  ' 

P'  (x.y.z) 

s 

%S%5'’l^^^  “ 

H'(x,y,z) 

s 

“os*!^"^  cos  az 

where  a  •  2it/X  and  A  is  the  characteristic  wavelength  of  the  laterally-periodic  disturbance  field.  Then 
under  the  aforementioned  assumptions  and  taking  into  account  the  basic  flow  relations  the  perturbation 
distribution  functions  U] ,  Vj ,  etc.  for  a  non-adiabatic  compressible  flow  are  found  to  be  governed  by 


Since  Uo,t  '  '  *7  near  reattachment,  this  term  (which  represents  the  downstream  growth  of  boundary 

layer  turbulence  following  reattachment)  may  be  hereafter  neglected  in  the  present  approximation. 
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the  following  ordintry  differential  equations: 


,  (f'/*T’)'*'i~ 

-2  '  O  *0'  *0  *0 

[  )'  -  a  g  P,  -  2  — - p;  .  -2  w, 

0  “  1  Ko^o  *  ^0  * 

(10) 

*  “S  "  '^0^*1  V 

a 

(11) 

VI  ■  ^Vl  *  (''l^So^^o'  *  “1’  •  '“l^'o 

(12) 

Vi  *  S’  *  Vi  =  0 

(13) 

oS  *  *1'  *  *0  [(''l/^o^  ■  («lWj  ’  ° 

(14) 

where  pi/p^j  °  °  ®  prime  here  denotes  differentiation  with  respect  to  n-  To  this 

order  of  approximatioi ,  only  the  x-component  of  disturbance  vorticity  C'  =  (3w'/3y)  -  (3v'/3z)  • 

■  ^ll  significant;  hence  the  disturbance  field  is  connected  with  vortices 

parallel  to  the  wall  tl.at  develop  in  the  turning  reattachaent  flow.  Eqs.  (11)-(13J  resemble  those  pre¬ 
viously  derived  for  the  vortex-disturbance  problem  in  incompressible  stagnation  point  flowl2;  the  present 
formulation,  however,  extends  the  theory  to  high  speed  laminar  or  turbulent  flow  by  including  the  com¬ 
pressibility  and  heat  transfer  effects  plus  an  explicit  equation  for  the  corresponding  prr.sure  changes. 
.'Jote  that  the  pressure  and  sidewash  velocit;'  perturbations  are  intimately  coupled,  but  are  independent 
of  the  other  disturbances. 

The  appropriate  wall  boundary  conditions  on  these  equations  require  zero  slip,  no  mass  transfer  and 
a  fixed  surface  temperature  and  hence  that  uj  >  V|  =  W|  =  g|  ^  dPi/dn  •  0  as  y  0.  On  the  other  hand, 
when  the  disturbances  are  presumed  to  originate  during  the  act  of  reattachment  process  itself  they  must 
all  vanish  far  from  the  body,  giving  a  set  of  outer  boundary  conditions  which  are  also  homogeneous; 
ui  (“)  •  vi(“)  «  wj  (“)  •  gi(“J  •  Pi  (“)  =  0.  Thus  we  get  an  eigenvalue  problem  where  non-trivial  dis¬ 
turbance  solutions  exist  only  for  certain  values  of  a,  as  discussed  below.  Once  these  solutions  are 
found,  their  gradients  can  be  used  to  evaluate  the  streamwise  and  lateral  wall  shear  stresses,  respec¬ 
tively,  as  follows: 


W,x  =  u 


*  !r)  "  %  v-os-^^  *  po'(°^  *  ] 

^w,z=^o  (^f)  =  o»oS(°) 

w \  '  /w  s  s 

while  the  corresponding  first  order  approximation  to  the  surface  heat  transfer  at  reattachment  is 

^w  -  '’osVV  “s  “] 


(15A) 


flSB) 


(16) 


2.4  Forced  Disturbance  Model 


The  alteration  of  incoming  vorticity  in  a  stagnation-like  reattachment  flow  has  been  studied  pre¬ 
viously  for  the  case  where  the  vortex  filaments  are  parallel  to  the  x  axis,  i.e.,  parallel  to  the  basic 
flow  streamlines  near  the  boundarylT  also  when  the  filaments  are  perpendicular  to  the  plane  of  the 
basic  flowlS.  However,  no  consideration  has  apparently  yet  been  given  to  the  presence  of  streamwise 
vorticity  in  the  incoming  flow,  although  in  fact  this  case  is  often  encountered  in  practicel^  and  may 
be  an  alternative  source  of  three-dimensional  reattachment  disturbances. 

As  a  representative  model  of  such  incoming  streamwise  disturbances,  we  consider  the  case  of  a  row 
of  discrete  counter-rotating  vortex  pairs  lying  in  the  y-z  plane,  their  (small)  amplitude  c  and  spacing 
being  regarded  as  known.  Far  from  the  reattachment  surface,  these  vortices  induce  a  two-dimensional 
adiabatic  velocity  disturbance  field  given  by  the  Oiot-Savart  law')’  as 


u'  (x,y  ►  -,z) 
V  (x,y  -►  »>,z) 
w'(x,y  -►  «>,z) 


e  G(x,z)  cosh  az  sin  az 
0 

-  E  G(x,z)  sinh  ox  cos  oz 


(17) 


(19) 


Although  this  point  is  often  ignored  in  studies  of  vortices  outside  boundary  layersl9,  it  is  important 
that  the  assumed  mathematical  disturbance  form  satisfy  Biot-Savart  if  it  truly  pertains  to  actual 
vortices  (rather  than  simply  being  "vortex- 1 ike") . 
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where  Cfx.i)  *  (cosh^  ax  -  cos^  az)  The  functional  chtrtcter  of  these  relations  and  soae  pre- 
liainary  study  then  lead  us  to  postulate  the  following  expressions  for  the  resulting  disturbance  field 


near  the  surface: 

u'(x,y,zl  ■  t  Uj(nl  G(*.y)  cosh  ax  sin  ox  (20) 

v'(x,y,i)  •  €  a^v^^/B  Vj(n)  sinh  ax  (cosh^  ax  ♦  cos^  az)G^(x.z)  sin  az  (21) 

**'(*. Xit)  ■  -  £  •*j(n)  G(x,y)  sinh  ax  cos  az  (22) 

P'(*iy.t)  •  £  B»Pi(n)  CSC  az  (23) 

H'(x,y,z)  •  €  H  xH,(n)  sinh  ax  (cosh^  ox  ♦  cos^  az)  G^(x,z)  sin  az  (24) 

*0  * 


Substituting  these  relationships  into  the  saall  disturbance  equations  and  using  the  previously-discussed 
basic  flow  relations  and  siapllfylng  assusiptions  yields  the  following  perturbation  distribution  function 
equations : 


dPj/dn  •  0 

(25) 

“l  -  “l  -f''l/«o^’  ’  ° 

(26) 

fo“i  -  f;“l  *  “r  “  “o^ 

(27) 

foW  -  rwj  .  W|-  .  g^P, 

(2e) 

-  fo»i  *  ”1’  ■ 

(29) 

Evidently  the  induced  velocity  field  of  these  vortices  causes  no  noraal  pressure  gradient,  at  least  to 
first  order. 

As  in  the  previous  disturbance  model,  the  wall  boundary  conditions  are  homogeneous:  U.  (0)  •  V^(0)  • 
W.(0)  >  llj(O)  «  0.  However,  when  streamwise  vortices  are  present  in  the  incoming  flow,  the  outer 
boundary  conditions  far  from  the  surface  are  non -homogeneous;  taking  into  account  Eqs.  (17)-(19),  they 
are  Ui(«)  *  hi(«)  •  1,  Vi(«)  «  Hj  (-)  *  0  and  Pi(«)  «  -1.  Solutions  of  Eqs.  (25) -(29)  are  thus  possible 
for  all  values  of  a. 


3.  ANALYTICAL  RESULTS 

3. 1  Vortex  Instability  Model 

To  assist  their  numerical  solution  a  detailed  analytical  study  of  Eqs.  (10)-(14)  was  made  to  deter¬ 
mine  the  inviscid  asymptotic  solution  behavior  outside  the  viscous  boundary  layer  (n  >  4-5)  where  f  >  g  > 
1.  This  analysis,  which  is  described  in  Reference  22,  indicates  that  the  disturbance  vorticity  and°nomal 
velocity  decay  algebraically  like  f'l  -(n-k)*!  leading  to  an  (n-k)’2  decay  of  both  the  pressure  and 
sidewash,  whereas  the  corresponding  streamwise  velocity  uj  and  energy  disturbance  g|  are  exponentially 
saaj.1.  Using  these  results  in  conjunction  with  a  standard  Runge-Kutta  integration  routine,  numerical 
solutions  of  the  two  point  eigenvalue  problem  were  obtained  by  a  straightforward  "guess -and-shoot"  method. 
From  the  investigations  of  Kestin  and  Wood20  and  of  Neiss^^,  we  expect  that  our  underlying  assumption  of 
effectively-infinite  width  for  the  incoming  reattaching  flow  will  result  in  solutions  throughout  a  finite 
band  of  a  between  zero  and  a  value  on  the  order  of  unity  rather  than  for  a  single  a  eigenvalue.  This  was 
indeed  found  to  be  the  case:  a  continuum  of  '.-igensolutions  was  found  to  exist  only  for  0  <  a  <  aaax> 
where  is  unity  for  adiabatic  walls  and  increases  slightly  with  increasing  wall  cooling  (T^/T^g  <  1) 

as  shown  in  Fig.  5. 

A  representative  set  of  disturbance  field  profiles  across  the  reattachment  region  is  shown  in  Fig.  6 
for  a  typical  value  of  a  =  2/3  on  a  cooled  wall.  Additional  results  for  other  a,  g^  combinations  can  be 
found  in  Appendix  B  of  Ref.  22.  It  is  seen  that  the  spanwise  disturbance  velocity  vanishes  and  changes 
sign  around  n  =■  3.4  (which  is  slightly  outside  the  basic  reattachment  flow  boundary  layer),  indicating 
the  presence  of  the  vortex  core  at  this  level.  The  effects  of  viscosity  and  heat  conduction  on  the 
disturbance  field  become  important  about  half-way  into  the  basic  boundary  layer  thickness  (y  s  l/26o)  and 
serve  to  damp  out  the  perturbations.  A  significant  lateral  pressure  drop  occurs  owing  to  the  suction 
associated  with  the  vortices,  most  of  this  developing  in  the  "inviscid  disturbance"  region. 

From  such  results,  the  detailed  disturbance  flow  structure  can  be  constructed  and  it  is  seen  to 
involve  pairs  of  counter-rotating  vortices  which  develop  along  the  basic  two-dimensional  flow  streamlines 
as  they  turn  and  become  parallel  to  the  surface  during  reattachment  (see  Fig.  7).  The  cores  of  these 
vortices  ultimately  stand  parallel  to  thi!  surface  outside  the  basic  flow  boundary  layer  as  mentioned  above. 
The  corresponding  spanwise  disturbance  flow  streamline  pattern  very  near  the  surface  is  also  sketched  in 
Fig.  7  and  is  seen  to  inline  similar  to  t.'te  alternating  node-saddle  point  pattern  suggested  in  Ref.  23. 

Practical  engineering  relations  for  the  prediction  of  important  physical  quantities  such  as  pressure, 
shear  :ciuss  and  heat  transfer  at  the  wall  are  directly  forthcoming  from  the  equations  of  the  present 
analysis  and  the  tabulated  values  of  PjCO),  wj(0),  etc.  From  Eq.  9,  for  example,  the  spanwise  pressure 
variation  along  the  reattachment  line  is 

Pw(^)  '  Poj  Pj(0)cos  ^az^B/^ 


(30) 
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«fh«r«  vslMS  of  Pi(0)  or*  tibulatod  in  Tnblo  i.  This  pret»ur«  fluctuntlon  hu  a  wavolongth  on  the 
order  of  the  basic  boundary  layer  thickness  6^  since  <0  '  Vw/®-  At  z  ■  0  the  negative  Pi(0)  given  by 
this  solution  indicates  that  the  suction  associated  with  the  local  vortex  pair  decreases  the  total 
stagnation  pressure  slightly.  The  relative  heat  transfer  disturbance  for  a  fixed  wall  te^>arature  can 
be  expressed  fron  Eq.  (16)  by 


A4*(*)  «J(0) 
■  ■  ■  ■  > 

^0 


(31) 


and  can  be  quite  significant  in  practice  since  gj(0)/go'(0)  >  .2-. 4  for  highly  cooled  walls  (see  Table  1). 
Since  gi'(O),  Pi  (0)  and  wi'(O)  are  all  negative,  the  heat  transtor  and  wall  pressure  perturbations  are 
in  phase  with  ea^  other  but  90*^  nut  of  phase  with  the  leteral  shear  stress  disturbance  (Eq.  IS)  which 
sMxinlzes  at  the  spanwise  positions  of  the  vortices  as  illustrated  in  Fig.  8.  Reynolds  analogy  is 
clearly  not  applicable  between  these  three  dinensional  heat  transfer  and  skin  friction  disturbances. 

Several  additional  features  of  the  wall  cooling  effect  on  the  vortex  disturbance  field  are  worth 
nothing.  First,  since  a  -  pig,  5  shows  that  cooling  slightly  decreases  the  spanwise  wavelength  of 
the  pattern.  Second,  it  can  be  seen  froa  Table  1  that  cooling  also  slightly  increases  and  decreases  the 
wall  pressure  and  spanwise  shear  stress  perturbations,  respectively,  while  strongly  enhancing  both  the 
heat  transfer  and  streaawise  shear  disturbances.  Third,  an  exaainatlon  ot  the  various  disturbance  pro¬ 
file  results  (as  siSMarized  in  Table  2)  shows  that  the  Mximun  sidewash  height  in  the  boundary  layer 
(n  for  w'p^)  Moves  inward  toward  the  wall  as  a  result  of  cooling,  although  with  little  corresponding 
change  in  the  sidewash  Magnitude  Itself. 

3.2  Forced  Disturbance  Model 

Owing  to  its  siwpler  uthenatical  character,  several  inportant  features  of  this  solution  can  be  dis¬ 
cerned  by  direct  exaninatlon  of  Eqs.  (2Sj-(29).  First,  because  of  the  constant  pressure  (Eq.  25), 

Eqs.  (27)  and  (28)  plus  the  boundary  conditions  iMMediately  show  that  U](ri)  *  kf](n).  Consequently,  it 
is  found  froM  Eq.  (26)  that  Vi(n)  is  zero  everywhere.  Physically,  this  Means  that  throughout  the  flow 
at  reattachMent  the  incoaing  vortices  are  sinply  carried  straight  inward  toward  the  surface,  suffering 
only  a  change  in  aaplitude  due  to  the  coMbined  effects  of  the  basic  flow  conpressibility  and  viscosity. 
The  fluid  Mechanics  of  the  probleM  thus  reduces  to  the  solution  of  the  relatively  siaple  uncoupled  two- 
point  boundary  value  problen  associated  with  either  Eq.  (27)  or  (28).  Without  carrying  this  out  in 
detail,  however,  one  can  estiMate  the  qualitative  character  of  the  disturbance  flow  pattern  near  the 
surface  which  is  associated  with  this  Model;  the  result  is  illustrated  schenatically  in  Fig.  9.  It  is 
obviously  quite  different  froM  that  associated  with  the  vortex  instability  Model,  having  a  "cats-eye" 
appearance . 

Another  iMportant  feature  of  thi.>  uisturbance  node  that  is  readily  discerned  is  its  thenaodynaMic 
behavior.  Since  Vj(n)  vanishes  and  both  the  inner  and  outer  boundary  valui.-s  of  Hi  are  zero,  energy 
Eq.  (29)  yields  the  solution 


Hi(n)  •  0  (32) 

Hence  in  the  linearized  disturbance  approxiMation  the  coMpressibility  and  heat  transfer  effects  of  the 
basic  flow  on  the  forced  vortex  perturbation  field  are  zero  in  the  absence  of  any  normal  velocity  dis¬ 
turbances;  consequently  these  incoMing  vortices  cause  no  spanwise  heat  transfer  perturbations  along 
the  reattachMent  line. 

3.3  Comparison  with  Experiment 

Figure  10  shows  a  picture  of  the  disturbance  flow  pattern  observed  in  the  reattachMent  region  follow¬ 
ing  a  rearward-facing  step  using  a  surface  oil  coating  BMthod.3  It  is  seen  that  this  experinental  pattern 
clearly  exhibits  a  distinct  lateral  periodicity  of  an  alternating  "node  -  saddle  point"  character,  very 
siDilar  to  what  is  predicted  by  the  eigenvalue  vortex  disturbance  theory  (coiq>are  Figs.  7  and  10)  but 
completely  different  to  the  theoretical  pattern  associated  with  the  non-vanishing  incoming  streamwise 
vorticity  model  (Fig.  9).  Of  the  two,  the  former  node  would  thus  appear  to  be  the  likely  cause  of  the 
observed  disturbances. 

This  conclusion  is  further  strengthened  by  an  examination  of  the  heat  transfer  perturbations. 

Figure  11  co^>ares  the  present  theory  with  Measurements  made  by  Ginoux^  in  the  reattachiMnt  region 
following  a  two-dimensional  rearward-facing  step  on  a  pre-cooled  model  with  T^/Tg  >  .30.  In  narked  con¬ 
trast  with  the  negligible  heat  transfer  associated  with  the  "forced  disturbance"  vortex  solution,  the 
predictions  of  the  vortex  instability  theory  (Eq.  31)  are  in  excellent  agreement  with  the  experinental 
data.  Ihese  laterally-periodic  heat  transfer  variations  are  seen  tc  be  very  pronounced  indeed,  having 
an  amplitude  of  'Inost  40t  about  the  nean  in  this  example. 

Another  aspect  of  the  theory  that  can  be  checked  against  experiment  is  the  spanwise  wavelength  of  the 
disturbance  vortex  pattern.  The  present  theory  and  previous  studiesl3,15,20  suggest  that  the  most 
unstable  (highly  amplified)  disturbance  corresponds  to  an  eigenvalue  around  5*1.  Then  working  back 
through  the  co^>ressibility  transformation  to  calculate  the  boundary  thickness,  we  obtain  the  following 
theoretical  estimate  for  A/jg  that  depends  only  on  the  wall  temperature  ratio:  X/6g  2it/(1.8  *  .8gg  ). 
This  result  agrees  with  experiment  on  two  counts.  First,  the  prediction  that  X/5g  is  essentially  NacR 
and  Reynolds  number- Independent  is  confirmed  by  experiments  over  a  wide  range  of  flow  conditions.  Second, 
the  theoretical  values  of  X/ig  range  from  2.4  on  an  adiabatic  wall  to  3.S  on  a  very  cold  wall  (gg^  *  0) 
and  these  are  in  excellent  agreement  with  the  spread  of  values  2  s  X/6g  <  4  quote.*  as  being  observed  in 
all  the  reported  experinental  studies.  1*9 
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Another  feature  of  interest  is  the  velocity  disturbance  field.  Confining  attention  to  the 
imneJiate  vicinity  of  the  reattachaont  line  where  u'  '  x  and  Uq  '  x  both  vanish,  the  flow  field  con¬ 
sists  of  noraal  and  spanwise  perturbations  v',  w'  on  the  incoming  basic  flow  normal  to  the  surface  Vg. 
From  the  foregoing  vortex  instability  theory  relations  for  these  quantities,  we  thus  obtain  the  following 
expressions  for  relative  magnitudes  of  the  velocity  perturbations: 


w|^ 

v 

o 


V 


o 


ggCn)  f^{n) 


(33) 


The  implications  of  hqs.  i'33)  also  show  a  two-fold  agreement  with  experiment,  as  follows,  (a)  Examination 
of  the  disturbance  profile  solutions  for  d  ^  1  shows  that  the  average  location  of  the  maximum  V]  and  wj 
is  rinijjj  '  l.y.  According  to  hot  wire  <tudies  in  adiabatic  flows^^,  the  maximum  velocity  perturbations 
occur  around  y/6  ■  .5  which  corresponds  here  to  an  n  '  1.6  and  which  roughly  agrees  with  the  aforemen¬ 
tioned  Hg,,..  (b)  Corresponding  to  numerical  solutions  and  Eq.  (33)  yield  the  adiabatic  wall 

estimates  Tk'/v^|2  =  |v'/Vo|-  -  .64  and  these  agree  roughly  with  the  value  range  .2-. 4  for  the  span- 

wise  variations  in  mean  square  hot  wire  signals  measured  by  Ginoux^^  at  y/6  r  .5. 


Finally,  it  is  possible  to  approximately  check  the  pressure  disturbance  solution  of  the  vortex 
instability  model.  Based  o',  the  analysis  of  r^&ttachment  described  in  the  Appendix  it  is  shown  that  the 
mean  reattachment  pressure  is  approximately  proportional  to  the  kinetic  energy  of  the  incoming  stagnation 
like-flow  Vg  at  the  edge  of  the  boundary  layer:  Pg  =  Kps  Vg2(6)/2,  where  K  is  a  constant  of  propor¬ 
tionality.  Using  this  and  the  boundary  layer  expression  for  Vg,  the  relative  static  pressure  perturba¬ 
tion  near  the  wall  at  reattachment  is  found  from  Eq.  (30)  to  be 

2fi^  1*,(0) 

- cos  (2  i/A)  (34) 

In  the  case  of  M  =  2. 25  flow  past  an  adiabatic  rear-facing  step,  application  of  data  given  in  Ref.  24 
yields  the  estimate  K  ■  9.3  (see  Appendix).  Using  the  previously-discussed  disturbance  solution  pro¬ 
perties,  the  resulting  prediction  for  the  spanwise  pressure  variation  is  shown  in  Fig.  12  along  with 
experimental  data  obtained  from  a  static  pressure  probe  survey  near  the  reattachment  line  of  this  flow.^^ 
The  theory  is  in  fairly  good  agreement,  overestimating  slightly  the  disturbance  amplitude.  It  is  note¬ 
worthy  here  that  the  relative  pressure  disturbances  are  nearly  an  order  of  magnitude  smaller  than  the 
corresponding  spanwise  heat  transfer  perturbations  (compare  with  Fig.  11). 


4.  CO.SlLUDI.SG  UliiCUSS10.N 

The  encouraging  results  of  the  present  study  warrant  further  improvement  and  extension  of  the 
theoretical  approach  in  several  respects.  (1)  The  vortex  instability  analysis  should  be  modified  to 
incorporate  an  incoming  flow  of  finite  width,  thereby  leading  to  a  single  unique  eigensolut ion .  (2) 

Although  a  single  row  of  incoming  vortices  in  the  forced  disturbance  model  is  felt  to  be  the  most  likely 
configuration  encountered  in  practice,  a  double  row  configuration  might  also  be  worth  studying  from  the 
scientific  standpoint. (3)  To  extend  it  to  hypersonic  flow,  the  present  two-dimensional  reattachment 
flow  model  should  bo  improved  by  including  the  effects  of  incoming  flow  vorticity  and  the  adverse  pres¬ 
sure  gradient  induced  by  viscous-inviscid  interaction.  The  right  side  of  Eq.  8  suggests  that  the  latter 
may  have  a  significant  influence  on  the  size  of  the  three-dimensional  disturbances.  In  this  connection, 
there  is  a  definite  need  for  additional  experimental  data  at  hypersonic  speeds  (M  =  4  -  10)  to  establish 
the  effect  of  high.  Mach  number  on  the  magnitude  and  wiivelength  of  spanwise  heat  transfer  and  pressure 
disturbances  at  reattachment.  (4)  Finally,  since  it  is  the  heat  conduction  within  the  surface  which 
ultimately  determines  its  temperature  response  to  spanwise  heat  transfer  perturbations  such  as  shown  in 
Fig.  10,  a  theoretical  study  of  the  three-dimensional  suiface  material  response  aspect  (temperature  and 
even  possible  ablation)  analogous  to  the  work  on  cross-hatchingl6>Z^  would  be  useful. 
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Fig.  2 


Typical  StreakeJ  Disturbance  I’attem 


Laterally-Perioilic  Total  Pressure  Variations  at 
Reattachaent  (Measurements  of  Ginoux,  M  «  2. 25) 


Fig.  3  Reattachnent  Flow  Configuration 


Fig.  4  Idealized  Reattachaent  Flow  Model 


Hr.  5 

Haxinum  Non-Dimensional  Vortex 
Inscxhillty  Wavclcnxtb  vs.  Wall 
Temperature  Patio 


Fig.  6  Figenvalua  Oisturbanct  Profilas 
Across  Boundary  Layar 


Vortax-lnstability  Disturbanca  Flow  (Schaaatic) 


Fig.  8 

Spanwise  Phasing  of  Disturbanca  Field 


Fig.  9 

Incoaing  Straaswisa  Vortax  Disturbanca  Flow 


Fig.  10 

Experinental  Oil  Flow  Visualization 
of  Reattachnant  Flow  Pattern 
(Roshko  and  Thoaka) 
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Fig.  11 

Coaparison  of  Thaoretical  Heat  Transfer 
Disturbances  with  Experiments  of 
Ginoux  (M  •  2.25,  Ty/Tg  •  .30) 
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Fig.  12 

Comparison  of  Theory  and  Experiment 
for  Spanwise  Static  Pressure 
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APPENDIX 

APPROXIMATE  ANALYSIS  OF  REATTACHMENT  PRESSURE 
FOR  BASIC  FLOW 


We  consider  a  separated  two-dimensional  shear  flow  reattaching  to  a  flat 
illustrated  in  the  accosipanying  sketch.  The  incoming  flow  along  the  dividing 
pressive  turning  associated  with  reattachment  is  denoted  by 
the  subscript  "d”,  while  the  corresponding  local  inviscid 
conditions  outside  the  shear  layer  are  indicated  by  sub¬ 
script  "i".  This  inviscid  flow  is  in  turn  imagined  to  have 
been  produced  by  isentropic  expansion  of  some  known 
reference  flow  M.,  p.. 

Along  the  dividing  streamline  we  follow  Chapman  and 
approximate  the  pressure  rise  by  an  isentropic  compression 
from  pj  >  pj^  to  come  pressure  p,.  and  low  speed  velocity 
v^Ci)  (normal  to  the  surface)  Just  outside  the  boundary 
layer.  Thus  if  Ptotg]  is  the  (constant)  total  pressure 
along  this  streaallne,  we  have 

..  2, 


surface  as  schematically 
streamline  before  the  com- 


■^total 


•  P. 


(C-1) 


Then  introducing  the  reasonable  assumption  that  the  actual 
pressure  increase  Pj.  -  p.  during  reattachnent  is  some  frac¬ 
tion  •  of  the  maximum  possible  pressure  rise  Ptotal  ~  Pi> 


i 
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Table  2 

Heat  Transfei  Effect  on  Maxiaua  Sidewash 
=  2/3) 
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AN  EXPERIMENTAL  INVESTIGATION  OF  THE  COMPRESSIBLE 
TURBULENT  BOUNDARY-LAYER  SEPARATION  INDUCED 
BY  A  CONTINUOUS  FLOW  COMPRESSION 

Rob«rt  L.  P.  Voislnat 
Naval  Surface  Weapons  Center 
White  Oak  Laboratory 
Silver  Spring,  Maryland  20910 


SUtMARY 

Flow-field  measurementa  of  a  compreasible  turbulent  boundary-layer  separation  are 
presented.  The  boundary  layer  chosen  for  investigation  was  formed  on  the  nozzle  wall 
of  the  Naval  Surface  Weapons  Center  (NSWC)  Boundary  Layer  Channel.  A  continuous 
compression  of  the  nozzle  flow  was  Imposed  on  the  thick  nozzle-wall  boundary  layer  to 
produce  a  streamwise  pressure  rise  of  sufficient  strength  to  cause  separation.  This 
manner  of  separating  the  boundary  layer  produced  a  separated  flow  field  which  was  free 
of  incident  shock  waves,  wall  discontinuities,  and  wall  curvature. 

Testa  tfere  conducted  at  an  adiabatic-wall  condition,  for  a  nominal  initial  Mach 
number  of  4.9,  and  Revnolds  numbers  based  on  initial  boundary- layer  thickness  from 
1.4  X  lO’  to  1.4  X  10^.  Comprehensive  flow-field  measurements  Included  wall  static- 
pressure  distributions,  boundary-layer  surveys  of  static  pressure,  Pitot  pressure  and 
stagnation  temperature,  wall  shear-stress  distributions  and  wall  heat-transfer  measurements 
throughout  the  entire  region  of  interaction. 

The  effects  of  Reynolds  number  on  the  separation  phenomena  are  presented.  For 
Reynolds  numbers  below  8.  x  10 ’  the  separation  lengtli  was  found  to  increase  with  increasing 
Reynolds  number,  whereas  for  Reynolds  numbers  above  8.  x  10 ’  the  reverse  trend  was 
observed.  This  reversal  in  the  separation  length  versus  Reynolds  number  trend  was 
conalatent  with  the  reversal  observed  for  incipient  separation  versus  Reynolds  number 
correlations . 


NOTATION 


Cj  -  skin-friction  coefficient 

d  -  diameter  of  skin-friction  balance 

sensing  element 

h  -  heat-transfer  coefficient 

q/(VTaw’ 

M  -  Mach  number 

P  -  pressure 

r^  -  recovery  factor 

Re/ft  -  unit  Reynolds  number  per 

foot  -  PgUg/Ug 

Re^  -  Reynolds  number  based  on  6 


t  -  thickness  of  skin-friction 

balance  sensing  element 

T  -  temperature 

u  -  velocity 

u^  -  shear  velocity  •= 

u*  -  Van  Driest  transformed  velocity 

(Eqn.  1) 

x  -  distance  along  test  plate  from 

nozzle  throat 

y  -  distance  normal  to  test  plate 

4  -  boundary- layer  thickness 

4*  -  displacement  thickness 


0  -  momentum  thickness 

p  -  dynamic  viscosity 

V  -  kinematic  viscosity 

p  -  density 

T  -  shear  stress 

Subscripts 

aw  -  adiabatic-wall  conditions 

e  -  boundary- layer  edge  conditions 

I  -  conditions  at  start  of  Interaction 

Inc  -  incipient  separation  conditions 

o  -  tunnel  supply  conditions 

oil  -  determined  from  oil  flow 

PK  -  peak  pressure-rise  conditions 

PP  -  determined  by  Preston  probe 

R  -  reattachment  conditions 

S  -  separation  conditions 

t  -  stagnation  conditions 

w  -  wall  conditions 

Superscripts 

'  -  "ideal"  properties  calculated  from 

P.  P,.  T^ 


19-2 


1 .  INTRODUCTION 

Compressible  turbulent  boundary- layer  separation  is  a  phenomenon  of  such  complexity 
that  its  analysis  has  been  primarily  empirical  in  nature.  The  need  for  experimental  data 
has  been  great  and  continues  to  grow  with  each  new  theory  and  numerical  technique  which 
is  introduced.  However,  the  requirement  is  not  only  for  more  data  but  for  more 
comprehensive  data.  With  this  objective  in  mind,  an  experimental  investigation  was 
conducted  for  the  purpose  of  obtaining  more  comprehensive  measv rements  of  a  separated 
flow  field  with  particular  attention  given  to  the  evaluation  of  the  boundary-layer  flow 
structure  and  its  interaction  with  the  external  flow  field.  A  thick  nozzle-wall  boundary 
layer  was  chosen  for  investigation  in  order  that  detailed  measurements  could  be  obtained 
for  a  large-scale  interaction. 

Tests  were  conducted  at  an  adiabatic-wall  condition  for  a  nominal  Mach  number  of  4.9. 
The  Reynolds  number,  the  only  parameter  systematically  varied  in  the  tests,  ranged  from 
1.4  x  10  ’  to  1.4  X  10*.  Data  in  this  Reynolds  number  range  are  of  particular  interest 
because  they  lie  between  the  comprehensive  low  Reynolds  number  data  of  Kuehn'  and  high 
Reynolds  number  data  of  Thomke  and  Roshko.’ 

The  boundary- layer  separation  was  accomplished  by  Imposing  a  continuous  compression 
of  the  nozzle  flow  onto  the  boundary  layer  so  as  to  produce  a  continuous  streamwise 
pressure  rise  of  sufficient  magnitude  to  cause  separation.  This  technique  of  separating 
the  boundary  layer  differs  from  shock-induced  separations  in  that  the  incident  compression 
is  isentroplc  and  occurs  over  a  finite  distance.  Curved  ramp  models  produce  similar 
isentroplc  compressions;  however,  longitudinal  curvature  effects  are  present  in  these 
configurations.  The  present  test  provided  for  a  separated  flow  field  which  was  free  of 
incident  shock  waves,  wall  discontinuities  and  wall  curvature.  Presumably,  the  analytical 
modeling  of  such  a  flow  would  be  simplified  because  of  the  elimination  of  these  factors. 

2.  EXPERIMENTAL  SETUP  AND  TEST  CONDITIONS 

The  experiment  was  performed  in  the  NSWC  Boundary  Layer  Channel’  shown  in  Figure  1. 

The  two-dimensional  supersonic  half  nozzle,  the  main  component  of  the  facility,  has  for 
one  wall  a  flat  test  plate,  eight  feet  long  and  twelve  inches  wide,  along  which  the 
boundary-layer  measurements  were  made.  The  test  plate  boundary  layer  developed  naturally 
along  the  smooth  flat  nozzle  wall  to  a  thickness  of  between  two  and  three  inches.  This 
boundary- layer  flow  has  been  investigated  extensively  in  the  past  and  is  well  documented 
for  a  range  of  Reynolds  number,  heat-transfer ,  and  pressure-gradient  conditions.*'*'* 

The  opposite  nozzle  wall,  a  flexible  contoured  plate,  was  adjusted  to  produce  a 
strong  adverse-pressure -gradient  flow  along  the  flat  test  plate  downstream  of  the  initial 
flow  expansion.  The  infl  ’ence  of  the  flexible  nozzle  wall  contour  on  the  opposite  wall 
pressure  distribution  is  illustrated  in  Figure  2.  The  nozzle  contour  provided  for  an 
initial  expansion  of  the  flow  to  Mach  4.9  as  in  conventional  supersonic  nozzles,  followed 
by  a  region  of  zero  pressure  gradient.  The  nozzle  flow  then  underwent  a  continuous  flow 
compression  of  sufficient  strength  to  cause  separation  of  the  flat  test  plate  boundary 
layer.  This  was  followed  by  a  flow  expansion  to  meet  nozzle  exit  conditions.  The  nozzle 
contour  was  designed  using  a  method-of-characteristics  computer  program  together  with 
a  correction  for  the  boundary-layer  displacement  thickness.  Provision  was  made  for  a 
smooth  transition  between  the  various  pressure-gradient  regimes  witli  no  shock-wave 
interference.  The  nozzle  configuration  was  not  changed  during  the  test.  Therefore,  the 
strength  of  the  compression  imposed  on  the  boundary  layer  remained  the  same  for  all  test 
conditions.  Figure  3  illustrates  how  the  boundary  layer  responded  to  this  incident 
compression. 

Tests  were  conducted  at  tunnel  supply  pressures  between  10  and  150  psla.  The  tunnel 
supply  temperature  was  SOS^R  and  the  wall  temperature  was  ambient  (535*R)  except  for 
the  region  of  the  nozzle  throat  where  the  nozzle  wall  was  heated  to  the  local  adiabatic- 
wall  temperature.  These  conditions  provided  a  range  of  Reynolds  number  per  foot  Irum 
5.6  X  10*  to  8.5  X  10*  at  a  wall-to-adiabatic-wall  temperature  ratio  very  near  1.0. 
Boundary-layer  profiles  ahead  of  the  interaction,  wall-pressure  distributions,  and 
separation  lengths  were  measured  for  the  range  of  Reynolds  numbers  investigated.  However, 
the  comprehensive  boundary-layer  and  flow-field  measurements  and  the  wall  shear-stress 
and  heat-transfer  measurements  through  the  interaction  were  only  obtained  at  an 
intermediate  Reynolds  number  of  °  7.7  x  10*. 

3.  TRAVERSING  TEST  PLATE  MODEL 

With  the  realization  that  flow  measurements  were  to  be  made  at  many  incremental 
streamwise  locations  throughout  the  separation  region,  a  special  traversing  plate  model 
was  designed  and  fabricated.  The  model,  pictured  in  Figure  4,  consisted  of  a  flat  test 
plate  replacement  for  the  existing  nozzle  wall  of  the  facility.  The  model  was  fitted 
with  aerodynamic  fences  which  were  necessary  for  the  elimination  of  the  cross  flow  emanating 
from  the  thick  sidewall  boundary  layers  (see  discussion  later) .  One  distinctive  feature 

of  the  model  was  yhe  eight-inch  wide  central  strio  of  the  test  Plate  which  could  be 
traversed  8.5  Inches  in  the  streamwise  direction.  The  leading  edge  of  this  strip  slid 
under  a  0.030-lnch-thick  stainless  steel  sheet.  Appropriate  sealing  was  provided  on  all 
surfaces  to  eliminate  leakage  from  the  tunnel  plenum  chamber  to  the  flow  surface.  With 
this  model,  the  need  for  duplication  of  Instrumentation  was  minimized  and  the  streamwise 
measuring  resolution  was  greatly  increased.  For  example,  continuous  wall  static-pressure 
distributions  were  obtained  by  monitoring  only  four  static-pressure  orifices  along  the 
test  plate  during  a  traverse.  Access  ports  along  the  traversing  test  plate  provided  for 
the  installation  of  a  variety  of  instrumentation. 
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4 .  INSTltUNENTATION 

Continuous  distributions  of  wsll  shosr  strsss  and  naat  traiisfer  wars  obtainad  by 
diraot  BMtsuranant  using  skin- friction  balancas  and  a  heat-transfer  gaga  installad  In 
tha  travarsing  tast  plata  instrumentation  ports.  Figura  5  picturas  tha  balancas  usad 
in  this  invsstigation.  Tha  larga  NSHC  dasignad  balance^  and  tha  small  balanea  of  DRL 
dasign*  providad  radundancy  in  msasurlng  instrument.  In  addition,  tha  effact  of  sansing 
alamant  size  was  tastad  by  masking  off  portions  of  the  sensing  area  and  substituting 
smaller  sensing  elements. 

Haat-transfer  measurements  were  made  using  a  thermopile  gage  mounted  on  tha  surface  of 
an  instrumentation  port  insert.  Tha  thermopile  consisted  of  '^wo  thermocouples  connected 
in  series  and  located  on  opposite  sides  of  a  thin  tharmal  barrlar.  Tha  heat  flux 
measured  wa'i  proportional  to  the  temperature  across  the  thermal  barrlar.  Since  the  tast 
conditions  were  near  adiabatic,  a  heater  button  was  mounted  to  the  back  of  the  gage  to 
produce  selected  heat  flux  conditions.  This  allowed  for  the  measurement  of  tha  heat- 
transfer  coefficient  in  addition  to  the  measurement  of  the  adiabatic-wall  temperature 
and  recovery  factor. 

A  Preston  probe  was  traversed  through  the  interaction  region  to  establish  the 
location  of  the  separation  and  reattachment  points.  A  0.040-inch-diameter  probe  was 
mounted  in  both  a  forward  and  rearward  facing  mode.  The  points  of  flow  reversal  were 
determined  when  the  pressure  differential  between  the  probe  and  wall  static  pressure 
became  zero.  An  oil  flow  technique  was  also  used  to  determine  these  points.  A 
small  amount  of  oil  was  allowed  to  flow  frcm  a  static  pressure  orifice  in  the  test  plate. 
The  separation  and  reattachment  points  were  determined  by  traversing  the  test  plate  and 
orifice  beneath  the  interaction  and  observing  when  the  direction  of  oil  flow  changed 
from  the  streamwlse  to  rearward  direction. 

In  addition  to  the  measurements  of  wall  properties,  surveys  of  t.oe  boundary  layer 
and  external  flow  field  were  made  by  using  a  boundary- layer  traverse  and  probes  which 
were  inserted  through  the  test  plate  instrumentation  ports.  Generally,  boundary-layer 
surveys  were  obtained  at  one-inch  increments  in  the  streamwise  direction  in  the  region 
of  interaction.  Surveys  of  Pitot  pressure,  static  pressure,  and  tot&l  temperature  were 
obtained  using  a  variety  of  instrumentation  as  shown  in  Figure  6.  Typically,  Pitot- 
pressure  probes  were  of  the  £lattened-tip  configuration  with  a  0.003  x  0.100-inch 
rectangular  opening.  The  static-pressure  probe  consisted  of  a  0.750- inch* diameter 
flat-surfaced  disc  with  a  sharp,  10-degree  bevel  on  its  edge  and  a  static  orifice 
at  its  center.  The  total  temperature  through  the  boundary  layer  was  measured  using 
the  fine-wire  probe  desian  of  Yanta*  with  a  0.002-inch  diameter  x  0. 127-inch-long 
sensing  wire  exposed  to  the  flow.  Probe  supports  were  of  varying  design  with  extensions 
provided  for  the  probes  when  sting  support  interference  was  suspected. 

All  boundary-layer  traverses  were  made  from  the  free  stream  toward  the  plate  with  a 
maximum  movement  of  4.5  inches.  Data  were  recorded  with  the  probes  at  rest  and  only  when 
the  probe  pressures  and/or  temperatures  were  observed  to  have  reached  equilibrium 
conditions.  The  data  acquisition  system  simultaneously  recorded  eight  channels  of  data 
on  digital  voltmeters  and  converted  the  Information  directly  to  a  computer  card  output. 

5.  DATA  REDUCTION 

The  data-reduction  schemes  used  in  this  test  were  very  nearly  identical  to  those 
reported  earlier  by  the  author;^'’**  therefore,  only  a  brief  description  will  be  given 
here.  The  introduction  of  the  static-pressure  variation  normal  to  the  test  plate  into 
profile  and  integral  parameter  definitions  was  of  utmost  necessity  for  this  flow  field. 

The  procedure  used  was  to  define  "ideal”  flow  properties  which  are  calculated  from  the 
local  static  pressure,  total  pressure  and  stagnation  temperature  using  isentropic 
relations.  These  properties  represent  the  "inviscid"  flow  field  which  would  exist  if  the 
boundary  layer  was  not  present.  The  boundary- layer  thickness  was  defined  as  the  distance 
from  the  wall  where  M/M'  -  0.995,  i.e.  the  point  where  the  viscous  and  inviscid  distribu¬ 
tions  differed  by  half  a  percentage.  The  primed  (')  quantities  refer  to  the  "ideal”  flow 
parameters . 

6.  TWO-DIMENSIONALITY 

Measurements  of  boundary-layer  flows  in  a  two-dimensional  facility  of  this  type 
are  usually  questioned  as  to  the  two-dimensionality  of  the  flow.  This  question  is 
always  intensified  when  any  mention  of  separation  is  made.’*  Two  investigations  into 
identifying  the  two-dimensionality  of  the  present  flow  were  conducted.  Ttie  first  was 
by  observation  of  surface  oil  flow  patterns.  Figure  7  shows  oil  flow  patterns  on  the 
test  plate  in  the  region  of  interaction  for  test  configurations  with  and  without 
aerodynamic  ”fences.”  As  can  be  seen,  fences  were  found  to  be  a  necessity  in  eliminating 
the  cross  flows  which  were  emanating  from  the  thick  sidewall  boundary  layers  and  feeding 
the  separation  process.  With  the  introduction  of  the  fences  the  flow  field  became 
more  nearly  two-dimensional.  The  incoming  flow  did  not  exhibit  cross-flow  tendencies 
and  the  separation  and  reattachment  lines  were  well  defined  and  straight  across  a  good 
portion  of  the  test  plate.  (It  should  be  noted  that  these  photographs  were  obtained  in 
preliminary  shakedown  tests.  The  detached  flow  at  the  leading  edge  of  the  fences  was 
eliminated  in  the  final  tests  by  an  in^roved  fence  design.)  It  should  be  further  noted 
that  the  boundary  layer  would  not  separate  «riien  the  fences  were  installed  until  the 
strength  of  the  pressure  rise  Imposed  on  the  boundary  layer  was  Increased. 
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The  second  evaluation  of  two-dimensionality  was  made  by  comparing  the  wall  static- 
pressure  distributions  on  and  two  inches  off  centerline  of  the  test  plate  as  shown  in 
Figure  8.  Differences  between  the  on  and  off  centerline  distributions  were  slight  for 
both  configurations,  indicating  how  insensitive  the  lateral  distribution  of  wall  pressure 
is  to  cross-flows  and  three-dimensional  effects.  However,  the  streamwise  position  of 
the  interaction  and  the  overall  degree  of  separation  did  differ  significantly  between  the 
configurations  with  and  without  fe’r.es  indicating  the  strong  influence  ol  cross-flows 
on  separation  lengths  and  incipient  separation  criteria.  These  findings  are  consistent 
with  the  studies  of  Reda  ind  Murphy’ on  shock-induced  separations. 

7.  FLOW-FIELD  DEFINITION 

The  complex  flow  field  encountered  in  this  test  is  illustrated  in  Figure  9  through 
schlleren  photographs  and  an  isobar  mapping  of  the  interaction  region.  The  isobar  mapping 
was  compiled  from  many  static-pressure  surveys  through  the  flow  field.  Strong  static- 
pressure  gradients  were  observed  through  the  interaction  except  for  the  region  of  the 
subsonic  separation  bubble  where  the  static  pressure  normal  to  the  wall  appeared  to  be 
constant.  The  schlieren  photographs  showed  the  separation  shock  emanating  from  deep  within 
the  boundary  layer . 

Boundary-layer  velocity  profiles  ahead  of  the  interaction  are  shovn  in  Figure  10  for 
the  range  of  Reynolds  numbers  tested.  The  profiles  are  presented  in  law-of-the-w.' 11 
coordinates  using  the  Van  Driest*^  transformed  velocity,  u*,  in  the  form 


The  shear  velocity,  u^,  was  determined  from  a  best  fit  of  the  transformed  profile  data 
in  the  logarithmic  region  of  the  boundary  layer  to  the  relation 

2.5  +  5.1  (2) 

All  the  profiles  exhibited  the  usual  turbulent  boundary-layer  characteristics  of  a  leuninar 
sublayer,  a  logarithmic  region,  and  a  wake  region.  A  suimnary  of  ♦-he  boundary-layer 
parameters  is  given  in  Table  1  for  the  range  of  Reynolds  numbers  tested.  For  Reynolds 
numbers  per  foot  below  4.5  x  10*,  the  flow  was  below  the  turbulent  flow  limit  of  the 
facility, 

8.  WALL-PRESSURE  DISTRIBUTIONS 

The  wall-pressure  distributions  through  the  interaction  region  are  shown  in  Figure  11. 
Shown  for  comparison  is  a  best  approximation  of  the  "inviscid"  pressure  field  which 
was  imposed  on  the  boundary  layer.  This  "inviscid"  distribution  was  computed  using  a 
method-of-characteristics  solution  from  measured  streamwise  static-pressure  distributions 
outside  the  boundary  layer  and  ahead  of  the  interaction.  An  overall  "inviscid"  pressure 
rise  of  between  8  and  10  was  imposed  on  the  boundary  layer  from  the  incident  compression. 
The  "inviscid"  pressure  drop  which  followed  the  compression  was  caused  by  the  subsequent 
expansion  of  the  nozzle  flow.  For  this  reason,  the  actual  pressure  rise  through  the 
interaction  only  reached  about  half  the  peak  "inviscid"  value. 

Of  particular  interest  in  Figure  11  is  the  effect  of  the  Reynolds  number  on  the 
wall-pressure  distribution.  For  Reynolds  numbers  per  foot  above  3.4  x  10*,  the  upstream 
propagation  decreased  with  increasing  Reynolds  number,  whereas  for  Reynolds  numbers 
per  foot  below  3.4  x  10*,  the  opposite  trend  was  observed.  This  trend  reversal  becomes  more 
vivid  in  Figures  12  and  13,  where  the  location  of  the  separation  and  reattachment  points 
an-?  Lhe  non-dimensional  separation  distance  are  plotted  respectively  versus  Reynolds 
number.  This  reverse  phenomenon  can  best  be  explained  with  the  use  of  Figure  14  which 
shows  incipient  separation  pressure -rise  data  for  different  Mach  numbers  and  Reynolds 
numbers.  Shown  on  the  figure  are  the  data  of  Kuehn,*  Thomke  and  Roshko*  and  Sterrett 
and  Emery*’  together  with  the  correlation  of  Elfstrom. ’ ^  Consider  the  test  conditions 
of  this  study  in  terms  of  the  reversal  trend  in  the  incipient  separation  pressure 
rise-Reynolds  number  correlation.  As  the  Reynolds  number  is  increased  for  a  constant 
P/Pt  “  9  and  Mj  =  4.9,  the  state  of  the  boundary  layer  transforms  from  being  unseparated 
to  being  inclpiently  separated  and  strongly  separated:  then  it  reverts  back  to  being 
incipiently  separated  and  unseparated.  Over  the  limited  Reynolds  number  range  of  the 
present  study  the  flow  acted  as  predicted  with  the  degree  of  separation  Increasing  and 
then  decreasing  with  increasing  Reynolds  number.  Although  it  has  been  argued  that  the 
geometry  of  the  experiment  and  the  choice  of  a  criterion  for  detection  of  incipient 
separation  could  account  for  the  reversal  trend  seen  in  Figure  14 ,  the  present  tests 
tend  to  discount  these  arguments  because  of  the  single  test  configuration  and  measurement 
technique.  The  reversal  trend  appears  genuine. 
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The  free- interaction  concept  aa  proposed  by  Chapman,  Kuehn  and  Larson"  states  that 
certain  characteristics  of  the  separated  flow  should  not  depend  on  the  object  shape  or 
mode  of  inducing  separation.  This  concept  requires  the  fulfillment  of  two  criteria. 

The  ratio  of  the  separation-point  pressure  to  the  initial  pressure  must  remain  invariant 
and  the  shape  of  the  distribution  of  pressure  up  to  the  separation  point  must  be  the 
same.  Figures  15  and  16  show  that  the  first  criterion  was  fulfilled  for  the  Reynolds 
numberstested  with  Ps/Pt  “  2.18.  Similarly  a  type  of  free  interaction  appeared  in  the 
reattachmeat  region  with  Po/Ppv  "  0.67.  These  pressure  values  were  based  on  the  separation 
and  reattachment  points  determined  from  Preston  probe  measurements.  Oil  flow  measurements 
of  the  separation  and  reattachment  point  locations  were  also  obtained  (see  Figure  12) , 
but  they  were  not  considered  correct  based  on  the  low  Ps/Pl  value  (1.2  to  1.5)  which^^ 
was  indicated.  This  discrepancy  in  the  oil  flow  results  was  also  noted  by  Drlftmyer 
for  a  similar  test  configuration. 

The  second  free-interaction  criterion,  the  invariance  in  the  shape  of  the  pressure 
distribution  up  to  the  separation  point,  was  not  fulfilled  according  to  the  guidelines 
of  Ref.  15.  Although  the  pressure  distributions  were  similar  in  shape,  a  scaling  factor 
appeared  necessary  in  the  length  parameter.  ZuJcoski"  proposed  that  the  length 
coordinate  be  non-dlmensionalized  to  the  boundary-layer  thic)cness  providing  for  a 
ratio  (Xg-Xj)/6j  which  is  constant  and  equal  to  a  value  of  2.5.  Values  of  (Xg-Xj)/6,  for 
this  investigation  varied  from  1.15  to  1.73  for  decreasing  Rejj  over  the  Reynolds 
number  range  tested.  Because  the  parameters  Xg  and  Xj  are  difficult  to  measure  and 
subject  to  varying  interpretation,  the  maximum  pressure  gradient  in  the  free  interaction 
appeared  to  be  an  easier  and  more  consistent  parameter  to  evaluate.  It  would  seem 
logical  that  the  larger  the  pressure  gradient  the  smaller  the  free-interaction  length, 
Xg-Xj.  Figure  17  shows  pressure-gradient  data  compiled  from  a  number  of  experiments 
plotted  versus  Reynolds  number  for  several  Mach  numbers.  Although  there  was  a 
sizeable  scatter  in  the  data,  the  maximum  pressure  gradient  in  the  interaction  region 
showed  a  consistent  trend  of  increasing  with  increasing  Reynolds  number  for  a  given 
Mach  number.  This  pressure  gradient  appeared  to  be  independent  of  the  overall  pressure 
rise  after  the  free  interaction,*'"  the  heat-transfer  condition,"  and  the  node  of 
separation.  The  concept  of  a  free-interaction  region  appears  valid;  however,  proper 
scaling  of  the  length  parameter  must  be  found  to  correlate  the  variation  with  Mach 
number  and  Reynolds  number. 

9.  WALL  HEAT-TRANSFER  AND  SHEAR-STRESS 

The  recovery- factor  and  heat-transfe*  coefficient  distributions  through  the  separation 
region  art  presented  in  Figure  18.  The  value  of  the  local  recovery  factor  was  observed  t( 
Increase  sharply  at  separation,  remain  somewhat  constant  through  the  separation  region, 
and  relax  back  to  its  original  value  after  reattachment.  The  value  of  the  heat-transfer 
coefficient  also  showeda  sharp  increase  at  separation;  however,  the  value  thereafter 
decreased  to  a  lower  value  at  the  center  of  the  separation  region  before  increasing  again 
through  the  reattachment. 

Wall  shear-stress  measurements  are  presented  in  Figure  19.  The  data  were  obtained 
by  direct  measurement  using  skin-friction  balances.  Large  corrections  to  the  data  were 
needed  to  compensate  for  pressure-gradient  effects  on  the  shear  balances;  consequently, 
results  can  only  be  considered  in  qualitative  terms.  The  pressure-gradient  effects 
resulted  primarily  from  the  Integral  pressure  force  acting  on  the  edge  of  the  measuring 
element.  This  pressure  force  was  proportional  to  the  local  pressure  gradient  and  thickness 
of  the  measuring  element;  therefore,  the  greatest  errors  occurred  in  the  separation  and 
reattachment  regions  where  the  pressure  gradients  were  strongest.  Since  the  wall  shear 
stress  was  small  in  these  same  regions,  it  is  questionable  whether  skin-friction  balances 
can  be  considered  as  valid  and  accurate  tools  to  the  evaluation  of  separation  criteria. 

10.  CONCLUSIONS 

An  experimental  investigation  of  a  compressible  turbulent  boundary-layer  separation 
was  conducted  with  emphasis  placed  on  the  collection  of  a  comprehensive  set  of  flow- 
field  measurements.  A  continuous  compression  of  a  nozzle  flow  provided  a  separated 
flow  field  which  was  free  of  incident  shock  waves,  wall  discontinuities  and  wall 
curvature.  The  compression-induced-separation  data  could  be  correlated  with  data 
obtained  for  other  test  configurations  and  models.  A  traversing  plate  model  was  shown  to 
be  of  great  adv.tntage  in  minimizing  instrumentation  duplication  and  increasing  streamwise 
measuring  resolution.  Aerodynamic  fences  were  found  to  be  a  necessity  for  the 
elimination  of  cross-flows  emanating  from  large  sidewall  boundary  layers. 

The  important  conclusions  reached  in  this  study  are: 

1.  The  separation  length,  (Xfi~Xc)/5l,  was  found  to  Increase  with  increasing 
Reynolds  number  for  Re^j  <  8.  x  10*,  whereas  the  opposite  trend  was  found  for 

Re^l  >  8.  X  lO’.  This  reversal  in  the  separation  length  versus  Reynolds  number  trend 
is  consistent  with  the  reversals  observed  for  incipient  separation  versus  Reynolds 
number  correlations. 

2.  The  pressure  rise  to  separation  was  found  to  be  invarient  with  Reynolds 
number  for  a  given  Mach  number.  The  free-interaction  length,  (Xs-Xi)/6i,  and  the 
maximum  pressure  gradient  in  the  free-interaction  region,  [d(P/Pi) ]/(d(X/6i) ] ,  were 
found  to  be  a  function  of  Reynold*  tii3b4«i  *t*a  Itech  ngrtbei .  tte  leveteal*  -wtte  tArtreived 
in  the  interaction  length  versus  Reynolds  number  trend;  (Xg-Xi)/6i  decreased  for 
increasing  Regj. 
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Laminar  and  Turbulant  Boundary-Layar  Separation 


at  Supersonic  and  Hypersonic  Speeds 
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SUMMARY 

The  paper  discusses  a  number  of  theoretical  and  experimental  investigations  of  shock-boundary 
layer  Interaction.  Both  laminar  and  turbulent  layers  are  considered,  growing  over  two-dimensional 
and  axl-symmetrlc  bodies. 

for  laminar  flow  a  simplified  version  of  the  well-known  Lees-Reeves  momentum  Integral  method  has 
been  developed  by  Georgeff  and  used  to  predict  incipient  separation.  A  number  of  comparisons  between 
experiment  and  theory  for  attached,  incipient  and  well  separated  flows  are  included. 

For  turbulent  flow  the  'three  layer*  model  proposed  by  Elfstrom  is  shown  to  give  good  quantitative 
estimates  of  incipient  separation  and  to  explain  the  Reynolds  number  trend  found  experimentally.  Since 
the  turbulent  boundary  layer  is  more  resistant  to  shock  interference  a  very  simple  attached  flow  theory 
is  derived,  which  gives  good  predictions  of  both  pressure  and  heat  transfer  at  hypersonic  speeds. 


LIST  OF  SYMBOLS 

C  constant  in  temperature-viscosity  law. 

Cj  skin  friction  coefficient, 

f  _  ,  function  of. 
h  enthalpy, 

k  constant. 

L  value  of  x  at  comer. 

M  Mach  number, 

p  pressure. 

P  p/p^. 

q  heat  transfer  rate. 

Re^  j  Reynolds  number,  P„u^(  )/m^ 

St  Stanton  number. 

T  temperature . 

u  velocity 

x,y  distance  along  and  normal  to  free 

stream. 


6  boundary  layer  thickness. 

A*  di.splacement  thickness. 

6  streamline  slope. 

U  viscosity, 

p  density. 

X  viscous  interaction  parameter. 

SUFFICES 

e  edge  of  boundary  layer, 

i  incipient. 

L  comer, 

r  recovery . 

s  strong, 

w  weak  or  wall, 

o  total 

“  freestream 


0 


incidence. 


average  value. 


1. 


INTRODUCTION 


At  supersonic  and  hypersonic  speeds  separation  is  usually  caused  by 
interference.  Indeed  the  problem  is  one  of  strong  viscous  interaction, 
together  the  results  of  a  number  of  theoretical  and  experimental  studies 
compression  cornei'  and  axisymmetrlc  cylinder-flare  models  to  investigate 
the  subsequent  separated  flow. 

shock-boundary  layer 

This  paper  brings 
using  two-dimensional  wedge 
incipient  separation  and 

2.  THEORY 

The  basic  problem  is  to  solve  the  viscous  flow  around  a  given  shape  in  an  interdependent,  and 
hence  initially  unknown,  pressure  distribution.  If  the  boundary  layer  approximation  is  acceptable 
then  the  problem  reduces  to  the  simultaneous  solution  of  three  equations: 

4*  r  f^(P) 

(1) 

P  =  f2(Y^) 

(2) 

Y  =  f,(4*) 

6  J 

(3) 

The  first  equation  expresses  the  boundary  layer  displacement  thickness  growth  6*(x),  in  teims  of  the 
pressure  gradient,  P(x),  which  in  turn  depends  on  the  effective  shape  of  the  body  'igix).  The  viscous 
flow  equations  dictating  the  growth  of  4*  and  the  inviscid  equations  governing  the  pressure  distribution, 
are  coupled  by  equation  (3)  which  relates  the  effective  shape  to  the  geometric  shape.  A  number  of 
different  approximations,  covering  a  wide  range  of  accuracy  and  complexity,  are  possible  for  each  of 
the  three  equations  so  that  the  total  number  of  methods  of  solving  the  complete  problem  are  legion. 


3.  LAMINAR  FLOW 

One  of  the  most  widely  used  methods  for  laminar  flow  is  Klineberg's'  or  Holden's^  extension  of  the 
Lees-Reeves^  momentum  integral  technique  in  which  the  momentum,  moment  of  momentum  and  energy  equations 
are  solved  using  the  Cohen-Reshotko  catalogue  of  similarity  solutions  to  provide  profile  data.  Tor  a 
time  the  utility  of  the  method  was  obscured  by  fruitless  discussion  of  details  which  were  subsequently 
shown  to  have  no  physical  significance  (see,  e.g.,  Stollery  and  Hankey**).  More  recently  (Jeorgeff*  has 
made  a  detailed  study  of  the  method.  He  found  that  it  was  important  in  cold  wall  flows  to  uncouple 
the  velocity  and  enthalpy  parameters  by  solving  the  energy  integral  equation  in  addition  to  the  momentum 
and  moment  of  momentum  equations.  However,  Georgeff  also  showed  that  the  moment  of  momentum  equation 
could  be  replaced  by  the  much  simpler  momentum  equation  at  the  wall,  thereby  'hooking'  the  pressure 
gradient  to  local  values  of  the  dependent  variables,  with  no  loss  of  accuracy.  Neither  was  the  choice 
of  profile  quantities  too  sensitive  and  he  was  able  to  generalise  the  Cohen-Reshotko  profiles  to  cover 
any  wall  temperature  ratio. 


The  result  is  that  with  integral  boundary  layer  equations  representing  relation  (1),  shock-expansion 
theory  for  equation  (2)  and  the  correct  coupling  equation 


dx 


d  fn<p  u  ) 

(4  -  4*)  - =  tan  (0  -  u  ) 

dx  e  w 


(4) 


a  method  exists  for  predicting  laminar  attached,  incipient  and  fully  separated  flows.  Agreement  with 
experiment  at  supersonic  speeds  is  extremely  good.  At  hypersonic  speeds  some  predictions  of  Georgeff 
are  compared  with  the  experimental  data  of  Bloy®  in  Fig.  1. 


3.1  Laminar  Incipient  Separation 


Both  the  mathematical  formulation  of  the  problem  and  dimensional  reasoning  suggest  that  the  import¬ 
ant  parameters  are  ,  jj  and  Ty/T^.  The  simple  analysis  of  Cheng^  shows  that  when  incidence  and 

displacement  effects  are  present  it  is  the  ratio  M^a^/x  which  is  important.  For  laminar  flow 
X  =  m2/ca'r^  so  that  we  might  expect  the  incipient  separation  angle  to  be  given  by 


=  k  X, 


=  k 


(5) 


The  results  of  experiments  using  compression  corner  and  incident  shock  flows  are  compared  with  Guorgeff's 
predictions  of  incipient  separation  in  Fig.  2.  Both  <;xperiment  and  prediction  do  support  an  approximate 
relation  of  the  type 


Other  experiments  and  calculations  Indicate  that  cooling  the  wall  has  a  small  but  beneficial  effect  in 
increasing  the  incipient  separation  angle. 
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4.  TURBULENT  FLOW 

In  principle  the  momentum- integral  approach  can  also  be  applied  to  turbulent  flow  but  progress  is 
hampered  by  lack  of  knowledge  of  turbulent  boundary  layer  profiles  for  a  wide  range  of  pressure  gradients. 
Todisco  and  Reeves^  developed  the  method  for  adiabatic  turbulent  flow  but  were  forced  to  use  empirical 
profile  data  for  attached  and  incipient  conditions  together  with  laminar  similarity  solutions  for  the 
reversed  flow  since  little  else  was  available  at  that  time.  Subsequently  Reeves^  pr^'^osed  a  two-layer 
model  in  which  an  analytical  solution  for  the  inner  part,  based  on  a  compressible  1..  of  the  wall,  is 
matched  with  a  moment  integral  method  in  the  outer  layer.  The  paucity  of  detailed  profile  data  encouraged 
semi-emplrlcal  methods  and  correlations  of  experimental  measurements  at  the  wall.  A  recent  collection  of 
incipient  separation  data  is  shown  in  Fig.  3.  Cne  interesting  feature  is  immediately  obvious,  the  trend 
reversal  of  with  Re^.  at  high  values  of  Reynolds  number.  Until  recently  the  evidence  for  this  trend 
reversal  was  primarily  from  Roshko  and  Thomxe's*^  r.ieasurements  on  a  wedge  placed  on  the  floor  of  a  super¬ 
sonic  tunnel.  Law' '  has  now  confirmed  this  trend  with  tests  on  a  flat-plate-plus-wedge  model  mounted 
centrally  in  the  ARL  high  Reynolds  number  supersonic  tunnel. 

Following  a  s iggestion  by  Green,  Elfstrom'^  has  given  an  explanation  of  this  trend  reversal  and  has 
obtained  quantitative  estimates  of  the  incipient  separation  angle.  It  is  obvious  from  schlieren  pictures 
(Fig.  u)  that  the  oblique  shock  wave  penetrates  well  into  the  turbulent  boundai^  layer  and  it  is 
reasonable  to  divide  the  layer  into  an  outer  primarily  inviscid  but  rotational  zone  and  a  thin  inner 
viscous  layer,  the  dividing  line  being  drawn  through  the  'corner*  of  the  velocity  profile  as  in  Fig.  5. 
Roshko  and  Thomke  used  a  similar  model  to  explain  their  measured  pressure  distributions.  So  far  as 
separation  is  concerned  we  assume  that  the  inner  region  is  the  important  one  and  that  a  relevant  Hach 
number  (Hy,)  can  be  obtained  by  extrapolating  the  inviscid  outer  profile  to  the  wall  as  shown  in  Fig.  5. 

The  further  assumption  that  separation  occurs  when  a  normal  shock  is  formed  in  the  corner  region  (l.e., 
the  inviscid  shock  detachment  condition  appropriate  to  My)  gives  the  wedge  angle  o^.  If  the  profile 
shape  remained  constant  then  a  single  value  of  a^.  Independent  of  Reynolds  number,  would  be  obtained. 
However,  the  various  parts  of  a  fully  developed  turbulent  profile  grow  at  different  rates  so  that  the 
Mach  number  My  increases  slightly  with  Reynolds  number.  Thus  the  expectea  trend  from  this  argument 
is  one  of  slowly  increasing  with  Re^Lt  precisely  the  one  found  by  Roshko  and  Thomke  and  now  by  Law. 

The  reason  for  the  decreasing  with  RejL  at  low  values  of  Rej^  is  due  to  the  slow  development  of  the 
wake  component  of  the  turbulent  velocity  profile.  This  wake  component  development  is  particularly  slow 
at  high  Mach  numbers  and  very  high  values  of  Rejj^  are  needed  before  a  fully  developed  profile  is 
obtained.  Elfstrom  has  used  the  Coles'^  incompressible  profile  with  the  wake  function  recommended  by 
Alber  and  Coa-s'**  then  transformed  to  the  real  non-adiabatic  compressible  flow  profile  using  the  method 
of  Van  Driest'^  anu  the  Crocco  linear  temperature-velocity  relation.  With  these  profiles  and  the 
assumptions  described  earlier,  the  predictions  of  shown  in  Fig.  6  have  been  made.  The  agreement 
with  experiment  is  very  good  considering  the  simplicity  of  the  model.  The  predicted  Mach  number 
profile  can  also  be  used  to  calculate  the  pressure  distribution  by  splitting  the  profile  into  a  number 
of  layers  as  shown  in  Fig.  7a.  Each  layer  is  assumed  to  turn  throught  the  wedge  angle  via  an  oblique 
shock  of  the  appropriate  strength.  The  predictions  and  mesurements  are  compared  in  Fig.  7b.  Of 
course  these  simple  techniques  are  only  valuable  up  to  incipient  separation  but  fortunately  this  occurs 
at  quite  high  angles,  part icularly  at  high  Mach  numbers. 

The  heat  transfer  rate  measurements  complementary  to  Elfstrom's  pressure  distributions  have  been 
made  by  Coleman*^.  They  show  a  striking  resemblance  even  in  the  well  separated  regions.  This  Increase 
in  heat  transfer  in  turbulent  separated  flow  regions  is  now  well  established  and  is  one  of  the  most 
significant  differences  between  laminar  and  turbulent  flow.  Fig.  8. 

A  simple  relation  between  pressure  and  heat  transfer  rate  has  been  obtained  by  Stollery  and  Bates'^ 
following  similar  arguments  to  those  used  for  laminar  viscous  interaction  by  Hayes  and  Probstein*®. 

Starting  from  the  assumption  that  the  Stanton  number  St  can  be  expressed  in  terms  of  a  Reynolds 
number  based  on  average  boundary  layer  properties  then, 

4  ftfu  x\  i/5 

St  r  ^ - ‘S— •  (6) 

■  ^w^  I  w  J 

If  T/T^  '  M^  and  u/y^  =  Ca,T/T^  then  the  final  expression  is 

M^St  *  {M*C  /Ra  (7) 

«e  OB  «•  «p  }( 


where  P  is  the  pressure  ratio  p(x)/p^  and  {M®C  /Re  )  =  X  •  i''®  weak  viscous  interaction  parameter  for 

the  turbulent  flow.  A  more  rigorous  analysis  in  &he  same  ^per  suggests  that 


(1  +  2.5T^j/T^) 


3/5  w 
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Thi  coniMCtion  batwMn  St^  and  the  preeeurc  diatribution  la  obvioua.  Figure  9  comparea  aquation 
(8)  with  aome  of  Coleman'a  two-dlmenaional  compreaalon  comer  data.  The  agreement  la  reaaonable 
except  in  the  wall  aaparatad  caae  (a  :  38°)  when  there  la  no  reason  to  thin)(  that  the  analysis  would 
be  valid 


4.1  Turbulent  Incipient  Separation 

It  is  easy  to  show  that  the  strong  viscous  interaction  parameter  for  turbulent  flow  is 


Similar  reasoning  to  that  used  for  laminar  flow  would  suggest  that 

'  (H’C/Rej^)’''’  (9) 

or 

a,  '  (M^C/Re  (10) 

i  “  L 

instead  of 

■  (M^C/Rej^)^^*^  (11) 

as  for  laminar  flow. 

Reference  to  the  compilation  of  experimental  data  (Fig.  3)  shows  that  the  true  picture  is  far  more 
complex  but  the  data  do  show  increasing  with  H_. 

4.2  Turbulent  Axi-symmetric  Flow 

Completely  two-dimensional  experimental  data  are  impossible  to  achieve  because  of  end-effects  and 
non-uniformities  in  the  model  and  test  stream.  They  are  often  unfairly  criticized  on  this  score  and 
in  fact  many  quasi  two-dimensional  data  are  perfectly  reliable  guides  to  the  ideal  situation.  Neverthe¬ 
less  one  way  of  avoiding  end  effects  is  to  test  the  equivalent  axi-symmetric  model.  Coleman  and  Stollery*' 
have  tested  a  hollow  cylinder- flare  model  under  identical  conditions  to  those  used  for  the  wedge 
compression  corner  measurements.  They  found  that  the  pressure  distributions  in  the  neighbourhood  of  the 
corner  were  very  similar  (Fig.  10)  and  that  the  incipient  separation  angles  differed  by  only  1°  (in  about 
30°)  being  slightly  higher  for  the  axi-symmetric  tests.  Kuehn^®  found  a  similar  but  more  marked  trend 
as  shown  in  Fig.  11. 

Coleman^*  made  further  tests  using  cone-cylinder-flare  and  hemisphere-cylinder-flare  models.  Despite 
the  very  different  nose  sections  and  hence  a  marked  change  in  flow  conditions  approaching  the  flare,  the 
incipient  separation  angle  remained  much  the  same  (approx.  30°  at  =  9).  Assuming  the  flow  is  quasi 
two-dimensional  which  is  reasonable  until  well  past  the  cylinder  flare  junction  then  equation  (8)  is 
relevant.  The  measured  pressure  and  heat  transfer  rate  distributions  for  all  three  axi-symmetric  bodies 
are  compared  with  tiie  prediction  of  equation  (8)  in  Fi".  12. 


5.  CONCLUSIONS 

For  laminar  two-dimensional  flow  the  momentum  integral  method  has  been  effectively  developed  and 
tested  against  experiment  so  tliat  it  can  now  be  used  to  predict  attached,  incipient  and  well  separated 
flows.  The  method  has,  so  far,  been  less  successful  for  turbulent  flow  because  the  velocity  profile 
development  is  far  more  complex  and  insufficient  information  either  experimental  or  theoretical,  is 
available  to  guide  development.  In  the  meantime  some  simple  but  sensible  ideas  such  as  those  given  by 
Elfstrom  enable  the  incipient  separation  condition  to  be  predicted  over  a  very  wide  range  of  Mach  number 
and  Reynolds  number.  The  pressure  distribution  for  unseparated  flow  can  also  be  calculated  and  a 
simple  connection  can  be  established  between  heat  transfer  and  pressure.  There  are  sufficient  measure¬ 
ments  to  support  these  relationships  for  both  two-dimensional  and  axi-symmetric  flow  at  hypersonic  Mach 
numbers  though  there  are  conflicting  data  at  supersonic  speeds. 
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Figure  3.  In  :ipient  separation  at  a  wedge  cor.pr«ssion  corner 


Figure  4.  hypersonic  turbulent  flow  past  a  wedge  compression  corner 
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Figure  6a.  Estimation  of  incipient  separation  for  adiabatic  wall  conditions. 
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Figure  6b.  Estimations  of  incipient  separation  of  non-adlabatic  wall  conditions. 


Figure  7a.  Example  of  the  construction  of  an  attached  flow  field  at  a  wedge-compression  corner. 


Figure  7b.  Prediction  of 
attached  flow  static  pressure 
distribution  at  a  wedge- 
compression 
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Figure  12.  The  pressure  and  heat  transfer  measureirents  of  Coleman  on  a  series  of  axi-svrrr.etric  llarei; 
bodies  compared  with  a  simple  prediction  method. 
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ISCIPIENT  SEPARATION 

OF  A  COMPRESSIBLE  TURBULENT  BOUNDARY  LAYER 
by 

C.  Appels,  Rstesrch  Assistant 
B.E.  Richards,  Associate  Professor 
von  Karaan  Institute  for  Fluid  Dynamics 
72  Chausste  de  Waterloo 
l6lt0  Rhode-Saint-OenJse 
Belgium 


SUMMARY 


The  paper  describes  an  experimental  study  of  the  separation  of  a  turbulent 
boundary  layer  developed  on  nozzle  vails  induced  by  a  compression  corner  at  Mach  numbers 
of  3.3  and  5-^  over  a  range  of  Reynolds  numbers  based  on  boundary  layer  thickness  of 
10^-10^.  Careful  application  of  liquid  line  and  schlieren  flow  visualisation  techniques 
were  used  to  detect  separated  lengths  down  to  one  tenth  of  the  boundary  layer  thickness. 
In  this  way  separation  was  detected  at  lower  flap  angles  than  has  been  previously  found 
at  these  conditions.  The  related  finding  of  low  incipient  separation  angle,  a.,  implies 
that  flow  reversal  may  occur  initially  only  in  the  laminar  sublayer,  and  this  is 
confirmed  by  the  successful  prediction  of  a.  by  applying  simple  laminar  correlations 
to  this  layer.  This  measured  value  of  a.  is  found  to  be  little  dependent  on  Mach  number 
and  it  is  concluded  that  the  large  depeAdence  of  a.  with  this  parameter  found  earlier 
by  researchers  is  explained  by  each  experiment  detecting  a  different  degree  of  onset 
of  neparalion.  The  measured  variation  of  a.  with  Reynolds  number  appears  to  follow  the 
trend  of  development  of  the  vake  component  in  the  undisturbed  boundary  layer. 


DECOLLEMENT  IMINENT  D'UNE  COUCHE  LIMITE 
TURBULEKTE  COMPRESSIBLE 


RESUME 


Cette  communication  d^crit  une  etude  experiment  sue  du  decollement  d'une  couche 
Ixirite  turbulente  se  dlveloppant  aux  parois  d'une  tuyere,  a  des  nombres  de  Mach  de  3.5 
et  de  5.^  et  des  nombres  de  Reynolds  bas^s  sur  I'^paisseur  de  couche  limits  variant 
entre  10^  et  10^.  Une  utilisation  tree  soignee  des  techniques  de  visualisations  de 
I'ecoulement  par  strioscopie  et  par  film  liquids  a  conduit  i  la  detection  des  longueurs 
de  decollement  aussi  petites  qu'un  dixieme  de  I'epaisseur  de  la  couche  limite.  C'est 
ainsi  qu'il  a  ete  possible  de  detecter  le  decollement  a  des  angles  de  rampe  plus  faibles 
que  precedemment  dans  de  telles  conditions.  Le  fait  que  le  decollement  se  produise  a  de 
faibles  angles  a.  implique  que  la  recirculation  de  I'ecoulement  se  produit  dans  la  sous- 
couche  laminaire  un i quement .  Ce  point  de  viie  est  confirme  par  le  fait  qu'il  est  possible 
de  calculer  I'angle  a.  d'une  maniere  sat i s f ai s an te  en  appliquant  une  correlation  laminai¬ 
re  simple  a  cette  scus-couche.  Cn  a  trouve  que  la  valeur  mesuree  de  dependait  tres 
peu  du  r.ombre  de  Mach.  La  tres  grande  dependance  du  nombre  de  Mach  pour  Oj,  observes 
an t e r i euremen t  par  les  chercheurs  est  expliquve  par  le  fait  que  dans  cheque  experience 
preceder. te,  on  detectait  le  decollement  a  des  etats  differents.  La  variation  de  a- 
n  en  fonction  du  nombre  de  Reynolds  apparait  suivre  la  tendance  de  developpement 

de  la  cOT.posante  de  I'onde  dans  une  couche  limite  non  perturbee. 


NOMENCLATURE 

C,,  skin  friction  coefficient 

C  pressure  coefficient 

P 

k  von  Kariran  constant 

L^  distance  between  the  separation  point  and  the  hinge  line 

M  Mach  number 

n  power-law  velocity  profile  exponent 

p  pressure 

P  radius  of  curvature  of  ax i - synmet r i c  models 

Rejj  Reynolds  number  based  on  quantity  (  ) 

Re_  unit  Reynolds  number 

T  temperature 

recovery  temperature 

U  velocity  component  parallel  to  surface 


:i-: 

friction  velocity 

y  diitance  norntl  to  the  lurfece 

a  conpreeeion  corner  enfle 

0 

6  boundary  layer  thicknaaa 

V  kinaaatic  viecoaity 

p  Baae  danaity 

T  local  ahear  atreaa 

Subacripta 

0  free  atreaa  conditiona 

e  conditiona  at  the  edge  of  the  boundary  layer 

i  incipient  aeparation  conditiona 

L  conditiona  at  the  edge  of  the  aublayer 

t  total  conditiona 

V  conditiona  at  the  vail 


IHTRODUCTIOH 


The  aeparation  of  coapreaaible  turbulent  boundary  layera  haa  been  atudied  in 
aoae  detail  during  the  laat  15  yeara.  Since  the  onaet  of  aeparation  entirely  changea 
the  flow  field,  an  important  paraaeter  of  intereat  ia  one  defining  incipient  aeparation. 
The  firat  extenaive  inveatigation  in  thia  field  vaa  that  of  Kuehn  (Ref.1,  1959)  vho 
uaed  the  appearance  of  a  kink  in  the  wall  preaaure  diatribution  to  detect  incipient 
aeparation.  Since  then,  aeveral  detection  aethoda  have  been  developed  and  the  amount 
of  ex;'er ifflental  data  haa  atrongly  increaaed;  however,  with  it,  the  diaagreeaent  between 
reaults  has  become  larger.  The  following  influences  on  compression  corner  angle  at 
incipient  aeparation,  a.,  are  considered  in  thia  paper  :  the  effect  of  Mach  and  Reynolds 
number,  the  state  of  the  turbulent  boundary  layer  (flat  plate  or  nettle  wall  boundary 
layer,  fully  developed  or  near*transitional  boundary  layer)  and  the  method  used  to 
detect  incipient  separation.  A  brief  survey  of  the  literature  is  presented  in  a  later 
discussion. 

The  primary  aim  of  the  present  investigation  was  to  make  very  careful  aeatureaents 
of  a.  using  techniques  that  could  detect  very  small  aeparation  regions.  This  enabled 
a  stitement  by  Kuehn  (Ref.1)  to  be  exaained,  that  when  incipient  separation  conditions 
according  to  his  detection  method  were  reached,  iome  evidence  for  the  existence  of  small 
separation  bubblea  was  found.  He  aentioned  that  these  small  separated  regions  were 
"primarily  of  academic  interest",  since  they  did  not  perceptibly  affect  the  wall  pressure 
diatribution.  Although  this  seems  to  be  correct  for  the  thin  boundary  layera  prevalent 
in  ground  facilities,  it  is  possible  that  on  full  scale  models  (e.g.  re-entry  vehicles) 
with  very  thick  boundary  layera  these  relatively  small  separated  regions  can  become  to 
large,  that  their  effects  can  no  longer  be  ignored.  Furthermore,  the  understanding  of 
the  existence  of  these  regions  ia  of  importance  for  any  theoretical  approach  to  the 
problem.  Such  a  study  has  led  to  an  explanation  for  the  lack  of  agreement  between 
several  experimental  investigations  on  incipient  separation  and  a  better  understanding 
of  the  phenomenon. 


EXPERIHEHTAL  PROCEDURE 


The  wind  tunnels  used  in  the  experiments  were  blowdown  facilities,  both  having 
two-dimensional  contoured  nozzles.  The_Sj4_8uper8onic_tunnel  with  a  Mach  number  of  3.5 
has  an  60mm  x  100mm  test  section.  The  stagnation  temperature  is  normally  6°C  and  the 
stagnation  pressure  can  be  varied  between  2  and  IT  kg/cm^  giving  unit  Reynolds  numbers 
from  10^  to  l0*/m.  The  thickness  of  the  boundary  layer  on  the  noaxle  wall  at  the  exit 
ia  between  6  and  Tmm  resulting  in  values  for  Re.  of  9.10'*  to  7.10^.  The  H  1_E£bb2c_bed 
heated  hypersonic  Ji*2!tB_x_2|«^s.m_tunnel  (Ref. 2)  with  a  Mach  number  of  5.^  can  be  operated 
at~stagnatIon~pre8Sures  varying  from  13  to  33  kg/cm^.  All  the  tests  reported  herein  were 
carried  out  at  a  temperature  of  approximately  200°C  giving  a  range  of  unit  Reynolds 
numbers  from  10^  to  3.10^/m.  The  boundary  layer  thickness  at  the  wall  was  somewhat 
less  than  20mm  and  hence  Re.  could  be  varied  between  2.10^  and  6.10^.  A  list  of  the  free 
stream  conditions  used  in  this  study  is  given  in  Table  1. 

f i^S^-£££!!D££-&r$Y££SS!  vere  made  only  through  the  undisturbed  tunnel  wall 
boundary~Iayer~at*the  position  of  the  corner  for  all  relevant  test  conditions  in  both 
tunnels.  The  wall  static  and  pitot  pressures  were  measured  using  very  sensitive 
Ultradyne  (Type  ItlSk-IO-ID)  and  Validyne  (Type  DP  15TL)  transducers  respectively,  and 
the  pitot  pressure  profile  was  directly  recorded  on  an  X-Y  plotter  through  the  use  of 
a  linear  transducer.  Different  pitot  probes  were  used  in  the  two  tunnels  :  a  circular 
probe  with  an  external  diameter  of  O.T5bb  for  the  M  ■  5.^  tunnel  and  a  flat  probe  with 
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a  height  of  0 . 6Bm  for  M  ■  3>5  tunnel.  Both  probei  were  calibrated  against  large 
circular  versions  in  the  free  streaa. 

The  siodel  configurations  used  consisted  of  wedges  of  different  angles  (a) 
siounted  at  the  same  position  on  the  tunnel  wall;  i.e.,  at  the  nottle  exit  in  the 
Mach  3*^  tunnel,  and  downstream  of  the  nozrle  exit  in  the  Mach  3.3  tunnel.  The  test 
set-rup  in  both  tunnels  is  shown  in  Pig.1.  The  leading  edge  thickness  of  the  wedge  was 
small  in  order  to  attempt  to  eliminate  steps  at  the  hinge  lines  which  could  cause  small 
separation  bubbles.  To  avoid  an  interaction  between  the  flow  over  the  wedge  and  the 
boundary  layers  on  the  tunnel  side  walls,  the  span  of  the  wedge  was  smaller  than  the 
width  of  the  test  section.  The  ratio  of  the  span  of  the  wedge  to  the  undisturbed 
boundary  layer  thickness  was  lit  for  the  supersonic  tests.  However,  this  ratio  was  only 
6.3  for  the  hypersonic  tests  so  that  it  was  impossible  in  this  case  to  study  large 
separated  regions  which  could  be  classed  as  two-dimensional  because  of  three-dimensional 
effects  due  to  outflow. 

Oil  flow  visualisation  was  one  method  used  to  detect  the  separation  line. 

A  liquid,  consisting  of  oil,  dye  and  oleic  acid,  was  smeared  on  the  wall  or  the  wedge 
before  the  test.  During  the  test,  pictures  of  the  resulting  oil  pattern  were  recorded. 
For  large  separated  regions  the  oil  film  is  expected  to  have  a  negligible  interference 
on  the  separation  behaviour  and  therefore  oil  was  put  on  the  hinge  line  and  upstream  of 
the  separated  region.  A  typical  oil  pattern  seen  during  a  test  is  shown  in  Fig. 2.  It  is 
possible  to  see  the  complete  separation  line  coincident  with  the  accumulation  of  oil. 
This  is  the  so-called  "liquid  line"  method  of  detecting  the  separation  line. 

T.".e  main  arguments  that  have  been  stated  against  the  use  of  liquid  line  methods 
in  the  ^,ast  are  :  the  unsteady  character  of  the  separated  region,  the  interaction 
between  the  liquid  and  the  separation  bubble  due  to  their  comparable  thicknesses  and 
finally  the  "buoyancy"  effect  (ref.3).  High  speed  schlieren  pictures  (5000  frames  per 
second)  of  a  small  separated  region  taken  during  the  present  study  (reported  more  fully 
in  Pef.li)  illustrated  that  the  effect  of  the  first  factor  is  negligible.  During  the 
teat,  the  separation  length  appeared  to  remain  constant  and  the  shape  of  the  separation 
shock  hardly  changed.  The  two  latter  factors  can  be  expected  to  he  of  importance  only 
in  small  separated  regions.  To  avoid  interaction  between  the  liquid  and  the  separation 
bubble,  observations  of  the  separated  length  were  made  before  the  oil  accumulated,  so 
that  the  effect  of  the  strong  adverse  pressure  gradient  on  the  oil  (i.c.  buoyancy)  was 
negligible.  In  that  case  the  driving  force  of  the  oil  is  the  wall  shear  stress  and 
not  drag  forces  or  pressure  gradients.  A  few  tests  with  much  longer  running  times  and 
strong  accumulation  of  oil  were  carried  out  and  they  showed  that  after  a  while,  at 
spanwise  positions  where  the  oil  accumulswion  was  greatest,  ent.ainment  of  the  oil  into 
the  separated  region  occurred  and  the  separation  buttle  was  filled  up  with  oil.  This 
demonstrates  the  existence  of  a  close  ontact  between  the  separation  region  and  the 
oil  accumulation  line  and  so,  even  in  this  case,  the  accumulation  is  the  result  of  a 
reversed  flow  and  not  of  the  balancu  between  wind  and  buoyancy  forces. 

For  small  separated  regions,  however,  one  has  to  be  very  careful  not  to  disturb 
the  separation  bubble  by  the  introduction  of  the  oil  itself.  Therefore  only  a  very 
small  quantity  of  oil  was  put  ahead  of  the  expected  position  of  the  separated  region 
but  not  on  the  hinge  line  itself,  so  that  during  the  test  individual  streamwise  streaks 
of  oil  were  formed,  which  stopped  (at  different  times  and  spanwise  positions)  when 
encountering  a  region  of  reversed  flow.  Fig. 3  helps  to  illustrate  that  with  these 
precautions  the  interaction  between  the  separation  bubble  and  the  oil  flow  will  be 
negligible.  The  sejaration  line  was  then  visualised  by  only  a  few  discrete  points  in 
any  one  test,  however,  exactly  the  same  position  was  detected  in  repeat  tests  at 
different  spanwise  locations.  In  order  to  prove  that  the  stagnation  of  the  oil  close 
to  the  hinge  line  for  small  wedge  angles  is  due  to  a  reversal  in  skin  friction  (and 
hence  to  a  separation  line),  and  not  due  to  insufficient  skin  friction,  several  tests 
were  carried  out  in  wh'ch  oil  was  put  on  the  wedge  close  to  the  hinge  line.  The  result 
is  that  the  oil  flows  forward  and  stagnates  at  exactly  the  same  position  as  found  if 
the  oil  is  placed  upstream  of  the  separated  region.  The  effect  of  wedge  leading  edge 
thickness  on  the  oil  stagnation  was  proved  to  be  negligible  since  no  stagnation  at  all 
was  detected  in  tests  on  compression  corners  at  low  deflection  angles  in  which  attached 
flow  was  expected. 

Another  method  "sed  to  detect  the  separation  line  was  through  the  use  of  a 
single  psss.sch lierso. 5^8 tern  with  a  horizontal  knife  edge.  The  position  of  the  separated 
line  was  determined  by  extrapolating  the  separation  shock  to  the  wall.  The  error  on  this 
extrapolation  is  relatively  small  as  the  shock  is  formed  well  within  the  boundary  layer, 
very  close  to  the  wall  (see  Fig.U). 


RESULTS  AND  DISCUSSION 


Undisturbed  boundary  layer 

Figs  3  and  6  show  for  both  tunnels  the  Mach  number  profiles  at  two  typical 
Reynolds  numbers.  The  velocity  profiles  were  obtained  using  the  quadratic  law 
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which  it  often  used  in  connection  with  tunnel  well  boundary  layers  as  an  alternative  to 
the  linear  Crocco  law.  The  results  frosi  these  calculations  are  also  given  in  Figs  $  and 
£.  Eiaaination  of  the  fullness  of  these  profiles  reveals  that  the  power  law  exponent 
n  in  the  relation  U/U  ■  (y/i)*/»  is  increasing  with  increasing  Reynolds  nuaber.  A 
Van  Driest  transforaaCion  (Ref. 5)  was  applied  to  these  coapressible  profiles  in  order 
to  coapare  thea  with  generalised  incoapressible  profiles.  This  particular  aethod  was 
chosen  since,  according  to  Ref. 6  it  gives  the  best  correlation  for  the  law-of-the-wall 
region.  As  the  skin  friction  coefficient,  required  for  these  transforaat ions ,  could 
not  be  measured,  it  was  calculated  using  Spalding  and  Chi  (Ref.T).  The  transformed 
profiles  were  compared  in  Fig. 7  with  Coles  law-of-the*wall  (Ref. 6)  and  with  the  following 
logarithmic  law  : 
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The  deviation  from  these  two  lavs  in  the  outer  part  of  the  boundary  layer  shows  that  in 
all  the  profiles  a  strong  developed  wake  coaponent  exists,  which  is  in  agreement  with 
other  tunnel  wall  data.  The  low  values  of  U/U  ,  close  to  the  wall  in  the  Mach  3.5 
profiles  are  due  to  probe-wall  interference;  this  effect  is  of  no  iaportance  in  the 
H  ■  5.k  profiles  because  in  that  case  the  probe  size  is  relatively  much  smaller,  as  is 
shown  in  Figs  5  and  6. 


The  variation  of  separation  lenath  with  wedge  angle 

The  wedge  angle  for  incipient  separation,  the  behaviour  of  which  is  discussed  in 
the  next  section,  was  found  by  extrapolating  the  separation  length  for  different  wedge 
angles  to  zero.  The  developaent  of  the  oil  flow  technique  to  detect  very  small  bubbles 
described  earlier  allowed  a  reduction  in  the  error  involved  in  the  extrapolation.  The 
most  well-defined  separated  length  available  from  the  visualisation  techniques  selected 
was  the  distance  from  the  separation  line  to  the  corner.  This  length  is  called  Ls  in 
this  study. 

For  typical  values  of  Reynolds  number,  the  values  of  L,  at  Mach  numbers  of  3.5 
and  5.4  using  these  techniques  are  plotted  against  wedge  angle  a  in  Figs  6  and  9.  It  is 
noted  that  the  greater  uncertainty  in  locating  the  separation  line  from  the  schlieren 
photographs  is  illustrated  by  the  error  bars  placed  on  the  appropriate  data  point.  These 
results  show  clearly  the  existence  of  small  separation  bubbles  at  very  low  wedge  angles 
and  the  considerable  change  in  the  rate  of  growth  when  the  length  of  the  separated  region 
increases.  The  shape  of  the  La  o  curve  can  be  explained  physically  as  follows.  As  the 
wedge  angle  is  increased  from  zero  and  the  adverse  pressure  gradient  generated  becomes 
of  the  same  value  as  the  wall  shear  stress,  initially  only  the  inner  (low  velocity)  part 
of  the  boundary  layer  near  the  corner  will  be  decelerated  and  then  reversed.  The  very 
small  separated  reg'on  generated  this  way  is  then  only  expected  to  be  controlled  by  the 
conditions  in  the  lover  portion  of  the  boundary  l.'yer.  By  further  increasing  the  wedge 
angle,  a  larger  proportion  of  the  boundary  becomes  so  influenced  and  the  separated  region 
grows.  As  this  region  is  controlled  by  a  larger  proportion  of  the  boundary  layer,  the 
rate  of  growth  will  change  until  the  wedge  angle  (and  hence  the  pressure  gradient)  is 
large  enough  to  influence  the  whole  boundary  layer.  Further  increase  in  a  will  cause  the 
separation  bubble  to  grow,  but  the  rate  of  growth  will  remain  unchanged. 


Definition  of  incipient  separation 

When  using  flow  visualisation  methods  the  angle  of  incipient  separation  is  found 
by  extrapolating  the  separation  length,  as  a  function  of  a  to  zero.  However  because  of 
the  change  in  the  rate  of  growth  of  L, ,  extrapolation  of  this  curve  Lg  vs.  a  is  highly 
dependent  on  the  available  nuaber  of  data  points  and  on  the  range  of  a  for  which  these 
points  were  found.  To  illustrate  this,  two  different  extrapolation  curves  are  shown  in 
the  Figs  6  and  9,  one  in  which  all  the  experimental  results  are  used  and  a  second  in 
which  the  results  below  a  certain  value  of  a  were  neglected.  This  value  was  chosen  such 
that  the  remaining  curve  has  approximately  the  same  form  as  those  obtained  by  other 
investigators,  whose  measuring  techniques  had  not  adequate  resolution  to  detect  the 
smaller  separated  regions.  The  difference  between  the  two  extrapolations  is  shown  in 
Figs  6  and  9  where  the  arrow  indicates  what  value  of  separation  length  still  exists 
when,  according  to  the  second  extrapolation,  incipient  separation  is  ap^<^rently  reached. 
Figs  10  and  11,  in  which  curves  faired  through  all  the  data  taken  in  this  test  series 
have  been  plotted,  show  that  for  the  same  Mach  nuaber,  the  trend  in  separation  length 
behaviour  is  the  same  for  all  Reynolds  number  cases.  The  angles  of  incipient  separation 
determined  from  the  two  extrapolations  of  these  curves  are  plotted  against  Reynolds 
number  based  on  boundary  layer  thickness  and  compared  with  all  the  experimental  data 
obtained  by  other  investigators  that  was  available  for  two-dimensional  configurations  as 
summarized  in  Table  2  (Reft  1,9~20).  For  completeneas  results  from  axisymmetric  configur¬ 
ations  are  given  in  Table  2  (Refs  21-23)  and  plotted  in  Fig. 13  compared  with  their  two 
dimensional  counterparts  at  similar  conditions. 

The  most  striking  feature  seen  in  these  two  figures  is  a  lack  of  agreement  in  the 
magnitude  of  even  at  similar  conditions.  This  lack  of  agreement  has  been  ascribed  to 
differences  in' boundary  layer  properties  (e.g.  boundary  layers  on  nozzle  walls,  boundary 
layers  on  flat  plates,  boundary  layers  at  different  stages  of  development,  etc.)  and  to 
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the  use  of  different  aethodi  of  detecting  incipient  seperetion.  The  importance  of  each 
of  theie  factors  it  still  under  discussion.  Concerning  the  detection  method  Fig. 12 
shows  that  some  i n vest i gstors  (Heft  17  and  19)  found  extremely  low  angles,  using  liquid 
line  or  similar  techniques  (most  commonly  used  is  the  oil  flow  method).  The  careful 
examination  of  this  technique  described  earlier  provides  strong  evidence  to  its  accu¬ 
racy  despite  criticisms  given  in  Refs  lU  and  17.  Another  proof  of  the  reliability  of  the 
oil  flow  method  in  particular,  lies  in  comparison  with  other  methods.  Spaid  and  Frishett 
(Ref.  19)  found  good  agreement  between  their  oil  flow  data,  the  results  of  a  powder 
deposition  technique  and  the  extrapolation  of  the  shock  to  the  wall.  In  the  ax i - sy mme t ri c 
case  Rose  et  al  (Ref. 23)  used  an  alcohol  injection  technique  and  found  values  of  a.  which 
are  comparable  with  the  two-dimensional  liquid  line  data  of  Spaid  and  Frishett  (Ref.  19) 
and  the  present  study.  Finally,  for  the  present  study.  Figs  8  and  9  show  the  very  good 
agreement  between  oil  flow  data  and  results  obtained  by  extrapolating  the  shock  to  the 
wall . 


The  large  differences  between  moat  of  the  methods  of  detecting  incipient  separ¬ 
ation  can  now  be  explained  in  terms  of  the  existence  of  these  very  small  separation 
bubbles,  which  in  the  beginning  grow  very  slowly  with  increase  in  wedge  angle.  The 
accuracy  of  each  method  depends  on  the  smallest  size  of  separated  region  that  can  be 
detected.  One  of  the  most  commonly  employed  methods  has  been  the  detection  of  the  kink 
in  the  pressure  distribution  (Kuehn  Ref.1).  In  the  original  report,  Kuehn  indicated  that 
possibly  some  of  his  so-calleu  attached  flows  could  have  had  very  small  separation 
regions.  More  recently,  several  investigators  (Refs  ll,  19  and  23)  showed  that  indeed 
the  separated  region  has  to  reach  a  certain  minimum  size  before  an  inflection  in  the 
pressure  distribution  occurs,  even  when  very  dense  pressure  instrumentation  is  used. 

It  is  also  obvious  that  the  spacing  of  the  pressure  taps  changes  the  accuracy  of  detec¬ 
ting  this  inflection  point,  because  these  small  separated  regions  hardly  effect  the 
pressure  distribution,  the  method  of  Roshko  and  Thomke  (Ref.lB),  which  assumes  that  a. 
coincides  with  an  inflection  in  the  variation  of  pressure  near  the  corner  with  a,  cannot 
be  accurate  either.  In  other  methods.  Refs  16  and  23,  probes  or  dams  are  .ntroduced 
into  the  flow  (surface  pitots,  orifice  dams,  etc.).  The  sizes  of  these  objects  relative 
to  the  size  of  the  very  small  separation  regions  are  not  negligible,  sm  that  these 
methods  are  likely  to  be  inaccurate  as  well.  For  hypersonic  flows,  the  appearance  of  a 
pressure  overshoot  at  re-attachment  is  used  to  detect  incipient  separation  (Refs  9  and 
13)  but  as  this  method  is  based  on  the  existence  of  a  double  shock  compression  again 
it  cannot  be  expected  to  detect  small  separation  bubb'es.  The  extrapolation  of  the 
length  of  relatively  large  separated  regions,  measured  on  schlieren  pictures,  to  L  >0 
(Refs  11  and  13)  can  result  in  large  errors  in  o^.  T’.is  is  illustrated  in  Figs  8  and  9, 
where  the  extent  of  separation  present  at  the  incipient  separation  angles  obtained  using 
such  an  extrapolation,  is  shown  ac‘.ally  to  be  between  0.15  and  O.UO  times  the  boundary 
layer  thickness.  Finally,  there  is  the  more  positive  method  of  measuring  the  reversal  in 
skin  friction,  using  floating  element  balances  (Ref.lU),  which  is  theoretically  the  ideal 
approach  to  the  problem.  However,  the  development  of  these  rather  complicated  measuring 
devices  is  in  some  cases  still  in  an  early  stage,  and  apart  from  the  fact  that  these 
gauges  are  often  rather  large  compared  to  small  separated  regions,  the  reliability  of 
these  balances  when  used  in  complex  flow  fields  like  separation  and  re-attachment 
regions,  is  still  in  question. 

As  a  conclusion,  one  can  say  that  the  incipient  separation  angles  indicated  in 
Fig, 12  in  most  cases,  do  not  represent  incipient  separation  conditions,  but  the  conditions 
at  which  a  certain  extent  of  separation  occurs.  This  "certain  extent"  is  a  function  of 
the  detection  method  used.  This  explains  why  agreement  between  the  data  can  be  found  when 
the  same  oi*  similar  methods  are  used.  As  an  example,  the  results  obtained  by  detecting 
a  kink  in  the  pressure  distribution  are  in  rather  good  agreement  except  for  some  disagree¬ 
ments  caused  probably  by  a  lack  of  densely  spaced  instrumentation. 


The  effect  of  Reynolds  number  on  incipient  separation 

Figs  12  and  13  show  that  the  angle  of  incipient  separation  changes  with  Reynolds 
number.  At  first  glance  no  obvious  trend  is  apparent.  Until  recently,  experiments  indic¬ 
ated  that  a.  decreased  with  increasing  Reynolds  number  except  at  very  high  Reynolds 
numbers  where  Roshko  and  Thomke  found  an  opposite  trend.  Recent  experiments  (Refs  17  and 
19)  showed  that  for  similar  free  stream  conditions  completely  different  trends  are  found. 
These  differences  can  again  be  explained  using  arguments  concerning  the  disturbance 
occurring  at  different  stages  of  development  of  the  turbulent  boundary  layers  and  the 
method  of  detecting  incipient  separation. 

Spaid  and  Frishett  proved  in  their  experiments  (Ref.  19,  see  the  four  curves  in 
Fig. 12  obtained  using  different  techniques)  that  the  latter  factor  can  indeed  influence 
the  effect  of  Reynolds  number  on  a..  This  could  be  due  to  the  fact  that  these  values 
of  a.  represent  a  certain  degree  o^  onset  of  separation  and  if  the  growth  of  the  separa¬ 
ted  region  is  a  function  of  Reynolds  number,  the  methods  which  detect  small  regions  will 
suggest  different  Reynolds  number  trends  than  methods  which  detect  only  large  regions. 

This  argument  of  course,  does  not  explain  the  different  trends  observed  when  using  the 
same  technique  and  therefore  it  is  believed  that  the  most  important  factor  is  the  stage 
of  development  of  the  turbulent  boundary  layer.  Elfstrom  (Ref. 13)  indicated  that  the 
reversal  in  the  a.  trend  with  Re^  closely  follows  the  development  of  the  wake  component 
in  the  velocity  profile  and  hence  the  power  law  exponent  n  in  the  relation  U/U  “(y/i)^'". 

A  stronger  developed  wake  (higher  n,  fuller  velocity  profile)  results  in  a  more  energetic 
boundary  layer  which  is  more  resistant  to  separation.  Studies  in  turbulent  boundary  layers 
on  flat  plaves  (Ref.2lt)  proved  that  close  to  transition  n  decreases  with  increasing 
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^•ynol4t  Duabar  (so-eallad  ovtrshoot  In  n)  nnd  nt  hifh  Rajrnolda  nunbtr.  whan  tha 
boundary  layar  la  fully  davalopad,  n  incraaaat  with  Ra.  Up  to  now  no  aipariaantn  on 
turbulant  aapnrntion  (with  tna  probnblo  aieaptlon  of  ona  vary  raeant  ntudy  by  Holdan, 
Rar.19)  ha-'a  baan  carriad  out  in  thia  high  Raynolda  nuabar  ragion.  Raf.  2*  alno  nhowt 
that  thin  ovarahoot  in  n  doaa  not  aiiat  in  boundary  Inyara  on  aotnla  valla,  baeauaa 
of  tha  fnwourabla  praaaura  (radiant,  nnd  tharafora,  in  thin  enaa  a  (and  hanea  n^) 
iaeranaaa  avan  at  low  Raynolda  nuabara.  Thia  trand  waa  nlao  ahowa  in  tha  undiaturbad 
boundary  layar  prafilaa  daaeribad  aarliar.  Coa'uinint  tha  inforaatian  ia  TabXa  t  amt 
riga  12  nnd  13,  thara  nppanr  to  ba  no  axeaptiona  to  Elfatroa'a  atatanant.  Indaad  coapnr- 
iaon  of  tha  prnnant  data  on  tunnal  walla  with  ^hnt  of  Raf.lb  on  flat  platan  but  at 
aiailar  fraaatraaa  condition  ahowa  tha  axpactad  opponita  trand  of  a>  with  Ra..  It  ahould 
ba  notad  that  tha  flat  plnta  data  of  Law  (Raf.1T)  appaara  contrary  to  thia  arguaant, 
but  ainca  tha  nodal  ia  placad  wall  into  tha  noxtla,  tha  boundary  layer  growth  in  axpactad 
to  ba  tha  aana  aa  on  noxtla  valla. 

Tha  affact  of  tha  walua  of  wall-to-racovary  tanparatura  ratio  ia  nagloctad  in 
thia  atudy,  baeauaa  pravioua  invaatigationn  indicatad  that  it  ia  anall  and  noat  of  tha 
axparinantal  data  conaidarad  ara  at  approxinataly  adiabatic  conditiona. 


Enpirical  pradiction  of  inciniant  aaparation 

Savaral  of  tha  correlation  nathoda  for  incipient  aaparation  conditiona  have  bean 
outlined  in  Raf.9  and  aona  of  thaae  (a.g.  that  of  Roahko  and  Thonka,  Raf.lS,  nhovn  in 
Fig.  lb)  gave  rather  good  agraaaant  for  noat  of  tha  axparinantal  reaulta.  Hovavar,  thia 
figure  alao  ahowa  that  tha  vary  low  incipient  aaparation  conditiona  datactad  in  tha 
preaent  atudy,  cannot  ba  eorralatad  in  tha  aana  way.  In  ordar  to  account  for  thaae  very 
anall  aeparated  regiona,  new  nathoda  have  to  ba  developed.  Aa  diacuaaad  earlier,  thaae 
anall  aaparation  bubblaa  ara  probably  a  raault  of  tha  flow  ravaraal  occurring  initially 
only  in  the  laninar  aublayar,  hanea  paranetara  baaed  on  thia  aublayar  ahould  ba  conaidar¬ 
ad.  In  ordar  to  prove  that  thia  ia  the  correct  approach  to  the  problen,  a  vary  sinpla 
nathod  for  predicting  theaa  low  valuaa  of  a.  waa  davalcpad.  The  laninar  aublayar  vaa 
conaidarad  to  have  tha  aaparation  characteriatica  of  a  laninar  boundary  layer,  anauning 
that  the  conditiona  at  tha  edge  of  tha  aublayar  are  the  free  atraan  conditiona  for  thia 
aquivalant  laninar  boundary  layer;  hanea,  tha  influence  of  the  outer  part  of  the 
boundary  layar  ia  neglected.  Thia  aaaunption  can  ba  nada  ax  a  firat  approxination  ainca 
aa  tha  wedge  angle  ia  incraaaad  fron  a  low  angle,  the  aaparation  will  ba  raatricted  to 
a  very  anall  region  (at  tha  hinge  line)  deep  in  tha  turbulant  boundary  layer.  A  predic¬ 
tion  nathod  for  laninar  aeparated  flova  vaa  than  uaad  to  calculate  incipient  aaparation 
in  that  boundary  layar. 

Tha  edge  of  tha  laninar  aublayar  vaa  defined  aa  being  tha  poaition  at  which, 
in  the  tranafornad  velocity  profile  : 


“T  -  15  (or  :  -  11.5). 

T 

The  appropriate  akin  friction  coefficient  to  be  applied  to  thia  nethod  vaa  calculated 
fron  the  actual  akin  friction  coefficient  aaauning  conatant  static  preaaure  through 
the  laninar  sublayer,  hence  ; 


'^fL  Mo^ 

For  predicting  laninar  separation  the  correlation  of  Hakkinen  et  al.  (Ref. 25)  was 

used  : 


where  the  index  ••  denotes  free  strean  conditions  which  are,  for  this  application,  the 
conditiona  (L)  at  the  adge  of  the  laninar  sublayer. 

The  nathod  was  applied  to  tha  undiaturbad  boundary  layar  profile  data  of  the 
present  study  and  of  the  investigation  of  Spaid  and  Frishett.  The  latter  vaa  the  only 
work  found  that  contained  enough  infornation  to  apply  tha  nathod.  The  rasults  are  conpared 
with  the  experimental  data  in  Fig.  12  and  the  degree  of  agreenent  is  shown  to  be  highly 
dependent  on  the  Reynolds  nuabar.  This  could  be  connected  with  the  thickness  of  the 
aublayar  relative  to  the  overall  boundary  layer  thickness  6.  As  indicatad  in  Ref. 26, 
tha  sublayer  is  nuch  thinner  at  higher  Reynolds  nunbera  and  a  factor  of  10  difference 
was  found  for  6i,/i  betvaan  low  Reynolds  nunbar  experinents  of  Spaid  and  Frishett  (Raf.19) 
and  tha  high  Reynolds  number  data  of  the  present  atudy.  The  poor  prediction  at  high 
Raynolda  numbers  of  the  experimental  values  of  a.  using  the  liquid  line  technique,  arc 
hence  ascribed  in  part  to  the  very  crude  prediction  nathod,  in  which  the  interaction 
between  the  laminar  sublayer  and  the  rest  of  the  turbulent  boundary  layer  is  neglected. 
Another  reason  may  come  fron  lack  of  resolution  in  measuring  separation  lengths,  even 


using  careful  application  of  oil  flow  techniques,  at  anal)  wedge  angles  at  high 
Reynolds  numbers.  This  would  result  in  difficulty  in  obtaining  accurate  measurements 
of  a.  from  extrapolation  of  the  data.  The  good  agreement  achieved  at  low  Reynolds 
numbers,  when  significantly  the  resolution  of  the  technique  for  measuring  separation 
length  is  of  the  order  of  the,  now  larger,  «ublayer  thickness,  gives  good  confidence 
in  this  empirical  prediction  method. 

It  is  further  encouraging  to  note  that  in  the  present  study  the  Mach  number  trend 
of  a.  is  the  same  for  the  experiments  and  the  prediction  method,  however,  this  trend  is 
so  siall  that  one  can  only  conclude  that  the  Mach  number  dependence  of  a,,  when  taking 
into  account  the  very  small  separated  regions,  is  almost  negligible. 


CONCLUSIONS 


The  present  study  shows  that,  with  care,  methods  using  oil  flow  visualisation  are 
reliable  for  aiding  the  detection  of  incipient  separation.  The  two  I'ieualisation  methods 
(oil  flow  and  schlieren)  gave  very  similar  valuea  of  the  separation  line  of  turbulent 
separated  regions  for  each  condition  examined.  For  all  test  conditions  the  results  of 
the  tests  indicate  that  very  small  separated  regions  exist  at  low  deflection  angles 
and  that  when  the  wedge  angle  is  increased,  initially  a  change  in  the  rate  of  growth  of 
the  separation  bubble  occurs  until  the  full  boundary  layer  is  influenced  and  large 
separated  regions  are  formed.  The  disagreement  between  the  present  results  and  those 
obtained  using  other  detection  techniques  (e.g.  a  kink  in  the  pressure  distribution)  at 
similar  conditions  appears  to  arise  from  each  method  detecting  a  different  degree  of 
onset  of  separation.  The  general  change  in  angle  of  incipient  separation  with  Reynolds 
number  fellows  closely  the  trend  of  the  development  of  the  wake  component  in  the  undistur¬ 
bed  boundary  layer  (as  suggested  by  Elfstrom).  The  results  of  an  approximate  correlation 
method,  consisting  of  a  laminar  incipient  aeparation  criterion  applied  to  the  laminar 
sublayer  in  the  turbulent  boundary  layer,  are  in  good  agreement  with  liquid  line  data 
at  relatively  low  Reynolds  number.  Both  the  experiments  and  the  correlation  method  seen 
to  indicate,  when  taking  into  account  a.  as  determined  in  the  case  of  small  separated 
regions  that  the  Mach  number  dependence *of  the  incipient  aeparation  angle  is  very  weak. 
This  would  mean  that  the  strong  trends  found  using  other  detection  methods,  appear  to 
represent  the  Mach  number  dependence  of  the  growth  of  the  small  separated  regiona. 
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TABLE  1  :  SUWMARY  OF  TEST  CONDITIONS 


2 

273 

5 

278 

6 

278 

1 1 

278 

1  k 

27s 

17 

278 

13 

k70 

20 

k70 

33 

k7n 

1.23  10^ 
3.20 

5.13 


1  .6li  10' 
1  .ho 
1  .30 
1  .22 
1.18 
1.1k 
1  .Ok 
.96 
.88 


table  g  ;  REVIEW  OF  INCIPIENT  SEPARATION  DETECTION  METHODS 


INVESTIGATOR 


METHOD  OF  DETECTION  OF  INCIPIENT 
SEPARATION 


test  configuration 


1.  Appels 
Ref. 9 

2.  Bathan 
Ref. 10 


Disappearance  of  the  overshoot 
in  the  wall  pressure  distribu¬ 
tion 

Distance  between  separation  and 
f s*sttachnent  shocks  neasured 
on  schlieren  pictures 
Appearance  of  a  kink  in  the 
wall  pressure  distribution 


Flat  plate  -  wedge 
i  "  6.$bb 


Flat  plate  -  wedge 
«  ■  k.8  -  6. Saw 
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T»'ole  2  (Cont 'd) 


3-  Colcaan 
Rtf.  1  1 


1«.  Drougg* 
Rtf.  12 


5.  ElfitroB 
Rtf.  13 


6.  Holden 

Reft  lit- 15 


T.  Keiiler  et  ml. 
Ref .  16 

6.  Kuehn 
Ref.  1 


9.  Lav 
Ref.  17 


10.  Roshko  li  Thomke 
Ref.  18 


11.  Spaid  li  Frishett 
Ref . 19 


12.  Sterrett  t  Emery 
Ref .20 


13.  “resent  study 
'tlso  Ref.lt) 


lit.  Coleman 
Ref .21 


15.  Kuehn 
Ref .22 


-  Oiltanct  between  separation  and 
re-attachment  shocks  measured 
on  sehliertn  pictures.  Linear 
extrapolation  of  Lg  to  aero. 

-  Appaaranca  of  a  kink  in  the 
wall  pressure  distribution 

-  Change  in  angle  of  shock-wave, 
due  to  the  formation  of  a 
double  shock  system 

-  Disappearance  of  the  overshoot 
in  the  wall  pressure  distribu- 
t  ion 

-  Distance  between  separation 
and  re-attachment  shocks 
measured  on  schlieren  pic¬ 
tures.  Linear  extrapolation 
of  Lg  to  tero. 

-  Inflection  in  the  variation  of 
pressure  near  the  corner  with 
a . 

-  Separation  length  measured  on 
schlieren  pictures 

-  Detection  of  flow  reversal 
using  skin  friction  balances 

Mo  information  available 

-  Appearance  of  a  kink  in  the 
wall  pressure  distribution 


-  Appearance  of  a  kink  in  the 
wall  pressure  distribution 

-  Inflection  in  the  variation 
of  pressure  in  front  of  the 
corner  with  a 

-  First  appearance  of  the 
deflection  of  the  boundary 
layer  measured  on  schlieren 
pictures 

-  Oil  flow  method 

-  Inflection  in  the  variation 
of  pressure  near  the  corner 
with  a 

-  Detection  of  separation  and 
re-attachment  using  orifice 
dams 

-  Oil  flow  method 

-  Powder  deposition  technique 

-  Extrapolation  .on  schlieren 
pictures  of  the  separation 
shock  to  the  wall 

-  Change  in  shock  wave  angle, 
due  to  the  formation  of  a 
double  shock  system 

-  Inflection  in  the  variation 
of  pressure  in  front  of  the 
corner  with  a. 

-  Appearance  cf  a  kink  in  the 
wall  pressure  distribution 


-  Oil  flow  method 

-  Extrapolation,  on  schlieren 
pictures,  of  the  separation 
shock,  to  the  wall 

Similar  techniques  as 
Elfstrom’s  and  Coleman's 
two-dimensional  tests,  see 
N®3  and  5 

-  Appearance  of  a  kink  in  the 
wall  pressure  distribution 


Flat  plave  -  wedge 
i  ■  7.6  -  6.2mn 


Flat  plate  -  wedge 
at  low  Reynolds 
numbers 

Tunnel  wall  -  wedge 
at  high  Reynolds 
numbers 

Flat  plate  -  wedge 
6  «  Sam 


Flat  plate  -  wedge 


Flat  plate  -  wedge 
Use  of  boundary 
layer  trip 
6  ■  2  -  Lmm 

Flat  plate  -  wedge 
Leading  edge  of  flat 
plate  far  upstream 
of  nostle  exit,  hence 
large  favourable 
pressure  gradient. 

6  ■  Itmm 


Tunnel  wall  -  wedge 
6  ■  75  -  iLOmm 


Tunnel  wall  -  wedge 
6  ^  6bb 


Flat  plate  -  wedge 
with  and  without 
roughness  trips 
4  ■  It  -  6bb 

Tunnel  wall  -  wedge 
4  ■  6  t  20aB 


Hollow  cylin>^er-f lare 
4  ■  Item  R/4  ■  8 


Cone-cylinder- flare 
4  »  It.Smin  R/4  •  3.65 


Table  2  (Cont'd 


Injection  of  oil  in  the 
separated  region  (liquid  line 
method) 

Detection  of  separation  and 
re-attachment  using  orifice 
dams 

Appearance  of  a  kink  in  the 
wall  pressure  distribution 
Appearance  of  a  kink  in  the 
surface  pitot  pressure  distri' 
bution 


Axi-symmet ric  tunnel 
vail 

Shock  induced  separ- 
at  ion 

6  *  5nm  R/6  »  5 


corner  on  the  wall 
tunnel 


Oil  flow  pattern  for  small 
separated  regions 


Schlieren  pict 
separated  flow 
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ON  THE  CALCULATION  OF  SUPERSONIC  SEPARATING  AND  REAHACHING  FLOWS 


By  John  D.  Murphy,  Leroy  L.  Presley,  and  William  C.  Rose 
Ames  Research  Center,  NASA 
Moffett  Field,  California,  94035 


SUMMARY 

A  method  Is  developed  for  solvino  the  laminar  and  turbulent  compressible  boundary- layer  equations  for 
separating  and  reattaching  flows.  Results  of  this  method  are  compared  with  experimental  data  for  two  lami¬ 
nar  and  three  turbulent  boundary- layer,  shock-wave  Interactions.  Several  Navler-Stokes  solutions  are 
obtained  for  each  of  the  laminar  boundary-layer,  shock-wave  Interactions  considered.  Comparison  of  these 
solutions  Indicates  a  first-order  sensitivity  In  Cf  to  the  computational  mesh  selected  In  both  the 
viscous  and  Inviscid  portions  of  the  flow. 

Three  turbulent  boundary-layer,  shock-wave  Interactions  were  considered;  one  unseparated  Interaction 
at  M  •  3  and  two  separated  Interactions  at  M  •  1.47  and  3.  Boundary-layer  theory  appeared  to  be  adequate 
to  describe  the  first  two  of  these  Interacting  flows;  however,  for  the  separated  Interaction  at  M  •  3, 
boundary- layer  theory  failed. 

Cofflpsri',rn  of  the  present  boundary- layer  solutions  with  the  Navler-Stokes  solutions  and  with  data  for 
a  given  ^  <  ''.i<)sr  Indicates  that  as  long  as  the  separation  bubble  Is  small,  the  boundary-layer  approxima¬ 

tion  yields  oletions  whose  accuracy  Is  comparable  to  the  Navler-Stokes  solutions. 

NOMENCLATURE 


c 

Chapman-Rubesin  constant 

y 

cross  stream  variable 

Cf 

skin- friction  coefficient,  Cf  *  tv,/(1/2)pqUo^ 

a 

weighting  factor  In  type  dependent  differencing 

DC 

difference  coefficient  multiplying  quantities 

6 

boundary- layer  pressure  gradient  parameter  < 

at  X 

(2t/ue)(due/dc) 

DM 

difference  coefficient  multiplying  quantities 

Y 

ratio  of  specific  heats 

at  X  -  ix 

6 

boundary-layer  thickness  or  stream  angle 

DP 

difference  coefficient  multiplying  quantities 

&* 

displacement  thickness 

at  X  ♦  ax 

c 

residual  error 

E 

Eckert  number,  ue^/2He 

C 

Yu/yt 

F 

defined  In  Eq.  (12) 

n 

transformed  y  variable 

f 

dimensionless  stream  function 

u 

viscosity  or  Mach  angle  [u  *  s1n"'(l/M)] 

H 

total  enthalpy  h  *  (u^/2) 

K 

transformed  x  variable 

h 

static  enthalpy 

c 

density 

1 

mixing  length 

0 

defined  In  Eq.  (18) 

Initial  Mach  jmber 

\ 

shear  stress 

M 

number  of  nodes  In  x  direction 

turbulent  shear  stress 

N 

nurter  of  nodes  In  y  direction 

(  ) 

'  differentiation  with  respect  to  n 

n 

Iteration  number 

Pr 

Prandtl  number 

Subscripts 

PrT 

turbulent  Prandtl  number 

P 

pressure 

e 

evaluated  at  boundary- layer  edge 

R 

gas  constant 

f 

evaluated  at  final  conditions  downstream  of 

r 

body  radius 

interaction 

S 

entropy 

1 

evaluated  at  1th  x-point 

T 

temperature 

j 

evaluated  at  Jth  y-point 

U 

defined  In  Eq.  (12) 

t 

lower  boundary 

u 

velocity  component  In  x  direction 

0 

evaluated  on  Initial  line 

V 

velocity  component  in  y  direction 

t 

evaluated  at  stagnation  conditions 

X 

streamwise  variable 

u 

upper  boundary 

w 

evaluated  at  wall  conditions 

INTRODUCTION 

It  Is  generally  agreed  that  the  problem  of  separating  and  mattachlng  flows  Is  one  of  the  more 
challenging  and  technologically  relevant  problems  In  computatlona’  fluid  mechanics.  'In  recent  years,  the 
computational  attack  has  taken  place  on  two  fronts  -  the  engineering  approach  by  way  of  boundary- layer 
theory  and  the  pure  numerical  approach  by  way  of  the  Navler-Stokes  equations.  Reasonably  complete  summa¬ 
tions  of  the  status  of  these  two  approaches  up  to  about  1970  are  contained  In  References  1  through  3. 
During  the  past  two  or  three  years,  substantial  additional  progress  has  been  made  In  the  boundary-layer 
theory  approach  by  Kllneberg  and  Steger  (Ref.  4)  and  Carter  (Ref.  5),  and  In  the  Navler-Stokes  equation 
approach  (Refs.  6  through  11).  The  basic  position  taken  by  each  of  these  schools  of  thought  can  be  summa¬ 
rized  as  follows:  the  Navler-Stokes  equations  are  undoubtedly  the  correct  equations  for  describing  the 
flow  fields  In  question  and.  since  we  can  solve  them  It  Is  unnecessary  to  settle  for  approximations.  The 
boundary- layer  contingent  would  concur  with  the  above  but  they  would  add  that  the  cost  of  Navler-Stokes 
solutions  both  now  and  In  the  near  future  Is  far  too  high  to  permit  their  use  as  design  tools. 

The  present  study  examines  these  positions  In  some  detail.  In  particular,  we  are  concerned  with 
establishing,  at  least  qualitatively,  the  limits  of  applicability  of  the  boundary-layer  approximation  for 
teth  laminar  and  turbulent  separating  and  reattaching  flows.  Secondly,  we  are  concerned  with  the  develop¬ 
ment  of  an  economical  and  reasonably  accurate  engineering  calculation  scheme  for  such  flows. 


ANALYSIS 

Viscous-flow  calculations 

The  procedure  used  to  solve  the  viscous-flow  portion  of  the  calculation  is  a  generalized  Galerkin 
method  (Refs.  12  and  13)  applied  to  the  boundary- layer  equations.  The  equations  considered  are 
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P  =  pRT  (4) 
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Only  adiabatic  flows  with  Pr  «  Pry  =  1  are  treated  here;  hence,  Eq.  (3)  is  replaced  by  h  ♦  (u^/2)  •  const. 
To  suppress  the  streamwise  growth  of  the  boundary  layer  and  to  facilitate  initialization,  Eqs.  (1)  and  (2) 
are  combined  under  the  Levy-Lees-Dorodnitsyn  transformation  {x,y)  -  (C.n)  where 


which  results  in 


(Cf)'  .  ff-  .  « {‘f  ■  r‘) .  K,.,  .  (f  .  f  fl).  0 


where  K]  '  '^/ugr**  and  the  primes  indicate  differentiation  with  respect  to  n.  The  following  analysis 
closely  parallels  that  of  Kendall  and  Bartlett  (Ref.  13).  The  present  method  extends  that  of  Reference  13 
to  treat  separated  flow  and  is  restricted  to  calorically  and  thermally  perfect  gases. 

ierenient  ■iifferencing.  To  apply  the  ^nerallzed  Galerkin  method,  the  approximations  for  the  stream 
?unction,  velocity,  and  shear  between  adjacent  nodes  are  chosen  as 


fj+,  fj  ♦  fjOn  ♦  fj  -T  *  ^j  X  "  ^j+1  7T 
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f"  =  f"  ♦  f"  *  /lal  ♦  f' " 

^j+i  J  J  2  2 


These  relations  are  obtained  by  a  Taylor  series  expansion  to  terms  including  fIV  and  substitution  of 
fj'^  =  ^^j+1  *  fj  )/^‘n.  Equations  (7)  through  (9)  are  substituted  in  Eq.  (6)  and  the  results  integrated 
with  respect  to  a  unit  square-wave  weighting  function  from  nj  to  nj<  j  to  yield: 


Cf"|  +  ff  -  (l  ♦  fiXPK  ♦  +  K  fi  -  2cf'^*' 
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The  two  terms  remaining  to  be  Integrated  are  discussed  under  x-Oependent  Differencing.  This  procedure 
yields  a  consistent  differencing  method  that  Is  fourth-order  accurate  In  n  and  Eqs.  (7)  through  (9) 
ensure  that  the  stream  function,  velocity,  and  shear  are  defined  everywhere  (not  only  at  nodal  points)  and 
are  continuous  everywhere.  Equations  (7)  through  (10)  provide  a  sequence  of  4(N-1)  equations  In  4N 
unknowns,  where  N  Is  the  number  of  nodes  normal  to  the  wall.  Note  that  3(N-1)  of  these  equations  are 
linear  algebraic  equations  while  (N-1)  equations  are  nonlinear  ordinary  differential  equations.  The  remain¬ 
ing  four  equations  are  Imposed  as  boundary  conditions: 

f*f‘*0  at  n*0 

f '  •  1 ,  f"  •  0  at  n  •  “ 

Me  note  In  passing  that  while  the  differential  equation  Is  only  third  order,  the  high-order  differencing 
method  requires  an  additional  boundary  condition.  The  complete  system  Is  solved  by  use  of  a  Newton-Raohson 

Iteration  scheme  by  differentiating  with  respect  to  fj  ,  f.^. . s*P®*'*t6‘*  fj' 

Is  specified  and  we  differentiate  with  respect  to  6.  This  yields 

J(f)Af5  *  -tj 

L 

where  J(f)  Is  the  (4N  «  4N)  Jacobian,  c  Is  the  residual  error,  and  Af^  Is  the  incremental  change  In  the 
solution  parameters  per  Iteration. 

To  speed  up  the  Iteration  process,  the  equations  are  ordered  so  that  the  3(N-1)  linear  algebraic 
equations  plus  the  boundary  condition  f'(0)  »0  occupy  the  first  3N-2  matrix  rows.  The  matrix  has  the 
partitioned  form  (see  Ref.  14): 

t, 

The  submatrix  Lg  Is  a  function  of  the  nodal  configuration  only  and  can  be  Inverted  just  once  and  used  In 
all  subsequent  calculations.  Formal  manipulation  and  back  substitution  yield 

Af^L  •  [nLj  '  NL,L;'Lj'‘[-r^L  *  NL,Ll‘t  J 

Aft  *  ♦  LjAf^J 

The  matrix  [NL;  -  NLgLj]  must  be  Inverted  every  Iteration,  but  It  Is  only  of  order  (N+2) . 

x-c^pendent  differeuHna.  The  streamwise  differencing  Is  carried  out  In  a  manner  similar  to  that  of 
Reference  4.  The  term 


...  ;>■  ,•  f 
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Is  decomposed  and  Integrated  by  parts  as 

"j 

where,  for  attached  flow. 


and  for  separated  flow 


DP  ■  0  ,  DC  ■  2/tn  .  DM  «  -DC 


DP  •  (1  -  a)/in 

DM  *  -(1  +a)/in  Ci/ti.j 

DC  *  -(DP  ♦  DM) 


a  •  1  for  f  >  0.01 
a  •  lOOf  ,  -0.01  i  f  i  0.01 

a  ■  -1  ,  f  -c  -0.01 


This  procedure  Incorporates  backward  differencing  when  the  flow  Is  In  the  mainstream  direction,  forward 
differencing  when  the  flow  Is  reversed,  and  a  central  difference  on  the  zero  velocity  streamline.  The 
remaining  term  Is  decomposed  as  above.  Integrated  by  parts,  and  expanded  In  Taylor  series  to  yield: 


”■4 


where,  for  attached  flow,  excluding  the  points  of  separation  and  reattachment  yields 


OC  ■=  2/.n  ,  DP  •  0  ,  DM  =  -DC 

and  for  separated  flow, 

DC  =  0  ,  DP  '  2/(0  +  ,  DM  »  -DP 

As  shown,  a  straightforward  marching  routine  is  used  In  the  attached  flow  while,  for  separated  flow,  the 
entire  separation  region  must  be  relaxed  simultaneously. 

The  present  method  requires  no  under  relaxation  and  a  typical  wel 1 -separated  flow  with  20  n  points 
and  10  '  points  can  be  relaxed  to  a  maximum  residual  0(10*^)  In  about  22  Iterations  compared  to  800  for 
the  method  of  Reference  4  and  100  to  200  Iterations  for  the  method  of  Reference  5.  Although  the  present 
method  may  require  more  operations  per  Ueration,  It  Is  at  least  competitive  with  other  methods  cited. 
Typical  computing  time  required  for  the  solution  of  the  above  Is  150  sec  on  the  IBM  360  or  10  sec  on  the 
CDC  7600. 


I n V 1  SC.1  d- fj ow. equations  and  coupling  schemes 

In  this  section,  the  technique  used  to  solve  for  the  inviscid  flow  field  and  to  obtain  the  effects  due 
to  the  boundary  layer  on  that  flow  Is  described.  A  technique  for  obtaining  fully  coupled  Interactive  solu¬ 
tions  of  the  inviscid  and  viscous  flows  Is  being  developed,  but  Is  not  sufficiently  advanced  to  discuss 
here  In  detail.  Rather,  at  this  point,  bourdary-layer  solutions  for  a  pressure  and  skin-friction  distribu¬ 
tion,  appropriate  to  the  data  of  Reference  13,  have  been  obtained  and  various  schemes  for  matching  this 
solution  with  the  Inviscid  flow  have  then  been  Investigated.  The  Inviscid  flow  Is  for  supersonic  flow 
between  a  shock-wave  generator  and  some  matching  line  glv^n  by  the  boundary- layer  solution. 

basic  equation  used  In  the  Inv'scld  flow-field  analysis  Is  similar  to  that  of 
Reference  1 5."  The  ke'y  features,  however,  are  described  here  for  completeness.  In  a  Cartesian  coordinate 
system,  the  steady,  inviscid,  two-dimensional  fluid  dynamic  equations  (continuity,  x  and  y  momentum)  are 
written  in  conservative  form  as 

Ux  ♦  Fy  =  0  (11) 

'he  three  components  of  the  vectors  U  and  F,  which  represent  the  conservative  variables,  are  defined  as 


where  k  =  (,  -  l)/2,.  The  units  of  these  equations  were  normalized  by  dividing  both  pressure  and  density 
by  their  respective  stagnation  conditions,  while  the  velocities  were  divided  by  the  maximum  adiabatic  veloc¬ 
ity.  With  this  normalization  and  the  further  restriction  that  the  flow  be  adiabatic,  the  energy  equation 
can  be  written: 

^  4  U'  ♦  V  =  1  (13) 


To  calculate  two-dimensional  flow  between  two  nonparallel  walls.  In  this  case  the  shock-wave  generator 
and  the  lower  coupling  boundary,  it  is  most  convenient  to  normalize  the  coordinate  system  so  that  the  upper 
and  lower  boundaries  become  parallel.  The  transformed  coordinates  are 


X  =  X 

r  =  ^  ^  '  yf 

yu*y-  ' 

where  y^  =  y  (x)  and  y^  =  y  (x).  Applying  this  transformation  to  Eq.  (11)  results  in 

Ux  ♦  F^  =  0  (15) 

where  U  =  tU  and  F  =  F  +  U[y!(t-  l)-yy].  (In  this  section,  the  primes  denote  differentiation  with 
respect  to  x.) 

The  above  differential  equation  Is  Integrated  using  MacCormack's  second-order-accurate  differencing 
scheme  (see  Ref.  15).  For  flow-field  points,  that  Is,  points  on  neither  the  upper  nor  lower  boundary,  the 
predictor  and  corrector  equations  are 

“f  ■  ''5  -  (;?)  ■  fj)  (16) 

Subscript  j  Identifies  particular  points  on  a  data  line  as  follows:  1,  lower  body  point;  2,  3,  .  .  ., 
N^_i,  flow-field  points;  and  N,,  upper  body  point.  The  data  lines  are  identified  by  the  superscripts  n 
add  n>1.  The  bars  Indicate  a  predicted  value. 

.  I  [u;  .  uf  -  (tf)(rf  .  7f;)]  (crrect..,  ,U, 

The  above  equations  are  applied  to  the  three  vector  components  of  U. 
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22-S 


The  step  size  in  the  x  direction  is  found  by  determining  the  maximum  slope  of  the  characteristic 
surface,  inclined  at  the  local  Mach  angle  relative  to  the  local  stream  angle  &,  for  each  point  as 
follows: 


oJ(t)  .  |tan(f.  ♦  6)J| 


(18) 


where  the  •  denote  positive  and  negative  directions  of  the  Mach  angle  from  each  point.  The  entire  data 
line  n  is  surveyed  to  determine 
is  found  from 
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or 
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Depending  on  the  sign  associated  with  the  maximum  slope.  Ax 
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where  K  is  a  constant  that  controls  the  step  size.  If  K  •  1,  the  CFL  condition  is  satisfied  identically. 

Application  of  the  finite-difference  Eqs.  (16)  and  (17)  yields  predicted  and  corrected  values  of  the 
three  components  of  the  conservative-variable  vector  U  on  the  new  data  line.  These  must  be  decoded  after 
the  predictor  step  and  corrector  step  in  turn.  This  decoding  into  physical  variables  is  accomplished  by 
solving  the  following: 

.. . 
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Constructing  a  technique  that  will  give  a  physically  realistic  solution  of  the  conditions  on  a  solid 
boundary  is  difficult  in  a  predictor-corrector  sequence  since  strict  application  requires  an  imaginary 
point  inside  the  body.  Abbett  (Ref.  16)  developed  a  technique  that  satisfies  the  surface  tangency  condi¬ 
tion  and  relies  on  information  provided  by  the  finite-difference  equations.  For  the  upper  and  lower  sur¬ 
faces,  respectively,  the  predictor  equations  are  written  as 


and 
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(22) 
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Modified  corrector  equations  that  maintain  second-order  accuracy  at  the  upper  and  lower  surfaces, 
respectively,  are  given  by 


and 


.n+i 
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After  the  corrector  equations  are  decoded  at  the  boundaries,  the  flow  variables  will  not  necessarily 
satisfy  the  boundary  conditions  at  the  wall.  The  technique  for  satisfying  the  lower  boundary  conditions 
depends  on  a  scheme  for  matching  the  boundary- layer  solution. 

The  coordinates  of  the  upper  boundary  are  determined  from 

h  *  ^Uo  *  *  ‘u 

where  is  the  deflection  angle  of  the  upper  wall.  When  matching  to  the  output  of  the  boundary- layer 
solution,  the  lower  boundary  is  specified  by  a  table  of  coordinates.  These  coordinates  are  used  to  fit  a 
parabola  of  the  form 


y  •  ax'  ♦  bx  ♦  c  (27) 

between  eich  set  of  three  consecutive  input  boundary  points.  The  three  points  used  to  determine  the  coeffi¬ 
cients  in  the  above  equation  were  chosen  so  that  two  of  these  points  should  have  x  >  The  slope  of 

the  boundary  is  found  from  the  derivative  of  Eq.  (27). 


Miit china  aoheme.  Two  techniques  for  matching  the  Inviscid  and  viscous  solutions  were  Investigated: 
7TT~requTrTng  tangency  along  a  chosen  matching  contour,  and  (2)  forcing  the  Inviscid  solution  to  agree  with 
the  u  and  v  velocity  components  from  the  viscous  solutions  along  a  matching  line.  In  the  first  matching 
scheme,  two  matching  contours  were  considered.  The  first  was  the  contour  defined  by  the  displacement  thick¬ 
ness  i*  and  the  second  contour  was  a  streamline  along  which  the  flow  remained  supersonic  throughout  and 
was  taken  from  the  viscous  flow  solution.  The  slope  of  the  matching  line  was  used  to  specify  the  relation¬ 
ship  between  u  and  v  In  the  Inviscid  solution  as  follows: 


The  second  matching  scheme  forced  the  Inviscid  solution  to  match  values  of  u  and  v  given  by  the 
viscous  solution  along  the  boundary  layer  edge.  This  technique  does  not  Impose  the  tangency  condition 
along  the  matching  boundary,  but  rather  allows  for  mass  exchange  from  the  Inviscid  to  viscous  portli.  .s  of 
the  flow,  a  physically  realistic  situation. 

Although  some  difficulty  was  encountered  In  the  vicinity  of  the  shock  Impingement  point,  the  above 
methods  yield  comparable  results  for  those  flows  for  which  the  boundary- layer  approximation  Is  appropriate. 

The  above  cited  difficulties  and  the  restriction  to  flows  for  which  the  boundary-layer  equations  are 
appropriate  are  discussed  In  a  subsequent  section. 

Na vIer-Stokes  solutions 

Solutions  to  the  Navler-Stokes  equations  presented  here  were  obtained  from  several  sources.  Solutions 
of  MacCormack  (Ref.  3),  HacCormack  and  Baldwin  (Ref.  11),  Messina  (private  communication),  and  Skoglund  and 
Gay  (Ref.  6)  were  obtained  from  the  sources  cited,  while  additional  solutions  were  obtained  In  the  present 
study  using  the  computer  codes  of  MacCormack  and  Baldwin  (Ref.  11)  and  Carter  (Ref.  10). 

Space  does  not  permit  a  detailed  description  of  the  differences  and  similarities  of  the  several  codes 
considered.  There  are,  however,  some  striking  differences  and  similarities  in  the  several  solutions  pre¬ 
sented  which  warrant  discussion  in  some  detail.  Figure  1  shows  the  envelope  of  four  Navier-Stokes  solu¬ 
tions  obtained  from  Reference  3  and  References  10  through  12,  together  with  the  data  of  Hakkinen,  et  al. 
(Ref.  17),  for  an  unseparated,  laminar-boundary-layer,  shock-wave  interaction  at  M  =  2. 

Two  points  immediately  come  to  mind:  first,  the  large  discrepancy  in  skin  friction  and  the  relatively 
small  discrepancy  in  surface  pressure.  At  first  glance,  this  implies  a  low  sensitivity  of  the  pressure 
distribution  to  the  skin-friction  distribution  and  a  lack  of  uniqueness  in  the  Navier-Stokes  solutions. 
However,  a  sequence  of  solutions  obtained  here  using  MacCormack  and  Baldwin's  (Ref.  11)  code,  with  succes¬ 
sive  mesh  refinement  in  the  outer  Inviscid  flow,  shows  differences  in  Cf  of  the  same  order  as  those  shown 
In  Fig.  1.  This  arises  from  the  fact  that  for  the  coarsest  mesh  considered,  the  externally  generated  shock 
wave  takes  on  a  thickness  that,  when  projected  onto  the  boundary  layer.  Is  of  the  same  order  as  the  length 
of  interaction.  The  viscous  flow  is  then  responding  to  a  continuous  compression  rather  than  an  imposed 
shock  wave.  As  the  nodal  structure  was  refined,  the  skin-friction  distribution  approached  a  single  curve. 

Figure  2  shows  a  similar  envelope  of  Navier-Stokes  solutions  obtained  from  References  6,  8,  10,  and  11, 
together  with  experimental  data  for  a  wel  1 -separated,  laminar-boundary-layer,  shock-wave  interaction 
(Ref.  17).  The  results  here  are  similar  to  those  discussed  above  and  the  same  conclusions  can  be  drawn. 

The  point  of  the  foregoing  presentation  is  not  to  show  how  poorly  Navier-Stokes  solutions  perform  but 
rather  to  induce  the  user  to  Navier-Stokes  codes  to  examine  his  results  critically  and,  in  particular,  to 
examine  the  computational  mesh  dimensions  in  the  light  of  the  smallest  relevant  physical  scale  in  the 
problem  under  consideration. 

In  subsequent  sections,  the  boundary- layer  calculation  scheme  developed  is  compared  to  the  Navier- 
Stokes  solutions  of  MacCormack  (Ref.  3). 

RESULTS 

The  results  of  the  inverse  boundary- layer  method  are  compared  with  Navier-Stokes  solutions  and  with 
experimental  data.  The  flows  considered  all  occur  on  a  flat  plate  and  the  pressure  rise  is  caused  by  an 
externally  generated  shock  wave.  The  specific  flow  parameters  and  experiments  considered  are  listed  below. 
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Finally,  we  will  describe  the  progress  made,  to  date,  in  coupling  the  Inverse  boundary- layer  method  to  the 
inviscid  calculation  scheme  to  provide  a  complete  flow-field  prediction  method. 

Lami nar-boundary- layer,  shock-wave  interaction 

Two  laminar-boundary-layer,  shock-wave  interactions  are  considered:  an  unseparated  interaction  at 
M  =  2.0  having  an  overall  pressure  rise  Pf/Pjj  of  1-2  and  a  well-separated  Interaction  at  M  '  2.0  having 
an  overall  pressure  rise  Pf/Po  of  1.4.  These  two  interactions  correspond  to  the  experiments  of  Hakkinen, 
et  al.,  as  reported  In  Reference  17  where  they  are  shown  as  Figures  6a  and  6b,  respectively.  For  conven¬ 
ience,  these  two  interactions  are  subsequently  referred  to  here  as  Hakkinen  (6a)  and  Hakkinen  (6b). 
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Note  that  (n  this  and  all  subsequent  comparisons  with  Navier-Stokes  solutions,  the  skin-friction 
distribution  obtained  from  the  Navier-Stokes  solution  was  input  to  the  inverse  boundary-layer  method.  This 
procedure  ensures  that  a  comparison  of  other  parameters,  that  is,  velocity  and  pressure  distributions,  pro¬ 
vides  a  true  measure  of  the  validity  of  the  boundary- layer  assumption,  without  the  peripheral  considerations 
of  downstream  boundary  conditions  or  matching  conditions  between  viscous  and  inviscid  flow.  However,  some 
differences  can  arise  ever  in  this  case  because  of  the  order  of  the  difference  approximation  used,  the 
present  inverse  method  is  third-order  accurate  in  wall  shear  as  opposed  to  first-order  accuracy  Imposed  by 
assuming  a  linear  variation  of  velocity  with  distance  away  from  the  wall  in  the  Navier-Stokes  solutions. 

An  examination  of  the  differences  attributable  to  this  assumption  indicates  that  Cf  can  vary  *10  percent 
for  the  same  velocity  profile,  depending  on  the  order  of  curve  fit  used  to  deduce  the  derivative  at  the 
wall. 


figure  3  compares  the  pressure  distribution  obtained  from  present  methods  with  a  refined  mesh  Navier- 
Stokes  calculation  using  Hung  and  NacCormack's  code  (Ref.  9)  for  Hakkinen  (6a).  The  two  solutions  are 
rxarly  indistinguishable  everywhere  and  they  are  in  reasonable  agreement  with  the  data.  In  Fig.  4,  the 
velocity  distributions  at  the  x  location  corresponding  to  the  minimum  value  of  Cf  (Fig.  3)  are  compared. 
The  differences  between  the  present  method  and  MacCormack's  solution  are  not  large  and  are  principally 
attributable  to  differences  in  transport  properties;  that  is,  Pr  =  1  and  iVn-  '  T/Tg  in  the  present  method 
and  Pr  =  0.72  and  ,  from  the  Sutherland  law  in  MacCormack's  code. 

Figure  5  shows  the  streamwise  pressure  distribution  for  Hakkinen  (6a)  for  y  =  0,  ^/2,  fi,  as  computed 
by  MacCormack  (Ref.  3).  These  curves  are  essentially  indistinguishable  and  hence,  within  the  boundary 
layer,  <p/ ly  0.  This,  in  turn,  implies  a  trivial  solution  to  the  y  momentum  equation  which,  from  the 
usual  boundary  order-of-magni tude  arguments,  indicates  that  the  boundary- layer  equations  are  adequate  for 
this  flow. 


Figure  6  compares  the  pressure  distribution  obtained  from  the  present  method  with  that  of  MacCormack's 
solution  for  Hakkinen  (6b).  For  this  case,  a  slight  difference  in  surface  pressure  distribution  is  obtained 
near  x/L  =  0.15.  Figure  7  compares  the  velocity  profiles  obtained  from  the  present  method  and  from 
MacCormack's  method  for  Hakkinen  (6b).  Differences  between  the  profiles  are  explicable  in  terms  of  differ¬ 
ences  in  transport  properties  discussed  previously.  Figure  8  shows  the  streamwise  pressure  distributions 
for  Hakkinen  (6b),  as  computed  by  MacCormack  (Ref.  3).  This  figure  shows  the  normal  pressu'^e  gradient 
developing  in  about  the  same  region  noted  in  Fig.  6  (x/1-  =  0.15  corresponds  to  x/.'.x  •  20).  This  normal 
pressure  gradient  appears  to  be  an  inertial  effect  associated  with  strong  streamline  curvature  in  the  outer 
portion  of  the  boundary  layer  where  M(y)  •  Mg.  For  this  case,  the  boundary- layer  method  predicts  a  rela¬ 
tively  large  value  of  Vg/Ug.  (not  shown),  which  indicates  the  beginning  of  a  breakdown  of  the  boundary- 
layer  approximation. 


It  should  be  pointed  out  that  the  boundary-layer  equations  will  also  fail  based  on  viscous  flow  param¬ 
eters  for  ’arge  separation  bubbles.  Oswatitsch  (Ref.  20)  has  shown  that  the  Navier-Stokes  equation  requires 
that 
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where  is  the  angle  at  which  the  dividing  streamline  leaves  the  wall.  It  is  clear  from  this  analysis 
that  the  boundary-layer  equations  are  never  valid  in  an  exact  mathematical  sense  for  separating  flows;  how¬ 
ever,  as  long  as  the  separation  bubble  is  not  too  large,  '•  will  remain  small  and  ‘^p/ny  -ip/ax  so  that 
the  boundary-layer  equations  will  provide  an  adequate  approximation.  It  appears  that  for  supersonic  laminar 
flows  that  the  inertially  induced  breakdown  will  occur  before  the  viscous  breakdown  of  the  boundary-layer 
approximation. 

Turbulen_t_ boun^j^y- layer,  shock-wave  interaction 

The  question  of  the  utility  of  boundary-layer  thoery  in  turbulent  boundary- layer,  shock-wave  interac¬ 
tions  is  somewhat  less  clear  than  for  the  laminar  case.  This  is  true  for  three  reasons.  First,  few  Navier- 
Stokes  solutions  with  simple  turbulence  models  are  available  for  comparison.  Second,  the  current  turbulence 
models  are  demonstrably  inadequate  for  flows  with  rapidly  changing  boundary  conditions  and,  third,  only  a 
few  experiments  are  available  in  supersonic  turbulent  flow  which  are  sufficiently  detailed  to  permit  a  use¬ 
ful  comparison.  Because  of  these  facts,  only  a  cursory  comparison  cf  results  of  the  present  method  with 
both  Navier-Stokes  solutions  and  experimental  data  can  be  made. 

Figure  9  compares  the  present  method  with  the  data  of  Seddon  (Ref.  18),  for  a  normal  shock-wave, 
turbulent-boundary- layer  interaction  with  an  initial  Mach  number  of  1.47.  For  this  case,  the  experimentally 
determined  value  of  Cf(x)  was  input  to  the  inverse  boundary- layer  method  in  the  attached-flow  regime.  For 
the  reversed-flow  region,  where  no  data  were  available,  three  estimates  of  Cf  were  made  (defined  by  the 
so. id,  dashed,  and  dot-dashed  lines  in  the  upper  half  of  Fig.  9).  The  corresponding  pressure  distributions 
are  shown  in  the  lower  half  of  F’q.  9.  Two  conclusions  can  be  drawn  from  this  figure:  first,  the  boundary- 
layer  equations  are  capable  of  reproducing  the  observed  behavior  and,  second,  the  pressure  distribution  is 
sufficiently  sensitive  to  variations  in  Cf  to  permit  a  coupled  solution  to  distinguish  between  similar 
distributions  of  skin-friction  coefficient. 

Figure  10  shows  a  comparison  of  a  direct  calculation  using  the  present  method  with  the  data  of  Refer¬ 
ence  19.  The  experimental  skin- friction  distribution  shown  was  deduced  from  the  measured  mean  velocity 
profiles  using  the  method  of  Reference  21.  These  data  were  taken  at  a  free-stream  Mach  number  of  2.93  and 
a  unit  Reynolds  number  of  5.7«10’ m"'.  The  pressure  rise  was  effected  by  a  shock  generator  set  at  7° 
Incidence  to  the  o  oming  flow.  As  noted  above,  the  predicted  results  were  obtained  for  this  case  by  cal¬ 
culation  in  the  direct  mode,  that  is,  P(x)  was  specified  and  Cf  computed.  The  two  predicted  skin-friction 
distributions  shown  in  the  upper  portion  of  Fig.  10  result  from  two  turbulence  models  used  for  this  calcu¬ 
lation.  The  equilibrium  model  is  that  described  above  while  the  exponential  lag  model  is  that  suggested  by 
Rose  and  Johnson  (Ref.  22)  and  similar  to  the  one  used  with  some  success  in  the  Navier-Stokes  calculations 
of  References  23  and  24.  One  may  conciude  then  that,  given  the  appropriate  turbulence  model,  the  boundary- 
layer  equations  are  adequate  to  describe  flows  of  this  type. 


Tht  last  case  considered  was  also  taken  from  References  19  and  21.  The  Initial  flow  properties  were 
the  sane  as  those  discussed  In  Fig.  10  but  the  shock  generator  angle  was  set  at  13°  to  the  oncoming  flow. 

As  shown  In  the  upper  portion  of  Fig.  11,  the  flow  has  an  extensive  region  of  separation: 

(Xreatt  •  Xsepi  "  For  this  case,  the  Inverse  boundary-layer  method  failed.  The  predicted  pressure 
distribution  shown  In  Fig.  11  Indicated  nearly  twice  the  pressure  rise  observed  experimentally.  Direct 
solutions  employing  the  experimentally  observed  pressure  distribution  failed  to  predict  any  separation. 

This  might  be  attributed  to  three-dimensional  effects  In  the  experiment  except  that  the  Navler-Stokes  solu¬ 
tions  of  Baldwin  and  Rose  (see  Ref.  24),  using  a  similar  turbulence  model,  did  a  plausible  Job  of  predict¬ 
ing  the  flow.  An  examination  of  this  solution  shows  extensive  regions  of  significant  normal  pressure 
gradient  together  with  no  significant  contributions  from  the  elliptic  terms  or  the  shear  terms  In  the  y 
momentum  equation  except  In  the  Innedlate  vicinity  of  the  shock  wave. 

This  Implies  that  the  primary  cause  of  failure  of  the  boundary-layer  approximation  1$  the  Inviscldly 
driven  normal  pressure  gradient.  In  turn  this  Implies  that  If  one  were  to  use  a  system  of  equations  con¬ 
sisting  of  continuity,  boundary-layer  x  momentum,  and  Inviscid  y  momentum  equations,  the  utility  of 
spatially  parabolic  equations  could  he  substantially  extended  (see  section  entitled  Truncated  Navler-Stokes 
Equations). 

Coupled  solutions 

Some  of  the  results  obtained  from  the  Inviscld-visccus  coupling  techniques  are  shown  In  Fig.  12.  The 
surface  pressure  distributions  (one  with  tangency  specified  and  one  with  u  and  v  specified)  resulting 
from  the  two  matching  schemes  for  the  Hakkinen  (6b)  case  are  compared  with  that  given  by  the  Navler-Stokes 
program  of  Reference  3.  Both  techniques  demonstrate  overall  qualitative  agreement  with  the  solution  of  the 
Navler-Stokes  equations,  except  In  the  region  of  the  shock  Impingement  point.  This  disagreement  arises  from 
the  tendency  of  the  Inviscid  technique  used  to  smear  the  shock  waves  over  several  grid  points  and  to  over¬ 
shoot  the  pressure  rise  through  a  shock  wave  reflection.  It  Is  anticipated  that  at  least  part  of  this  dif¬ 
ficulty  may  be  removed  by  Incorporating  a  discrete  shock  calculation  Into  the  inviscid  calculation  scheme. 

Truncated  Navler-Stokes  equations 

To  circumvent  the  difficulties  encountered  In  coupling  viscous  and  Inviscid  flows,  an  alternative  pro¬ 
cedure  was  considered.  Rather  than  solve  coupled  viscous  and  Inviscid  equations  In  an  Iterative  mode,  we 
proposed  to  solve  the  following  system  of  equations: 
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together  with  an  equation  of  state  and  a  consistent  energy  conservation  relation.  This  was  accomplished  by 
simply  removing  the  appropriate  terms  from  the  computer  code  of  MacCormack  and  Baldwin  (Ref.  11).  These 
equations  converged  everywhere  within  1  percent  of  full  Navler-Stokes  solution  for  the  Hakkinen  cases  (6a) 
and  (6b)  using  the  same  mesh  configuration  (results  not  shown).  The  above  method  Is  slightly  more  effi¬ 
cient  than  the  solution  jf  the  full  Navler-Stokes  equations  because  fewer  operations  need  to  be  performed 
In  the  computer  code. 

One  may  deduce  from  the  above  that  this  truncated  system  can  be  solved,  and  that  with  this  system  no 
coupling  problems  exist.  Further,  since  the  equations  are  parabolic  in  the  streamwise  variable,  the  steady- 
state  equations  should  be  solvable,  for  attached  flow,  by  a  streamwise  marching  procedure  and  In  the  sepa¬ 
rated  region  by  a  relaxation  procedure.  This  latter  procedure  would  allow  a  first-order  Improvement  In 
computational  efficiency.  Unfortunately,  these  conclusions  were  reached  very  late  In  the  present  study, 
and  time  did  not  permit  significant  exploitation  of  the  properties  of  these  equations. 

CONCLUDING  REMARKS 

Ue  have  demonstrated  the  validity  of  the  boundary- layer  equations  applied  to  certain  shock-wave, 
boundary- layer  Interactions.  As  has  been  suggested  (e.g..  Ref.  2),  solutions  to  the  boundary- layer  equa¬ 
tions  begin  to  depart  significantly  from  those  of  the  Navler-Stokes  equations  under  the  same  conditions  for 
which  nontrivial  normal  pressure  gradients  are  first  observed  in  the  Navler-Stokes  solutions.  Based  on  the 
physical  argument  that  high-velocity  flow,  turning  through  a  large  angle,  requires  the  action  of  a  large 
force  over  a  short  distance,  one  may  deduce  that  the  normal  pressure  gradient  arises  primarily  from  the 
Inviscid  characteristics  of  the  flow  field.  From  this, one  may  conclude  that  when  some  parameter  Involving 
both  Mach  number  and  turning  angle,  for  example,  Me|vp/ug|,  exceeds  a  critical  value,  boundary -layer  theory 
will  fall. 

Despite  the  fact  that  boundary- layer  theory  can  be  shown  to  fall  at  high  supersonic  Mach  numbers  when 
extensive  separations  occur.  It  would  appear  that,  for  many  technological  problems,  boundary-layer  theory 
Is  quite  satisfactory.  This  should  be  particularly  true  in  the  design  of  transonic  airfoils  and  for  engine 
Inlets  to  be  used  on  transonic  and  low  supersonic  flight  vehicles. 

Although  the  present  coupled  solutions  do  not  as  yet  provide  a  practical  predictive  capability,  it  Is 
the  belief  of  the  authors  that  the  difficulties  encountered  are  in  no  way  fundamental  and  that  with  some 
additional  development  can  provide  a  useful  design  tool  applicable  to  many  real  technological  problems. 

The  truncated  Navler-Stokes  equations  considered  above,  appear  to  offer  substantial  potential  advantage 
for  the  treatment  of  Interacting  flow  fields  at  higher  Mach  numbers  than  the  boundary- layer  equations  can 
cope  with. 
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Fig.  1  Comparison  of  envelope  of  four  Navler-Stokes 
solutions  Nith  the  data  of  Hakkinen,  et  a1.; 
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Fig,  2  Comparison  of  envelope  of  four  Navler-Stokes 
solutions  with  the  data  of  Hakkinen,  et  a1.; 
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Fig.  3  Comparison  of  results  of  the  present  method 
with  refined  mesh  calculations  using  NacCormack 
code. 
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5  Predicted  pressure  distributions  for 
unseparated  laminar  boundary- layer,  shock- 
interaction;  calculations  of  NacCormack. 
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Fig.  8  Predicted  pressure  distributions  for  a 
separated  laminar  boundary-layer,  shock-wave 
interaction;  calculations  of  MacCormack. 


Fig.  9  Comparison  of  the  results  of  the  present 
method  with  the  data  of  Seddon  (Ref.  18). 
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Fig.  1C  Comparison  of  the  present  method  with  the 
data  of  Reference  19;  turbulent  unseparated 
flow. 
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Fig.  11  Comparison  of  the  present  method  with  the 
data  cf  Reference  20;  turbulent  separated  flow. 


Fig.  12  Comparison  of  coupling  schemes. 


23-1 


SUPERSONIC  TURBULENT  SEPARATED  FXOWS  UTILIZING 
THE  NAVIER  STOKES  EQUATIONS 

by 

J.  S.  Shang,  Aerospace  Engineer 
and 

W.  L.  Hankey  Jr.,  Senior  Scientist 
Aerospace  Research  Laboratories 
Wrlght-Patterson  Air  Force  Base,  OH  A5433 
USA 


SUMMARY 

A  Bodlfled  eddy  viscosity  nodel  Is  Incorporated  Into  the  coopresslble  Navler-Stokes  equations  and 
nuDerlcal  solutions  obtained  for  separated  flows.  The  modification  attempts  to  reproduce  the  response  of 
a  turbulent  boundary  layer  to  a  severe  pressure  gradient  by  Introducing  a  simple  rate  equation  to  account 
for  the  relaxation  phenomenon.  The  system  of  equations  Is  solved  by  MacCormack's  time-splitting  explicit 
numerical  scheme  for  a  series  of  compression  corner  configurations.  Computations  are  performed  for  ramp 
angle  varying  from  15  to  25  degrees  at  a  Mach  number  of  2.96  and  Reynolds  number  of  10'.  An  Incident 
oblique  shock  Impingement  case  Is  also  computed  at  these  same  conditions  and  Included  for  comparison  with 
a  ramp  Induced  separation  case.  Calculations  utilizing  the  modified  eddy  viscosity  for  the  Interacting 
turbulent  flow  compare  very  well  with  experimental  measurements  for  the  compression  ramps,  particularly. 
In  the  prediction  of  the  upstream  pressure  propagation  and  location  of  the  separation  and  reattachment 
points.  Good  agreement  Is  also  attained  between  the  iwiasured  and  the  calculated  density  profiles  In  the 
vlscous-lnvlscld  Interaction  region. 
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1.  INTRODUCTION 


Flow  separation  around  compression  ramps  and  shock  Impingement  on  boundary  layers  has  long  been 
Identified  to  be  an  Invlscld-vlscous  Interaction  problem.  Interacting  boundary  layer  solutions  over  two- 
dimensional  corners  have  been  employed  for  laminar  flowa^«^>^.  More  recently,  an  asymptotic  solution  on 
the  Identical  subject  also  has  been  accomplished^.  For  all  these  solving  schemes,  either  an  Iterative  or 
a  matching  pro-edure  must  be  Implemented  to  accomodate  simultaneously  the  high  shear  stress  region  and  the 
rssoclated  lnvls,.ld  stream.  On  the  other  hand,  numerical  solutions  of  the  time  dependent  Navler-Stokes 
equations  have  also  been  reported^>^>^>^.  This  direct  approach  automatically  accomplishes  the  Invlscld- 
vlccous  Interaction.  Crocco^  Indicates  that  the  time  dependency  of  the  governing  equations  allows  the 
solution  to  progress  naturally  from  an  Initial  guess  to  an  asymptotic  steady  state.  MacCormack  developeda 
two-step  difference  method  for  solving  the  time-dependent  Navler-Stokes  equations  and  successfully  Investi¬ 
gated  the  Interaction  of  a  shock  wave  with  a  laminar  boundary  layer^.  Recently,  Baldwin  and  MacCormack^ 
generalized  the  numerical  scheme  by  Including  a  turbulence  model  to  analyze  the  turbulent  Interaction  flow 
field  In  the  hypersonic  regime.  ihe  flow  field  structure  of  the  shock  Impingement  problem  bears  a  close 
analogy  to  the  flow  over  a  compression  corner.  Carter^  used  the  Brailovskaya  finite  difference  scheme  to 
study  successfully,  the  laminar  flow  separation  over  a  compression  corner.  The  first  documented  solution 
of  turbulent  flows  on  the  compression  ramp  Is  probably  due  to  Wilcox^.  He  adopted  an  explicit  tlme- 
marchlng  first  order  finite  difference  scheme  (AFTON  2pt  code)  with  Saffman's  turbulent  model^^  to 
investigate  two-dimensional  separated  turbulent  flows.  Comparisons  of  his  numerical  solutions  and 
experimental  data  for  the  compression  corner  reveals  substantial  disparity.  Wilcox  offers  two  possible 
explanations  for  the  discrepancy;  first,  the  uncertainty  of  the  two-dimensionality  of  the  experimental 
data;  and  secondly,  the  eddy  viscosity  concept  may  be  Inappropriate,  primarily  due  to  the  mean-flow 
streamline  curvature.  Nevertheless,  one  perceives  that  only  a  further  refinement  of  the  turbulence  model 
Is  necessary  to  Improve  the  accuracy  of  numerical  solutions. 

The  present  authors  recently  Implemented  a  simple  but  effective  relaxation  eddy  viscosity  model  to 
evaluate  the  turbulent  flow  over  a  series  of  compression  ramps^^.  This  relaxation  model  of  eddy  viscosity 
in  essence  Is  a  particular  solution  of  the  rate  equation  similar  to  that  suggested  by  Bradshaw^^  for  his 
correction  factor.  7  le  local  effective  eddy  viscosity  coefficient  Is  a  combination  of  the  local  equilib¬ 
rium  value  and  the  u'  ,jerturbed  upstream  value  with  an  exponential  decay.  The  numerical  results  when 
compared  with  the  experimental  data  Indicate  a  significant  Improvement  over  the  local  equlllurlum  eddy 
model*^  .  Particularly,  the  relaxation  model  predicts  correctly,  the  extent  of  upstream  pressure  propagation 
for  all  the  ramp  configurations  considered.  Furthermore,  the  predictions  of  the  detailed  flow  field  also 
agrees  very  well  with  the  direct  experimental  measurements. 

The  present  analysis  utilizes  the  two-dimensional  time-dependent  Navler-Stokes  equations  as 
developed  by  MacCormack  with  an  explicit  finite  differencing  scheme^  (alternating  direction  explicit). 

The  concept  of  splitting  reduces  the  set  of  two-dimensional  equations  Into  two  sets  of  one-dlmenslonal 
equations  while  retaining  second  order  accuracy.  Cebecl -Smith 's ^ ^  eddy  viscosity  model  provides  the 
closure  of  the  system  of  equations.  The  dependent  variables  thus  degenerate  Into  time-average  properties 
of  this  fluid  motion.  It  Is  well-known  that  this  composite  algebraic  stldy  viscosity  model  Is  derived  from 
the  concept  of  an  "equilibrium"  turbulent  boundary  layer.  The  simple  diffusive  eddy  viscosity  model  In 
Its'  original  form  is  Incapable  of  explicitly,  conveying  any  Information  about  the  "history"  of  this  flow 
field.  The  present  Investigation  intends  to  Improve  on  this  char. cteristlc  In  order  to  produce  a 
relatively  simple  engineering  tool.  A  simple  but  effective  means  Is  to  modify  the  eddy  viscosity  model  to 
allow  for  a  leg  In  the  response  of  the  turbulenre  to  a  sudden  application  of  a  severe  adverse  pressure 
gradient.  In  essence,  the  present  analysis  attempts  to  model  a  relaxation  phenomenon  within  the  above 
mentioned  frame  work. 

Two  obvious  objectives  of  the  present  effort  can  be  summarized.  The  primary  aspiration  Is  to  develop 
an  engineering  method  capable  of  predicting  turbulent  flow  separation  near  a  compression  ramp  and  the  flow 
separation  due  to  the  shock  wave-turbulent  boundary  layer  Interaction.  The  shock  Impingement  problem  is 
Included  to  clarify  the  uncertainty  regarding  the  departure  from  two-dlmenslonallty  of  experimental  efforts 
observed  by  Green*".  Substantiation  of  this  approach  and  Its’  range  of  validity  Is  acquired  through  com¬ 
parison  with  experimental  data.  Further  understanding  of  this  complicated  turbulent  flow  phenomenon  is 
also  planned,  and  Hopefully  the  additional  understanding  may  aid  In  the  future  development  of  turbulence 
modeling. 

Governing  Equations 

The  governing  equations  of  the  present  analysis  are  the  unsteady  compressible  Navler-Stokes  equations 
in  terms  of  mass-averaged  variables.  The  adoption  of  the  eddy  viscosity  coefficient  and  the  turbulent 
Prandtl  number  reduces  the  conservation  equations  to  the  nearly  Identical  form  for  I'.minar  flows  .  In 
order  to  avoid  extensive  Interpolation  of  boundary  conditions  on  the  compression  ramp,  a  skewed  coordinate 
system  Is  used.  The  relationship  between  the  skewed  and  the  Cartesian  coordinate  system  Is  given  by 
Carter^  as: 

“  X  sec  r»  (1-a) 


where 


n  •  y-x  tan  u 

o  •  to  x<Xt 

)o  x>x_ 


(1-b) 


The  corresponding  spatial  derivatives  of  the  coordinate  system  can  be  easily  obtained  as  follows^: 
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One  observes  that  the  above  equations  are  valid  for  both  the  straight  segments  of  this  compression  ramp 
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configuration.  Carter^  reveals  that  the  derivative  with  respect  to  ?  ’'equires  special  treatment  in  order  to 
maintain  second-order  accuracy  in  the  corner  region.  Applying  this  spatial  coordinate  transformation,  the 
two-dimensional  mean  flow  governing  equations  acquire  the  following  form: 
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The  vector  components  are: 
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Where  the  apparent  stress  components  are  givin  by: 
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The  mean  specific  total  energy  Is  defined  by  the  mass-averaged  specific  Internal  energy  e;  as: 

e-  +  (u^  +  v^)  /2 

Owing  to  the  particular  eddy  viscosity  model  we  selected,  an  additional  approximation  was  required. 
Namely,  the  specific  turbulent  energy  In  equation  10  was  omitted  (ref.  6). 


(10) 


Auxiliary  relationships  Included  In  the  system  of  equations  are  the  equation  of  state,  perfect  gas 
assumption,  and  Sutherland's  viscosity  equation.  Upon  the  specification  of  the  eddy  viscosity  model, 
mr  lecular  Prandtl  number  (0. /■2)  and  turbulent  Prandtl  number  (0.90)  the  system  of  equations  is  completed. 


1.  The  Initial  and  Boundary  Conditions  for  the  C')mpresslon  Ramp 


The  associated  initial  and  boundary  conditions  are  prescribed  as  follows:  the  Initial  conditions  and 
upstream  boundary  conditions  are  prescribed  for  all  the  dependent  variables. 

A  detailed  description  of  the  upstream  boundary  condition  will  be  deferred  to  a  latter  section  of  the 
discussion.  At  the  downstream  boundary,  gradients  of  all  properties  are  assumed  to  vanlsh^*^. 


— 7  ■  0  (Predictor)  (11-a) 

>».  corner 

The  outer  boundary  condltlon-s  for  the  present  analysis  consists  of  two  regions,  upstream  and  down¬ 
stream  of  the  coalescing  waves.  The  former  Is  satisfied  by  permitting  the  flow  to  approach  its' 
unperturbed  freestream  value. 


U(t,  ,  h)  - 


(11-b) 


The  region  downstream  of  the  coalescing  shock  system 


I’lilflllsd  by  the  Ranklne-Hugoniot  relations. 
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The  boundary  condition  on  the  solid  contour  Is  given  as: 


and  a  derived  condition  for  pressure. 
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2.  The  Initial  and  Boundary  Condlclona  for  Shock  laptntaaent 

Flrat  of  all,  the  simple  geowtry  for  the  ahock  taplogeMnt  problaa  reduces  the  niaerlcal  procedure 
significantly.  The  coordinate  transforation  Is  no  longer  needed.  In  the  co^iutatlonal  process,  the 
paraaeter  a  la  set  equal  to  sero.  The  upatreaa  and  downstreaa  boundary  condition  Is  Identical  to  that  of 
the  conpresslon  raap.  The  outer  boundary  condition  of  the  Incident  oblique  shock  Ir  nsrely  the  fresstrean 


U  (t,  C  h)  (12-a) 

while  the  region  downstreaa  of  the  Incident  oblique  chock  wave  is  prescribed  by  the  Kankine-Huaonlo t 
relations 


U  (t.  t  ,h)  -  U(M_,  0  )  (12-b) 

The  boundary  conditions  on  the  solid  contour  la  given  as 

U(t,  5  .0)  -0  .  V(t.  t  .  0)-0  (12.C) 

T(t,  4  ,  0)  •  (constant)  (12-d) 


and  the  derived  pressure  relationship  Is 
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The  Diffusive  Eddy  Viscosity  Model 
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From  the  view  point  of  engineering  calculations,  the  conpresslon  raap  encounters  severe  difficulty 
aalnly  arising  froa  the  lack  of  knowledge  toncernlng  the  fundaaental  representation  of  turbulence.  In  the 
corner  region,  the  flow  not  only  e^tperlences  a  strong  adverse  pressure  gradient,  but  also  oust  negotiate  a 
sharp  coraer.  Bradshaw  In  hla  work  on  the  effects  of  streaallne  curvature  on  turbulent  flows  thoroughly 
discussed  and  suaarlzed  the  various  effects  which  could  substantially  alter  the  structure  of  turbulence. 
He  also  suggested  several  correction  schemes  to  be  used  In  the  calculation  methods.  Uncertainty  reaalns 
*’®8srdlng  the  applicability  of  these  corrections  to  the  present  problem. 

8 

Wilcox  s  numerical  solutions  of  separated  turbulent  flows  resolves  some  of  the  unknowns.  In  short, 
he  successfully  demonstrates  that  the  Interacting  turbulent  flow  Inclusive  of  the  separation  phenomenon 
can  be  predicted  by  numerical  analysis.  His  rate  equation  for  turbulence  in  principle  should  be  more 
suitable  for  Interacting  flows  than  the  simple  eddy  viscosity  model.  Thelatter  possesses  no  means  of 
explicitly  carrying  any  information  about  the  history  of  the  flow  field.  For  the  sole  purpose  of  compar¬ 
ison,  a  25  degree  compression  ramp  solution  by  the  Cebecl-Smith’s  eddy  viscosity  model  is  presented  In 
Figure  1,  together  with  the  Wilcox's  solution  and  the  experimental  data  of  Lawl*.  it  becomes  obvious 
that  neither  turbulence  model  can  produce  an  acceptable  engineering  solution,  at  least  for  the  pressure 
distribution  on  the  contour.  The  comparison  Is  particularly  poor  in  the  Initial  phase  of  the  Intense 
Interaction  region.  It  should  also  be  pointed  out  that  this  Is  the  worst  comparison  of  the  6  cases  that 
Wilcox  presented. The  pronounced  discrepancy  In  the  leading  portion  of  the  pressure  distribution  seems  to 
suggest  a  dramatic  response  of  turbulence  to  the  sudden  adverse  pressure  gradient.  Perhaps  It  reveals  as 
Bradshaw  asserted  that  at  supersonic  Mach  numbers,  the  effects  of  compression  dominate  over  the  effects 
of  surface  curvature. 


Recently,  several  research  efforts  Indicate  that  the  Reynolds  shear  stress  nearly  remains  frozen  at 
Its  Initial  value  and  Is  convected  along  atreamllnes  In  highly  accelerated  (or  decelerated)  flowsl^tl?. 

The  measurements  also  indicate  the  Reynolds  stress  approaches  a  new  equilibrium  state  exponentially.  A 
reasonable  explanation  of  this  phenomenon  has  been  given  by  Bradshawl^.  He  also  suggests  an  empirical 
ordinary  differential  equation  for  a  correction  factor.  Without  more  data  on  the  relaxation  phenomenon, 
one  realizes  It  would  be  unrealistic  to  allow  a  complex  correction.  In  the  present  analysis,  the  "history" 
effects  are  given  by  this  following  simple  equation. 


X—  .  t 

equll  ^ 

^e  length  scale  X  Is  a  measure  of  the  memory  of  the  stress-containing  eddies.  Bradshaw 
"time  scale"  by  the  ratio  of  the  turbulent  energy  to  the  rate  of  production  of  turbulent 
concludes  that  for  a  turbulent  boundary  layer  X&104  and  X««  for  a  free  mixing  layer. 


(13) 


estimates  the 
energy .  He 


If  the  E  equilibrium  In  equation  13  retains  a  constant  value,  a  particular  solution  of  the  rate 
equation  is  readily  given  as 


equll 
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upstream 
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Equation  14  Is  Identical  to  the  expression  proposed  by  Rose  and  Johnsonl®  for  the  mixing  length. 

This  simple  relaxation  eddy  viscous  me  ;el  was  adopted  by  the  present  authors  to  investigate  turbulent  flow 
over  a  series  of  conpresslon  ramps.  The  numerical  results  exhibit  an  encouraging  Improvement  over  the 
local  equilibrium  viscosity  model,  and  In  some  aspects,  even  yields  better  agreement  with  data  than  the 
numerical  results  ivlth  a  rate  equation  for  turbulence^.  In  our  early  effort, this  relaxation  eddy 
viscosity  model  Is  technically  assumed  to  have  an  identical  characteristic  relaxation  time  scale  for  the 
entire  turbulent  shear  layer.  This  specific  conjecture  was  Incorporated  mainly  for  convenience  In  the 
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coaputatlonal  procedure.  In  reality,  perhaps  the  significant  relaxation  phenoaenon  would  be  Identifiable 
only  In  the  outer  portion  of  the  turbulent  shear  layer  where  the  large  scale  eddies  doalnate,  e.g., 
Bradshaw^^  suggestt  that  the  Inner  region  be  considered  near  equlllbrlia.  In  this  sense,  only  the 
relaxation  of  the  outer  portions  of  the  turbulent  shear  layer  will  be  treated.  The  coaposlte  eddy  viscos¬ 
ity  we  have  adopted.  Is  perfectly  suitable  for  this  procedure.  In  the  present  analysis,  the  rate 
equation  (13)  Is  applied  only  to  the  outer  region  of  the  turbulent  shear  layer  and  aatched  to  the  local 
equlllbrlua  Inner  eddy  viscosity.  The  preaeiit  procedure  offers  a  sore  reallsltc  representation  of  the 
relaxation  phenoaenon  of  turbulence  due  to  a  audden  pressure  disturbance  and  also  explicitly  considers 
the  rate  of  c),ange  of  the  local  equlllbrlua  eddy  viscosity. 


The  two-layer  alxlng  length  model  of  Cebecl  and  Smith  Is  adopted  In  the  following  fashion;  In  the 
Inner  region,  the  original  fora  of  the  Cebecl-Salth  model  la  retained  with  the  Van  Drlest's  modification 
for  the  sublayer 
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Where  Is  Che  von  Kerman's  constant  (0.4)  and  D  Is  the  Van  Drlest's  damping  factor 

1  -  exp  (-y  .  /26v^  ) 

In  Che  law  of  the  wake  for  the  outer  region,  the  modified  Clauskr's  defect  law  Is  employed. 


(16) 
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In  the  outer  region,  the  basic  scaling  4*^18  the  kineatatlc  displacement  thickness 

6*1  -  /  dy  (18) 

The  outer  region  eddy  viscosity  coefficient  Is  calculated  by  equation  17  and  satisfied  the  rate 
equation,  13.  Then  the  resi^lt  is  suitched  into  Che  Inner  equilibrium  value  by  a  comparative  process.  A 
modification  on  Cebecl-Salch's  eddy  viscosity  model  Is  also  required  on  Che  normalizing  velocity  (u  ) 
in  equation  17  to  prevent  a  possible  numerical  anomaly  In  the  transient  phase  of  the  computstlons.  ■Kre 
Importantly,  one  must  appreciate  Chat  the  outer  edge  of  an  Intensely  Interacting  boundary  layer  cannot  be 
clef.rly  defined.  For  this  same  reason,  the  InCermlttency  correction  In  the  law  of  the  wake  la  also 
omitted.  Technically,  the  Cebecl-Srlth's  eddy  viscosity  model  Is  generalized  from  a  boundary  layer 
application  Co  Che  Navler-SCokes  flow  regime. 


Numerical  Procedure 

The  present  analysis  adopts  HacCormack's  alternatlng-dlrectlon-expliclt  nuswrlcal  scheme^.  In  the 
present  version  it  contains  two  special  procedures  specially  designed  to  eliminate  several  types  of 
nonlinear  instabilities.  One  is  the  averaging  process,  the  other  Is  the  rather  novel  fourth-order 
product  damping  term  In  the  predictor  and  corrector.  The  later  Is  essential  for  the  analysis  of  flow 
fields  with  severe  pressure  gradients. 


For  the  compression  ramp  configuration,  the  contour  geometry  Is  piecewise  continuous.  At  present,  no 
special  treatment  has  been  provided  at  Che  Interface  between  the  plate  and  Che  wedge.  According  to 
Carter^,  an  Interpolation  process  is  required  to  maintain  a  second-order  accurate  solution.  An  Improve¬ 
ment  in  numerical  resolution  is  made  possible  by  overlapping  the  computational  domains.  However,  the 
over-lapping  capability  also  serves  Che  purpose  of  providing  an  Identical  upstream  boundary  condition 
for  all  the  subsequent  Invlscid-viscous  interacting  cases.  The  leading  segment  of  the  calculation  domain 
is  defined  by  a  rectangle  with  the  dimensions  of  12  x  0.72  Inches.  The  height  of  the  computational  plane 
Is  roughly  six  times  the  boundary-layer  thickness.  A  flat  plate  solution  Is  allowed  to  develop  on  the 
leading  plate  with  the  unperturbed  freestream  as  the  Initial  condition.  Solutions  In  this  region  com¬ 
pare  very  well  with  calculations  by  an  Implicit  turbulent  boundary-layer  program  developed  prevlt  usly^O. 
The  difference  between  the  two  solutions  Is  within  a  few  percent  of  both  the  skln-f rlctlon  coeff  .dent 
and  velocity  profile.  All  Che  necessary  Information  Is  then  stored  at  a  given  streamwlse  location  to  be 
used  as  the  upstream  boundary  condition  for  the  following  comer  region.  On  the  compression  ramp  the 
computational  region  is  defined  by  a  trapezoid  with  the  lower  surface  parallel  to  the  wedge  surface. 

In  the  calculation,  a  64  x  22  computational  mesh  Is  employed.  Grid  spacing  In  the  C  direction  Is 
uniformly  distributed  for  each  computational  domain.  However,  a  different  Increment  in  5  has  been  used 
for  the  flat  plate  '■eglon  (Af,-  0.01695  ft.)  and  downstream  of  the  overlapping  location  (AC"  .00565  ft.). 
The  grid  system  consists  of  an  exponentially  varying  Inner  region  (16  points)  and  an  equal- spaced  outer 
region*^.  The  finest  step  size  In  n  is  assigned  to  the  viscous  sublayer  with  a  dlme.'slon  of  10”^  ft. 

The  calculation  Is  performed  on  a  CDC  6600  digital  computer.  The  rate  of  data  processing  is  0.028 
seconds  per  grid  point  for  each  time  step.  The  evolution  of  the  dependent  variables  Is  monitored  until 
consecutive  calculations  Indicate  no  significant  change  (<.1X),  then  the  result  Is  considered  to  be  the 
asymptotic  solution.  A  typical  calculation  requires  about  300  time  cycles  (1  1/2  hours)  to  achieve 
convergence . 


Discussion  of  Results 


Numerical  results  are  presented  In  three  groups.  The  first  portion  examines  the  feasibility  of 
employing  the  eddy  viscoslt  ■■  model  with  an  empirical  relaxation  correction  for  predicting  Interacting 
turbulent  flows  with  separation.  The  second  portion  of  the  presentation  Is  devoted  tc  the  verlflc  .clon 
of  this  concept  through  a  comparison  with  experimental  data.  Finally,  corresponding  compression  ramps 
and  shock  Impingement  cases  are  compared  In  an  attempt  to  delineate  some  of  the  important  features  of 
"free  Interacting”  flows.  Before  we  proceed  further  In  this  discussion, clarification  of  the  terminology 
is  needed.  In  this  present  analysis,  the  "equilibrium"  flow  solution  Is  defined  as  the  calculation  by 


MUM  of  cho  CobMl-talta'a  oddy  olacoalty  uxlol.  "rrotm"  flow  thu>  Is  daalgutod  aa  tha  raault  obtalaad 
by  holdlaa  tha  addy  ylacoalcy  proflla  coaataat  at  tha  uodlaturbad  upatraaa  valua.  Ha  hava  aalactad  tha 
locatloB  to  ha  0.»»  ft  froa  tha  laadlng  adga  of  tha  flat  pUta  for  all  caMa  co^tad.  la  prlnelpla,  a 
a^hlatlcatad  crltarloa  caa  ba  utillsad  by  traailag  tha  addy  vlacoalty  aloog  a  atraiallaa  aa  a  fuactloa 
of  tha  gradlaat.  Howavar.  to  doMoatrata  tha  cauaa  and  affact  of  ralaxlag  tha  addy  vlacoalty,  a  Mra 
co^llcatad  Mdal  la  aot  warraatad  at  tha  praaaat  tlM.  Tha  ralaaatloa  aolutloa  la  daacrlbed  to  ba  tha 
calculatloa  with  tha  addy  vlacoalty  aodal  glvaa  by  aquatloa  It  or  aouatloa  14.  Ha  iMhaalu  that  thla 
addy  vlKoalty  aodal  la  a  alapllflad  varaloa  orlglaatad  by  Bradahaw<2  ,nd  loaa  at  al«.  Thay  both  propoaa 
a  laagth  acale  adjuataaat  oa  the  eddy  vlacoalty  coafflcleat  of  about  tea  bouadary- layer  thlckaeaaaa.  The 
preaMt  correctloa  oaly  attaapta  to  rapraaaat  the  flow  "hlatory"  affact  due  to  a  atroag  coaBreaaloa.  with 
no  adaltlonal  correction  for  the  effects  of  stresallne  curvstureg  etc.  Incorporated. 

la  Figure  2.  the  atatlc  preaaure  MaaurcMuta  of  Law>5  .long  with  three  dlfferaat  OMerlcal  raaulta 
are  preaaated  for  tha  25»  coMreaaloa  raao.  The  free  atreaa  Mach  auabar  la  2.96  aul  tha  Reyaolda  auabar 
bucd  upon  the  leading  plate  length  ia  10^.  The  equlllbrlia  calculation  falla  co^tlataly  la  predicting 
the  preaaure  variation  In  the  comer  region.  In  that  It  underpradlcta  the  extent  of  tha  upatrcM  propaga¬ 
tion  and  producea  a  very  ahort  preaaure  plateau.  In  addition,  tha  preaaure  approachaa  tha  Invlacld 
uy^totc  at  a  wore  rapid  rate  than  the  experlMtal  data  Indlcataa.  The  froten  aolutloa  on  tha  other 
hand  producea  too  large  a  acparatlon  region.  The  correct  aolutlon  apparently  la  aoMwhare  between  theae 
tro  eatrCMa.  A  relaxation  aodcl  eaploylng  equation  14  producea  a  aolutlon  with  Mrkad  laproveaent  over 
the  two  aforeaentloncd  calculatlona.  Significant  dlacrepancy  between  the  data  and  tha  preaant  calculation 
only  appeara  In  the  preaaure  plateau,  near  the  comer. 

The  calculated  akln-frlctlon  coefficient  dlatrlbutlona  are  preaent  In  Figure  3.  The  atrlklng  feature 
of  thla  i^eamtatlon  la  the  draatlc  difference  In  the  ahear  atreaa  dlatrlhutlona  for  the  three  calcula- 
tiona.  The  difference  la  perhapa  anticipated  In  view  of  the  three  aubatantlally  different  aurface 
presau)  '  varlationa.  Intereatlngly  enough,  the  unuaual  ”dual-alnlaia''  akin  friction  dlatrlbutlon  la  alao 
encountered  for  lanlnar  flowa  '  Ith  extenalve  aeparatlon  reglona* •2t3t4_  Unfortunately,  no  experlaental 
akln-frlctlon  data  are  available  for  thla  case,  however,  oil  flow  aeaaureaenta  Indicated  the  aeparatlon 
and  reattachaent  polnta  of  the  flow. 

Excellent  agreeaent  In  the  location  of  separation  and  reattachMnt  la  obaerved  In  that  the  dlacrepancy 
between  the  data  and  the  relaxation  calculation  Is  within  a  fraction  of  the  boundary-layer  thlckneaa. 
However,  the  equlllbrlua  and  the  frozen  calculatlona  significantly  under  and  over  predict  these  locations 
respectively.  In  short,  the  present  relaxation  scheM  seeas  able  to  adequately  predict  the  Inportant 
engineering  features  of  the  raap  problea.  Therefore  It  appears  logical  to  seek  further  verification  of 
the  present  assertions  In  the  predlclton  of  the  detailed  flow  field  properties. 

In  Figure  4,  we  present  a  coaparlson  between  the  aeasured  and  calculated  density  profiles  at  two 
streaMlse  locations.  The  experimental  data  are  olrect  aeasureaents  froa  an  Interferograa  by  aeans  of 
evaluating  the  fringe  shlfts^I.  The  affinity  between  data  and  the  relaxation  calculation  upstreaa  and  In 
the  separated  flow  region  Is  obvious. 


Up  to  this  point,  we  have  only  presented  the  nuaerlcal  results  associated  with  the  algebraic 
relaxation  eddy  viscosity  model,  equation  14.  It  has  been  mentioned  previously  that  Che  algebraic 
expression  is  a  special  solution  of  the  empirical  rate  equation  (equation  13).  The  relaxation  eddy 
viscosity  rate  equation  model  possesses  two  aesthetically  pleasing  features  over  the  algebraic  model: 
Klr.st,  the  general  solution  includes  the  rate  of  change  of  the  local  equilibrium  value  and  secondlv 
applies  only  to  the  outer  portions  of  the  turbulent  boundary  layer.  The  latter  Implies  the  Inner  region 
of  the  turbulent  boundary  layer  remains  In  the  state  of  local  equilibrium,  as  has  been  experimentally 
observed  .  In  Che  present  numerical  procedure,  the  rate  equation  model  requires  an  additional  data 
storage  to  process  the  accumulation  rate  of  change  for  the  local  equilibrium  eddy  viscosity  coefficient. 
Hwever,  the  rate  of  data  processing  Is  comparable  to  the  simple  algebraic  model.  A  specific  comparison 
of  the  two  relaxation  eddy  viscosity  models  Is  suMarlzed  In  the  next  two  figures. 


The  streaMlse  pressure  dlstrlbutlon.over  a  25°  compresslcii  ramp  are  presented  In  Figure  5  for  the 
two  relaxation  models  computed  under  Identical  conditions.  Minor  differences  are  apparent  only  near  the 
forward  portion  of  the  Interaction.  In  Figure  6,  the  skin  friction  coefficient  distributions  are 
presented.  Again,  the  discrepancy  between  the  two  relaxation  models  Is  comparable  to  the  experimental 
data  scatter. 


In  view  of  the  fact  that  the  present  analysis  claims  to  be  no  more  than  an  engineering  predlclton 
scheme  and  the  small  numerical  difference  between  the  relaxation  eddy  viscosity  models  does  not  Indicate 
an  obvious  preference  to  be  recoMended,  therefore,  the  reMlnder  of  the  presentation  will  be  restricted 
to  the  results  provided  by  only  the  algebraic  relaxation  eddy  viscosity  model. 


results,  a  series  of  calculations  were  performed  In  an  attempt  to 
J  ‘he  range  of  validity  of  the  relaxation  eddy  viscosity  model.  The  investigated  ramp  angles  span 
a  range  from  15  to  25  degrees  at  an  Interval  of  2  degrees  apart.  The  computed  aurface  pressure  dlatrl- 
butlons  together  with  the  corresponding  experimental  datal^  are  given  In  Figure  7.  In  general,  the 
difference  between  the  data  and  numerical  results  Is  small.  Excellent  prediction  of  the  pressure  pro¬ 
pagation  upstream  of  the  comer  has  been  achieved.  Significant  discrepancies  between  the  data  and 
calculations  appear  only  In  the  comer  region  for  the  high  raaq>  angle  (Figure  2). 


dlstrlbutl^  for  the  compression  ramp  at  six  different  ramp  angles  are 
^  *“'■?  Experimental  data^^.Z!  of  this  separation  location  (using  several  te^lqum)  for 

^  ‘hi*  graph.  For  the  15  degree  ramp,  the  calculation.  Indicate 

a  very  small  region  of  separation  with  a  dimension  less  than  2/3  of  the  boundary-layer  thickness.  The 
corresponding  experlMntal  observation  reveals  even  a  SMller  region  of  the  separated  flow.  In  general, 
the  calculations  predict  accurately  the  point  of  aeparatlon.  For  all  the  Investigated  cases,  the  predlc- 
tlons  are  veil  vlthln  the  data  scatter  band  of  the  different  experlaental  techniques.  In  this  graph,  one 
observes  a  syateaatlc  evolution  of  the  skln-frlctlon  coefficient  froa  a  slngle-alnlaua  distribution  into 


a  dual-Dlnlma  behavior  as  the  separation  domain  Increases  substantially.  This  trend  has  also  been 
observed  for  separated  laminar  f lows  * *2 . 3  . 

In  Figure  the  complete  Interacting  flow  field  Including  the  separation  region  Is  presented. 

I'pstream  of  the  corner  a  clearly  defined  >uter  edge  of  the  turbulent  boundary  layer  can  be  discerned.  The 
normal  velocity  component  In  the  boundary  layer  first  reveals  significant  adjustment  in  magnitude,  then 
exhibits  a  rapid  pressure  rise  In  the  wall  region  as  the  corner  Is  approached.  Adjacent  to  the  separation 
point,  the  coalesence  of  compression  waves  la  evident.  The  penetration  of  the  separation  Induced  shock 
wave  reachea  the  shear  stress  dominated  Inner  region.  Extensive  separation  exists  around  the  corner;  the 
boundary  layer  growth  Increases  rapidly  bet  still  reveals  a  clearly  Identifiable  outer  edge.  Further 
dowmstream  of  the  corner,  a  second  coalescing  shock  wave  at  real  t .ichmen t  also  becomes  detectable.  The 
second  shock  eventually  Intersects  the  leading  separation  shock  [reducing  an  obvious  c' ange  In  the  slope 
of  the  wave  front.  Downstream  of  this  intersection  point,  no  distinctive  outer  edge  of  the  boundary  layer 
can  be  clearly  defined.  Instead  a  lotatlonal  field  produces  a  streamwlse  velocity  gradient.  The  numerical 
result  essentially  duplicates  the  experimental  observations  (Figure  10).  The  experimental  data  are 
obtained  chiefly  from  the  optical  and  oil-flow  studies  of  the  25°  degree  ramp  configurations  by  Havener, 
ana  Radley^*  and  Law'^. 

The  comparison  of  the  density  profiles  at  several  streamwlse  locations  between  the  data  and  calcu¬ 
lation  Is  presented  In  Figure  11.  The  data  are  directly  evalu<^ted  from  the  fringe  shlfts^^'  observ.d 
In  Figure  10,  therefore,  this  outer  limit  of  the  data  either  represents  the  enco' ..terlng  of  a  shock  wave 
or  a  uniform  flow  region.  All  Che  data  and  calculated  density  profiles  are  presented  In  the  coordinate 
perpendicular  to  the  surface.  Interpolation  of  Che  computed  results  downstream  of  the  comer  Is  required 
to  present  the  Informat 'on  In  this  format.  In  general,  the  numerical  results  predict  the  measured  density 
profiles  within  few  percent. 

In  Figure  12,  we  present  several  streamwlse  velocity  profiles  In  the  body  orientated  coordinates. 

One  observes  a  sequence  of  turbulent  boundary  layer  through  this  interaction  region  which  separates, 
reattaches  and  finally  exits  as  a  conf In-id  shear  layer.  Havener,  et  al,  also  deduced  several  velocity 
profiles  from  their  optical  measurements^* They  obtained  the  velocity  data  through  the  Crocco 
relationship  and  by  linearly  Interpolating  the  pressure  across  the  boundary  layer.  The  comparison  be¬ 
tween  the  data  and  the  calculation  reveals  good  conformity  throughout.  Conclusions  on  the  agreement  with 
the  experiment  should  be  based  on  Che  density  distribution  (Figure  11)  where  a  direct  comparison  may  be 
performed. 

The  two-dimensional  flow  over  a  compression  ramp  and  the  oblique  shock  Impingement  on  a  turbulent 
boundary  layer  have  been  Identified  as  "free  Interaction"  p.oblems.  The  present  understanding  of  the 
detailed  flow  structures  Is  not  complete.  However,  Green*^  has  correctly  pointed  out  that  the  wave 
system  produced  by  an  Incident  oblique  shock  may  be  considered  to  be  a  variant  of  the  compression  ramp 
configuration  He  concludes  that  a  comprerslon  corner  with  a  stream  deflection  of  2'  j  and  an  Incident 
shock  of  a  stieam  deflection  of  j  will  produce  virtually  the  same  overall  pressure  rise.  The  experimen¬ 
tal  data  however  Indicate  a  large  discrepancy  between  the  scales  of  the  flow  separation  region*^.  The 
source  of  the  discrepancy  between  tests  has  been  attributed  to  the  departure  from  two  dimensionality  of 
the  two-dimensional  experimental  arrangements.  The  present  analysis  perhaps  would  contribute  some  under¬ 
standing  to  the  uncertainty  In  this  area.  At  least,  the  present  analysis  will  provide  a  two-dimensional 
numerical  solution  of  the  shock  Impingement  problem, 

In  Figure  13,  the  surface  pressure  Jlstrlbutlons  of  a  25°  compression  ramp  and  tl.e  Incident  oblique 
shock  generating  by  a  Reflection  angle  of  12.5  degree  are  presented  together.  Both  computations  are 
carried  out  with  the  Identical  unperturbed  upstream  conditions.  The  abscissa,  S/L“1.0,  denotes  the  corner 
location  of  the  compression  ramp  configuration.  For  the  shock  Impingement  problem,  this  location  Is 
designated  as  the  Intersection  of  the  extended  Incident  shock  and  the  flat  plate.  Referred  to  the  comnon 
origin,  the  surface  pressure  distribution  of  the  shock  Impingement  case  shifted  upstream  at  the  compression 
ramp  value  by  roughly  the  boundary  layer  thickness  (.17  Inch).  More  Importantly,  the  overall  pressure 
rise  between  the  two  Investigated  cases  differs  by  on'y  one  percent.  The  corresponding  skin  friction 
coefficient  distributions  are  presented  In  Figure  14  and  also  show  an  upstream  shift. 

Concluding  Remarks 

For  some  time  now  It  has  been  possible  to  obtain  excellent  agreement  between  experimental  data  and 
numerical  calculation.-  for  turbulent  flows  with  zero  pressure  gradient.  However  these  turbulence  models 
(elgher  the  eddy  viscosity  model*3,20  the  more  sophisticated  model  equations***)  have  failed  to 
predict  turbulent  flows  with  strong  adverse  pressure  gradients.  In  the  present  analysis,  a  simple 
relaxation  of  the  turbulence  has  been  Incorporated  Into  an  eddy  viscosity  model.  The  relaxation  eddy 
viscosity  model  Is  combined  with  Che  Navler-StcVes  equations  Co  form  a  closed  system  of  equations.  The 
results  demonstrate  that  the  turbulence  model  adequately  predicts  tne  Invlscld-vlscous  Interacting  turbu¬ 
lent  flow.  Including  the  separation  phenomenon. 

Two  versions  of  the  relaxation  model  have  been  examined  under  Identical  conditions  and  only  small 
differences  observed.  The  comparisons  with  experimental  data  at  Mach  3  of  Law*5,  Havener  and  Radley^®*^* 
for  compression  ramps  (and  shock  Impingement)  Indicate  tliat  the  present  method  accurately  predicts  the 
upstream  pressure  propagation  and  location  of  the  separation  and  the  reattcchment  points.  Good  agreement 
Is  also  obtained  between  the  measured  and  calculated  density  profiles  throughout  the  vlscous-lnviscld 
flow  field. 
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SUmARY 


This  paper  describes  a  thoroughly  documented  experiment  that  was  specifically  designed  to  test  and 
guide  computations  of  the  Interaction  of  an  Impinging  shock  wave  with  a  turbulent  boundary  layer.  Detailed 
mean  flow-field  and  surface  data  are  presented  for  two  shock  strengths  which  resulted  In  attached  and 
separated  flows,  respectively.  Numerical  computations,  employing  the  complete  time-averaged  Navler  Stokes 
equations  along  with  algebraic  eddy  viscosity  and  turbulent  Prandtl  number  models  to  describe  shear  stress 
and  heat  flux,  are  used  to  illustrate  the  dependence  of  the  computations  on  the  particulars  of  the  turbu¬ 
lence  models.  Models  appropriate  for  zero-pressure-gradient  flows  predicted  the  overall  features  of  the 
flow  fields,  but  were  deficient  In  predicting  many  of  the  details  of  the  Interaction  regions.  Improvements 
to  the  turbulence  model  parameters  were  sought  through  a  combination  of  detailed  data  analysis  and  computer 
simulations  which  tested  the  sensitivity  of  the  solutions  to  model  parameter  changes.  Computer  simulations 
using  these  Improvements  are  presented  and  discussed. 


NOTATION 

A,  A^  van  Driest  damping  parameter,  Eqs.  (5)  and  (6) 

Cp  specific  heat  at  constant  pressure 

c^  specific  heat  at  constant  volume 

Cp  local  skin  friction  coefficient, 

V(1/2)p.u„2 

local  Stanton  number,  q^p.u.CpfT^  -  T^) 
e  total  specific  energy  per  unit  volume, 

p[CyT  +  (v2  +  u2)/2] 

F,G,H  mass-averaged  fluxes,  Eqs.  (1)  and  (2) 

I  intermlttency  factor,  Eq.  (9) 

k  thermal  conductivity 

i  mixing  length,  Eqs.  (4)  and  (20) 

p  time-averaged  pressure 

Pr  molecular  Prandtl  number,  UCp/k 

Pr^  turbulent  Prandtl  number 

q^  axial  heat  flux,  -Cp{u/Pr  +  pe/Pr^)3T/3x 

q^,  '1  radial  heat  flux,  -Cp(ii/Pr  +  pc/Pr^)3T/3r 

r  radial  coordinate,  distance  from  model 

centerline 

t  time 

T  temperature 

u  mass-averaged  velocity  component  In  axial 

d1 rectlon 

U  mass-averaged  conservation  variables, 

Eqs.  (1)  and  (2) 

V  mass-averaged  velocity  component  in  radial 

direction 

x  axial  coordinate,  distance  from  leading  edge 

of  shock-wave  generator 


'c 


distance  normal  to  model  surface 

shock-wave  generator  leading-edge  angle 

boundary- layer  thickness 

boundary-layer  thickness  at  the  upstream 
location  of  the  first  measured  profile 
station 

kinematic  displacement  thickness,  Eq.  (8) 
compressible  displacement  thickness,  Eq.  (11) 
eddy  viscosity,  Eqs.  (4)  and  (20) 
von  Karman  constant,  Eq.  (5) 
viscosity 

time-averaged  density 

3v  2 

radial  normal  stress,  p  -  2pj  sf 


+  IV  ^  lu\ 
yr  3r  3x/ 


3u  2 

axial  normal  stress,  p  -  2uj  ^  y  Uj 


f  V  ^  ^  M 
Vr  3r  3x/ 


V  2 

azimuthal  normal  stress,  p  -  2pt  r  + 


xr 


f V  +  3v  ^  M 
\r  ar  ax/ 

total  shear  stress,  Eq.  (3) 


'‘^T  F  ^  I  '^T 


Subscripts 

f  final  axial  grid  location 

1  Initial  axial  grid  location 

max  maximum 

0  location  of  Incident  shock  Impingement  on 

cylinder  surface  In  the  absence  of  a 
boundary-layer 
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r 

radial  direction 

X 

axial 

direction 

t 

stagnation  conditions 

M 

wall 

T 

total 

«> 

local 

free  stream  ahead  of  Interaction 

1. 

INTRODUCTION 

The  availability  of  larger,  faster  computers,  the  need  to  reduce  wind-tunnel  testing,  which  Is  time 
consuming  and  costly,  and  to  provide  alternate  simulation  capability  for  test  conditions  beyond  the  reach 
of  practical  wind-tunnel  design  have  resulted  In  Increased  emphasis  on  computational  fluid  mechanics.  Com¬ 
putations  that  were  not  feasible  several  years  ago  are  now  being  performed  routinely.  For  example: 

Inviscid  three-dimensional  computations  for  speeds  ranging  from  transonic  to  hypersonic  are  possible 
(refs.  1  and  2);  even  flows  where  dominant  viscous  Interactions  occur,  such  as  the  Interaction  of  a  shock 
with  a  boundary  layer,  are  being  computed  (refs.  3  and  4).  These  Interacting  flows  present  the  greatest 
challenge,  however,  because  most  of  the  practical  applications  occur  at  high  Reynolds  numbers  where  the 
flow  Is  turbulent  and  little  Is  known  about  turbulence  modeling. 

Until  recently,  n.ost  of  the  techniques  for  predicting  the  flow  behavior  In  the  vicinity  of  shock 
boundary-layer  Interactions  were  based  on  experimental  correlations  or  approximate  solutions  to  the 
boundary-layer  equations.  But  advances  In  numerical  methods  and  Increased  computer  speed  and  capacity  have 
resulted  In  successful  attempts  to  obtain  steady-state  solutions  of  the  complete  time-dependent  Navler 
Stokes  equations.  Computations  of  laminar  Interactions  have  been  used  to  Illustrate  the  utility  and  accu¬ 
racy  of  these  techniques  (refs.  3  and  4).  Very  recent  examples  for  turbulent  flows  (refs.  5-7)  1'lustrate 
that  such  computations  using  the  time-dependent,  time-averaged*  Navler  Stokes  equations  are  also  feasible 
and  that  they  describe  the  qualitative  features  of  the  flow  Interactions.  In  these  examples,  closure  of 
the  conservation  equations  was  accomplished  by  describing  the  turbulent  shear  stress  and  heat  flux  by  eddy- 
viscosity  models  and  turbulent  Prandtl  numbers.  However,  a  lack  of  sufficient  detailed  experimental  data 
precluded  verification  of  these  models  and  efforts  to  modify  them  so  that  the  quantitative  flow  features 
could  be  more  aptly  described. 

The  present  study  was  undertaken  to  provide  a  formidable  first  step  toward  understanding  the  mechan¬ 
isms  that  must  be  modeled  before  successful  numerical  calculations  of  these  complicated  flows  can  be  made. 

It  combines  experimental  and  nimerlcal  methods  to  guide  and  verify  turbulence  modeling  for  two  shock 
boundary-layer  Interaction  flows,  one  with  and  one  without  separation.  An  axisymmetric  experimental 
arrangement  was  chosen  to  assure  purely  two-dimensional  flow  (ref.  8).  Shocks  of  two  different  strengths 
were  Impinged  on  an  established  turbulent  boundary  layer  to  set  up  both  unseparated  and  separated  flows  In 
the  Interaction  zone.  Detailed  measurements,  consisting  of  surface-pressure,  skin-friction,  heat-transfer, 
and  boundary- layer  profiles  of  velocity,  static  pressure,  and  temperature  were  obtained  at  finely  spaced 
Intervals  along  the  surface.  Analysis  of  these  data  was  undertaken  to  define  the  detailed  behavior  of  the 
turbulence  parameters  used  to  describe  the  shear  stresses  throughout  the  Interaction  regions.  Computations 
were  made  using  the  time-dependent,  time-averaged  Navler  Stokes  equations  employing  the  exact  experimental 
boundary  conditions  and  algebraic  eddy-viscosity  descriptions  for  the  turbulent  shear  stress.  The  authors 
reported  preliminary  progress  on  the  separated  case  In  ref.  9. 

2.  APPARATUS  AND  PROCEDURES 

2.1  Facility 

The  experiment  was  conducted  In  the  NASA  Ames  Research  Center  3.5-Foot  Hypersonic  Wind  Tunnel.  This 
facility  operates  In  a  blowdown  mode  and  utilizes  contoured  axisynmetric  nozzles  to  achieve  a  uniform  Mach 
number,  and  an  open-jet  type  test  core  approximately  0.7  m  In  diameter  and  4  m  In  length.  The  present 
tests  were  all  performed  at  a  nominal  free-stream  Mach  number  of  7.2  and  with  nominal  values  of  total  tem¬ 
perature  and  pressure  of  695”  K  and  34  atmospheres,  respectively.  The  corresponding  nominal  value  of  free- 
stream  unit  Reynolds  number  was  10.9*10®  m"^  and  the  useful  test  time  was  about  3  min. 

2.2  Model 

A  cone-ogive  cylinder,  330  cm  In  length  and  20.3  cm  In  diameter  was  used  as  the  test  surface  (see 
fig.  1).  An  annular  shockwave  generator,  51  cm  In  diameter,  mounted  concentric  with  the  cylinder  axis  was 
used  to  generate  shock  waves  of  two  different  strengths  by  beveling  the  sharp  leading  edge  at  either  7.5® 
or  15”.  The  generator  could  be  translated  In  a  direction  paralle’  to  the  cylinder  axis  so  that  the  entire 
Interaction  region  could  be  passed  over  selected  survey  stations. 

Interchangeable  Instrumentation  ports,  12  cm  In  diameter  and  specifically  contoured  to  match  the 
cylindrical  surface,  v;ere  located  at  25  cm  Intervals  along  the  cylinder  In  a  single  line,  and  every  50  cm 
In  another  line  180”  around  the  body.  One  port  was  Instrunented  with  a  floating  element  skin-friction 
balance.  Another  was  used  to  accommodate  either  pitot  and  static  pressure  probes  or  total  temperature 
probes.  The  probes  were  positioned  by  a  mechanism  contained  Inside  the  cylinder  and  automatically  actuated 
from  outside  the  tunnel  test  section.  The  remaining  ports  were  Instrumented  with  thermocouples  spot- 
welded  to  the  Inner  surface  every  1.25  cm  and  with  static  pressure  taps.  Static  pressure  taps  were  also 
located  every  5  cm  along  the  entire  cylinder  between  ports. 

2.3  Test  procedure 

Data  were  collected  from  a  series  of  tests  with  the  tunnel  operating  at  the  nominal  conditions 
described  above.  In  separate  tests  without  the  generator  It  was  determined  that  a  fully  developed  turbulent 


*T1me  averaging  In  these  equations  Is  over  periods  long  conpared  to  turbulence  time  scales,  but  short 
compared  to  the  time  variations  of  the  flow  field  as  a  whole. 
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boundary  layer  with  negligible  axial  pressure  gra¬ 
dient  was  established  over  the  cylinder  surface 
between  100  and  300  cm  from  the  model  tip  (ref.  10). 

With  the  generator  In  place,  the  nominal  measured 
boundary-layer  parameters  ahead  of  the  Interaction 
for  the  7.5°  anJ  15°  generator  angles,  respectively, 
were:  edge  Hach  number,  6.7  and  6.9;  boundary- 
layer  thickness,  3.2  cm  and  2.7  cm;  and  Reynolds 
number  based  on  boundary -layer  thickness,  0.23*10® 
and  0.2*10®.  The  model  wall  temperature  was 
essentially  constant  at  a  value  of  300°  K. 

Surface  pressure,  skin  friction,  and  heat 
transfer  were  obtained  at  small  Intervals  by  mov¬ 
ing  the  shock-wave  generator  In  an  axial  direction 
during  the  tests.  The  boundary- layer  thickness 
Increased  about  10*  over  the  distance  of  25  cm 
which  corresponded  to  the  difference  between  the 
farthest  upstream  and  downstream  positions  of  the 
generator.  The  difference  In  boundary-layer  thick¬ 
ness  had  little  Influence  on  the  results,  provided 
they  were  compared  at  equivalent  distances  from  the 
leading  edge  of  the  generator. 

Skin  friction  was  measured  with  a  contoured  floating-element  balance  whose  sensible  element  was 
0.95  cm  In  diameter.  Calibrations  of  the  gage  before  and  after  each  test  run  were  repeatable  to  within 
5*.  The  sk1n-f>"1ct1on  data  were  corrected  for  buoyancy  effects  resulting  from  the  axial  pressure  gradient. 
Corrections  were  less  than  10*  of  the  measured  values,  except  In  the  regions  of  minimum  skin  friction  for 
the  7.5°  generator-  tests  and  near  separat-<on  and  reattachment  for  the  15°  generator  tests,  where  they  were 
as  high  as  50*  of  the  measured  upstreatri  zero  pressure  gradient  values.  The  heat-transfer  rate  was  measured 
ising  the  thln-wall  transient  technique.  Longitudinal  conduction  errors  were  computed  and  found  to  be  less 
:han  5*  of  the  measured  rates  and  so  no  corrections  were  applied  to  these  data. 

Velocity,  density,  and  pressure  profiles  were  obtained  from  pitot  and  static  pressure  and  total  tem¬ 
perature  surveys.  Each  survey  was  taken  during  a  single  test  run,  and  Its  axial  location  was  established 
prior  to  the  run  by  prepositioning  the  shock  generator.  In  the  Interaction  region,  surveys  were  obtained 
every  2  cm  for  the  7.5°  generator  tests  and  every  2.5  cm  for  the  15°  generator  tests.  Downstream  of  the 
Interaction  the  corresponding  distances  between  survey  stations  were  Increased  to  4  cm  and  5  cm,  respec¬ 
tively,  for  the  two  generator  angles.  In  the  reversed  flow  region  established  with  the  15°  generator, 
pitot  measurements  were  obtained  In  upstream  and  downstream  directions  to  help  establish  the  extent  of 
separation.  When  traversing  the  boundary  layer,  the  probes  were  stopped  at  each  location  for  a  few  seconds 
to  avoid  time  lags  In  the  measurements,  and  static  pressures  at  the  model  surface  were  monitored  continu¬ 
ously  to  verify  Interference-free  data. 

To  verify  that  the  model  was  aligned  with  the  free-stream  flow  direction,  surface-pressure  measure¬ 
ments  at  selected  axial  positions  were  obtained  at  90°  Intervals  around  the  model,  and  skin-friction 
measurements  at  selected  axial  positions  180°  apart.  Comparisons  of  these  data  around  the  model  showed 
variations  that  were  within  the  experimental  accuracy  of  the  measurements.  For  the  15°  generator  tests, 
separation  and  reattachment  lines  around  the  model  were  also  measured  using  a  surface  oil  film  technique. 
The  results  verified  an  axl symmetric  separation  zone. 

A  more  complete  description  of  the  test  procedure  and  data  accuracy  along  with  tabulations  of  all  the 
test  data  are  given  In  ref.  11. 

3.  GOVERNING  EQUATIONS  AND  NUMERICAL  PROCEDURES 
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Fig.  1  Test  model . 


The  equations  and  numerical  procedures  were  first  presented  by  the  authors  In  ref.  9.  For  complete¬ 
ness,  som'  of  that  Information  Is  presented  again  In  this  section. 

3.1  Equations  and  boundary  conditions 

The  mass-averaged  Navler  Stokes  equations  for  compressible  flow,  expressed  In  cylindrical  coordinates 
with  axial  symmetry  assumed,  were  used  to  predict  the  flow  throughout  the  interaction  region.  The  equa¬ 
tions  and  the  concept  of  mass  averaging  are  discussed  In  ref.  12.  The  turbulent  Reynolds  stress  ana  heat- 
flux  terms  In  these  equations  are  related  to  the  mean  flow  gradients  of  velocity  and  temperature  by  eddy- 
transport  coefficients  that  are  added  to  the  molecular-transport  coefficients.  Additional  restrictions  on 
the  equation  system  Include  the  perfect  gas  assumption,  constant  specific  heats,  the  Sutherland  viscosity 
law,  and  zero  bulk  viscosity.  The  resulting  equations  are 
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pv 


puv  +  T 
pv^  + 


xr 


(2) 


k(e  +  o)v  +  T  u  +  Q 
V  r'  xr 


Figure  2  shows  the  cotnputatlonal  domain.  The  conditions  on  the  upstream  boundary  were  prescribed  by  a 
combination  of  an  Invlscld,  method  of  characteristics  program  (ref.  13).  and  a  boundary- layer  program 
(ref.  14)  modified  for  turbulent  flows  by  Marvin  and  Sheaffer.  At  the  upstream  boundary  position,  the 

experimental  and  computed  Incident  shock  waves  were 
aligned  and  the  boundary-layer  program  was  run  for 
an  X  distance  that  ensured  a  match  of  experimen¬ 
tally  and  numerically  determined  displacement  thick 
nesses.  Along  the  cylinder  surface,  r  ■  r^  or 
y  •  0,  the  boundary  conditions  used  were  the  vis¬ 
cous,  no-si  Ip  conditions,  u  «  v  •  3p/3r  •  0,  T  »  Ty^ 
while  along  the  outer  boundary  they  were  the  Invls¬ 
cld,  free-sllp  conditions,  v  ■  3p/3r  »  3u/3r 
*  3T/3r  •  0.  At  the  downstream  boundary  the  simple 
extrapolation  relation,  I.e.,  3(u)/3x  •  0,  was 
used.  The  Initial  conditions  within  the  computa¬ 
tion  domain  used  to  start  the  solutions  were 
obtained  by  setting  the  values  of  all  variables 
equal  to  their  Inflow  boundary  values  at  the  same 
<  xf.  To  restart  solutions  or  make  modifications 


Fig.  2  Flow-field  sketch  and 
computational  domain. 


vertical  station,  1.e.,  f(x,  r,  o)  =  f(x^,  r,  o),  X4  x  x 
to  turbulence  parameters.  Initial  values  of  the  variables  were  set  equal  to  their  computed  values  obtained 
during  the  last  time-step  of  the  previous  solution. 


3.2  Numerical  procedures 

The  finite  difference  scheme  used  to  solve  eq.  (1)  Is  the  same  as  that  developed  originally  by 
MacCormack  (ref.  3)  and  applied  more  recently  to  two-dimensional  turbulent  shock  boundary- layer  Interac¬ 
tions  by  Baldwin  and  MacCormack  (ref.  15).  The  numerical  techniques  employed  In  the  present  study,  along 
with  all  the  pertinent  difference  equations,  and  some  special  procedures,  are  reported  In  ref.  9.  The 
computational  domain  was  subdivided  into  four  subgrids  with  each  subgrid  divided  Into  a  number  of  uniform 
grid  cells  with  spacing  ay.  Finer  spacing  was  employed  near  the  wall.  A  total  of  78  cells  In  the  y 
direction  was  used;  uniformly  spaced  grid  with  48  cells  In  the  x  direction  was  used  with  spacing 
ax  =  0.80  or  0.635  cm  for  the  7.5  and  15°  cases,  respectively.  Some  of  the  solutions  presented  later  cover 
axial  distances  greater  than  those  obtained  with  the  48  cells  In  the  x  direction.  Those  solutions  were 
achieved  by  redefining  the  upstream  boundary  to  coincide  with  a  position  about  3  cm  ahead  of  the  downstream 
boundary  from  converged  solutions  and  then  continuing  the  solutions  on  downstream  for  another  48  x  cell 
points. 


The  solutions  were  advanced  in  time  following  the  procedure  described  In  ref.  9.  Steady-state  conver¬ 
gence  was  assumed  when  solutions  from  at  least  20  successive  time  steos  showed  little  or  no  change.  Compu¬ 
tation  times  to  achieve  these  fully  converged  solutions  on  a  CDC  7600  were  3-4  hrs  for  the  15°  generator 
cases  and  about  1  hr  for  the  7.5°  cases. 


4.  RESULTS  AND  DISCUSSION 


4 . 1  Experimentally  determined  flow-field  features 

Figure  2  depicts  the  major  features  of  the  shock-wave,  boundary-layer  interaction  zone.  The  sketch 
is  based  on  boundary-layer  survey  measurements  and  shadowgraphs  taken  during  the  experiments  using  both  the 
7.5°  and  15°  shock-wave  generators.  The  incident  shock  wave,  weakened  and  curved  somewhat  by  the  expansion 
fan  emanating  from  the  corner  formed  by  the  leading  edge  and  the  body  of  the  shock-wave  generator,  impinges 
on  the  incoming  boundary  layer.  The  subsequent  Increases  In  surface  pressure  cause  the  boundary  layer  to 
thicken,  or  even  separate  1n  the  case  of  the  strongest  Incident  shock  wave,  and  Induce  a  shock  wave. 
Thereafter  rapid  flow  turning  and  boundary- layer  thinning  occur  and  a  recompression  shock  Is  formed. 

Figure  3  shows  the  surface  measurements  obtained  for  the  two  shock-wave  generator  angles.  Surface- 
pressure,  skin-friction,  and  heat-transfer  coefficients  are  shown  as  functions  of  a  normalized  Interaction 
distance  centered  about  Xq,  the  location  of  the  Intersection  of  the  Invlscld  Incident  shock  wave  with  the 
body  surface  In  the  absence  of  a  boundary  layer.  With  the  7.5°  generator,  the  pressure  rises  continually 
through  the  Interaction,  the  skin  friction  decreases  Initially  In  the  presence  of  the  adverse  pressure 
gradient,  and  rises  thereafter  In  the  recompression  region  where  the  boundary  layer  thins.  The  heat  trans¬ 
fer  follows  a  behavior  similar  to  that  of  the  pressure.  No  separation  was  observed  In  this  case,  either 
from  the  skin-frict1on  measurements  or  from  oil-flow  patterns  that  were  established  and  photographed  during 
some  special  tests.  In  contrast,  with  t'le  15°  generator  the  Initial  Increase  In  pressure  levels  off  In  a 
plateau,  and  negative  values  of  skin  fraction  were  measured,  both  characteristics  typically  associated  with 
separation.  Rapid  increases  in  pressure  and  skin  friction  occur  downstream  of  reattachment.  The  heat 
transfer  rises  continually  through  the  interaction  until  the  surface  pressure  decreases.  For  both  gener¬ 
ator  angles,  the  decay  In  pressure,  skin  friction,  and  heat  transfer  downstream  of  the  Interaction  Is  a 
direct  resul ,  of  the  expansion  fan  emanating  from  the  corner  of  the  generator. 

Figures  4  and  5  p. esent  constant  static  pressure  and  velocity  contours  and  Illustrate  further  the 
details  of  the  two  interaction  cases  under  investigation.  The  contours  were  constructed  from  the  profiles 
of  velocity  and  static  pressure  across  the  boundary  layer  obtained  from  pitot  and  static  pressure  and  total 
temperature  measurements  taken  at  small  ax  and  ay  Intervals.  Complete  tabulations  of  these  profile 
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data  can  be  found  In  ref.  11.  Locations  of  the  Inci¬ 
dent,  Induced,  and  recompresslon  shocks  are  easily 
recognized  In  the  pressure  contours.  Note  that  for 
the  15®  generator  the  pressures  are  higher  than  the 
wall-peak  pressure  In  the  compression  region  down¬ 
stream  of  the  Intersection  of  the  Incident  and 
induced  shocks.  The  velocity  contours  Illustrate 
more  dramatically  the  differences  between  the  two 
flow  cases.  For  the  larger  generator  angle  the 
flow  velocity  near  the  wall  In  the  vicinity  of  the 
1nte>'actlon  Is  highly  retarded  and  achieves  nega¬ 
tive  values  associated  with  the  reversed  flow  In 
the  separated  rone. 

A  precise  determination  of  separation  and 
reattachment  poincs  for  the  separated  case  was 
made  difficult  because  of  the  unsteady  nature  of 
the  separated  flow  and  the  relatively  large  diam¬ 
eter  of  the  skin  friction  element.  A  detailed 
discussion  of  this  unsteady  phenomenon  1s  given  In 
ref.  9.  A  best  estimate  of  the  extent  of  the  time- 
averaged  separation  region  was  obtained  from  data 
obtained  with  forward  and  backward  facing  pitot 
tubes.  These  data,  obtained  at  fixed  values  of 
y  with  X  varied  by  moving  the  shock  generator. 
Indicated  a  separated  region  extending  from 
(x  -  Xo)/«o  •  -3.15  to  -1.68.  This  region  Is 
somewhat  larger  than  the  skin-friction  measure¬ 
ments  Indicated.  Locations  of  the  separation  and 
reattachment  points  from  the  pitot  measurements 
are  shown  on  the  abscissa  of  the  skin-frictlon  plot. 
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Fig.  3  Measurements  along  the 
model  surface. 
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Fig.  4  Static  pressure  contours  obtained 
from  flow-field  measurements. 


Fig.  5  Velocity  contours  obtained  from 
flow-field  measurements. 


4.2  Numerically  simulated  flow-field  features 

As  previously  mentioned,  the  turbulent  Reynolds  stress  and  heat-flux  terms  In  eq.  (2)  were  assumed  to 
be  related  to  the  mean  flow  gradients  of  velocity  and  temperature  by  algebraic  eddy-transport  coefficients 
that  were  simply  added  to  the  molecular  transport  coefficients.  Mainly,  this  choice  was  dictated  by  con¬ 
siderations  0^  economy  In  the  computer  program.  Although  such  a  model  may  be  restrictive  in  its  applica¬ 
tion  to  other  new  flow  situations,  it  suits  our  current  objectives  of  (1)  defining  the  eddy  viscosity  field 
that  results  when  a  shock  impinges  on  a  turbulent  boundary  layer,  and  (2)  determining  whether  improvements 
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In  the  eddy  viscosity  description  used  In  the  numerical  simulations  can  oe  made  by  a  close  examination  of 
the  experimental  data. 


4.2.1  Results  using  a  tosellne  turbulence  model .  The  first  numerical  simulations  were  obtained  with 
a  modified,  two-layer,  Cebecl-^Uh  (ref.  16)  eddy  viscosity  model.  Modifications  suggested  by  Cebeci  to 
account  for  pressure  gradient  effects  were  not  u.;ed.  The  shear  was  expressed  as: 
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In  the  Inner  layer  the  following  mixing  length  description  for  the  eddy  viscosity  was  used: 


(3) 


where 


(4) 


(5) 

(6) 


with  tlie  von  Karman  constant  r  •  0.4  and  the  van  Driest  constant  A*  -  26.  In  the  outer  layer,  the  eddy 
viscosity  was  given,  following  Clauser,  by: 


where 


outer 


0.0168 


“max«1 


(7) 


(8) 

(9) 

(10) 

(11) 


The  above  definitions  of  the  displacement  thicknesses  differ  somewhat  from  the  conventional  ones.  The 
present  choice  was  dictated  by  the  fact  that.  In  the  first  stages  of  developing  the  Navler  Stokes  code  for 
the  shock  Interaction  problem,  overshoots  In  the  velocity  profiles  during  early  time-steps  made  It  diffi¬ 
cult  to  select  the  edge  of  the  viscous  layer.  Therefore,  the  value  of  y^x  *<as  simply  taken  as  the 
boundary-layer  thickness  ahead  of  the  Interaction,  and  Umax  (pu)max  taken  as  the  local  maximum 

values  between  the  wall  and  ymax-  The  boundary  between  the  two  layers  was  determined  by  the  value  of  y 
where  cfnner  “  ^outer’ 

The  heat  flux  was  expressed  In  terms  of  the  eddy  vlscosUy  by: 


where  =  0.9. 

Results  of  the  computations  using  this  baseline  turbulence  model  are  compared  with  the  experimental 
data  In  figs.  6,  7,  and  8.  Overall,  the  computations  predict  the  qualitative  features  of  the  two  flows 
remarkably  well  considering  the  simplicity  of  the  turbulence  model,  but  a  closer  examination  of  the  com¬ 
parisons  points  out  the  major  limitations  of  the  computations. 


The  overall  surface  pressure  rise  for  the  flow  with  the  7.5°  shock-wave  generator  (f1g.  6a),  Is  pre¬ 
dicted  reasonably  well,  except  for  the  location  of  the  initial  rise  In  pressure.  The  corresponding  p'"e- 
dlcted  rises  In  both  skin  friction  and  heat  transfer  lag  the  data  In  the  Interaction  region,  reflecting 
the  Inability  of  the  simple  turbulence  model  to  predict  any  upstream  Influence,  but  the  final  predicted 
levels  downstream  agree  reasonably  welT  with  the  data.  The  skin  friction  prediction  shows  separation  at 
the  surface  but  the  measurements  do  not.  The  pressure  contour  comparisons  (fig.  7a),  show  that  tne  compu¬ 
tation  predicts  only  the  Incident  and  reflected  shocks  whereas  the  experimental  data  show  the  presence  of 
an  Induced  shock.  The  comparison  of  the  streamline  contours  (fig.  8a),  shows  the  prediction  of  a  zero 
velocity  line  just  off  the  surface  accompanied  by  a  small  reolon  of  reversed  flow  which  is  not  present  In 
the  experimental  data. 
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Fig.  6  Compar  .ons  of  computations  and  measurements  along  the  model  surface. 


Similar  conclusions  can  be  made  from  comparisons  of  the  numerical  computations  and  the  data  for  the 
flow  with  the  15°  shock-wave  generator  (figs.  6b,  7b,  and  8b).  With  the  baseline  turbulence  model,  no 
upstream  Influence  Is  predicted  and  In  this  separated  flow  case  no  plateau  pressure  Is  predicted.  The 
Induced  shock  wave  caused  by  the  large  separation  In  the  experiment  Is  not  predicted  because  the  computa¬ 
tion  predicts  such  a  small  separation  height.  For  this  separated  flow  case,  the  baseline  turbulence  model 
results  In  good  prediction  of  the  overall  pressure  and  skin  friction  rises  and  their  subsequent  decay;  but 
the  heat  transfer  Is  substantially  underpredicted  (see  fig.  6b). 

4.2.2  Baseline  model  modifications.  Attempts  were  made  to  guide  changes  In  the  turbulence  model  by 
combining  data  analysis  and  trial  a'nci  error  solutions  In  the  actual  Navler  Stokes  code.  Ideally,  these 
changes  could  have  been  guided  entirely  from  data  If  absolutely  reliable  shear-stress  measurements  had 
been  available.  But,  since  attempts  to  directly  measure  the  shear  stress  through  these  Interactions  have 
so  far  produced  unsatisfactory  results,  the  boundary-layer  profile  data  were  used.  A  significant  degree 
of  uncertainty  Is  Introduced  In  this  procedure,  however,  because  tiie  l.iertlal  forces  dominate  the  momentum 
balance,  especially  In  the  outer  portions  of  the  flow.  Conversely,  relying  solely  on  trial  and  error 
solutions  to  the  code  Itself  to  guide  modeling  changes  would  be  time  consuming  and  perhaps  unsuccessful  If 
attention  was  not  confined  to  physically  meaningful  changes. 

The  shear-stress  and  heat-flux  distrlbutlotis  through  the  boundary  layer  were  evaluated  by  the  use  of 
experimental  profile  data  to  solve  the  following  equations  based  on  the  boundary-layer  approximation: 
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(13) 


By  performing  Integration  with  respect  to  y  before  differentiation  with  respect  to  x  and  by  employing 
the  conservative  form  of  the  variables,  e.g.  (p  +  pu^).  It  was  expected  that  errors  In  the  momentum  and 
energy  balances  could  be  minimized.  Despite  these  precautions,  not  all  the  shear  profiles  approached  zero 
at  large  distances  from  the  wall  where  they  should  have.  In  some  of  these  cases  It  was  possible  to 
adjust  the  Inertial  balance  across  the  boundary  layer  so  that  zei'o  shear  was  achieved  at  the  edge  of  the 
thermal  boundary  layer.  These  adjustments  were  usually  small  for  the  7.5°  shock  wave  generator  profiles, 
but  somewhat  larger  for  the  15°  generator  profiles. 
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Fig.  7  Comparisons  of  static  pressure  contours  from  computations  and  experiment. 


vEXPCniMCNT 


e*SCirNC  moocl 


Figure  9  shows  the  shear  profiles  resulting  from  these  momentum  and  energy  balances  for  axial  loca¬ 
tions  ahead,  wUhIn,  and  downstream  of  the  two  Interaction  regions.  For  the  flow  with  the  7.5°  generator 
the  maximum  shear  stress  within  the  boundary  layer  builds  up  rapidly  within  the  Interaction  region  as  the 
adverse  pressure  gradient  Increases;  after  peak  pressure  Is  reached  this  maximum  shear  relaxes  toward  Its 
Initial  level  but  at  a  very  slow  rate.  At  the  farthest  downstream  location  where  the  pressure  gradient  Is 
favorable  the  shear  near  the  wall  decreases  anJ  subsequently  Increases,  Indicating  that  the  shear  In  the 
outer  extremes  of  the  boundary  layer  Is  adjusting  to  the  local  flow  gradients  more  slowly  than  the  shear 
near  the  wall.  Similar  conclusions  can  be  reached  for  the  separated  case  using  the  15°  generator.  In  this 
case,  data  were  available  for  a  larger  downstream  Interaction  distance,  and  the  shear  appears  to  have 
adjusted  to  the  local  flow  gradients.  Also,  for  this  separated  case,  the  maximum  shear  In  the  boundary 
layer  continues  to  Increase  downstream  of  reattachment  and  slightly  beyond  the  location  of  peak  pressure. 

A  maximum  mixing  length  was  determined  at  each  of  the  profile  survey  stations  by  dividing  the  experi¬ 
mentally  deduced  shear  distributions  by  the  measured  velocity  gradients,  plotting  the  results,  and  choos¬ 
ing  the  maximum  value  of  mixing  length.  For  these  cases  where  the  mixing  length  continuously  Increased 
with  distance  from  the  wall,  the  value  of  maxlrnKm  mixing  length  was  chosen  at  the  point  where  the  first 
significant  departure  from  a  linear  m1x!.ig  length  distribution  occurred.  These  maximum  values  are  shown 
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F1g.  8  Comparisons  of  velocity  contours  from  computations  and  experiment. 

In  fig.  10  as  a  function  of  the  Interaction  length  parameter.  The  extremes  on  the  bars  represent  the 
uncertainty  Introduced  by  using  shear  profiles  evaluated  either  directly  from  the  momentum  balances  or 
from  momentum  balances  modified  by  adjusting  the  Inertial  terms  to  Insure  zero  shear  at  the  edge  of  the 
thermal  boundary  layer.  The  uncertainty  was  largest  In  the  region  downstream  of  reattachment  for  the  15" 
generator  case.  In  both  cases  the  maximum  mixing  lengths  tend  to  decrease  In  regions  of  adverse  pressure 
gradient  where  the  boundary  layer  thickens,  and  to  Increase  In  regions  of  favorable  pressure  gradient. 

Near  the  surface  where  the  Importance  of  the  Inertia  and  convection  terms  In  the  momentum  and  energy 
balances  diminished,  attempts  were  made  to  evaluate  k  and  A^.  The  shear  profiles  at  each  survey  station 
were  analyzed  by  Integrating  the  following  system  of  equations  to  obtain  values  of  velocity  and  temperature 
as  a  function  of  y  out  to  distances  where  the  estimated  errors  In  the  Inertial  balance  became  significant 
compared  to  the  magnitude  of  the  local  shear  (usually  this  consisted  of  about  9  measured  points  away  from 
the  wall); 
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Fig.  9  Shear  profiles  for  various  axial  locations 
along  the  .aodel. 
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Fig.  10  Axial  variation  of  maximum  mixing  lengths. 
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Be't  fits  to  the  velocity  and  temperature  profile  data  near  the  wall  were  achieved  by  repeated  Integration 
of  these  equations  until  the  sum  of  the  root  mean  square  of  the  differences  between  the  predicted  and  mea¬ 
sured  velocities  and  temperatures  were  minimized.  The  procedure  was  automated  for  solution  on  a  CDC  7600 
and  Initiated  by  Inputting  shear  and  temperature  profiles  from  the  momentum  and  energy  balances  along  with 
the  measured  values  of  wall  shear.  An  optimization  routine^  was  Initiated  and  values  of  k  and  AJJ 
and  q^^  were  sought  to  satisfy  the  minimization  criteria.  The  root  mean  square  of  the  residuals  never 
exceeded  5%  and  In  most  cases  was  less.  Exceptions  to  this  residual  band  occurred  for  the  15°  generator 
case  In  the  separated  region.  However,  It  was  still  possible  to  achieve  this  band  at  these  profile  sta¬ 
tions,  provided  the  Input  wall  shear  was  also  considered  part  of  the  optimization  routine  along  with  the 
other  parameters.  This  was  not  surprising,  however,  since  accurate  skin-friction  measurements  were  diffi¬ 
cult  to  make  In  this  separated  region.  An  example  of  the  best  fits  to  the  velocity  and  temperature  data 
near  the  upstream  edge  of  the  separated  region  are  shown  as  the  solid  lines  In  fig.  11.  Two  Important 
aspects  of  this  example  are  noteworthy.  First,  as  this  station,  the  wall  shear  needed  to  achieve  a  best 
fit  was  -5.28  N/m^  whereas  the  direct  measurement  was  12.1  N/m^.  Considering  that  the  station  is  near  the 
separation  point  where  experimental  accuracy  Is  poor  and  that  the  separation  point  Is  unsteady,  this 
disparity  Is  not  unreasonable.  Second,  at  this  station,  values  of  x  and  AJ  are  significantly  wer 

than  their  corresponding  undisturbed  values,  0.4  and  26. 

Figure  12  presents  the  values  of  >-  and  aJ  required  to  achieve  these  best  fit  velocity  and  tempera¬ 
ture  profiles  for  both  of  the  Interaction  cases  being  studied.  The  error  bands  on  the  symbols  again  repre¬ 
sent  the  uncertainty  Introduced  by  using  shear  profiles  evaluated  either  directly  from  the  momentum 
balances  or  from  momentum  balances  modified  by  adjusting  the  inertial  terms  to  Insure  zero  shear  at  the 

edge  of  the  thermal  boundary  layer.  The  results  for  the  7.5°  generator  show  that  AjlJ  decreases  In  the 

vicinity  of  the  Interaction  while  x  Increases.  These  results  are  Interpreted  as  Indicating  a  higher 
eddy-viscosity  throughout  the  region  than  that  predicted  by  the  baseline  turbulence  model.  This  could 
explain  why  the  numerical  simulations  using  the  baseline  turbulence  model  predicted  separation.  For  the 
15°  generator  case  where  separation  was  present,  similar  trends  In  x  and  Ajj  are  apparent.  However, 

the  uncertainties  within  the  separated  region  precluded  any  precise  determination  of  the  parameters. 
Apparently,  both  x  and  Aj  decrease  ahead  of  and  In  the  upstream  portions  of  the  separated  region.  At 
the  downstream  edge  of  the  separated  region  near  reattachment  ».  has  Increased  considerably  and  A^  Is 
also  Increasing.  The  physical  Interpretation  of  these  results  suggests  that  ahead  of  separation  the 


tlThe  optimization  routine,  described  In  ref.  16,  was  developed  by  Garret  Vanderplaats  of  NASA  Ames 
Research  Center.  His  assistance  In  helping  to  Implement  It  for  this  application  Is  appreciated. 
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F1g.  11  Comparison  of  experimental  and  best  fit 
velocity  and  temperature  profiles  employing  a 
modified  Inner  eddy-viscosity  model. 
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Fig.  12  Axial  variation  of  and  k. 


sublayer  or  Inner  region  has  a  somewhat  higher  eddy-viscosity  than  the  baseline  model  would  predict,  but 
In  the  logarithmic  region  the  viscosity  1s  somewhat  lower  than  the  baseline  model  would  predict.  In  the 
separated  region,  an  Interpretation  Is  more  difficult  to  arrive  at,  but  apparently,  at  least  near  the 
reattachment  point,  the  eddy  viscosity  Is  higher  across  the  sublayer  and  logarithmic  regions  than  would  be 
predicted  by  the  baseline  model. 


The  turbulence  model  mixing  length  formulation  suggested  by  the  foregoing  data  analysis  was  Intro¬ 
duced  Into  the  Navler  Stokes  computer  code  In  the  following  way. 

T  =  =  (u  +  pc)(|^  + 


In  the  Inner  region 


In  the  outer  region 


c  =  t2 


‘(f]' ' 


l  =  ic(x) 


A  =  a;(x)  ^ 


(19) 

(20) 

(21) 

(22) 

(23) 


Employing  i^ax  1"  Tl'ls  model  formulation  eliminated  the  need  for  arbitrarily  defining  compressible  and 
Incompressible  displacement  thickness  as  was  the  case  with  the  baseline  model.  The  boundary  between  the 
two  regions  Is  determined  by  the  value  of  y  where  t  =  ^lux  equation  remained  the  same 
as  for  the  baseline  model  (see  eg.  12). 


Computer  simulations  were  next  obtained  using  the  experimental  data  analysis  as  a  guide  for  evaluating 
the  parameters  tmax(x)>  f(x),  and  A^(x).  First,  values  directly  from  the  data  analysis  were  used. 
Examination  of  the  resulting  computer  simulations  made  It  apparent  that  adjustments  to  the  parameters  would 
be  needed  before  the  simulations  would  predict  the  experimentally  determined  features  of  the  flow  fields 
In  the  Interaction  region.  Therefore,  a  trial  and  error  procedure  was  Initiated  to  arrive  at  more  appro¬ 
priate  dlstrlDutlons  of  the  turbulence  parameters.  The  procedure  1s  still  underway  at  this  time.  Before 
discussing  the  results  of  this  procedure  to  date,  some  Interesting  observations  can  be  pointed  out.  The 
simulations  were  all  more  sensitive  to  modifications  of  the  Inner  region  model  parameters  than  the  outer 
maximum  mixing  length  parameter.  In  the  Inner  region  Itself,  aJ(x)  modifications  tended  to  affect  the 
solutions  more  than  those  for  x(x),  especially  In  the  separated  case.  However,  best  results  have  been 
achieved  with  modification  to  both  Ajj(x)  and  k(.>'). 

4.2.3  Results  using  a  modified  turbulence  model.  The  turbulence  parameter  variations  used  In  the 
latest  computer  ilmulatlons  em^oylng  the  complete  Navler  Stokes  equations  are  shown  as  the  solid  and  dashed 
lines  In  figs.  10  and  12.  The  maximum  mixing  length  variation  (fig.  10),  employed  In  all  simulations 
corresponded  to  the  mean  variation  exhibited  by  the  data  analysis.  In  the  Inner  layer  region  (fig.  12), 
values  of  A^  and  k  had  to  be  aHered  to  obtain  better  predictions  of  the  experimental  surface  and 
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flow-field  data.  For  the  7.5°  generator  case  these  variations  In  and  k  follow  the  trends  exhibited 
by  the  data  analysis.  The  largest  disparity  between  the  values  used  In  the  simulations  and  those  deduced 
from  data  analysis  Is  In  Aj  at  the  beginning  of  the  Interaction  region.  As  noted  before,  decreasing  Aj 
and  Increasing  <  both  result  In  a  larger  eddy  viscosity  In  the  inner  layer  region.  For  the  15°  generator 
case  the  variations  In  the  Inner  layer  turbulence  parameters  follow  the  same  trends  as  the  data  analysis 

except  near  reattachment.  Part  of  the  reason  for  this  disparity  Is  that  the  data  analysis  In  this  region 

was  completed  only  recently  and  there  was  Insufficient  time  to  obtain  converged  simulations  before  prepar¬ 
ing  this  manuscript. 

The  results  of  the  computer  simulations  using  the  turbulence  parameter  variations  described  above  are 
presented  In  figs.  6,  7,  and  8.  For  the  7.5°  generator  case  there  Is  obvious  Improvement  over  the  baseline 
predictions  of  skin  friction  and  heat  transfer  In  the  Inte'^actlon  region  (see  fig.  6a).  Separation  Is  not 
predicted  and  the  upstream  Influence  of  the  1n*-eract1on  coincides  with  that  observed  from  the  data.  Down¬ 
stream  of  the  peak  pressure  location  the  heat-transfer  prediction  Is  not  as  good  as  the  baseline  model 
predictions,  but  this  could  be  explained  by  an  Incorrect  choice  of  a  constant  turbulent  Prandtl  number. 

At  this  stage  of  model  development  this  disparity  in  heating  prediction  Is  not  considered  crucial  because 
the  solutions  of  the  momentum  and  energy  equations  are  loosely  coupled.  The  turbulence  model  changes  had 

little  effect  on  the  surface  pressure  prediction.  Tr.e  pressure  and  velocity  contours  (figs.  7  and  8)  are 

not  changed  significantly  from  those  for  the  baseline  model,  except  that  no  reversed  flow  region  is  pre¬ 
dicted  with  the  modified  model.  The  reflected  shock  observed  In  the  data  Is  still  not  predicted.  The  main 
reason  for  this  Is  that  the  numerical  simulations  fall  to  show  a  significant  thickening  of  the  boundary 
layer  at  the  start  of  the  Interaction  region. 

Results  using  the  turbulence  model  modifications  for  the  15°  generator  case  are  also  shown  In 
figs.  6,  7,  and  8.  The  predicted  separation  bubble  size  Increased  considerably  with  a  corresponding  pre¬ 
diction  0^^  upstream  Influence  and  a  plateau  In  the  surface  pressure.  The  pressure  contours  show  the 
presence  of  an  Induced  shock  wave  similar  to  that  observed  In  the  experimert.  Obviously,  substantial 
deficiencies  still  exist  In  the  prediction  using  the  modified  model.  The  separated  bubble  size  Is  still 
smaller  In  height  than  the  experiment  Indicates;  the  plateau  pressure  Is  only  about  half  the  measured 
value;  and  all  three  surface  quantities  show  substantial  differences  with  the  measurements  In  the  Inter¬ 
action  region.  It  Is  felt,  however,  that  a  significant  Improvement  In  the  surface  predictions  can  be  made 
by  Including  the  latest  data  analysis  values  of  A'*'  and  k  near  reattachment.  This  should  shorten  the 
extent  of  predicted  separation  and  shift  thj  rise  In  skin-friction  and  heat-transfer  upstream. 

5.  CONCLUDING  REMARKS 

A  detailed  experimental  Investigation  of  the  mean  flow  throughout  two  shock-wave  boundary-layer  inter¬ 
action  regions,  one  with  separation  and  one  without,  has  been  presented.  Although  the  Interactions  were 
very  complex,  the  mean  data  were  of  sufficient  detail  and  quality  to  assess  the  validity  of  numerical 
simulations  and  »o  guide  turbulence  model  changes. 

Numerical  solutions,  employing  the  full  time-averaged  Navier  Stokes  equations  along  with  algebraic 
eddy  viscosity  models  appropriate  for  zero-pressure-gradient  flows,  predicted  the  overall  features  of  the 
flow  fields,  but  they  were  seriously  deficient  In  predicting  the  details  of  the  interaction  regions. 

Through  a  combination  of  data  analysis  and  trial  and  error  computer  simulations,  which  tested  the  sensi¬ 
tivity  of  the  solutions  to  turbulence  model  parameter  changes,  the  agreement  between  numerical  predictions 
and  experiment  was  Improved. 

Although  the  Improvements  fell  short  of  Identifying  an  optimum  model,  several  important  trends  regard¬ 
ing  the  two-layer,  algebraic  eddy-viscosity  model  can  be  noted.  The  inner  layer  model  parameters  had 
substantially  more  Influence  on  the  numerical  simulations  than  the  outer  layer  parameter.  Where  the 
boundary  layer  was  unseparated,  the  eddy-viscosity  In  the  inner  layer  region  had  to  be  increased  substan¬ 
tially  over  that  predicted  by  a  zero-pressure-gradient,  two-layer  model,  otherwise  separation  was  pre¬ 
dicted.  Therefore  the  simple  zero-pressure  gradient  model  cannot  be  used  to  predict  locations  of 
separation.  Where  separation  did  occur,  the  results  were  less  clear,  but  the  eddy  viscosity  in  the  sub¬ 
layer  region  had  to  be  increased  while  in  the  logarithmic  region  it  had  to  be  reduced  somewhat,  otherwise 
the  separation  bubble  size  was  subst?ntia11y  underpredicted. 
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PREDICTION  OF  TURBULENT  SEPARATED  FLOW  AT  SUBSONIC  AND 
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SUMMARY 

An  integral  boundary-layer  method  is  extended  to  calculation  of  separated  turbulent 
boundary  layers  in  steady  flow  and  to  unsteady  turbulent  boundary  layers.  Separated  boun¬ 
dary  layers  are  calculated  by  treating  the  pressure  as  a  dependent  variable  and  prescribing 
the  wall  shear  variation.  The  boundary-layer  method  and  a  suitable  potential  flow  method 
are  used  in  an  iterative  procedure  to  produce  a  method  fcr  predicting  the  characteristics 
of  separated  flows.  The  interaction  between  the  boundary  layer  and  the  inviscid  flow  is 
accounted  for  by  augmenting  the  physical  surface  by  the  boundary-layer  displacement  thick¬ 
ness.  Good  comparisons  are  shown  between  the  theory  and  data  for  a  separated  turbulent 
boundary  layer  on  the  wall  of  a  transonic  wind  tunnel.  Modifications  are  derived  by 
which  the  displacement  thickness  can  be  prescribed  and  an  improved  iteration  developed. 
Analytical  solutions  developed  from  a  small  perturbation  analysis  indicate  the  method  is 
valid  for  unsteady  flow  over  a  certain  range  of  frequencies.  Good  comparisons  were  ob¬ 
tained  between  the  linearized  theory  and  results  produced  by  a  finite-difference  solution 
of  the  complete  nonlinear  unsteady  boundary-layer  equations.  Examination  of  the  nature 
of  the  integral  equations  in  the  vicinity  of  a  point  of  zero  wall  shear  stress  indicates 
that  the  shear  stress  gradient  decreases  approaching  the  point  of  zero  shear  in  agreement 
with  the  results  of  other  researchers. 


SYMBOLS 


coefficients  in  Eqs.  (26),  (27), 

and  (31) 

coefficients  in  Eqs.  (39)  and 
(39) 

amplitude  of  time-dependent  part 
of  ,  Eq.  (55) 

amplitude  of  time-dependent  part 
of  U.,,  Eq.  (52) 

coefficients  in  Eqs.  (38)  and 
(39) 

quantity  defined  by  Eq.  (49) 

weighting  junction,  Eq.  (21); 
also  unsteady  part  of  U^, 

Eqs.  (41)  and  (45) 

unsteady  part  of  /■  ,  Eqs.  (42) 
and  (46) 

constant  denoting  whether  flow 
is  two-dimensional  or  axisym- 
metric,  Eqs.  (1),(2),  and  (3) 

reference  length 

quantity  defined  by  Eq.  (47) 

pressure 

quantity  defined  by  Eq.  (49) 
terms  in  Eqs.  (38)  and  (39) 


r  radius 

S  enthalpy  parameter  ^ 

T^.  total  temperature 


t 


U,V 


transverse  curvature  factor, 
Eq.  (14) 

velocity  components  in  incom¬ 
pressible  plane 

arbitrary  wall  velocity 


U 

«■! 
U,  V 


wake  parameter,  Eq.  (22) 

friction  velocity,  Eq.  (23) 

velocity  components  in  physical 
coordinate  system 


X,Y 


x.Y 


x.y 


a 

1 


a 

(* 

.  + 


* 


( 


e 


P 

V 

i 

8 

1 


transformed  coordinates  in 
incompressible  plane 

physical  coordinates,  x  is 
measured  along  the  surface, 
y  is  normal  to  the  surface 
with  y  =  0  at  the  surface 

coordinates  in  transformed 
axisymmetric  system 

|U^|Y/v 

angle  between  the  body  axis 
and  a  longitudinal  tangent 
to  the  body  at  x 

phase  angle  of  r ,  Eq.  (56) 

phase  angle  of  U.J.,  Eq.  (53) 

eddy  viscosity  parameter, 

1  +  e./b 

boundary-layer  thickness 

|U^li/v 

displacement  thickness, 

^  (1  -  U/Ug)  dY 

axisymmetric  displacement 
thickness,  Eq.  (28) 

axisymmetric  momentum  thickness, 
Eq.  (29) 

eddy  viscosity  -p (u ' v ' ) / (du/dy)  ; 
also  amplitude  of  unsteady  flow, 
Eqs.  (40)  and  (50) 

molecular  viscosity 

kinematic  viscosity 

de'^sity 

tan'We/Ug) 

shear  stress 
frequency 
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SUBSCRIPTS  AKD  SUPERSCRIPTS 


e 

edge  of  boundary  layer 

w 

refers  to  variable  evaluated  at 
surface 

o 

refers  to  reference  station  or 
initial  value 

<  )x 

refers  to  a  derivative  with 
respect  to  x  (also  y  and  t) 

s 

refers  to  steady-state  solution 

(  )• 

denotes  turbulent  fluctuations 

INTRODUCTION 

During  the  last  several  years  an  integral  method  for  predicting  the  two-dimensional 
or  axisymmetric  flow  field  through  turbulent  separation  and  reattachment  at  transonic  or 
subsonic  speeds  has  been  under  development.  During  that  time  a  nunOser  of  significant 
advances  have  been  achieved.  The  development  of  a  method  for  calculating  a  boundary 
layer  smoothly  through  a  separation  point  led  to  the  first  successful  calculation  of  the 
complete  velocity  field  for  a  separating  and  reattaching  turbulent  bounda^  layer  at 
transonic  speeds,  excluding  base  flows.  In  addition,  application  of  the  integral  method 
to  unsteady  turbulent  separation  has  indicated  that  the  method  can  produce  results  for 
small  time-dependent  disturbances  in  good  agreement  with  the  results  of  other  researchers. 

In  this  paper,  the  application  of  the  integral  boundary-layer  method  to  steady, 
turbulent,  viscous-inviscid  flow  interactions  taking  account  of  the  elliptical  nature  of 
the  problem  and  to  time-dependent  boundary  layers  under  prescribed  free-stre2un  conditions 
is  described.  For  steady  viscous-inviscid  flow  interactions,  the  technique  combines  the 
integral  boundary-layer  method  developed  by  the  authors  (ref.  1)  and  a  finite-difference 
potential  flow  method  described  in  reference  2.  The  boundary-layer  characteristics  and 
the  inviscid  flow  field  are  calculated  by  an  iteration  procedure  in  which  the  boundary 
layer  and  invi:icid  flow  are  calculated  alternately  by  separate  calculative  programs. 

In  attached  flow  regions,  the  pressure  calculated  from  the  inviscid  flow  is  prescribed 
for  the  boundary-layer  calculation,  and  the  disflacement  thickness  of  the  boundary  layer 
is  used  to  augment  the  surface  coordinate  to  pre/ide  a  boundary  condition  for  the  inviscid 
flow.  In  the  separated  region,  the  pressure  cannot  be  prescribed  in  the  boundary-layer 
calculations.  Instead,  the  wall  shear  stress  or  the  aisplacement  thickness  is  prescribed 
and  the  corresponding  pressure  distribution  is  calculated  from  the  boundary-layer  method. 
Tile  iterative  process  is  continued  until  the  pressure  distributions  produced  by  the 
viscous  solution  and  the  inviscid  solution  agree. 

For  time-dependent  boundary  layers,  the  saime  integral  boundary-layer  method  is  used 
with  the  addition  of  time-dependent  terms  which  are  omitted  for  steady  flows.  Analytical 
solutions  are  derived  from  a  small  perturbation  analysis  described  in  reference  3  to 
study  the  frequency  range  of  validity  of  the  equations.  The  nature  of  the  equations  in 
the  vicinity  of  a  point  of  zero  wall  shear  stress  is  also  examined, 

GOVERNING  EQUATIONS  FOR  STEADY  FLOWS 

The  governing  equations  for  the  steady  How  of  a  compressible  turbulent  boundary 
layer  for  both  two-dimensional  and  axisymmetric  configurations  in  terms  of  curvilinear 
cylindrical  coordinates  tangential  and  normal  to  the  body  surface  are 


(r’^pu)^  +  (r%v)y  -  0 

(1) 

puu^  +  pvuy  -  -Px  +  ^  (r’^MaUy)^ 

(2) 

puS^  -  -Y  (r’^peSy)y 

(3) 

wherein  k  -  0  for  two-dimensional  flows  and  k  •  1  for  axisymmetric  flows,  both 
laminar  and  turbulent  Prandtl  numbers  are  assumed  to  be  unity,  and  the  term  pv  is 
a  time-averaged  quantity  defined  by 


pv  "  pv  +  p ' V '  (4) 

The  quantity  S  is  the  enthalpy  parameter,  defined  as 


Transformation  of  Axisymmetric  Boundary-Layer  Equations 
to  Almost  Two-Dimensional  Form 

The  Probstein-Elliott  transformation  (ref.  4)  is 
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K 


dy  -  dy 


(7) 


where  r^(x)  is  the  radius  of  the  body,  measured  perpendicular  to  the  axis  of  the  body 
and  r(x,y)  is  given  by 

r(x,y)  =  +  y  cos  a  (8) 

where  i  is  the  angle  between  the  body  axis  and  a  longitudinal  tangent  to  the  body  at 
X,  with  y  =  0  at  the  body  surface.  The  transformed  continuity  equation  has  the  form 


where 

and 


(,  u)~  -f  (,  v)~  =  0 


V  =  -EL  ^  _  1^  ^  ^ 

r=’ 

w  w 


(9) 

(10) 

(11) 


Applying  the  transformation  to  the  momentum  and  energy  nqs.  (2)  and  (3)  yields  the 
transformed  equations 


=  -p^  +  [(1  +  kt?)^puj]~ 

=  [(1  +  kt?),  bS~] 


US'  +  ,  vS' 
X  '  y 


where  t  is  the  transverse  curvature  factor 

,  2h  cos 


yjy 


(12) 
(1  3) 

(14) 


and 


cos  1 
2L 


(15) 


For  flows  in  wliich  the  transverse  curvature  terms  are  negligible,  letting  k  =  0 
in  Eqs.  (12)  and  (13)  produces  the  equations  of  c.  two-dimensional  boundary'  laysr. 

Transformation  of  the  Compressible  Boundary-Layer 
Equations 

The  St’  ^artson  transformation  (ref.  5)  along  witli  the  assumption  that  the  viscosity 
varies  linearly  with  the  temperature  and  laminar  and  turbulent  Prandtl  nambers  are 
unity,  reduces  the  aquations  of  a  compressible  boundary  layer  to  those  of  an  incompres¬ 
sible  boundary  layer 

(16) 


Ux  .  Uy  =  0 


(x  +  VUy  =  (S  1  DUjCJ-Jx  +  l^tylpUy],^ 

ol'l  "  >^t?).-3y]y 


USx  >  VSy  = 
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Tl.o  coordinate  y  is  not  transformed  in  the  transverse  curvature  terms  because  numerical 
integration  of  the  equations  across  the  boundary  layer  is  anticipated  and  only  corre¬ 
sponding  values  are  needed  in  those  terms. 

In  the  remainder  of  this  report,  the  solution  of  the  energy  Eq.  (18)  will  be 
approximated  by  the  Crocco  relation 

=  -  =.(*  - 1;)  I-"' 

Thus,  the  velocity  profiles  found  to  be  valid  for  incompressible  two-dimensional 
turbulent  boundary  layers  can  be  used  by  simply  trans forjning  the  input  nuantities  to 
the  incompressible  plane,  performing  the  calculation  for  an  equivalent  !■  'ompressible 
boundary  layer,  and  then  transforming  the  results  back  to  the  compressible  plane,  and 
for  an  axisyinmetric  flow,  back  to  the  axisymmetric  coordinates. 

INTEGRAL  BOUNDARY -LAYER  ’METHOD  FOR  INCOMPRESSIBLE  FLOW 
Integral  Equations 

Because  it  was  anticipated  that,  for  predicting  turbulent  separated  boundary-layer 
characteristics,  an  iterative  scheme  would  be  developed  requiring  multiple  calculations 
and  lecause  questions  of  existence  and  convergence  of  solutions  arise,  it  was  desired 
to  use  the  simplest  possible  theories  for  the  boundary-layer  flow  and  the  inv..scid 
flow  which  still  retain  the  essential  physical  features  of  the  flow.  The  method  chosen 
to  calculate  the  boundary  layer  is  an  integral  method  similar  to  that  presented  by  Nash 


and  Hicks  (ref.  6)  .  Different  velocity  profiles  and  eddy  viscosity  niodels  are  used  in 
this  work.  The  met  nod  used  herein  was  described  in  detail  in  reference  7. 


Families  of  integral  equations  are  derived  by  eliminating  V  between  the  momentum 
and  continuity  equations  and  then  taking  weighted  integrals  of  the  resulting  equation 
across  the  boundary  layer. 
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In  the  present  case  the  functions 


f  -  y";  n  -  0,1  (21) 

produce  the  momentum  and  moment  of  momentum  integral  equations,  respectively. 

Velocity  Profiles 

The  Y  dependence  of  the  integral  equations  is  eliminated  by 
appropriate  pareunetric  formulation  for  the  velocity  profiles.  The 
the  present  theory  is  a  modification  of  Coles '  family  (ref.  8)  with 
added  and  the  wake  function  approximated  by  a  cosine. 

U  -  U^[2.5  ln(l  +  y"^)  +  5.1  -  (3.39  y"*^  5. 1)  e~° '  j  +  i  1 

The  parameter  is  the  usual  friction  velocity,  modified  to  accommodate  separated 

flows. 

“t“  <23) 

The  other  parameters  in  Eq.  (22)  are  6,  the  boundary-layer  thickness  and  a  waike 

velocity.  The  exponential  terms  and  the  additional  unit  in  the  logarithmic  term  provide 
a  smooth  transition  from  the  turbulent  flow  to  the  wall  through  a  laminar  sublayer. 

Eddy  Viscosity 

The  eddy  viscosity  model  used  in  this  work  is  an  extension  of  the  two-layer  model 
used  by  Kuhn  (ref.  9)  including  an  intermittency  function  for  the  outer  layer  and  a 
modification  of  the  outer  layer  for  adverse  pressure  gradients  and  separated  flows.  In 
the  inner  layer  of  attached  flows,  the  eddy  viscosity  parameter,  3,  is  represented  by 
an  exponential  expression  based  on  the  law  of  the  wall.  In  the  outer  layer  Clauser's 
expression,  modified  for  adverse  pressure  gradients,  is  used  along  with  an  intermittency 
function  giving 

€  -[o.013  +  0.0C33  exp(-6*F^/15T^)]Ug6V[l  +  5.5(Y/6)®]  (24) 

For  favoraible  pressure  gradients,  the  exponential  term  in  Eq.  (24)  is  taken  to  be  unity. 

For  separated  flows,  the  eddy  viscosity  across  the  entire  layer  is  represented  by 
a  relation  based  on  the  velocity  profile  adoove  the  U  -  0  line. 

3  -  0.013[l  +  5.5(Y/6)“]’'  <25) 
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Equations  Solved 

Substitution  of  Eq.  (22)  into  the  two  equations  produced  by  Eqs.  (20)  and  (21) 
produces  two  ordinary  differential  equations  for  the  variation  of  the  variables  U.J., 

Uq,  i  and  L’e  with  x.  A  third  equation  prodviced  by  evaluating  Eq.  (22)  at  y  »  6 
allows  the  elimination  of  from  the  equations,  leaving  a  set  of  two  equations 

Aii(U^)j^  +  Ai^i^  +  Ai3(Ug)^  -  -U^|U^|/U^6  (26) 

6 

A2i(U^)j^  +  +  ^23(03)^  - - ^  J  3Uydy  (27) 

Anticipating  the  development  of  a  viscous-inviscid  interaction,  we  consider  the  velocrty, 
Ug  to  be  a  dependent  variable.  The  coefficients  Afj  are  functions  of  the  varictbles 
U^,  6  and  Ug.  The  usual  procedure  for  solving  Eqs.  (26)  and  (27)  for  attached  boundary 
layers  is  to  prescribe  the  pressure  distribution,  or  the  free-streem  velocity  distribu¬ 
tion,  Ug.  However,  if  separation  occurs,  the  pressure  distribution  cannot  be  prescribed 
arbitrarily  in  the  separated  region.  If  an  adverse  pressure  gradient  is  prescribed  for 
an  attached  boundary  layer,  the  value  of  can  approach  zero.  When  vanishes. 
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the  coefficients  Ajj  and  Ai2  in  Sqs.  (26)  and  (27)  also  vanish,  producing  &  singularity. 
The  singularity  can  he  reT.cved  by  rearranging  the  equation  so  that  can  be  prescribed 

and  Og  (or  p)  calculated  as  a  dependent  variable.  The  precise  manner  in  which 
must  be  prescribed  is  determined  using  an  iterative  procedure  in  which  the  boundary  layer 
and  the  inviscid  flow  are  calcula  ed  alternately  until  the  pressure  distribution  calcu¬ 
lated  for  the  boundary  layer,  here  ifter  called  the  "viscous  pressure,"  agrees  with  that 
calculated  for  the  inviscid  flow.  The  iterative  procedure  becomes  predictive  by  the 
introduction  of  a  model  for  the  interaction  between  the  viscous  and  inviscid  flows. 

That  model  will  be  described  subsequently. 

VERIFICATION  OF  THE  BOUNDARY -LAYER  THEORY 

Before  the  boundary-layer  theory  was  used  to  develop  a  viscous-inviscid  interaction 
model,  it  was  dosrrcible  to  verify  that  the  theory  provides  an  adequate  description  of  a 
real  boundary  layer.  This  verification  was  accomplished  by  applying  the  boundary-layer 
theory  to  two  sets  of  experimental  bcundary-layer  measurements.  Either  the  experimental 
velocity  distribution,  Ug  i  or  the  friction  distribution  represented  by  Uf  were  pre¬ 
scribed;  and  the  other  appropriate  boundary-layer  quantities  such  as  the  displacement  and 
and  momentum  thickness  distributions  and  velocity  profiles  were  calculated  and  compared 
with  the  experimental  data.  If  the  calculated  boundary-layer  quantities  agree  well  with 
the  experimental  values,  the  boundary-layer  theory  is  considered  to  be  verified. 

The  two  cases  used  for  comparison  between  the  theory  and  experimental  data  are  the 
data  of  Fernholtz  and  Gibson  (ref.  10)  for  an  incompressible,  axisymjnetr ic  floi;  on  a 
cylinder  and  those  of  Alber,  et  al.,  (ref.  11)  for  a  bump  on  the  wall  ot  a  transonic 
wind  tunnel. 

Comparison  with  Axisymmetric  Incompressible  Flow 

The  configuration  of  reference  10  is  shown  schematically  in  figure  1.  The  boundary 
layer  is  formed  on  a  plexiglass  cylinder  in  the  annulus  between  that  cylinder  and  a 
porous  outer  cylinder.  An  adverse  pressure  gradient  is  produced  by  an  adjustable  end 
plate,  with  localized  control  of  the  pressure  gradient  accomplished  by  adjusting  the 
distribution  of  the  porosity  of  the  outer  cylinder.  For  the  case  considered  here,  a 
separated  flow  region  was  indicated  by  negative  wall  shear  as  observed  from  sublayer 
fences.  The  separated  region  was  observed  to  be  axi.ymmetric  by  the  agreement  of 
measurements  at  different  circu.mferential  locations.  As  shown  in  figure  1,  the  theo¬ 
retical  boundary- layer  thickness  exceeds  the  height  of  the  annulus  near  the  end  of  the 
test  region.  Since  the  theory  does  not  account  for  the  upper  boundary,  it  cannot  cal¬ 
culate  the  boundary-layer  quantities  accurately  where  the  boundary  layer  nearly  fills 
the  annulus. 

In  figure  2  are  shown  the  velocity  at  the  ‘  .’ne  of  the  boundary  layer  and  the 
measured  and  calculated  skin-friction  coefficie  it,  Cf.  In  the  calculations  for  these 
data,  a  smooth  curve  was  fitted  to  the  experimei  tal  Ug  distribution  and  the  fitted 
data  were  provided  as  input  into  the  computer  pregram.  Ahead  of  the  separation  point, 

Ug  was  prescribed  and  Uf  was  calculated.  Slightly  before  Ui  reached  zero,  the 
procedure  was  reversed  and  an  extrapolation  of  was  prescribed  while  Ug  was  cal¬ 

culated.  A  short  distance  downstream  of  the  separation  point,  the  procedure  was  again 
reversed,  the  calculated  Ug  distribution  was  then  taired  smoothly  into  the  given  curve 
and  the  Ut  distribution  was  calculated  in  ♦'he  same  i,  antier  as  ahead  of  separation.  A 
series  of  trial-and-error  calculations  was  necessary  tc  find  the  best  extrapolation  of 
Ur.  The  results,  shown  in  figure  2,  agree  very  well  with  the  experimental  separation 
point  location  and  with  the  measured  values  of  Cf.  Experimental  values  of  Cf  in  the 
region  of  reversed  flowwerenot  given  in  reference  10  since  the  sublayer  fences  were 
not  calibrated  for  reversed  flow. 


After  separation  the  calculations  show  that  there  is  a  region  of  reversed  flow 
followed  by  a  return  to  a  flow  with  essentially  zero  wall  shear.  Tliis  is  also  in  good 
agreement  with  the  measured  wall  shear. 


The  results  for  the  axisymmetric  displacement  and  momentum  thicknesses 


1 


dy 


(23) 


and 


(29) 


are  shown  in  figure  3.  Tlie  comparison  is  good  for  but  poor  for  dj.  The  deviation 

of  the  theoretical  results  from  the  experimental  values  of  ‘j  is  explained  in  part  by 
the  fact  mentioned  previously  that  the  experimental  boundary-layer  growth  is  affected 
by  the  proximity  of  the  outer  cylinder  which  is  not  accounted  for  in  the  theory.  That 
effect  is  smaller  on  the  momentum  thickness,  d^,  since  that  quantity  is  more  dependent 
on  the  velocities  near  the  wall  than  on  those  at  the  outer  edge  of  the  boundary  layer. 


Compariaon  with  Two-Dimensional  Transonic  Flow 


The  configuration  used  in  reference  11  is  shown  in  figure  4.  A  bump  of  circular-arc 
shape  was  placed  on  the  floor  of  a  triuisonic  wind  tunnel  with  the  ends  of  the  bump 
smoothly  faired  into  the  floor  by  cosine-shaped  fairings.  The  ceiling  in  the  wind  tunnel 
was  contoured  to  approximate  a  streamline  of  the  flow.  Boundary- layer  characteristics 
corresponding  to  the  experimental  surface  pressure  distribution  were  calculated  and 
compared  with  measured  boundary-layer  characteristics.  The  case  chosen  for  comparison 
corresponded  to  Moo  “  0.7325  with  the  separation  indicated  downstream  of  a  shock  wave 
due  to  an  adverse  pressure  gradient.  Ahead  of  the  shock  wave  occurring  slightly  down¬ 
stream  of  the  peak  of  the  bump,  the  measured  pressure  distribution  was  prescribed  for 
the  calculations.  Since  the  shuck-wave,  bound  ary- layer  inte.-action  was  not  a  part  of 
this  investigation,  the  boundary-layer  calculations  were  stopped  at  the  beginning  of 
the  shock  pressure  rise  and  restarted  slightly  downstrecim  using  the  measured  boundary- 
layer  quantities  at  the  downstream  point.  From  this  point  downstream,  the  friction 
velocity  was  specified.  The  distribution  of  along  the  surface  was  altered 

through  several  trials  until  the  “esulting  viscous  pressure  distribution  matched  the 
experimental  pressure  distribution. 

The  calculated  boundary-layer  quantities  are  presented  in  figures  5  to  8.  Figure  5 
shows  the  pressure  distributions  as  prescribed  upstream  of  the  shock  wave  and  as  calcu¬ 
lated  downstream  of  the  shock  wave.  In  figure  6  is  shown  the  skin-friction  coefficient 
correspond iiig  to  the  prescribed  distribution  compared  with  the  values  given  by 

reference  11.  It  should  be  notea  that  Cf  from  reference  11  is  quasi-experimental 
having  been  obtained  from  fitted  velocity'  profiles  not  from  direct  measurement.  The 
agreement  is  very  good  except  at  a  point  near  the  end  of  the  test  section,  after  reattach¬ 
ment.  As  shown  in  figure  7,  the  specified  distribution  allows  a  smooth  variation 

of  the  displacement  thickness  through  both  separation  and  reattachment.  The  calculated 
*  values  are  in  very  good  agreement  with  the  values  as  presented  by  reference  11, 

Also  shown  in  figure  7  for  illustration  are  the  U  “  0  line,  i.he  dividing  streamline 
and  several  other  streeimlines  aj  well  as  the  boundary-layer  thickness,  6, 

Velocity  profiles  at  several  points  of  the  flow  are  computed  in  figure  8,  The 
initial  values  of  and  were  chosen  so  the  velocity  profile  at  station  zero  was 

matched.  The  comparison  between  the  calculated  and  measured  profiles  at  stations  10 
and  14.5  is  good. 

The  generally  good  results  of  the  comparisons  between  the  present  theory  and  the 
data  of  references  10  and  11  is  verification  that  the  present  boundary-layer  theory  is 
an  adeqiate  approximation  for  real  boundary  layers  in  both  incompressible  and 
compressible  flows. 

PRIiDICTIVE  METHOD  FOR  TURBULENT  SEPARATION 
Viscous-Inviscid  Interaction  Model 


A  significant  question  bearing  on  the  interaction  model  is  whether  the  displacement 
thickness  of  the  boundary  layer  will  account  for  the  effect  oJ  the  interaction  between 
the  inner  and  outer  flows  through  its  effect  on  the  pressure  distribution.  In  figure  9 
is  shown  the  experimental  pressure  distribution  on  the  model  of  reference  11  compared 
with  two  pressure  distributions  predicted  from  the  theory  of  reference  2.  The  pressure 
distribution  shown  by  the  solid  line  corresponds  to  the  bare  bump.  Tlie  dashed  line 
corresponds  to  the  pressure  for  a  surface  defined  by  the  bare  bump  augmented  by  the 
experimental  displacement  thickness.  Tlie  displacement  thickness  causes  a  substantial 
forward  movement  of  the  normal  shock  along  with  a  decrease  in  the  peak  pressure  behind 
the  shock.  Tlie  inviscid  theory  including  the  effect  of  the  displacement  thickness  gives 
results  in  much  better  agreement  with  experiment  than  the  theory  neglecting  it.  On  the 
wtiole,  the  '  *  model  accounts  adequitely  for  the  observed  difference  between  experiment 
and  theory  to  the  accuracy  of  the  discontinuous  normal  shock  produced  by  the  theory  of 
reference  2.  Since  it  has  been  demonstrated  previously  that  the  boundary- layer  theory 
can  provide  a  good  approximation  ro  the  -neasured  displacement  thickness  for  a  case  such 
as  that  of  figuie  9,  the  bound  ary- layer  theory  can  now  be  coupled  with  the  inviscid 
flow  theory  to  produce  a  predictive  method.  It  should  be  noted  that  the  method  of  Tai 
(ref.  12)  developed  subsequent  to  this  work,  includes  the  shock -wave,  boundary-layer 
interaction  and  produces  a  continuous  pressure  distribution  for  the  entire  model. 

Iterative  Procedure 


Becaise  the  viscous  and  inviscid  flow  fields  of  subsonic  and  transonic  flows  are 
coupled  in  an  elliptical  fashion,  the  interaction  between  them  is  conveniently  handled 
by  iteration.  In  this  section  an  iteration  will  be  described  in  which  the  boundary- 
layer  method  described  previously  and  an  inviscid  flow  theory  requiring  the  surface 
slope  as  a  boundary  condition  can  be  used  alternately  to  calculate  the  two  flow  fields. 

Tlie  iteration  procedure  used  in  the  prediction  of  turbulent  flows  begins  with  the 
calculation  of  the  inviscid  flow  on  the  surface  under  consideration  with  no  boundary 
layer.  Tlie  next  step  is  to  calculate  the  boundary  layer  on  the  surface.  Tlie  dlsplace- 
.Tieni  thickness  is  then  added  to  the  surface  anti  a  new  inviscid  flow  solution  is  calcu¬ 
lated  based  on  the  aug.nented  surface.  Tills  procedure  is  continued  until  convergence 
is  a-hieved.  If  the  flow  contains  no  significant  adverse  pressure  gradient  regions, 
the  boundary  layer  will  always  be  attached;  and  convergence  in  terms  of  decreasing  diff¬ 
erences  between  successive  iterations  usually  requires  o.nly  four  or  five  iterations. 
Such  a  flow  is  usually  described  as  a  weak  interaction. 
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The  presence  of  a  region  of  significant  adverse  pressure  gradients  may  lead  to 
separation  of  thu  boundary  layer,  implying  a  strong  interaction.  In  such  a  case,  the 
pressure  distribution  due  to  the  bare  surface  calculated  in  the  first  step  of  the 
iteration  will  usually  cause  the  calculated  b^undary  layer  to  separate.  That  is,  with 
the  pressure  prescribed,  a  singularity  will  be  encountered  in  the  flow  where  »  0. 
Subsequent  boundary-layer  calculations  are  made  in  two  parts.  The  pressure  distribution 
is  prescribed  in  the  weak  interaction  regions  and  U-r  is  prescribed  in  the  strong  inter¬ 
action  rr;;ion.  Convergence  is  achieved  in  the  weak  interaction  regions  as  described 
previously.  In  the  strong  interaction  region  convergence  is  achieved  when  the  pressure 
distribv  ;ions  calculated  by  the  inviscid  theory  and  the  boundary-layer  theory  agree 
within  a  desired  tolerance. 

CALCULATIVE  EXAMPLE  FOR  TRANSONIC  FLOW  C»]  A  BUMP 

A  predictive  calculation  of  the  boundary  layer  on  the  bump  of  reference  11  was 
performed  for  the  transonic  flow  described  previously.  In  calculating  the  theoretical 
flow,  the  only  experimental  information  used  was  the  velocity  profile  at  the  beginning 
of  the  teat  section  and  an  approximate  variation  of  6*  through  the  shock  wave.  The 
theory  of  reference  2  was  used  for  the  inviscid  flow  field.  Th^.c  theory  is  based  on 
transonic  small-disturbance  theoi-y  using  a  line  reletxation  method  to  solve  the  finite- 
difference  equations. 

The  experimental  data  of  reference  11  indicate  that  the  velocity  profiles  are  dis¬ 
torted  by  the  shock  so  that  Eq.  (22)  is  not  a  good  representation  of  the  profiles  in 
the  vicinity  of  the  shock.  The  profiles  return  to  the  form  of  Eq.  (22)  immediately 

after  the  shock  with  values  of  and  (  smaller  than  existed  ahead  of  the  shock.  Since 

precise  theory  of  the  local  shock-wave,  boundary-layer  interaction  in  the  immediate 
neighborhood  of  the  shock  was  not  a  part  of  the  research  effort,  it  was  decided  to  use 

the  experimental  results  to  provide  approximate  values  of  d  and  to  start  the  cal¬ 

culation  downstream  of  the  shock.  A  smooth  fairing  for  I*  across  the  shock  was  used 
to  provide  a  smooth  boundary  condition  for  the  inviscid  flow  calculation. 

For  the  predictive  calculation,  the  location  of  the  beginning  of  the  strong  inter¬ 
action  solution  was  chosen  as  a  point  immediately  after  the  shock  wave.  During  early 
iterations,  where  the  shock -wave  location  changed  for  each  iteration,  the  location  of 
the  beginning  of  the  strong  interaction  solution  thus  also  changed. 

In  figure  10  are  shown  the  results  for  a  "converged"  solution.  The  viscous  and 
inviscid  solutions  agree  within  one  percent.  For  comparison,  the  experimental  t* 
and  pressure  distribution  are  also  shown  in  figure  10.  The  predicted  pressure  is  seen 
to  be  slightly  higher  than  the  experimental  data  in  the  scune  manner  as  observed  in 
figure  9.  This  is  attributed  to  discrepancies  between  the  wind-tunnel  ceiling  contour 
and  that  of  an  actual  free  streamline  as  required  by  the  theory.  The  predicted  t*  is 
in  excellent  agreement  with  the  data  upstream  of  the  shock  wave  while  it  is  slightly 
lower  than  the  f  *  data  downstrecim  of  the  ohock  probably  due  to  slight  uncertainty  in 
specifying  the  initial  boundary-layer  conditions  for  starting  the  calculations  down¬ 
stream  of  the  shock.  As  mentioned  previously,  a  more  recent  analysis  by  Tai  (ref.  12) 
includes  the  local  shock-wave,  boundary-layer  interaction.  That  is  an  important  devel¬ 
opment  since  such  a  capability  is  necessary  to  improve  this  aspect  of  the  calculation 
and  to  handle  the  case  of  separation  right  at  the  shock  wave. 

IMPROVEMENT  OF  ITERATION  PROCEDURE 


This  study  provides  sev'erai  insights  into  the  vis  jous-inviscid  interaction  problem 
which  suggest  methods  of  improving  the  prediction  met  .od.  T!.e  physical  insight  into 
the  iterative  method  would  be  improved  if  the  problem  were  formulated  so  that  6*  would 
be  specified  instead  of  U.^.  Eb(amination  of  the  relation  between  the  viscous  and 
inviscid  solutions  indicates  that  a  convergent  iteration  scheme  could  be  developed  with 
such  a  formulation.  For  intermediate  iterations,  when  the  inviscid  solution  corresponds 
to  a  6*  distribution  which  is  above  the  converged  t*  distribution,  the  resulting 
viscous  pr 33sure  distribution  is  above  the  inviscid  pressure  distribution.  Conversely, 
subsequent  'alculations  where  the  d*  distribution  was  below  the  converged  6*  distri¬ 
bution  were  characterized  by  the  viscous  pressure  curve  being  below  the  inviscid  curve. 
Thus,  it  shoula  be  pxsssible  to  develop  a  more  rapidly  convergent  viscous-inviscid  inter¬ 
action  procedure  based  on  d*. 


Recent  work  by  other  researchers  (refs.  12  and  13)  indicates  that  the  integral 
continuity  equation 


-Ugtan  e 


(30) 


V 

e 

where  tan  Q  -  — 

e 

provides  an  additional  relation  by  which  the  singularity  present  when  U-r  is  treated 
as  a  dependent  varieible  in  Eqs,  (26)  and  (27)  can  be  removed  by  prescribing  the  variation 
of  tan  6.  Encouraging  results  have  been  demonstrated  by  Tai  (ref.  12)  using  that 
approach  coupled  with  an  integral  method  for  calculating  the  inviscid  flow.  However,  it 
should  be  noted  that  the  singularity  at  U.j.  -  0  is  not  removed  by  the  simple  addition 


of  Eq.  (30)  to  the  set  if  the  resulting  equation  is  expressed  in  the  saune  form  ns 
Eqs.  (26)  and  (27)  .  The  resulting  equation  in  that  case  is 

A3i(Ut’x  *33(Ue’x  “  -Ue’'**"  ® 


where  Ajj^  are  functions  of  U-v,  t  and  Ug,  and  A31  vanishes  when  -  0.  Thus,  the 
set  of  Eqs.  (26),  (27),  and  (31)  are  singular,  and  the  expedient  of  prescribing  tan  0 

will  not  remove  the  singularity.  Tai  (ref.  12)  has  developed  a  procedure  in  which  the 
singularity  is  avoided  by  calculating  the  solution  up  to  the  point  where  vanishes 

and  then  finding  a  value  of  to  restart  the  calculation  downstream  of  the  separation 

point  by  iteration.  Apparently,  the  effect  of  prescribing  the  tan  9  is  to  keep  the 
slopes  of  and  Ug  finite,  even  though  (U.j)3(  can  become  infinite. 

Another  method  of  avoiding  the  singularity  at  U.,  -  0  is  now  suggested.  If  the 
displacement  thickness,  i‘ *,  is  expressed  in  terms  of  U.y,  and  Ue  and  the  result  is 
differentiated  with  respect  to  x,  a  fourth  equation  is  developed. 

^31  (Ut'x  ^  ^  ^s<«e)x  ^  Mx  “  0  (32) 


where  the  are  the  seime  as  in  Eq.  (31).  it  can  be  shown  that  A11/A31  and  Agi/Asi 
are  both  finite  when  =  0.  This  allows  the  four  Eqs.  (26),  (27),  (31),  and  (32)  to 
bo  reduced  to  three  ordinary  differential  equations  in  the  three  dependent  variables, 

6  and  Ug.  The  resulting  equations  are: 
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Although  the  nature  of  these  three  equations  has  not  been  investigated  completely, 
calculation  of  the  determinant  of  coefficients  for  a  wi.ie  range  of  values  of 
indicates  that  they  are  not  singular  at  U.j  -  0  nor  at  other  values  of  U.j.  Thus, 
the  singularity  can  be  avoided  since  can  be  obtaimsd  directly  by  solvinc  the 

nonlinear  relation 

e*  «  f(U.j,6,Ue)  (36) 

Prescribing  the  distribution  of  *  in  Eqs.  (33)  and  (34)  and  obtaining  U.^  from 
Eq.  (36)  is  equivalent  to  prescribing  as  described  previously.  Thus,  tlie  problem 

IS  now  formulated  so  that  viscous-inviscid  interactions  can  be  calculated  in  a  more 
direct  manner  than  when  U.,  was  prescribed.  It  shoulo  be  possible  to  use  this  formu¬ 
lation  in  a  calculative  method  such  a.s  that  of  Tai.  It.  should  also  be  possible  to 
develop  an  automated  iterative  calculation  by  using  the  inviscid  flow  method  of  refer¬ 
ence  2  to  calculate  tan  along  a  line  correspond ing  to  Y  ■=  6  in  the  inviscid  flow 
with  being  used  as  described  previously  to  augment  the  surface  shape. 


INTEGRAL  METHOD  FOR  TIME-DEPENDENT,  TURBULENT, 
INC'TMPRESSIBLE  BOUNDARY  LAYERS 


For  the  study  of  time-dependent  boundary  layers,  the  governing  equations  were  taken 
to  be  Eqs.  (16)  and  (17)  with  the  addition  of  the  time  derivative  of  the  velocity  to 
Eq.  (17)  and  the  assumption  that  is  zero  so  that  Eq.  (18)  is  not  necessary.  Thus, 

the  momentum  equation  is 


U  +  UU  +  VU 
t  X  y 


<»e>t  + 


U  (U  ) 
e  ex 


(37) 


Since  the  emphasis  in  this  study  was  on  the  nature  of  the  integral  equations,  it 
was  not  necessary  to  choose  a  specific  turbulence  model.  Various  approaches  have  been 
taken  by  other  researchers  including  use  of  an  unsteady  eddy  viscosity  model  (refs.  14 
and  15)  and  direct  calculation  of  the  turbulent  shear  stress  by  introduction  of  an 
additional  equation  for  the  turbulence  kinetic  energy  (refs.  16,  17,  and  18).  In  the 
present  analysis,  the  sliear  stress  is  simply  included  in  the  equations  under  study  as 
a  function  with  certain  assumed  properties. 

The  velocity  profiles  are  assumed  to  be  represented  by  Eq.  (22)  as  for  the  steady 
flows  discussed  previously.  It  is  recognized  that  such  profiles  are  based  on  equili¬ 
brium  concepts  and  therefore  will  be  unable  to  calculate  flows  which  deviate  signifi¬ 
cantly  from  equilibrium.  Nevertheless,  their  use  can  allow  some  insight  to  be  gained 
into  the  nature  of  the  integral  equations  for  unsteady  flows  and  some  of  the  limitations 
on  their  applicability  to  such  flows. 


The  integral  equations  are  derived  in  the  same  manner  as  discussed  previously. 


producing  two  partial  differential  equations  in 
.t 


U 


T> 


and  Uq  of  the  form 
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+  A, 


■<Ue)t 


+  B2<Ue)^  +  Rg 


(39) 


where  the  coefficients  Aj^j  and  and  the  terms  are  functions  of  U^,  6,  and  Ug 

defined  in  reference  3. 

ANALYTICAL  STUDIES  OF  UNSTEADY  BOUNDARY  LAYERS 
Response  to  Time-Dependent,  Free-Stream  Conditions 

The  response  of  the  integral  boundary-layer  equations  to  an  oscillatory  disturbance 
of  the  free-stream  velocity  is  examined.  It  is  assumed  that  the  free  stream  consists 
of  a  steady  flow  plus  a  small  amplitude  disturbance 


Ue  “  ^  sin  cut 

(40) 

It  is 
way  as 

further  assumed  that  the  solutions  for  U^  and  6 
a  steady  part  plus  an  unsteady  part.  Thus, 

can  be  expressed  in  the  ssune 

U^  -  U^g(x)  +  f(x,t) 

(41) 

6  -  6g(x)  +  g(x,t) 

(42) 

where  U^  (x)  and  dgM  are  the  oteady-state  solutions  of  U^  and  6  in  response  to  the 
imposed  ®  distribution  Ue  (x)  ,  and  the  functions  f  and  g  are  unknown  functions  to  be 
calculated.  ^ 

The  steady  solution  is  assumed  to  be  far  from  separation  so  that  f  is  assumed  to 
be  small  compared  to  ^Ts*  Similarly,  because  of  the  small  perturbation  assumption,  g 
is  small  compared  to  ig.  With  these  assumptions,  it  is  possible  to  approximate  the 
coefficients  of  Eqs.  (39)  and  (39)  by  their  steady-state  values.  When  these  quantities 
are  substituted  into  Eqs.  (38)  and  (39)  and  the  equations  for  the  steady-state  solution 
are  subtracted  from  the  results,  Eqs.  (38)  and  (39)  become,  to  first  order 

6 

Ao,  +  A^,  f  +  A^,g.  +  A^^g  -  a>€  -os  tut  -  -  f  T'dy  (44) 

21  t  X  22^t  22^X  2  P  J 

O 


McDonald  and  Shamroth  (ref.  19)  noted  that  an  equilibrium  model  of  the  turbulence 
would  be  a  valid  approximation  and  the  time  rate  of  change  of  turbulent  intensity  would 
be  negligible  for  typical  frequencies.  It  is  assumed  that  frequencies  of  interest  here 
satisfy  the  condition 

U 

-«f 


For  such  cases,  according  to  McDonald  and  Shamroth,  the  unsteady  shear  stress  integral 
in  Eq.  (44)  can  be  neglected. 


In  reference  3  it  was  shown  by  order-of-magnitude  analysis  that  the  x  derivatives 
in  Eqs.  (43)  and  (44)  can  also  be  neglected.  The  solutions  of  the  resulting  equations 
are  then  found  to  be 
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The  sign  of  the  quantity  P  determines  whether  the  transient  part  of  ♦■hese  solu¬ 
tions  is  decaying  or  growing.  From  Eq.  (47)  the  sign  of  P  clearly  depends  on  the  sign 
of  the  quantity  D,  Eq.  (49) . 

In  reference  ?  the  value  of  D  is  calculated  using  the  results  of  Singleton  and 
Nash  (ref.  17)  for  a  flat  plate  with  oscillating  free-stream  velocity  of  the  form 

Ue 

TT —  “!-♦■€  sin  cot  (50) 

where  Ug  is  constant.  For  a  disturbance  amplitude  (e)  of  0.125,  the  resulting  value 
of  D  is°  0.156.  Tlius,  for  this  case  the  quantity  P  is  positive.  Eqs.  (45)  and  (46) 
thus  show  that  the  boundary-layer  thickness  and  friction  velocity  undergo  an  initial 
transient  period  when  the  free-stream  oscillations  are  imposed  impulsively  on  the  flow, 
but  after  a  sufficient  time  the  solutions  take  on  the  forms 


and 


where 


and 


+  A^sin(a)t  +  a^) 

-  QW/(u)®  + 

“  tan  ’  (P/oi) 

6  »  6g  +  A|isin(a>t  a^^) 
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(52) 

(53) 

(54) 
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Since  P  is  positive,  the  phase  angle,  a-,,  of  U.^  (Eq.  (51))  is  leading.  It 
varies  between  Tr/2  for  zero  uj  and  0  for  oj  -♦  ».  According  to  the  results  of 
Singleton  and  Nash  (ref.  17)  ,  the  phase  angle  of  jy  is  nearly  constant  over  a  wide 
range  of  frequencies  and  does  not  increase  significantly  as  uj  -•  0.  This  contradiction 
is  probably  due  to  the  assumptions  used  to  derive  the  present  theory  and  may  be  useful 
in  defining  the  range  of  applicability  of  this  theory.  The  phase  angle  of  6  may  be 
either  leading  or  lagging  depending  on  the  frequency. 


The  variation  of  and  6*  over  a  period  of  oscillation  of  the  free-stream 
disturbance  were  calculated  for  several  frequencies  in  order  to  compare  with  the  results 
of  Singleton  and  Nash.  The  results  are  shown  in  figures  11  and  12.  The  steady-state 
boundary-layer  conditions  used  were  those  at  the  trailing  edge  of  the  flat  plate  as 
described  previously. 


In  figure  11(a),  the  wall  shear  stress,  calculated  by  the  present  theory  is 
compared  with  the  results  of  Singleton  and  Nash  for  a.  •=  1.57.  TT>e  variation  of  the 
free-stream  velocity,  Ug,  is  also  shown  for  reference.  The  two  theories  exhibit  fair 
agreement.  The  agreement  for  the  displacement  thickness  shown  in  figure  11(b)  is  poor. 


For  a  higher  frequency,  the  agreement  between  the  present  theory  and  that  of 
Singleton  and  Nash  is  much  better.  In  figure  12  is  shown  comparisons  between  the  two 
theories  for  'v  =  15.7.  The  agreement  for  ly,  shown  in  figure  12(a)  is  excellent 
while  the  agreement  for  6*  shown  in  figure  12(b)  is  good  in  terms  of  the  magnitude 
of  the  quantity,  but  poor  in  terms  of  the  phase  angle. 

Clearer  comparison  of  the  phase  angles  of  the  two  theories  is  presented  in  figure  13 
where  the  phase  angles  for  and  6*  for  the  two  theories  are  plotted  as  a  function  of 

'i,.  The  present  theory  predicts  that  the  phase  angles  of  both  6*  and  are  always 
leading  and  that  they  both  increase  for  small  j>  and  approach  zero  for  large  (jd.  The 
theory  of  Singleton  and  Nash,  on  the  other  hand  predicts  that  the  phase  angle  of  is 

nearly  constant  over  the  frequency  range  co:i-i idered,  while  their  results  for  the  phase 
angle  of  6*  indicate  a  trend  similar  to  that  of  the  present  theory,  but  with  a  negative 
asymptote  for  large  a.. 

It  will  be  recalled  that  the  present  theory  was  considered  to  be  valid  in  a  fre¬ 
quency  range  Ug/L  •  <  a>  U^d .  For  the  case  presented  in  figures  12  and  13,  this 
becomes  approximately  1  v<  oj  X  44.  Thus,  the  calculations  which  agree  best  with  the 
nonlinear  theory,  figure  12,  correspond  to  a  frequency  well  within  the  range  of 
validity  of  the  theory. 

The  results  presented  here  are  encouraging  even  though  the  amplitude  of  the  distur¬ 
bance  was  rather  large  and  the  steady-state  components  of  and  6  are  not  much  larger 

than  the  disturbances  f  and  g  for  all  times  as  assumed.  The  comparisons  suggest  that 
the  velocity  profile  formulation  should  be  accurate;  for  a  certain  range  of  frequencies. 
Comparison  with  experimental  data  is  necessary  to  verify  thic  conclusion,  however. 
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The  discrepancies  noted  between  the  present  theory  and  that  of  reference  17  are 
probeibly  due  to  two  factors.  First,  the  velocity  profiles  used  in  the  present  method 
are  restricted  to  having  the  shape  prescribed  by  Eq.  (22)  while  no  such  restrictions 
are  imposed  by  the  finite-difference  method  of  reference  17.  Second,  no  explicit  shear 
stress  model  was  used  in  the  present  method  while  in  reference  17,  the  turbulent  shear 
stresses  were  calculated  by  generalizing  the  shear  stress  transport  equations  used  in 
steady  flows  to  include  the  unsteady  convective  terms.  It  should  also  be  noted  that 
both  of  the  methods  consitutute  numerical  experiments  and  can  be  validated  only  by 
comparisons  with  experimental  data.  The  recent  work  of  reference  15  indicates  similar 
agreement  with  the  present  method  and  that  of  reference  17  using  an  eddy  viscosity 
model  generalized  for  unsteady  flow. 

Solutions  in  the  Vicinity  of  Vanishing  Wall  Shear 

Of  major  concern  in  calculations  of  boundary-layer  characteristics  in  unsteady  as 
well  as  steady  flows  is  the  question  of  the  nature  of  the  equations  in  the  vicinity  of 
a  point  of  vanishing  wall  shear  stress.  When  the  tree-stream  velocity,  Ug,  is  prescribed, 
the  steady  equations  are  known  to  exhibit  a  singular  behavior  in  which  the  slope  of  the 
wall  shear  stress  increases  without  bound  as  the  point  of  zero  is  approached. 

The  free-stream  velocity  cannot  be  prescribed  arbitrarily  in  such  a  region.  On  the 
other  hand,  Nash  (ref.  18)  has  recently  shown  that  in  unsteady  flows,  the  gradient  (iv(i)x 
may  decrease  as  the  point  of  zero  is  approached,  thus  suggesting  removal  of  the 

singularity.  This  in  turn  suggests  that  the  distribution  of  bg  with  x  can  be  pre¬ 
scribed  arbitrarily  in  an  unsteady  flow  even  including  the  point  where  is  zero. 

The  exact  reason  for  this  is  not  completely  understood  at  this  time. 

The  work  described  previously  indicated  that  the  singularity  in  the  steady  boundary- 
layer  equations  could  ’  ■  removed  if  the  free-stream  velocity  is  not  arbitrarily  pre¬ 
scribed  but  is  treated  a-'  a  dependent  vari2djle.  The  success  of  that  method  for  steady 
turbulent  flows  is  encouraging  for  the  application  of  integral  methods  to  unsteady  flows. 
Even  though  the  validity  of  Coles  ‘  formulation  of  the  velocity  profiles  at  a  separation 
point  has  been  questioned  (ref.  11)  ,  the  formulation  has  been  found  to  be  quite  adequate 
for  representing  the  velocity  profiles  at  other  locations  both  upstream  and  downstream 
of  the  separation  point.  In  unsteady  flows,  according  to  the  work  of  Sears  and  Telionis 
(ref.  20),  a  point  of  zero  wall  shear  stress  can  occur  without  separation  of  the  flow 
from  the  boundary.  Such  results  were  also  obtained  by  Kuhn  and  Nielsen  (ref.  21) 
studying  the  unsteady  flow  of  two-dimensional  estuaries  where  reversal  of  the  shear  at 
the  bottom  of  a  cha.inel  occurred  out  of  phase  with  the  reversal  of  the  surface  (corre¬ 
sponding  to  the  boundary-layer  edge)  flow,  with  no  indication  of  a  singularity  at  the 
point  of  zero  wall  shear. 


With  these  considerations  the  equations  will  now  be  examined  for  vanishing  U^. 

It  will  be  assumed  that  Uj  is  so  small  that  not  only  is  U_  <v<  1,  but  also  A"*”  <<  1. 
The  coefficients  of  Eqs.  (39)  and  (39)  must  then  be  evaluated  by  writing  the  velocity 
profiles  for  small  t* .  The  details  of  this  evaluation  are  presented  in  reference  3. 
When  the  velocity  profiles  are  expanded  for  small  6‘*’,  the  Eqs.  (33)  and  (39)  can  be 
expressed  after  some  algebraic  manipulation  in  terms  of  powers  of  U^.  Collecting  terms 
of  the  same  order  yields  the  following  results: 


Zeroth-order  terms 
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where  Uq  is  an  arbitrary  wall  velocity. 
First-order  terms 
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Eqs.  (57)  and  (53)  show  that  at  U-j  0  there  is  a  unique  relationship  between 
the  boundary-layer  thickness  gradient  and  the  free-stream  velocity  gradient  for  steady 
flow  with  zero  wall  velocity.  The  equations  reduce  to 
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These  equations  show  that  the  free-stream  velocity  gradient  cannot  be  prescribed 
arbitrarily  at  -  0.  The  gradients  of  Ug  and  6  must  satisfy  both  of  these 
equations. 


Eq.  (50)  says  that  the  singularity  occurring  in 
unsteady  flows.  Assuming  that 


is  integreible  for  steady  or 


then 


an-1 


and 


lim  U^(U^)^  -  0  if  ''>'!■ 
X-*  0 


In  references  1  and  7,  physical  considerations  were  used  to  determine  how  U-j  would  be 
varied  across  the  separation  point.  In  order  to  obtain  a  smooth  variation  of  the  dis¬ 
placement  thickness  it  is  necessary  to  avoid  the  development  of  very  large  slopes.  This 
is  accomplished  by  letting  llf  vary  linearly  with  x  across  the  separation  point 
(n  -  1)  .  With  Eq.  (59)  ,  Eq.  (60)  suggests  that  similar  circumstances  exist  for  the 
unsteady  case,  since 


<Vt  - 


(63) 


The  meaning  of  this  condition  appears  to  be  that  at  a  fixed  location,  the  time  variation 
of  the  solution  also  has  an  integrable  singularity.  Evidence  that  such  a  condition  may 
exist  is  found  in  references  17  and  18  where  the  displacement  thickness  is  shown  to 
increase  significantly  when  the  wall  shear  stress  approaches  zero.  This  suggests  that 
the  singularity  found  in  steady  flows  when  Ug(x)  is  prescribed  may  be  present  in 
unsteady  flows  when  Ug(t)  is  prescribed. 


A  variation  of  with  constant  (U.j)j(  at  U.^  -  0  has  the  following  results  for 

the  wall  shear  stress.  From  Eq.  (23) 


so  that 


and 


(64) 

(65) 

(66) 


Thus,  the  gradient  (Tw^x  negative  on  both  sides  of  the  point  of  zero  shear  while 

the  second  derivative  changes  sign.  This  makes  the  point  of  zero  shear  stress  a  point 
of  inflection.  Of  course,  the  limitation  that  this  analysis  only  applies  for  U.j  so 
small  that  6'*'  .  1  makes  it  applicable  to  a  very  small  neighborhood  of  the  zero  shear 

stress  point.  Nevertheless,  these  results  are  consistent  with  the  results  observed  by 
other  researchers  using  finite-difference  calculation  methods  for  unsteady  boundary-layer 
flows.  Nash  (ref.  18)  and  Sears  (ref.  20)  and  others  have  found  that  in  unsteady  flows 
the  solution  is  not  singular  at  the  point  of  zero  shear  and  the  shear  stress  tends  to 
approach  zero  with  decreasing  slope. 


CONCLUDING  REMARKS 


An  a  priori  turbulent  bourJary-layer  separation  prediction  has  been  achieved  by 
coupling  an  integral  boundary-layer  method  and  a  finite-difference  inviscid  flow  method 
through  an  iterative  interaction  model.  The  interaction  model  was  developed  through 
examination  of  the  relationship  between  experimental  boundary-layer  quantities  and 
calculated  inviscid  flow  quantities.  Those  studies  indicated  that  the  change  of  the 
inviscid  flow  created  by  the  boundary  layer  could  be  well  approximated  by  the  addition 
of  the  boundary-layer  displacement  thickness  to  the  physical  surface.  Calculations  in 
a  transonic  flow  produced  results  in  good  agreement  with  experiment.  Insights  gained 
from  this  study  suggest  a  method  in  which  the  separation  singularity  can  be  removed  and 
a  completely  automated  calculation  method  developed  by  combining  a  modified  version  of 
the  present  boundary-layer  method  with  an  appropriate  inviscid  flow  method. 

The  integral  boundary-layer  method  was  also  examined  briefly  for  its  applicability 
to  unsteady  turbulent  flows.  A  small  perturbation  analysis  produced  good  comparison 
with  results  of  the  nonlinear  finite-difference  methoo  of  reference  17  for  frequencies 
within  the  range  of  validity  of  the  linearized  theory  even  for  fairly  large  amplitude 
perturbations.  The  results  indicate  that  the  integral  boundary-layer  method  using  an 
analytical  formulation  based  on  equilibrium  velocity  profiles  can  be  extended  to  unsteady 
flows.  It  may  be  possible  to  extend  the  range  of  frequencies  over  which  the  method  is 
valid  by  including  a  time-dependent  turbulent  shear  stress  model  and  by  solving  the 
complete  nonlinear  boundary-layer  equations. 

Another  aspect  of  the  problem  of  calculating  unsteady  boundary  layers  that  was 
examined  is  the  nature  of  the  solution  in  the  vicinity  of  vanishing  wall  shear.  It 
was  demonstrated  in  reference  1  that  the  singularity  occurring  at  a  point  where  « 
in  steady  flow  is  integrable  and  can  be  removed.  In  unsteady  flow,  the  seune  kind  of 


0 
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situation  was  found  to  exist  for  the  time-dependent  solution.  The  conditions  found  to 
apply  at  a  point  of  zero  wall  shear  stress  was  found  to  be  consistent  with  a  decreasing 
shear  stress  gradient  approaching  the  point  in  agreement  with  the  results  of  other 
researchers . 
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Figure  1.-  Fernholz  and  Gibson 
configuration  and  boundary- 
layer  growth  (ref.  10)  . 


Figure  3.-  Comparison  with  data  on 
a  circular  cylinder. 
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Figure  4.-  Transonic  flow  field 
over  a  bump  (ref.  11) . 


Figure  2.-  Comparison  with  data  on 
a  circular  cylinder. 


Figure  5.-  Experimental  and  U  soretical 
pressure  distributions  for  verification 
of  boundary-layer  theory. 


Figure  b.-  Skin-friction  coefficient 
on  a  buriip  in  transonic  flow. 
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Figure  8,-  Velocity  profiles  of  boundary 
layer  on  a  bump  in  transonic  flow. 
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Figuie  7.-  Displacement  thickness  and 
other  characteristic  lines  of 
boundary  layer  on  a  bump 
in  transonic  flow. 


Figure  9.-  Comparison  of  inviscid  pressure 
distributions  with  data, 

M  =  0,7325. 
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Figure  10.-  Converged  solution  compared 
with  data. 
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(b)  Displacement  thickness. 

Figure  11.-  Comparison  of  linearized 
theory  and  nonlinear  theory  for 
oscillating  flow  on  a  fiat 
plate,  €  ■=  0.125, 
uj  =  1.57. 


(b)  Displacement  thickness. 

Figure  12.-  Comparison  of  linearized 
theory  and  nonlinear  theory  for 
oscillating  flow  on  a  flat 
plate,  €  “  0.125, 
uj  -  15.7. 
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Figure  13.-  Phase  angles  of  6*  and  Tv„ 
for  oscillating  flow  on  a  flat 
plate,  €  “  0.125. 
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RESUME 

Lea  4couIementa  tranaaoniquea  autour  dea  profile 
portanta  «r»nt  le  ai^ge  d'interactiona  viaqueuaea 
forte?  qui  entratnent  un  4paia8ia8eDent  Important 
de  la  couche  limite  avec»  fraqueanent,  I'apparl- 
tion  d'une  zone  d4coll4e.  Dans  ces  conditions^  le 
calcul  de  l'4coulement  doit  faire  appel  aux 
theories  d’interaction  rapide  dont  I'application 
en  trenasonlque  et  dans  le  cas  d'une  couche  liaitr 
turbulente  eat  ezaain^e  en  liaison  avec  I'analyse 
exp^rimentale.  Cette  derni^re  a  6ti  conduite  dans 
une  aoufflerie  continue  dont  la  veine  bidimenaiorK 
nelle  a  120  ca^  de  section*  le  dispositlf  d'essai 
consiate  en  un  deal-profil  plac4  sur  la  parol 
inf^rieure  de  la  aoufflerie*  Lea  mesures  ont 
consist^  en  une  analyse  d4taill4e  de  l'4coulecent 
en  utiliaant  1* interf4roic4trie,  moyen  d'inveati- 
gation  puissant  qui  4vite  toute  perturbation  de 
l*4coulement*  Parall^leaent  k  cette  experimenta¬ 
tion  on  cherche  k  d^velopper  une  m4thode  de  calcul 
inspir4e  de  I'approche  de  Klineber^*  Le  principe 
de  la  th^orie  consiate  k  diviser  I'ecouleaent  en 
deux  doaaines  :  une  zone  d'interaction  faible, 
la  ou  le  gradient  de  pression  eat  soit  n4gatif, 
aoit  noddr^ment  poaitif,  et  une  zone  d'inter¬ 
action  rapide  dans  lea  regions  oia  un  ddcollenent 
eat  susceptible  de  ae  produire. 


NOTATIONS. 

Symbolea 

S  :  largeur  de  veine* 

3  :  constants  de  la  loi  de  Gladstone-Dale 
(ici  3  =  0,227510-3  n3/kg)* 

Cf  :  coefficient  do  frottement  parietal, 

Cfi: 

incompressible* 

0  :  point  de  d4collecent* 
i  t  4paisseur  du  profil* 

Ml  :  paracbtre  de  forme  incompressible. 
fffL  :  coefficient  de  pression. 

L  :  corde  du  profil* 

M  i  noabre  de  Kach* 

*  j  niiffi^ro  d'une  frange  sur  le  clichd  k 
I'arrfit. 


M  :  numero  d'une  frange  sur  le  clichl  en 
narche. 

VICCUS  INTERACTION  WITH  SEPARATION  IN  A  TR.\::SC!:iC  FLOW 

ft  :  pression. 


SU^C^ARY 


Strong  viscous  interactions  which  are  present  in 
transonic  flows  past  airfoils  give  rise  to  an 
important  thickening  of  the  boundary  layer  with, 
the  frequent  formation  of  a  separated  region. 
Under  such  conditions,  the  calculation  of  the 
flow  must  call  upon  rapid  Interaction  theories 
whose  application  for  the  case  of  a  turbulent 
boundary  layer  is  examinated  in  conjunction  with 
experimental  analysis*  The  experiments  have  been 
conducted  in  a  continuous  wind  tunnel  equiped 
with  a  two-dimensional  nozzle  having  a  120  ca^ 
section.  The  experimental  installation  is  made 
of  a  half  profile  counted  on  the  lower  wall  of 
the  transonic  channel.  A  detained  analysis  of 
the  flow  field  has  been  made  by  using  interfero¬ 
metry,  a  measuring  technique  which  avoids  any 
disturbance  of  the  flow*  At  the  same  tine  one's 
tries  to  develop  a  method  of  calculation  similar 
to  Klineberg's  approach*  The  principle  of  this 
theory  is  to  divide  the  flow  into  two  domains  : 
a  "weak"  interaction  region  where  the  pressure 
gradient  is  negative  or  positive  but  moderate, 
and  a  "rapid"  interaction  region  if  separation 
is  likely  to  occur* 
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noisbre  de  pression  de  Busecienn- 

pression  dynaoique 

facteur  de  recuperation  parietal 
(  /*  =  0,9  en  turbulent). 

noabre  de  Reynolds  calcuie  avec  /  • 

temperature  absolue. 

composantes  du  vecteur  vitesse  selon 
Ox  et  Ov  respectiveaent. 


Vitesse  critique. 

Vitesse  de  frottenent 
coordonnees  cartesiennes 


parar.fetre  de  forme  (oC  m  J 


angle  de  divergence  ou  de  convergence 
de  la  veine. 
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:  rapport  dea  ehalaurs  apdcifiquea  k 
preaaion  at  &  voluoa  eonatant. 

s  dpaiaaeur  phyalque  da  la  oouche  limite. 

"  de  d^placament. 

"  da  quantity  ae  Douvesent. 

"  d'dnergie  cindtique. 

"  de  ddplacenent  incompreaaible. 

"  da  quantitd  de  couvement 

incoEpreaaible. 

:  ordonnde  rdduite  (P’ 

!  ddflexion  induite  par  la  couche  Unite. 

!  longueur  d'onde  da  la  radiation  lunineuae 
utillade  (ici  A  =  0,546l^«). 

viacoaitd  cindnatique  et  indice  de 
rdfractlon. 

aasse  apdcifique. 

frotteaent. 

angle  de  la  paroi. 

intdgrale  de  diasipation. 


fome  lindariade  correapondant  I'hjrpothbaa  dea 
petitea  perturbationa  tranaaoniquea  [5-6],  Lea 
rdaultata  fournia  par  oea  diffdrentaa  mdthodea 
prdaentent  ddji  dea  aoureea  de  ddaaecord,  an  ea 
aona  que  laa  achdaaa  nuadriques  adootda  permat- 
tent  una  rdaolution  plua  ou  moina  azacte  dea 
dquationa.  Ia  confrontation  avec  I'ezpdrlanee 
eat  encore  moina  bonne.  La  cauae  prenibra  du 
ddsaccord  rdaida  dana  I'hypothfeae  conaiatant  A 
ndgliger  compliteient  la  riacoaitd.  On  aalt 
qu'en  rigle  gdndrale  la  ddtercination  prdciaa 
da  I'dcoulaoent  autour  d’un  obatacla  doit 
tenir  conpte  de  I'effet  da  ddplacement  produit 
par  la  couche  licite.  Auz  viteaaea  aubaoniquea 
ou  auperaoniquea,  la  correction  aur  lea  preaaion 
paridtalea  qul  en  rdaulte  eat  le  plua  aouvent 
faibla,  hormia  lea  caa  oil  un  ddcollenant  aziate. 
to  tranaaonique,  par  contra,  la  aolution  ddpend 
beaucoup  plua  fortement  de  la  fome  effactiTe 
de  1* obatacla,  cette  influence  ae  faiaant 
aurtout  aantir,  en  aupercritiqua,  aur  la  poaition 
de  I'onde  de  choc. 

L* importance  dea  effeta  viaqueuz  an  tranaaonique 
eat  illuatrde  par  la  figure  1  oh  trola  mdthodea 
de  calcul  aont  compardea  h  I'ezpdrlanee. 

L'ezemple  eholai  eat  oelui  d'un  decl-profil 
circulaire,  d'dpaiaaeur  relatire  12:1,  montd  aur 
une  dea  paroia  d'un  canal  bidimenaionnel.  On  note 
un  tree  grand  dcart  entre  la  thdorie  et  I'expd- 
rience  aur  la  partie  aval  du  profil  oil  la  recom- 
preaaion  antralne  un  dpalaaiaaement  rapide  da  la 
couche  limite. 


Indices. 

*  :  ddaigne  lea  condltiona  gdndratricea. 

^  "  "  h  la  frontifere 

de  la  couche  limite. 

0  I  ddaigne  lea  condltiona  &  I'origlne 
d'une  interaction. 


L'interaction  entre  la  zone  diasipativ.  et 
I'dcoulement  eztdrieur,  conaiddrd  comme  non 
viaqueuz,  Joue  un  rflle  eaaentiel  dana  lea  caa  oti 
un  ddcollement  ae  fome.  La  figure  2  montre  quela 
aont  alora,  d'aprha  Pearcey  l?],  lea  diffdranta 
achdmaa  d'dcoulement  cui  peuvent  a'dtablir  aur 
la  partie  aval  du  profil.  En  a,  un  bulbe  de 
ddcollement  prend  naiaaanoe  au  pied  de  I'onde 
de  choc;  en  b  un  deuzihme  ddcollement  apparalt 


aa  :  ddaigne  lea  condltiona  de  rdfdrence. 


i::tssacti05  viss’Jei'ss  avec  dscollsi-ent  ek 
scc’jle!:ent  tha;.'sscni5U3. 

1  -  ICTRCDXTIOK. 

Au  coura  dea  demidrea  anndea,  pluaieura  mdthodea 
ont  dtd  propoadea  pour  calculer  I'dcoulement  de 
nulde  parfait  autour  d'un  profil  an  tranaaonique. 
Lea  mdthodea  en  principa  lea  plua  azactea  aont 
baadea  aur  la  rdaolution  numdriqua  dea  dquationa 

t’-2-3].  Ellaa  prdaentent 
toutefoia  1  inconvdnient  de  ndceaaiter  dea  teapa 
da  calcul  tres  longa,  ce  qui  licite  fortement 
leura  poaalbllitda  d'application  pratique.  Lea 
autraa  techniquea  numdriqueautlliaent  I'douation 
du  potential,  aoit  complfete  [4],  aoit  aoua  la 


Fig.  1  CALCULS  DE  L'CCOULEMENT 
AUTOUR  D'UN  PROFIL  TRANSSONIQUE 


Fig.  2  -INTERACTIONS  VISQUEUSES 
EN  TRANSSONipUE  ( d'apris  PEARCEY ) 
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au  cours  de  la  recospresaion  plus  profT«ssive 
qui  suit  I'onde  de  choc.  Snfin,  en  c,  les  deux 
reeions  deeolldes  se  sont  rejointes  oour  forrer 
un  bulbe  eter.du. 

Dans  ces  conditions,  la  ddtercination  de  la 
repartition  do  pression  sur  le  profil  neoossite 
le  calcul  conjoint  de  I'dcculenent  extdrieur  non 
visqueux  ot  de  la  oouohe  dissinative.  Pour  les 
interactions  sans  ddcollerent, ' les  aethodes  de 
coupluce  classiques  peuver.t  etre  appliquees.  En 
revanche,  si  un  ddcolleaer.t  eat  susceptible  de  se 
prodaire,  les  Equations  de  la  couche  Unite  sous 
la  force  ou  elles  sont  habitue Ileaent  intdprdoa 
deviennent  singulibros.  Cette  circonstance  oblige 
a  modifier  la  procedure  par  1' adoption  de  modes 
de  calcul  inverses  [8-9]  qui  seront  discut^s  plus 


Dans  tous  les  cas,  I'aadlioration  des  methodea  cb 
calcul  des  ^coulements  transsoniques  passe  par 
une  conr.ai3sar.ce  apprcfondie  des  effets  viscueux. 
-n ^parti culier,  il  est  easontiel  de  pouvoir 
preiire  le  comportecent  de  la  couche  limits  & 
la  traverses  de  I’onde  de  choc  et  d'Stre  en 
mesure  de  ddcrire  la  structure  des  zones 
i^coll^es. 


our  le  plan  fcrdarental,  lea  phenonenos  en 
question  ont  fait  I'objet  de  quelques  Etudes 
exn5rinentales,  certaines  deja  anciennes  [tOj 
d’autres  plus  recentes  Les  renseigne- 

cents  tirds  des  scndages  ddtailles  des  couches 
diasipatives  sont  trfes  ir.strjctifs,  bier,  que  de 
portdo  encore  limitde.  Afin  d'dtendre  ces 

etude  de  base  a  dtd  entreorise  & 

1  O.oRAe  Son  originality  reside  dans  I'esploi  de 
I'lnterfdroietrie  cocme  loyen  d* investigation. 

La  pre-.ifre  partie  de  cette  communication 
presentera  une  analyse  expdrimentale  de  I’ecou- 
lement  autour  d'un  demi-profil  avec  forte  inter¬ 
action  yisqueuse.  La  deuxieme  partie  sera 
consacree  a  un  examen  des  methodes  de  calcul 
ddveloppdes  pour  trailer  ce  genre  de  problfeme. 

2  -  ETVDE  i'XPE^I.vELTALE. 


2.>  -  Xontage  d'essai  et  techniques  de  mesure. 

I^s  experiences  ont  dtd  effectuees  dans  une  veins 
transsonique  bidimensionnelle  dont  la  lerreur  est 
~r  **  I'entree  du  canr.l,  de 

ICC  m...  La  30u..lerie  fonctionne  en  continu,  l<>s 
cond;  tions  ,-dn'^ratricen  etant  voisines  de 
I'aabiante.soit  : 


-  pression  ~  1  bar, 

-  temperature  =  290  K. 


Le  schema  de  i’installation  est  donnd  fig-ure  3. 
Le  demi-orofil  dtudid  est  fixe  sur  la  c-.roi 
infdrieure  de  la  veine.  Cette  disnosition  a  etd 


m  mm 


adoptde  afin  que,  dans  la  zone  de  mesure,  la 
couche  limits  soit  pleinement  turbulente  et 
■ssez  dpaisse  pour  se  prSter  k  ur.e  analyse 
ddtaillee  de  sa  structure  (icmddiatemsnt  en  amont 
du  bord  d'attaque  du  profil  I'dpaisseur  physique 
o  est  voisine  de  5  mm). 

La  paroi  superieure  du  canal  est  constitute  d'une 
plaque  plane  tree  rigide  qui  peut  «tre  pleine  ou 
perforte.  Le  champ  aerodynamique  autour  d'un 
ils  forme  donate  peut  8tre  rtgult  en 
agissant  sur  les  trois  paramttres  suivants  s 

-  angle  ^  de  convergence  ou  de  divergence  de 
la  paroi  suptrieure. 


-  hauteur  du  deuxi!?me  col. 


—  intensitt  et  rtpartition  de  I'aspiration  au 
travers  de  la  plaque  permtable. 


Soulignons  que  lea  essais,  dont  les  rtsultats 
vont  8tre  prtsentts,  ont tous  ttt  effectute  avec 
une  parol  suptrieure  pleine. Les  dimensions 
gtoattriques  des  profils  essayts  sont  donntes 
figure  4.  Le  premier  profil  est  symttrique,  de 
forme  circulairej  sa  cordo  est  tgale  k  100  mm 
et  son  tpaisseur  k  7  mm.  Le  deuxlkme  profil  a 
un  contour  asycttrique.  La  moitit  amont  est  une 
courbe  de  degrt  6  qui  assure  la  continuitt  de  la 
pente  et  de  la  courbure  au  raccordement  avec  le 
plancha-amont  rectiligne.  La  partie  aval  est  de 
forme  circulaire.  Cheque  profil  est  tqulpt  de 
prises  de  pression  statique  dispostes  longitudi- 
nalement  dans  le  plan  de  symttrie. 


.  uoo  uiienomenes  »  nw  .iuu  visquoure 

en  transsonique  fait  le  plus  largement  appel  k 
I'intorftromttrie  quantitative,  technique  de 
mesure  qui  prtsente  le  double  avantage  de  fournir 
un  trks  grand  nombre  de  renseignements  sur  la 
structure  du  champ  atrodynamique  et  d'tvtter 

'ie  sondes  au  sein  de  I'tcoulemont 


Happelons  le  principe  de  la  mesure  de  la  masse 

a  -  Profil  symolrjquo 


circuloip*  r  .  182,07  m 
.7mm 


L.  100mm 


b.  Profil  osymolriquo 


y. 4,48  [X(  1.x)]* 


circuloir#  r.  182,07mm 

/  -  -J. - - 


4L  •  7n«n 

T 


L  *100  mm 


Fiq.  3  .MONTAGE  EXPERIMENTAL 


Fig.  4  .DEFINITION  DES  PROFILS 
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sp^cifique  au  sein  d*un  ^coulenent  par  interfd- 
rom^trie.  L'appareil  utiliae  est  du  typa  Mach 
Zehnder.  II  peut  6tre  aoit  en  "teinte 

plate",  aoit  en  "frangea  aern^ea".  Dans  le 
premier  mode  de  fonctionnement,  les  variations 
d*^claireaent  aur  l*interf^^ro^am*ae  pris  en 
narche  correspondent  directemer.t  aux  variations 
de  la  ma..se  sp^ciflque  p  .  La  a^thode  permettant 
alors  de  calculer  p  est  resunee  figure  5* 

Le  r^glage  en  teinte  plate  donne  une  representa¬ 
tion  de  la  structure  du  champ  aerodynamique 
puisque,  dans  ce  cas,  "'es  franges  sont  des 
courbes  iso  -  p  ,  done  egalor.er.t  des  iso-Kach 
dans  les  regions  ou  l*ecoulen.ent  est  isentropi- 
que.  Cenendant,  comme  en  pratique,  seals  les 


V  .  1  +  B  P  (  Loi  d«  GLADSTONE.DALE  ) 


A  A 

P  “  bB  p 

‘0  '  >0 


N*  -  N,  )  + 


A 

Ro 


A.  0,5461  Jim  (  longueur  d'onde  ) 


b  .  0,12  m  (  largeur  de  veine  ) 

B.  0,22  75  Iff  m'/kj  (  pour  0,5461  (im  ) 


La  n°sse  sp^clfique  en  A  est  donn^e  par  : 

Pi, 

Le  reperage  tr^s  precis  du  milieu  des  frangea 
(blanches  et  noires)  est  obtenu  par  analyse  des 
cliches  sur  un  microdensitom^tre  Joyce-Loebl. 
Pour  cheque  configuration  etudiee,  les  inter- 
ferogramnes  pris  k  l*arrfit,  puis  en  marche,  sont 
explores  selon  un  certain  nombre  de  directions 
perpendiculairea  k  la  corde  XX  du  profile 


Fig.  5  PRINCIPE  DU  DEPOUILLEMEN T 
REGLAGE  EN  TEINTE  PLATE 


Fig.  6  PRINCIPE  DU  DEPOUl ELEMENT 
REGLAGE  EN  FRANGES  SERREES 


milieux  des  franges  peuver.t  Stre  rep^r^s  avec 
precision,  ce  mode  de  r^glage  ne  cermet  pas  de 
d^celer  des  variations  de  p  correscondant  ^ 
meins  d*une  demi-f range,  ce  qui  restreint  le 
..v...(jr9  des  points  de  mesure  dans  les  regions  ou 
la  masse  sr-icifique  va-ie  peu.  Aussi,  afin 
d'amc'liorer  la  procisicn,  en  multipliant  les 
pointes,  on  ndopte  plutfit  le  r4glage  en  franges 
serr^ss  qui  consiste  a  introduire  une  difference 
de  marche  variable  d*un  point  a  I'autre  du 
champ  par  rotation  d*une  lame  separatrice  ou 
d*un  miroir  autour  d*une  droite  de  son  plan,  Le 
phenomene  a4rodynaiLique  superpose  alcrs  en 
chaque  point  la  difference  de  marche  qui  lui 
est  propre  a  ceile  qui  provient  du  reglage 
initial. 

Le  calcul  de  la  masse  specifique  k  partir  d'un 
interferogramme  en  franges  serrees  s’effectue  de 
la  fagon  suivanto  (vcir  figrjre  6).  II  est  d'atord 
precede  au  numerotage  des  franges  sur  le  cliche 
pris  k  I'arrSt.  Celles-ci  sont  ensuite  numorctees 
sur  le  cliche  pris  en  marche.  Designons  par  R  un 
point  du  champ  ou  la  masse  specifique  est 

connue,  par  et  Tt/f  les  nuneros  de  frange 
en  R  en  marche  et  k  I'arrSt  reorectivement. 

Soit  un  point  A  o'u  les  numeros  sont  Rjf  et 


Dans  les  regions  ou  l^ecouloment  est  isentropi- 
que,  la  conr.aissance  de  la  messo  specifique 
suffit  pour  leterminer  les  nutres  grandeurs 
aerodynamiquec,  tellos  le  nombre  de  Kach,  la 
prescion  ou  snccre  le  module  de  la  Vitesse.  3n 
revanche,  dans  les  zones  iissipatives  le 
calcul  de  la  vitesre  necessite  soit  une  mesure 
supplomentaire,  s  .it  I'adontion  d'une  hycoth^se 
permettant  de  reiier  M  et  f  .  Pour  ies 
depouillements  presentes  ici,  nous  avons  utilise 
la  loi  de  Crocco  modifiee, 

Dosignant  par  : 

7Ji  la  temperature  de  paroi, 

frottemer.t, 
a  I'i  frontiere  , 


Tf 

Te 

cette  relation  s*4crit  : 


^  7e 


Sn  regime  permanent  T^mlf  ,  la  temperature  le 
frottement  etant  donnee  par  : 


— ^  m  1  f  t  m  0,3  fn  for6»^enf  ) 

Tf  2 


Si  la  couche  liBite  eat  tranaversalesant  iaobare: 


Cette  hypoth^ae  n'eat  paa  toujoura  verifi^e 
dana  le  oaa  prdaent  oil  lea  couchea  liaitea  ont 
une  dpaiaaeur  non  ndglig^ablo  devant  la  corde  du 
profil  et  oil  lea  acceleration*:  longitudinalea 
aont  importantea,  apecialoitent  lora  do  la  ddtente 
aur  la  partie  amont  du  profil.  Dana  coa 
cor.ditiona  : 


J_  ^  ±_ 


X.32fir 


I 

t  ^ 


tuahitign  aKteriturt^ 
extrapolee 


/' 

>  I  Q. 


La  tt'?sur9  de  la  preasion  statique  s*av^rant 
Dalaia^e  et  peu  aHre  dans  un  ^couiecent  rapide- 
oent  variable,  il  a  pr^f^rable  de 

d^temlner  er.  extrapoiant  I'^volution 

ext^rieure  de  ^  jusqu*^  la  paroi  (voir 
figure  1)  f.  et  p  dtant  relidea  par  la 
relation  de  detente  isentropique  : 


Q85  Q70  Q75 

Fig.  7  GRADIENTS  NORMAUX 
DANS  LA  COUCHE  LIMITE.  PROFIL  ASYI^TRIQUE 


One  telle  fagon  do  proceder  eat  juatifiea  par 
la  fait  que  la  preaaion  deduito  de  la  valeiir 
"paroi"  ^  eat  en  bon  accord  evec  lea 
aeaurea  parietalea. 

2.2  -  neaultata  obtenua. 

Lea  rdpartitiona  de  nombra  de  l>.ch,  deduitea 
dea  meaurea  de  preaaion  effect-idea  aur  lea  peroia 
aupdrieurea  at  infdrieurea  du  canal,  aont  donndea 
figirea  ba  et  8b  pour  le  profil  ayndtrique  et  9n 
et  9b  pour  le  profil  aaycetrique.  Loraque  la  veine 
preaente  une  divergence  inportante  (  /$  voiain 
de  1“),  I'dcouleitent  deneure  ontifereir.ent 
subaonique.  La  diminution  progreaaive  de 
entralne  une  ddterte  de  plua  en  plua  grande  de 
I'dcouleaont.  II  ae  forme  en  premier  lieu  une 
poche  auperaonique  terr.inde  par  un  choc,  d'aboru 
trfea  faibie  (configuration  2).  Le  nombre  de  Mach 
maximal  augmentant,  le  choc  devient  plua  intenae 
alora  que  la  distribution  de  preaaion  aur  le 
Phofilf  en  amont,  eat  pratiq-uement  figee.  2n  aval 
de  I'onde  do  choc,  1' evolution  ft (t)  eat  largement 
oox.->andee  par  le  comportement  de  la  couche  liiite. 
A  oartir  dea  configurations  4  ,  I'allure  dea 

courtea  reflete  un  processus  de  decollement  - 
recollement  caractdrise  par  I'existence  d'un  quasi- 
plateau  suivi  d'une  reoompreasion  trfes  progressive. 
Dana  lea  deux  caa,  I'dtendue  de  la  zone  ddcollde 
eat  maximale  pour  la  configuration  4.  Le  udcolle- 
ment  a*etend  alora  du  pied  d-u  choc  Juacu'au  voi— 
sinage  aval  d-u  bord  de  fuite.  La  longueur  du  fculte 
ddcolld  dimlnue  enauite  progreasivement  au  fur  et 
k  meaure  que  I'onde  de  choc  recule.  Pour  la 
configuration  7,  dans  le  caa  du  profil  symdtrlque, 
elle  eat  q-uaai  nulle.  II  eat  k  noter  que,  loracu'il 
y  a  decollement,  le  rapport  f'/llt  dea  nombrea 
de  Kach  aprfes  et  avant  ddcollement  eat  compria 
entre  0,75  et  0,77 ,  valeu"  en  bon  accord  avec  le 
critire  simplifid  aouvent  utiliad  en  turbulent. 

Au  cc-urs  de  decollementa  de  ce  type,  I'^coulement 
non  vicqueux,  contigu  &  la  zone  diaaipative, 
demeure  auperaonique  aprea  adparation,  comma  on 


I 


i 


I 

A  A 


Fig.  9a  REPARTITIONS  DE  PRESSION  SUR  LA  PAROI  INFERIEURE 
PROFIL  ASYMETRIQUE 


peut  le  constater  figures  8a  et  9a.  En  consequence, 
le  processus  seoble  pouvolr  8tre  decrit  par  le 
modele  d'ir.teraction  libre  initialeaent  piopose 
par  Chapman  [l5]  puls  generalise  au  cas  des 
ecoulements  non  uniformes  par  Carriire  et  al  [l6l. 
La  figure  10  montre  les  valeurs  de  la  function 
de  correlation  f  evaluoes  pcur  les  differentes 
configurations  ddcoliees.  Rappelons  que  ^  est 
definie  par  la  relation  : 


ou  ^  est  la  pression  dynacique 

^  ”  le  nombre  de  pression 

P  - 

"  "  k  la  cfine 

abscisse,  s'il  n'y  avait  pas  d^colleient 

^  est  le  C'jefficient  de  frotter.ent. 

L* indice  0  designs  les  conditions  k 
l*origine  de  1' interaction. 

(Le  coefficient  de  frottecont  CA  a  et^  estim^ 
k  partir  de  diff^rents  calculs  de  couche  Unite; 
la  valeur  r.oyenne  =  C,C04  k  6t4  retenue). 

On  constate,  figure  10,  un  trks  bon  regroupement 
da  9“  autour  de  la  courbe  de  correlation 
universelle,  ce  qui  net  en  evidence  le  caractkre 
essentiellecent  supersonique  du  decollement  qui 
intervient  au  cours  d*un  processus  interaction 
choc-couche  linite  en  transsonique. 

Les  figures  11  k  14  montrent  des  interferogran- 
mes  de  I'ecoulement  relatifs  aux  configurations 
2,  5*  5  et  7  pour  le  profil  symetrique.  Ils 
correspondent  k  des  cas  juges  corae  les  plus 
typiques*  Les  figures  comportent  egalenent  la 
repartition  de  pression  associee  k  cheque  visua¬ 
lisation.  On  remarquera  la  cassure  des  franges 
qui  marque  la  frontiers  ^  de  la  couche  linite 
sur  la  partie  anont  du  profil. 

A  peine  perceptible  pour  la  configuration  2 
(figure  11 ),  le  choc  devient  trks  apparent  sur 
le  deuxikme  interferograame  (figure  12).  Dans  le 
troisikme  cas  (configuration  5,  figure  13),  il 
se  oroduit  un  phenomkne  de  choc  en  lambda  :  un 


premier  choc  oblique  prend  naisssnce  prks  du 
bord  de  fuite  du  profil;  la  zone  faiblement 
supersonique  qui  lui  succkde  est  licitee  par  un 
choc  droit  tres  peu  intense.  Snfin,  le  dernier 
interf^rorrasice  montre  un  choc  oblique  situk 
pratiquecent  au  bord  do  fuite.  On  constate  que, 
dans  ce  cas,  I'kpaississecent  de  la  couche 
dissipative  est  netter.ent  moins  important  que 
dans  les  exenples  3  et  5  prkc«^denta. 

Nous  allons  naintenant  examiner  les  rksultats 
de  1* exploitation  des  repartitions  de  masse 
specifique  au  travers  de  la  couche  Unite  pour 
le  profil  synetriq^AO  de  forme  circulaire. 

Dans  le  premier  cas  analyse  (configuration  3), 
un  choc  quasi-norcal  se  forme  k  environ  70?S  de 
la  corde,  I'kooulement  dans  le  canal  n*etant  pis 
bloque.  Les  figures  15a  et  Ipb  montrent,  k  titre 
d’execple,  quelques  unea  des  repartitions  de 
Vitesse  mesurees  dans  la  couche  limito.  d*abord 
en  anont  de  l*onde  de  choc  (fig*ire  I'Ja;,  puis 
en  aval  de  celle-ci  (figure  15b).  En  amont  du 
choc,  les  profils  de  Vitesse  sont  fortement 
defcrmes  sous  l*effet  du  gradient  de  pression 
nkgatif  intense.  Cette  alteration  se  tradult  par 
un  remplissage  des  distributions  au  voisinage  de 
la  paroi,  sans  que  l*epaisseur  /  de  la  couche 
dissipative  diminue  sensiblement.  Ainsi, 
est  voisin  de  0,9  k  une  hauteur  relative  jf/f 
egale  k  0,05-  Ce  phenomene  a  dejk  etk  observe 
par  Alber  et  al.  i12]  dans  des  experiences 
effectukes  sur  un  montage  analogue  au  nfttre. 

Sn  aval  du  choc,  les  profils  sont  sensiblement 
modifies  par  la  recocpression  rapide.  Les 
regions  k  basse  vitesse  voient  leur  importance 
relative  augaenter  considerabler.ent.  On  notera 
surtout,  apres  une  variation  rapide  prks  de  la 
paroi,  une  tendance  trks  progressive  de  ^/4Lp 
vers  1 ,  ce  qui  donne  lieu  k  une  quasi->cassure 
dans  la  forme  des  distributions  de  vitesce.  Les 
strioscopies  k  court  temps  d* exposition  de  la 
figure  16  montrent  quelle  est  i’origine  de  ce 
phenomkne  :  on  y  observe  la  formation  d*une 
zone  tourbillonnaire  en  aval  de  I'onde  de 
choc.  L*apparition  de  ces  tourbillons  est 
probablement  due  k  une  oscillation  de  I’onde  de 
choc  k  frequence  klevee.  II  en  rdsulte  un 
kpaississer.ent  trks  important  de  la  couche 
dis.vipative  et,  dans  les  Bondages,  il  est 
difficile  de  fsirela  part  entre  la  couche  limite 
proprement  dite  et  la  rdgion  tourbillonnaire 
adjacente. 
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Rg.  11  INTERFEROGRAMME  DE  L'ECOULEMENT 
PROFIL  SYMETRIpUE  .  CONFIGURATION  2 


Rg,  14  INTERFEROGRAMME  DE  L'ECOULEMENT 
PROFIL  SYMETRIQUE  -  CONFIGURATION  7 


0  50  100 

Rg.  13  INTERFEROGRAMME  DE  L  ECOULEMENT 
Fig.  12  INTERFEROGRAMME  DE  L'ECOULEMENT  SYMETRIQUE  .  CONFIGURATION  5 

PROFIL  SYMEtRIQUE  _  CONFIGURATION  3 
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Fig  15o  profils  DE  VITESSE  DANS  LA  COUCHE  LIMITE 
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Fig.  15  b  profils  DE  VITESSE  DANS  LA  COUCHE  LIMITE 
PROFIL  SYM^TRIQUE  -  CONFIGURATION  3 


a  .  ccxjteaux  horizonloux 


Ln  fi^jre  18  pr'<sente  les  rdsultats  relatifa  k 
la  configuration  5  ou  1' interaction  se  fait  par 
choc  oblique  avec  d(?collenent  de  la  couche  limite 
Cn  note  une  aufpnentation  plus  ooddr^e  de  at  it 
a  la  traversee  de  I'onde  de  choc  puis  une  forte 
croissance  de  ces  quantit^s  correlative  au 
decollenent.  Le  paracitre  de  forne  //i  attaint 
une  valeur  proohe  de  2  derriere  le  choc,  il 
tend  ensuite  a  decroitre  en  aval  du  profil,  II 
est  a  noter  que  si  I'on  evalue,  grossifereaent, 
la  discontir.ui te  de  pente  au  niveau  du  choc  en 
derivant  S,  (x)  ,  on  trouve  une  deflexion  proche 


couleoux  verficQux 


Fig.  16  VISUALISATIONS  DE  L'ECOULEMENT 
PAR  STRIOSCOPIE  ECLAIR  (1=1^5) 


I'  '  ‘'■-j, 

:ente  en  ?2r.ont  de  l*onde  de  choc 
•oissance  imnortante  de  J)  et  4 
ie  At  qui  tend  vers  des 
le  l»unit^  (  Hi  ^  1,07). 


! 
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Fig.  17  GRANDEURS  CARACT^RISTIQUES 
DE  LA  COUCHE  LI  MITE 

PROFIL  SYM^TRIQUE  .  CONFIGURATION  3 


Fig.  18  GRANDEURS  CARACT^RISTIQUES 
DE  LA  COUCHE  LIMITE 
PROFIL  SYM^TRIOUE  .  CONFIGURATION  5 


Fig.  19  GRANDEURS  CARACT^RISTIQUES 
DE  LA  COUCHE  LIMITE 
PROFIL  SYMt^TRIpUE  .  CONFIGURATION  7 

?  -  di3:j33ICN  ren-L  ;::3S  or. 

3.1  -  Principe  pcin^ral  d'une  nethode  perir.ettant 
la  pri.ne  en  cor.pte  des  effeta  visqueux. 

Les  exp’'>riences  pri'sentes  ont  effeetui^es  de 
maniAre  i  servir  de  guide  pour  le  developpenent 
d'une  m^thode  de  calcul  dee  dcoulernents  transao- 
niquea  avec  forte  interaction  visqueuse,  inspir^e 
du  modele  proposd  par  Klineberg  [b].  Sn  gros, 
cette  technique  conoiste  h  coupler  le  calcul  du 
charp  exterieur  consider^  comae  non  visqueux  et 
celui  de  la  zone  dissipative  dor.t  I'evolution  est 
decrite  p'  r  les  i^qu'  tions  de  la  couchi  lir.ite. 

Dar.3  led  methodes  usuelles  qui  tienr.ent  coapte 
de  I'effet  de  deplaceaent,  le  calcul  de  fluids 
parfait  fournit  la  repartition  (x)  k 
imposer  sur  la  frontiers  de  la  couche  lir.ite 
pour  d^duire  (f(X)  dont  la  connaissance  pernet 
de  corriger  la  condition  de  pente  k  affioher  sur 
le  profil,  soit  : 

6  ^tant  la  deflexion  causee  par  les  effets 
visqueux . 

Une  telle  fagon  de  proceder  devient  inapplicable 
lorsqu’un  decollement  se  produit  car,  alors,  le 
calcul  de  couche  Unite  diverge  k  I'approche  du 
point  de  separation.  Pour  dviter  cette  singularity, 
I'ecoulement  autour  du  profil  est  divise  en  deux 
zones  :  sur  ia  partie  amor.t,  1' interaction  vis- 
queuse  est  conslderde  comrae  faible  et  on  prookde 
de  la  manikre  habituelle,  la  distribution  M,(zj 
dtant  donnde  par  le  calcul  do  fluids  parfait. 

D.ans  la  region  aval  ou  1 '  interaction  eat  suscep¬ 
tible  de  conduire  k  un  ddcollenent,  c'est 
qui  est  demando  au  champ  non  visqueux.  Utilisant 
une  mdthode  inverse,  la  resolution  des  dquations 
de  la  couche  limitc  donne  alors  .  Un 


nouveiu  calcul  de  I'^^oulecent  ext^rieur  est 
eff*ctu^  en  imposant  corj-.e  conditions  aux  lisiites 
^*9  dans  la  zone  d’lnteraction  faible,  puis 
/te(xjiar.s  la  region  d'internction  forte.  11  en 
r^sjlte  deux  nouvelles  repanitions,  /^(xjer.  nront 
et  9(x)  en  aval  qui  percettent  d’entaner  un  nouveau 
cycle,  ^processus  est  r^pet^  Juscu'a  convergence 
sur  9(xJ  ,  par  exemple. 

Afin  d'appliquerce  =odfele  theoricue  au  problfeae 
d*un  profil  place  dans  un  canal  transsonique, 
deux  cethedes  ont  et^  developpees  sour  calculor 
le  cheap  non  visqueux  d'uno  part,  ia  couche 
liaite  d'autre  part. 

5*’  -  Celcul  de  I'Aceuleaent  de  fluide  perfait. 

Cn  utilise  la  aethode  de  relaxation  pour  lea 
cocposer.tes  de  la  vitesse  en  th^orie  transsonique 
dea  petites  perturbations.  Le  choix  de  ces 
variables  est  en  effet  cocrole  oour  le  traiter.ent 
les  problenea  aux  lir.ites. 


Aji  .  La  condition  s'dcrira  par  exenple 

t 

On  dira  que  le  calcul  est  effectu(5  en  node 
inverse.  Sur  la  poroi  sup^rieure,  nous  suppoae- 
rona  que  I'ecoulenent  est  toujours  subsonique  et 
que  les  gradients  de  vitesse  sont  mod^rea.  Nous 
y  appliquerons  une  condition  de  glisrement. 

Dans  le  ens  d'un  canal  perallele  k  grande 
distance  et  de  sections  d'entpAe  et  de  sortie 
^gales,  on  epnliquera  i  1’ar.ont  et  k  I'aval  des 
conditions  de  retour  &  I’^coulenent  uniforse  non 
porturbf!,  so  it  : 

«  ,  9’  O  ji  JC.  U-m  i  m 

Dans  les  autres  ens,  on  choisit  de  raccorder  la 
solution  avec  une  solution  asymptotique  possible 
des  equations  correspondent  k  un  canal  divergent: 


So.ent  i  et  V  les  variables  indecendantes'  du 
plan  de  I’ecoufenent.  L’aie  Ox  eat  choisi 
parallfele  et  orient^  dans  la  direction  de  I'^cou- 
ler.ent  non  perturbe  .  si  et  »■  sont  resnective- 
=ent  les  conposantes  longitudinale  et  tranaversale 
de  la  vitesse  de  perturbation,  la  vitesse  de 
reference  ainsi  que  le  nosbre  de  IDich  Hm 

etant  cr.oisis  pour  IVcoulenent  non  perturbd. 

Le  cystene  3 'equations  aux  d^riveen  partielles  du 
er  erdre  auquel  doivent  sstisfaire  M  et 
s'ecrit  alors  de  la  fapon  classique  : 


avec  ! 

CT,  (T/'xJ.  (1.  Hi  .  hIu  )u 


lea  Equations  couplf^es  sont  non  lindaires  par 
I'interc^diaire  du  ter=e  r  at  du  type  nixte  : 
iOrsque  U<U  le  systk-e  est  du  tyoe  ellioti- 
que  et  hyperbolique  si  At  >M* 


^  ligne  parabolique  (ligne  sonique)  correspond 

a  SI  .  At  •  ou 


f.ftj 
(!**)  fit. 


Nous  consid^rons  ici  dea  ^coulements  treinssonique: 
autour  de  deni-profils  aont^s  sur  la  peroi  Inf^- 


r.  (r(x)  .  «  e  fix 


’1 1  ^ I  f  sont  des  constantes. 


La  cetnode  de  relaxation  generalises  de  Steger 
et  Loaax  [4]  peraet  de  rdaoudre  des  systeaes 
d'oquations  aux  ddrivees  partielles  du  premier 
ordre.  Cette  ndthode  consiste  k  dvaluer  les 

dcrivees  ^  au  moyen  d'un  schema  iaplicite 

dccentre  h'^trois  points,  alternatlveaent  vers  le 
haut  et  vers  le  bas,  Les  inconnues  color.nea  sont 
alors  solution  d'un  systems  dont  la  matrice  est 
tridiagonale,  a  diagonals  dominants  et  dont 
I'inversion  par  une  methods  directs  est  rapide 
et  stable.  Bailey  et  Steger  [ie]  ont  etendu 
cette  methods  aux  ecoulements  transsoniques 
tridimensionnels  en  node  direct.  Steger  et 
Klineberg  [l9]  ont  effectue  des  calculs  inverses 
Li dimensionnels  qui  leur  ont  permis  d'aborder 
le  problfene  du  couplage  f luide-parfait  -  fluide 
visqueux  en  subsonique  et  transsonique.  C'est 
cette  npnroche  que  nous  avons  choisi.  Les 
schemas  utilises  ici  ont  ete  rendus  entierement 
conservatifs  par  1' introduction  d'un  "point  choc" 
pour  I'evaluation  des  ddrivees  A  ,  oomme 

I'indique  Kuraan  [20]  et  par  une  modification  du 
schema  de  discretisation  des  derivdes  i  . 


La  figure  20  montre  1' application  de  cette 
methods  sur  un  cas  modble.  La  repartition  de 
vitesse  Kg(x)  sur  un  profil  bi-conveze  dans 
un  canal  parallels  est  obtenue  en  mode  direct.  A 
partir  de  ce  resultat,  on  effectue  un  calcul  en 
mode  mixte  :  mode  inverse  pour  0,3  4  ^  g  1  1 
mode  direct  pour  le  rests  du  profil.  L'integra- 
tion  de  la  singularite  au  bord  de  fuite  fait 
apparaltre  un  Idger  ddcalage  en  V  . 


conditions 

aux  liaitos  sont  possibles  ; 

-  la  pente  locale  du  profil  ou  de  la  paroi  eat 
donnee.  La  condition  de  glissement  lin4arisde 
pour  la  paroi  inf^rieure  s*^crit  : 


f(*J  est  1' equation  de  la  paroi) 

On  dira  que  dans  oe  cas  le  calcul  eat  effectue  en 
mode  direct. 


3*3  -  Calcul  de  la  couche  dissipative. 

Dans  le  but  d'analyser  les  ph^nomfenes  d'interac- 
tion  visqueuse  en  transsonique  une  nouvelle 
m^thode  int^grale  pour  le  calcul  de  la  couche 
Unite  a  dtd  d^veloppde*  La  premibre  relation 
utilises  est  1‘^quatlon  de  Von  Kaman  qui 
s'dcrit  : 


la  press  ion  locale  eat  donnee.  On  connait  alors  !•«  deuxiime  relation  est  1' equation  integrale 
•  ;  en  effete  la  thdorie  montre  que  le 
coefficient  de  presalon  est  rell^  k  u.  par 


Raisonnant  toujours  en  incocpressiblef  le 
coefficient  de  frottement  Ch  est  calculi  en 
function  de  d  et  4  partir  de  la 

relation  donnde  par  Colea  ; 


ealcul  direct 


>  I  »_«* 
1 


Fij.  20  .  CALCUL  OC  L'CCOULEMENT  OE  FLUDE  MHFAIT 
M^THOOE  OE  RELAXATION  oeNtRALIStE 
f>q06  M..Q7 

de  I'^nergie  clndtique  ; 


»)  1,^(1, (1,^1 


ou  Sj  est  I'dpaieseur  d'^nergie  cindtique 


et  ^  I'int^grale  de  dissipation 


Lee  profils  de  Vitesse  turbulents  adoptde  sent 
inspirds  da  la  faaille  proposde  par  Coles  [20]. 
En  incoopressiblef  ils  sont  reprdsentds  par  ; 


i  t.  C,  Itfp.  Cl  f(j)  ^KC  p.j. 


Ci^  Z,U  «.€,) 


{(^)  est  un  polynSme  de  degrd  10  en  Vp  qui  est 
une  fome  aadliorde  de  la  oomposante  sillage  de 
la  loi  da  Coles  [22],  Rappelons  que  Uz  est  la 
Vitesse  de  frottement  ddfinie  par  : 


Le  -parandtre  da  forme"  eC  est  lei  identifid  au 
rapport  ; 


oil  est  I'dpaisseur  de  ddplacement 

"incompressible"  : 


Se  plaqant  en  f  (4)  donne 

*  2.211  ( _^L  _  ) 

'  i  HUM, ' 


0^  a  r  / 


Pour  K  • St  (tf  donnds,  (5)  constitue 
une  dquatlon  implicite  permettar.t  ds  calculer 


dont  on  dddult  ineddiatenent  Cfi 


Dans  le  cae  compressible,  si  le  noebre  de  Mach 
Ht  est  moddrd  (  Hi  <t)  ,  I'expdrience  aontre 
que  1  on  peut  encore  reprdsenter  les  profils  de 
Vitesse  par  la  relation  (3).  C,  at  Ci  dtant 
calculds  &  partir  de  Cfi_  .  Quant  au  coeffi¬ 
cient  de  frottement  compressible,  on  le  calcule 
par  la  fortsuls  : 


qui,  en  1' absence  de  flux  de  chaleur,  est  an 
trds  bon  accord  avec  d'autres  evaluations. 


L'intdgrale  de  dissipation  ^  ,  supposde 

inddpendante  du  noebre  de  Kach  H,  et  du  nombre 
de  Reynolds,  est  calculde  a  partir  des  rdsultate 
thdoriques  d'Alber  ^23],  L'inddpsndance  de  ^  4 

1  dgard  de  f1i  est  evidemment  une  approxima¬ 
tion  qui  n'est  vdrifide  que  pour  les  nombres  de 
M^h  Hi  moddrds  \  H,  <  2).  Sn  outre  I'dvolution 
^  (<)  adoptde  n'est  valable  que  si  (Kf  est  de 
I'or^e  de  105  ca  qui  correspond  sensiblement  aux 
conditions  des  prdsents  essais. 


Si  la  couche  limits  ddcolle,  lea  profils  (3)  sont 
remplacds  par  des  profils  de  sillage  d'dquation  i 


-#-  =  1 .2.14,  liLC 

JL.  r  7 


qui  peuvent  comporter  une  zone  de  retour  pr4a 
de  la  paroi.  Lea  distributions  d^finies  par  (6) 
ont  une  vitesae  non  nulle  4  la  paroi,  ndanmolns 
I'exp^rienoe  montre,  qu'en  turbulent,  ces 
profils  sont  trfes  proches  de  la  rdalitd.  De  plus, 
il  eat  supposd  que  dans  ces  regions  le  frottement 
parietal  est  nul. 


Pour  traiter  les  probl4mes  d'interaction  visqueuse 
forte,  on  adjoint  aux  equations  (l-2)  une  relation 
de  couplage  qui  est  obtenue  en  integrsmt  aelon  g  , 
entre  0  et  e  ,  1' equation  locale  de  continuit 
D'ou  le  relation  : 


^4)  ^  (i^fi*t)m  if  9 
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oil  est  I'anel#  par  rapport  ii  la  paroi  du 

vectaur  ritesse  k  la  frontiire  /  de  la  couche 
limite.  Une  fon&e  simplifide  de  (7)  souvent 
utllisde  s'dcrit  : 

(a)  ^ 

Afir.  de  contr81er  la  validity  de  cette  sethode, 
un  calcul  a  4t4  effectud  k  partir  dea  resultata 
expdrimentaux  relatife  k  la  configuration  3 
L'dooulenent  aur  le  profil  e-t  divisd  en  deux 
zones  !  en  anont  de  I'onde  de  choc,  I'interaction 
visqueuse  etant  considdrde  conze  faible,  la 

distribution  ^t(^)  est  cells  fournie  p-ar 
I'expdrience.  La  rdsolution  du  systene  (l-2) 
peraet  do  deterainer  toutes  les  <rrandeurs 
caractdristiques  de  la  couche  linite.  Le  celcul 
en  oode  inverse  est  ddicarrd  un  peu  en  azont  du 
choc.  On  impose  alors,  coirze  donnde,  la  ddflexion 

9(*)  ddduite  lea  aesures  de  couche  liaite.  La 
pente  totals  4^  ♦  9(x)est  tracda  figire  21a.  ElJe 
se  caractdrise  par  une  quasi-diseontinuitd  au 
niveau  du  choc.  Risolvant  alors  le  systkze 
(l-2-S),  oil  les  inconnues  sont  une  dpaisseur,  le 
paranktre  de  forae  et  le  noabre  de  Each,  on  en 
ddduit  la  rdpcrtition  ftt  (x)  dans  la  zone 
d' Interaction  forte.  Le  rdsultat  portd  figure  21b 
est  en  bon  accord  avec  I'dvolution  /tt(x)  mesurde, 
coapte  tenu  de  1* imprecision  assez  grande  dans 
1' estimation  de  la  ddflexion  $  k  partir  dee 
experiences.  Le  calcul  de  couche  liaite  prdvoit 
I'existence  d'une  rdgion  decollde  (OR)  au 
voisinage  du  bord  de  fuite  du  profil. 

TJn  tel  rdsultat  eat  trks  encourageant  pour  la 
aise  au  point  d'une  mdthode  de  couplage 
puisqu'll  Bontre  que  le  coaporteaent  de  la 
couche  limite  peut  8tre  convenablement  prdvu 
k  la  traversde  de  I'onde  de  chocy  k  condition 
d'adopter  une  procedure  de  calcul  inverse. 


EN  MODE  INVERSE 


4  -  ccxLusic;:. 

L'dcoulenent  autour  d'un  profil,  en  transsonique, 
est  largement  influence  par  le  ddveloppement  de 
la  couche  liaite,  spdcialeaent  dans  le  cas  ou  la 
prdsence  d'une  onde  de  choc  engendre  une  Intur- 
action  visqueuse  notable.  Afin  d'approfondir  la 
connaiasenoe  de  oea  phenonknes,  une  4tude 
axp.!ricentale  de  base  est  effectuke  en  kcoulement 
plan.  Le  montage  consists  en  un  deai-crofil  aontk 
a  la  paroi  infkrieure  de  la  veins  d'essai.  Dans  le 
but  d'eviter  toute  perturbation  par  1' introduction 
de  sondes,  il  est  largeaent  fait  appel  a 
I'interfkro-.ktrie  quantitative.  Les  rksultats 
obter.us  jusau'k  prksent  ont  Bis  en  kvidence  les 
points  suivar.ts  : 

-  ]•:  forte  ".ccklkration  qui  preckde  I'onde  de  choc 
provoque  une  importante  dkforaation  des  profils 
le  Vitesse  (le  paraaktre  de  fonts  incompressible 
Ri  deviont  vcisin  de  I'unitk), 

-  I'interaction  avec  le  choc  entrains  un  kpaissis- 
secent  nctable  de  l'>  couche  limite  et  une 
dkformation  sensible  des  distributions  de 
Vitesse.  Ces  deux  effets  se  traduisent  par  une 
quasi  discontinuitk  des  optisseurs  de  dkpleceaont 
et  de  quantitk  de  mouvecent.  II  seable  cue,  Ians 
certains  cas,  I'kpaississement  de  le  rk^on 
dissipative  soit  anplifik  par  dea  phknomknes 
inntetionnaires, 

-  I'apparition  d'un  bulbe  d'kcoulement  dkcollk 
est  fonstion  de  I'intensitk  du  choc  et  de  la 
forae  du  profil.  Lorsque  le  processus  est 
entikrement  supersonique  il  obkit  aux  rkgles 
de  similitude  de  la  corrklation  de  Chapman. 

Parallklecent  k  cette  expkrimentation,  et 
s'appuyant  aur  elle,  on  s'efforce  de  dkvelopper 
une  Bkthode  de  calcul  inspirke  de  I'apnroche  de 
Klineberg.  Le  principe  de  cette  thkorle  consists 
k  diviser  I'kcoulenent  en  deux  zones  :  dans  les 
rkgions  ou  le  gradient  de  pression  est  soit 
nkgatif,  soit  modkrkaent  positii,  on  adopts  le 
procedk  de  couplage  classique  entre  le  champ 
non  visqueux  et  la  couche  liaite.  Dans  les  rkgions 
de  compression  notable,  ou  un  dkcolleaent  est 
susceptible  de  se  produire,  une  prockdure  inverse 
est  utiliske  ;  la  dkflexion  du  vecteur  Vitesse  k 
la  frontiers  t  est  donnke  par  I'kcouleaent 
non  visqueux  et  iapoake  dans  le  calcul  de  couche 
liBite  qui  foumit  alors  flt(x)  ,  Afin  de  Bettre 
en  oeuvre  cette  theorie,  deux  nkthodasont  ktk 
dkveloppkes,  I'une  pour  la  couche  dissipative, 
I'autre  pour  I'kcoulement  non  visqueux.  La 
premiere  est  une  technique  intkgrale  qui  utilise 
une  famine  de  profils  de  Vitesse  proche  de  la 
loi  de  Coles.  La  seconds  rksoud  les  kquations  de 
I'kcouleaent  transsonique  dans  I'hypothkse  des 
petites  perturbations.  Elle  permet  d'afficher 
comae  condition  aux  liaites  aur  I'obatacle  et 
en  aval,  soit  I'angle,  soit  le  module  de  la 
Vitesse.  Le  couplage  entre  les  deux  zones 
converge  et  donne  de  bons  rksultats  dans  lea 
cas  subcritiques,  en  revanche  sa  aise  au  point 
n'est  pas  encore  achevke  lorsqu'il  y  a  aoparition 
d'une  onde  de  choc. 
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SUMMARY 

Many  unsteady  flows  are  characterized  by  the  interaction  of  shock  waves  with  separated  boundary 
layers.  In  particular  shoe'-,  oscillations  occur  on  thick  airfoils  at  high  angles  of  attack  and  transonic 
free  stream  Mach  numbers.  Measurements  were  carried  out  in  an  intermittent  'ndraft  tunnel  to  study 
shock  oscillations  on  various  two  dimensional  wings.  Several  optical  methods  (Schlieren-,  shadow-, 
interferogram,  streak  interferogram)  were  used  together  with  single-spark,  multi-sparks  and  high-speed 
films  for  flow  visualisation  and  measurements.  The  frequency  of  osci I lation  was  determined  with  a  Laser- 
Schlieren  technique.  Unsteady  pressure  measurements  were  obtained  with  transistor  probes,  and  meas¬ 
urements  of  velocity-and  temperature  fluctuations  with  hot  films.  Alternating  separation  and  attachment 
at  the  leading  edge  is  the  observed  severest  type  of  the  unsteady  flow  conditions.  For  this  case  multi¬ 
spark  inter ferograms  show  periodical  oscillations  of  the  circulation  of  the  wing,  accompanied  by  the 
same  oscillation  of  the  circulation  in  the  opposite  sense  in  the  wake.  Large  periodical  disturbances 
exist  throughout  the  entire  flow  field  with  defined  phase  shifts.  The  primary  source  of  the  observed  in¬ 
stability  is  the  shock  induced  separation  of  the  boundary  layer  on  the  profile. 

I 

I 

1.  INTRODUCTION  | 

Many  unsteady  flow  phenomena  are  initiated  by  the  interaction  of  shock  waves  with  separated  bound¬ 
ary  layers.  For  example  the  flow  over  airfoils  with  a  trailing  edge  flap  (Refs.  1,2,3  and  4),  In  supersonic 
intakes  (Refs.  5,  <1,  7,  0  and  9),  over  the  aft  portion  of  rockets  in  transonic  flows  (Refs.  10  and  1  1),  over 
a  wing  with  extended  flap  at  high  angles  of  attack  at  hypersonic  flows  (Refs.  12  and  13).  The  associated 
shock  oscillations  are  particularly  intense  on  thick  airfoils  at  large  angles  of  attack  at  high  subsonic 
free-stream  Mach  numbers.  The  physical  mechanism  of  the  shock  oscillations  is  not  yet  fully  understood, 
although  a  number  of  investigations  dealing  with  this  subject  has  been  carried  out  during  the  past  thirty 
ye?rS. 

Ferri  (Ref.  14)  first  observed  unsteady  flow  effects  on  profiles  in  the  transonic  regime.  According 
to  Liepmann  (Ref.  15),  the  reason  for  the  shock  oscillations,  generally  visible  in  transonic  wind  tunnel 
flows,  is  to  be  sought  in  the  velocity  fluctuations  of  the  tunnel,  especially  when  the  tunnel  does  not 
operate  with  a  choking  devise  downstream  from  the  model.  First  systematic  investigations  of  shock 
oscillations  were  carried  out  experimentally  at  the  NPL  (Refs.  16  and  17).  Upstream  running  waves 
which  disturbed  the  local  supersonic  flow  were  observed  outside  of  the  supersonic  region.  Tamaki 
(Ref.  10)  attributed  to  these  waves  the  high-frequency  shock  oscillations  on  thin  airfoils  at  small  angles 
of  attack.  Shock-wave  oscillations  on  thick  airfoils  at  large  angles  of  attack  were  reported  in  Refs.  19 
and  20.  Also  Naumann  (Refs.  21  and  22)  investigated  the  unsteady  interaction  mechanism  between  a  shock 
wave  and  the  boundary  layer  on  profiles  experimentally  with  various  techniques.  He  was  able  to  find  out 
that  shock  oscillations  with  large  amplitudes  were  caused  by  a  separated  boundary  layer.  In  addition  to 
these  investigations  at  the  Aerodynamische  Institut  the  interaction  between  unsteady  shock  waves  and  a 
vortex  street  were  studied  in  transonic  flows  past  circular  cylinders  (Refs.  23,  24).  The  influence  of 
the  Reynolds  number,  air  humidity  and  different  tunnel  walls  (closed  walls,  semiopen  tunnel,  slotted  walls) 
on  transonic  attachment  at  the  leading  edge  was  investigated  in  Ref.  25,  where  an  attempt  was  made  to 
explain  unsteady'  alternating  flow  separation  and  attachment  at  the  leading  edge  as  an  unbalanced  mechanism. 

Shock  induced  separation  of  turbulent  boundary  layer s,al ternating  with  the  flow  attachment  at  the 
leading  edge,  was  considered  experimentally  by  Dyment  and  Gryson  (Ref.  26).  Meyer  and  Hiller  (Refs.  27 
and  55)  observed  shock  oscillations  in  an  especially  perforated  transonic  wind  tunnel  without  a  model.  The 
shock  oscillations  could  be  damped  out  by  boundary  layer  suction  on  the  tunnel  walls. 

Wind  tunnel  noise  and  turbulence  also  may  cause  unsteady  effects  in  transonic  flows  (Refs.  20,  29 
and  30).  Schmidt  (Ref.  31)  on  the  other  hand  explained  the  shock  oscillations  he  observed  on  biconvex 
circular-arc  airfoils  with  tunnel  choking  effects.  Only  fe  .  theoretical  investigations  deal  with  unsteady 
interaction  between  shock  wave  and  boundary  layer.  Dore  »i ’ef .  32)  and  Schneider  (Ref.  33)  made  the 
first  attempt  to  investigate  the  upstream  influence  of  an  unsteady  shock  wave  in  an  attached  supersonic 
boundary  layer.  Trilling  (Ref.  34),  Dvorak  (Refs.  35  and  36)  and  Karashima  (Ref.  37)  using  simplifying 
assumptions  for  the  upstream  influence,  treated  the  unsteady  interaction  between  shock  wave  and  locally 
separated  boundary  layer  as  a  stability  problem. 
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In  this  paper  experimental  investigations  of  unsteady  shock  wave  boundary  layer  interaction  on 
various  airfoils  in  transonic  flows  will  be  described.  The  results  presented  herein  are  part  of  a  research 
programme  carried  out  at  the  Aerodynamische  Institut  on  unsteady  flow  phenomena  about  airfoil  sections 
in  transonic  flows.  Several  experimental  techniques  are  being  used  and  although  a  definite  and  final 
description  cannot  be  given,  several  physically  possible  mechanisms  will  be  discussed  in  detail.  This 
research  programme  was  initiated  by  Prof.  Naumann  whom  the  author  is  indebted  for  suggesting  this  topic 
to  him.  He  also  provided  many  stimulating  discussions. 

2.  EXPERIMENTAL  SET  UP  AND  DISCUSSION  OF  RESULTS 


The  measurements  were  carried  out  in  an  intermittent  indraft  tunnel  with  a  closed  test  section  of 
400  X  75  mm2,  operating  with  a  choked  diffusor  downstream  from  the  model.  Condensation  effects  were 
avoided  by  drying  the  air  before  entering  the  tunnel  with  a  large  silicagel  filter.  The  Reynolds  number 
per  meter  at  a  Mach  number  0.75  was  1 . 3  x  10?.  Since  the  flow  at  this  Re-number  is  predominantly 
laminar,  transition  to  turbulent  flow  was  enforced  artificially  by  boundary-layer  trips.  A  symmetric 
NACA  63|-0I2,  a  quasi-elliptical  NLR-profile  and  a  biconvex  circular-arc  section,  with  different  chord 
lengths,  were  investigated  at  Mach  numbers  ranging  from  0.  65  to  0.  75  and  angles  of  attack  from  0°  to  10°. 
The  Shock  oscillations  were  studied  with  several  optical  methods,  schlieren-,  shadow-,  interferogram 
streak  interferogram  in  form  of  single-spark,  multi-sparks  and  high-speed  films.  The  frequency  of  the 
oscillation  was  determined  with  a  Laser-schlieren  technique.  Unsteady  pressure  measurements  were 
carried  out  with  transistor  probes,  and  measurements  of  velocity-  and  temperature-fluctuations  with 
the  hot-film  technique. 


I 


a)  laminar  (oc=  8°) 


b)  turbulent  ( oi  =  3°) 


The  single-spark  schlieren  pictures  of  Fig.  1 
show  the  difference  between  the  steady  interaction 
of  a  normal  shock  wave  with  a  laminar  boundary 
layer  and  a  tripped  turbulent  boundary  layer.  It  can 
be  seen  that  the  length  of  the  turbulent  interaction 
region  is  much  smaller.  The  reason  for  this 
behaviour  is  to  be  sought  in  the  ability  of  the  turbu¬ 
lent  boundary  layer  to  withstand  the  larger  adverse 
pressure  gradients  caused  by  the  shock  wave  in 
comparison  to  the  laminar  boundary  layer.  The  posi¬ 
tions  of  the  shock  wave  on  the  profile  are  different 
for  the  two  cases  at  the  same  angle  of  attack,  strongly 
effected  by  the  scaling  (Refs.  38  and  39).  The  weak 
oblique  shock  wave  which  can  be  seen  at  x/c  =  0.03 
in  Fig.  lb  is  caused  by  the  boundary  iayer  trip  men¬ 
tioned  earlier.  The  results  for  laminar  interaction 
were  obtained  in  the  following  way:  First  the  un¬ 
steady  fiow  was  recorded  by  Fastax-movies.  The 
evaluation  of  the  flow  pictures  recorded  on  the  film 
yielded  the  results  depicted  in  the  following  five 
Figs.  2,  3,  4,  5,  6  for  the  NACA  63,-012  section. 

Figs.  2  and  3  show  the  mean  shock-wave  position 
and  the  angle  of  attack  versus  Mach  number,  for 
which  leading  edge  separation,  alternating  flow  sepa¬ 
ration  and  attachment, and  shock  induced  separation 
occur.  The  maximum  of  the  mean  position  of  the  shock 
indicates  the  beginning  of  shock-induced  separation. 
The  theoretical  buffet  boundary  in  Fig.  3  after  GADD 
40)  falls  together  with  the  beginning  of  shock- 
induced  separation.  Alternating  flow  separation  and 


attachment  at  the  leading  edge  is  the  severest  case 
Fig.  I  Laminar  and  turbulent  interaction  °^  unsteady  flow  behaviour  (Fig.  3).  In  Figs.  4 

NACA  63,-012,  c  -  100  mm,  ^  amplitudes  and  the  reduced  frequencies  of 

M,J^=0.7I,  Re  =  1 . 25  •  lO^m”'  'he  shock  osci I lations  are  plotted  versus  angle  of 

attack  with  the  free  stream  Mach  number  as  parame- 


. . .  "  cuucncies  exnioii  a  minimum  tor  a  certain 

angle  of  attack.  At  the  minimum  the  oscillations  -e  periodic.  Fig.  6  shows  lines  of  constant  shock-wave 
ampitudes  as  a  measure  for  the  interaction  between  the  unsteady  shock  and  the  boundary  layer. 

The  local  velocity  fluctuations  downstream  of  the  unsteady  shock  were  detected  with  hot  films  Fia  7 
shows  an  unfiltered  and  a  filtered  oscillogram.  The  location  of  the  gauge  has  been  choosed  in  such  a  way 
that  the  mean  position  of  the  shock  wave  reaches  the  edge  of  the  separated  boundary  layer.  The  hot  film 

'ra^r"qrno°st?n''tL^"Tn'’  boundary-layer  flow  and  the  outer  inviscid  flow;  the  former  causes  the 

large  noise  in  the  unfiltered  oscillogram.  The  shock  oscillation  was  also  investigated  by  a  Laser-schlie 
ren  technique:  A  i_aser  beam  was  focused  on  the  mean  shock  wave  position.  Since  the  actual  shork  wa  a 
IS  not  an  exact  discontinuity,  the  diffraction  of  the  Laser  beam  caused  by  the  shock  oscillation  could  be 
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f^'g.  9  IJLR  0.  1025-0.  6750-1 . 300 

c  =  80  mm  ,  Ma,=  0.71  ,  o<  =  50 
Re  -  1.25x10^  m"’  ,  At  =  700  jjs 


f'ig.  10  Local  Mach  numbers 

NLR  0.  1 025-0.  6750-  1 . 300  ,  c  =  80  mm 
'^00"  .  «  =  5°  ,  y/c  =  -0.  4 


With  the  8-sparks  camera  (Ref.  41) 
of  the  Aerodynamische  Institut  which 
makes  use  of  the  Cranz-Schardin  prin- 
ziple,  the  time  dependent  development 
of  the  shock  oscillations  could  be  stu¬ 
died  in  detail.  The  Mach-2ehnder  inter- 
ferograms  in  Fig.  9  show  about  one  full 
period  of  oscillation.  The  pictures  with 
lines  of  constant  density  are  depicted  in 
intervals  of  700  micro  seconds.  This  al¬ 
ternating  separation  is  characterized  by 
a  periodical  change  of  the  flow  separati¬ 
on  at  the  leading  edge  and  at  the  upstream 
foot  of  the  lambda  shock.  The  separati¬ 
on  point  follows  the  shock  movement*  the 
separation  region  extends  from  the  in¬ 
stantaneous  position  of  the  shock  wave 
to  the  trailing  edge.  In  picture  3  the 
shock  was  positioned  at  40  percent  chord, 
in  picture  5  the  shock  degenerates  to  a 
Mach  wave  and  leading -edge  separation 
alone  determines  the  flow.  From  the  mul¬ 
ti-spark  interferograms  the  time  depen¬ 
dent  local  Mach  numbers  were  determi¬ 
ned  with  the  assumption  of  isentropic  flow 
in  the  entire  flow  field.  Figs.  10,  11  and 
12  show  typical  results  for  the  lower  si- 
de  (y/c  “  -  0.4),  the  geometrical  stagna¬ 
tion  line  (y/c  *  0)  and  the  upper  side  of 
the  profile  (y/c  =-f0.  4)  ,  with  the  time 
as  parameter .  The  position  of  a  point  in 
the  flow  field  is  given  by  the  co  -ordina¬ 
tes  X  and  y  ,  measured  from  the  leading 
edge  of  the  profile,  in  and  normal  to  ihe 
direction  of  the  chord.  On  the  lower  side 
Ihe  flow  is  predominantly  subsonic  (Fig.  10). 

in  Fig.  12  downstream  of  the  shock 
wave  expansion  regions  are  visible,  al¬ 
ready  observed  by  Ackerel  (Ref.  49)  at 
pressure  measurements,  and  analysed 
theoretically  by  Zierep  (Ref.  50)  for  in- 
viscid  flows.  Near  the  trailing  edge  on 
Ihe  lower  side  Ihe  maximum  Mach  number 
is  reached  when  the  shock  wave  on  the 
upper  side  is  in  its  furthest  position. 

Large  Mach  number  fluctuations  can  be 
noticed  in  Ihe  entire  flow  field.  Figs.  13 
and  14  show  the  periodical  character  of 
the  flow  for  y/c  =  -0.  4  and  y/c  =  +0.  4. 

In  particular  phase  shifts  of  Ihe  waves 
can  be  recognised.  The  extrem  positions 
of  the  shock  wave  at  Ihe  upper  side  are 
also  rndicated  for  the  or  ientation.  Appa¬ 
rently  pressure  waves  propagate  clock¬ 
wise  around  the  profile,  outside  the  se¬ 
parated  boundary  layer.  Within  the  se¬ 
parated  boundary  layer  and  near  Ihe  lea¬ 
ding  edge  the  motion  of  Ihe  waves  cannot 
clearly  recognised.  The  press-ure  mea¬ 
surements  on  the  wing  surface  carried 
out  in  Ihe  separated  region  by  Sorenson 
(Ref.  54)  ,  confirm  the  clockwise  propa¬ 
gation  of  large  disturbances. 
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Fig.  16  Pressure  measurements 

NLR  0.  1 025-0.  6750-  1 . 300  ,  c  -  80  mm 
,  ot  =  5°  ,  Re  -  1 . 25x10*^  m"  ^ 
x/c  »  0.  3375  upper  side 
x/c  =-0.  3375  lower  side 


Fig.  15  shows  a  detail  of  a 
typical  streak  interferogram  ,  ta¬ 
ken  with  the  slit  at  y/c  ■  -0.3  . 
The  pressure  wave  propagating 
upstream  can  clearly  be  recogni¬ 
zed.  The  periodical  character  of 
the  flow  can  be  seen  in  the  entire 
streak  interferogram.  Measure¬ 
ments  of  the  unsteady  pressure  on 
the  airfoil  surface  (Fig.  16)  also 
show  the  very  regular  behaviour 
of  fluctuations  on  the  upper  side, 
the  lower  side  and  the  geometri¬ 
cal  stagnation  point,  with  clearly 
recognisable  phase  shifts.  These 
measurements  also  confirm  the  up¬ 
stream  motion  of  the  waves  on  the 
lower  side. 


Fig,  17  demonsirates  the  unsteady  transonic  flow  over  a  20  percent  thick  biconvex  circular-arc  air¬ 
foil  at  zero  angle  of  attack.  The  alternating  upstream  motion  of  the  lambda  shocks  on  the  upper  and  on 
the  lower  side  of  the  profile  is  of  particular  interest.  Near  the  leading  edge  the  shock  waves  degenerate 
in  sound  waves  without  further  boundary  layer  separation.  The  sound  waves  leave  the  airfoil  and  propa¬ 
gate  upstream.  The  flow  is  fully  periodical  and  the  interferograms  indicate  the  periodical  change  of  the 
expansion  regions  on  the  upper  and  lower  side.  Fastax  films  also  show  the  periodical  character  of  the 
flow  near  the  stagnation  point,  and  the  results  indicate  that  there  are  some  analogies  to  the  transonic 
flow  past  circular  cylinders  as  shown  in  Fig.  18  (see  also  Ref.  23).  The  observation  is  confirmed  by  the 
appearance  of  a  vortex  street  downstream  of  the  wing  (Fig.  19).  The  entire  wake  exhibits  crosswise  os¬ 
cillations  with  the  frequency  of  the  shock  wave  motion.  The  wake  flow  of  the  NLR-airfoil  section  also 
shows  periodical  character  (Fig.  20).  Busemann  (Ref.  53)  predicted  that  vortex-street  formation  would 
occur  In  Iransonlc  airfoil  flow  away  from  the  design  point. 


w 
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Fig.  19  Vor  te)^  street  Fig.  20  Vortex  street  F'ig.  21  Choking  condition 

Biconvex  circular- arc  NLR  0.  1  025-0.  67 50-  I  .  300  Circul ar  arc,oc-  0*^ 

c  *  50  mm,  M=0.7I,o‘=«o'’  c  =  80  mm,  M„  “  0.  7 1  cx  ^  5°  c  “  1  50  mm,M_=  0.  7 

In  order  to  detect  the  influence  of  possible  blockade  or  choking  effects  in  the  tunnel  on  the  shock 
oscillations,  the  chord  lenghi  of  the  NLR-profile  (c  “  40,  80,  160  mm)  and  of  the  biconvex  circular-arc 
airfoil  (c  =  25,  50,  100,  150  mm)  was  varied  for  constant  freestr  earn  condi  tions.  For  the  circular-arc 

Aith  I  50  mm  chord  the  shock  waves  were  essentially  steady  (Fig.  21).  The  choking  Mach  number ,  calcu¬ 
lated  from  the  one- di mens ■  onal  theory  without  separation  (Ref.  42),  is  M  =  0.695.  The  shock  wave  was 

oo 

not  completely  steady  for  the  largest  NLR-section  (c  =  160  mm)  at  five  degrees  angle  of  attack  and 
M  “0.71,  because  chok  i  ng  between  the  lower  side  of  the  prof i  le  and  the  lower  tunnel  wal  I  could  not  be 
reached.  In  all  other  cases  regular  shock  oscillations  occured  with  the  same  reduced  frequency  refe¬ 
renced  to  the  chord  lenght,  for  a  definite  airfoil.  It  can  therefore  be  concluded  that  the  frequency  of  the 
shock  oscillation  depend  on  the  chord  lenght,  and  is  not  caused  by  the  tunnel  effects.  For  the  biconvex 
circular-arc  airfoil  at  zero  angle  of  attack  the  theoretic  a  1 1  y  deter  m:  red  chol.  ing  Mach  numbers  for  c  = 

25,  50,  100  mm  are  M^  =  0.  077,  0.  827,  0.  755,  so  that  it  is  safe  to  assume  that  the  flow  in  the  test  sec¬ 
tion  at  Mjj^=  0.  7  1  was  not  c  hoked  (see  also  Ref.  43).  Thi s  cone lus i on  i s  confirmed  by  the  interferograms. 

Only  at  the  largest  firofiles  (c  =  160,  respec.tiv<*ly  c  =*  150  mm)  did  the  sonic  lines  reach  the  tunnel  walls. 

3.  UNSTEADY  FLOW  MECHANISMS 

The  following  four  possible  unsteady  flow  mechanisms  can  ue  identified  in  flows  with  shock  oscilla¬ 
tions. 

I.  If  a  small  pressure  disturbance  appears  during  the  interaction,  it  propagates  upstream  in  the  sub¬ 
sonic  part  of  the  I  oundary  layer  (Ref.  36).  This  disturbance  will  result  in  flow  changes  in  the 
boundary  layer,  and  in  an  upstream  shift  of  the  separation  point.  For  laminar  shock-boundary 
layer  interaction  (A-shock  pattern),  the  upstream  propagated  disturbances  will  cause  changes  in 
the  outer  supersonic  flow  and  thereby  a  change  in  the  strength  of  the  first  shock-waze  and  a  down¬ 
stream  propagated  pressure  disturbance.  It  is  the  latter  which  gives  rise  to  the  unsteady  oscilla¬ 
tion  of  the  interacting  inviscid  and  viscous  flow.  Dvorak  (Ref.  36)  made  an  attempt  to  solve  the  un¬ 
steady  interaction  problem  as  a  stability  problem  of  the  small  disturbance  propagation.  The  compa¬ 
rison  (Fig.  22)  between  experiment  and  this  theory  shows  that  for  small  angles  of  attack  the  trend 
of  the  reduced  frequency  is  in  principle  predicted  for  high-frequency  oscillations.  The  diagram, 
however,  also  shows  that  another  mechanism  becomes  predominant  at  higher  angles  of  attack. 
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II.  After  Tamaki  (Ref.  18)  the  shock-wave  os¬ 
cillations  may  be  coniidered  as  the  repe¬ 
tition  of  the  following  process;  The  upstream 
traveling  disturbances  tend  to  accumulate 
at  a  certain  point  (  Busemann,  Refs.  45  and 
46  )  ,  but  their  pressure  rise  can  be  trans- 
fered  upstream  through  the  subsonic  region 
outside  (  confirmjd  by  Fig.  23  ,  see  also 
Ref.  40  ),  where  upstream  motion  of  ihe 
disturbances  is  possible.  Then  the  flow 
returns  to  the  initial  state  and  repeals  Ihe 
same  process. 

With  the  models  I  and  II  the  high-frequency 
oscillations  with  small  amplitudes  at  small 
angles  of  attack  (Fig.  5)  can  in  principle 
be  explained. 


Fig.  22  Reduced  frequency,  Re  -  1.25x10^ 


Fig.  23  Shadow-pictures,  Nl_R  0.  1  025-0.  6750- 1 . 300  ,  c  -  80  mm  ,  M^-0.71  ,  ot  -  5° 

Re  -  1 . 25x1  0^  m"  '  ,  A  t  -  60  ps 

III.  The  following  mechanisms  are  believed  to  describe  the  small-frequency-shock-wave  oscillations 
with  large  amplitudes  at  large  angles  of  attack.  For  these  cases  the  separation  of  the  boundary 
layer  extends  from  the  instantaneous  position  of  the  shock  wave  to  the  trailing  edge.  Disturbances 
now  also  travel  upstream  in  the  subsonic  region  at  the  lower  side  of  the  profile  and  pressure  rea¬ 
dings  on  the  lower  side  clearly  confirm  periodical  pressure  fluctuations  with  definite  phase  shifts 
(Fig.  16).  The  pressure  waves  ori  the  lower  side  made  visible  with  the  multi-spark  technique 

(Fig.  24),  are  visible  around  the  whole  airfoil.  The  "divergence"  of  the  trailing  edge  pressure, 
as  defined  by  Pearcey  (Ref.  38),  may  give  the  first  triggering  impuls  for  the  upstream  moverrent 
of  the  disturbances  on  the  lower  side.  Arround  the  airfoil  periodical  oscillations  of  the  circulation 
exist,  connected  with  unsteady  flow  near  the  trailing  edge  so  that  the  Kutta  condition  can  be  satis¬ 
fied.  The  oscillation  of  the  circulation  cause  oscillations  of  the  circulation  in  the  wake  but  with 
the  opposite  sign. 

IV.  Inspection  of  Fastax-high-speed  films  indicate  that  the  separated  boundary  layer  carried  out 
crosswise  oscillations,  which  are  synchronous  with  the  shock  wave  movement,  in  analogy  to  the 
transonic  aileron  buzz  (Ref.  44).  The  mechanism  can  be  explained  as  follows;  If  the  boundary  layer 
at  Ihe  rear  portion  of  the  wing  separates,  unsteady  pressure  disturbances  are  produced  in  the  ou¬ 
ter  subsonic  flow  which  propagate  downstream  and  upstream.  The  upstream  propagating  disturban¬ 
ces  meet  the  shock  and  force  it  to  move  upstream.  The  shock  wave  travels  in  regions  of  smaller 
Mach  numbers;  the  angle  between  the  edge  of  the  separated  boundary  layer  and  the  free  stream  di¬ 
rection  is  reduced;  negative  pressure  disturbances  in  the  outer  flow  downstream  of  the  shock  wave 
are  produced  and  the  shock  wave  is  forced  to  move  downstream  again.  The  crosswise  oscillation  of 
the  wake  is  particularly  intense  at  the  biconvex  circular-arc  airfoil. 
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Fig.  24  Shadov\-p  ctures  ,  NL  R  0.  1025-0.  6750-1 . 300  ,  c  =  80  mm  ,  M^=  0.  71  ,  o<  =  5° 

Rf  =  1 . 25x10^  m"'  ,  At  =  100  jjs 

4.  COMMENTS  ON  EXISTING  THEORIES 

Because  of  the  strong  coupling  between  the  boundary  layer  and  the  invlscid  flow  theoretical  analysis 
is  d  fficult,  in  particular  n  the  case  of  separated  boundary  layers.  In  the  present  problem  unsteady 
effects  are  essential.  In  the  interest  of  the  problem  investigated  here,  unsteady  methods  as  for  example 
the  one  proposed  by  Yoshihara  (Ref.  47)  would  be  most  useful  for  the  prediction  of  unsteady  inviscid  and 
viscous  transonic  flows.  Application  of  the  Navier-Stokes  equations  may  be  a  successful  way  to  describe 
the  flow  about  the  airfoil  as  were  for  exanipie  done  successfully  for  low  Reynolds  number  flows  in  Refs. 
51  and  52  .  There  are  similarities  to  the  starting  process  of  an  airfoil,  which  may  result  from  the  same 
mecharnsm  as  the  period  cal  behavioui'  of  the  wake  flow  downstream  from  the  profile. 


5.  CLOSING  REMARKS 

Measurements  of  the  unsteady  shock  wave-boundary  layer  interaction  on  various  airfoils  were  car- 
r  ed  out  at  transonic  Mach  numbers.  The  shock  oscillations  induced  by  boundary  layer  separation  cha¬ 
racterise  the  flow;  the  separation  extends  from  the  instantaneous  position  of  the  shock  wave  to  the  Irai- 
\  ng  edge.  Sma  1 1  -  frequency  shi>ck  oscillations  with  large  amplitudes  at  large  angles  of  attack  show  large 
periodic  oscillations  of  the  c  ir  ctj  la  t  ion  on  *he  profile,  compensated  apparently  by  the  circulation  of  the 
vor  tices  in  the  wake  but  in  the  opposite  sence. 

An  analogy  seems  exist  to  the  transon.c  flow  over  circular  cylinders  with  a  vortex  street  in  the  wake. 
The  influence  of  possible  choking  effects  in  the  wind  tunnel  were  eliminated,  it  was  shown  that  the  fre¬ 
quency  of  the  shock  oscillation  varies  inversely  proportional  to  the  chord  length  and  is  not  caused  by 
tunnel  effects.  The  influence  of  the  wind  tunnel  walls  is  presently  being  studied  by  means  of  a  finite- 
difference  solution  frjr  the  exact  potential  equation. 
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SUMMARY 

The  physical  system  consisting  of  a  shock  wave  and  the  downstream  separated  flow  causes  oscillatory 
instabilities  in  three  cases  described  here:  transonic  flow  in  a  curved  channel;  flow  over  a  symmetric 
profile  at  angle  of  attack;  and  flow  in  a  Laval  nozzle.  The  shock-boundary  layer  interaction  creates  or 
displaces  a  separation  bubble,  thereby  changing  the  flow  field  downstream  of  the  shock  root.  This  pro¬ 
cess  usually  strengthens  the  shock  wave  by  increasing  the  back  pressure.  The  shock  wave  then  becomes 
unsteady,  moving  the  separation  point  with  it  in  an  upstream  direction,  so  that  a  self -preserving  insta¬ 
bility  occurs,  thus  reducing  the  flow  velocity  in  the  whole  transonic  field.  By  means  of  the  later  reattach- 
nient  of  the  boundary  layer,  the  entire  flow  is  accelerated  and  tends  to  return  to  the  initial  condition, 
i.e.  ,  the  process  is  cyclic.  The  length  of  the  oscillation  periods  can  be  estimated.  Using  a  one-dimen¬ 
sional  model  for  the  Laval  nozzle  flow,  it  can  actually  be  calculated.  Consideration  of  the  gasdynamics 
of  the  process  leads  to  limits  in  terms  of  pressure  or  Mach  number  for  the  existence  oi  oscillations, 
these  limits  being  in  good  agreement  with  experimental  results. 


INTRODUCTION 

.Several  years  ago  we  observed  nonsteady  behavior  of  transonic  flows  in  a  curved  tunnel  when  shocks  with 
a  certain  minimum  strength  of  pressure  jump  occurred  at  the  end  of  a  supersonic  region  embedded  in  a 
subsonic  flow  ( I ).  The  great  similarity  to  phenomena  connected  with  buffeting  [2|  on  wings  suggested  a 
parallel  invesiigation  of  both  types  of  flow  with  regard  to  the  detection  of  an  oscillation  mechanism. 

In  an  attempt  to  find  a  simple  model  for  the  complex  phenomena  observed  in  the  two-dimensional  nonsteady 
flows,  we  found  we  could  predict,  based  on  considerations  of  the  mechanisms,  that  supersonic  Laval- 
nozzle  flows  must  also  show  this  behavior  for  a  certain  pressure  ratio  and  certain  geometrical  forms. 
Experiments  with  a  nozzle  of  this  type  have  confirmed  the  prediction,  and  moreover  provided  an  expla¬ 
nation  for  the  nonsteady  behavior  of  flows  occasionally  observed  in  supersonic  tunnels  and  valves.  The 
reduction  of  tht  problem  to  nonsteady  behavior  of  nozzle  makes  it  possible  to  treat  the  mechanism  of  os¬ 
cillation  theoretically  in  a  one-dimensional  model  by  a  modified  current  tube  theory. 

The  most  important  result  of  the  inve'-tigation  is  that  the  oscillation  is  generated  by  a  local  instability 
which  is  based  on  an  interaction  of  the  boundary  layer  and  shock  wave.  In  the  acceleration  phase,  a  shock 
wave  forms  at  the  end  of  the  supersonic  flow.  The  pressure  jump  in  the  shock  wave  is  capable  of  detaching 
the  boundary  layer  or  displacing  the  point  of  detachment.  The  effect  is  a  local  increase  of  pressure  behind 
the  shock  wave,  which  causes  the  latter  to  move  upstream.  In  this  process  the  shock  wave  moves  the  se¬ 
paration  point  away  with  it,  so  that  a  self-preserving  instability  occurs,  which  may  result  in  canceling 
the  whole  supersonic  flow.  Ihe  shock  wave  leaves  the  region  in  which  the  oscillation  is  generated  in  many 
cases  as  an  acoustic  bang  wave  through  the  subsonic  flow.  In  the  acceleration  phase  the  boundary  layer 
reaaaches  to  the  wall. 

The  process  described  here  should  not  be  confused  with  another  type  of  shock  boundary  layer  interaction, 
which  was  described  by  L.  Trilling  |3|,  This  instability  is  restricted  to  the  case  of  X  -  type  shock  waves 
separating  laminar  boundary  layers.  The  influenced  area  where  the  distortions  propagate  is  very  small 
and  the  oscillation  frequencies  are  therefore  much  higher  than  in  the  case  treated  in  this  paper. 

INSTRUMENTATION 

The  different  channels  are  connected  with  a  vacuum  chamber  and  fed  with  dried  atmospheric  air.  The 
flow  volume  is  controlled  by  a  variable  supersonic  nozzle. 

The  central  flow  field  is  observed  with  a  Mach-Zehnder-Interferometer.  With  air  at  atmospheric  pressure 
inside  the  duct,  the  interferometer  is  adjusted  to  infinite  width  the  interference  fringes.  Thus  the  fringes 
will  be  lines  of  constant  density  in  the  photographs  of  the  flow  field.  As  long  as  no  entropy  changes  occur, 
all  other  variables  of  state  and  magnitude  of  flow  velocity  will  be  constant  on  interference  fringes. 

The  unsteady  flow  phenomena  ave  recorded  by  high  speed  phoiography.  A  single  photograph  has  an  x- 
posure  time  t  =  10"®  s.  "Ihe  interframe  time  A  t  is  given  in  the  corresponding  subscripls. 

Pressure  measurements  were  made  by  mercury  columns  for  the  stationary  component  of  static  pressure. 
The  unstationary  component  was  measured  by  piezoelectric  transducers  with  resonance  frequencies 


J 


fj,  =  80  kHz.  Signals  are  recorded  on  film  from  an  eight  trace  oscilloscope  and  for  further  evaluation 
on  magnetic  tape. 

OSCILLATIONS  IN  A  CURVED  CIL'INNEL 

Two  examples  of  interferograms  of  an  oscillation  cycle  in  a  curved  channel  are  shown  in  Fig.  I  and 
Fig.  2  (in  these  tests  suction  was  applied  at  the  convex  boundary;  for  more  details  see  [1]  and  [3|). 


Fig.  1  Interferograms  of  an  oscillation  cycle 
of  transonic  flow  with  intermediate 
separation  in  a  channel  of  li  =  40  mm 
depth  and  d  =  45  mm  distance  between 
top  and  bottom  walls  at  the  smallest 
cross  section.  Highest  Mach  number  at 
the  smallest  cross  section  at  the  lower 
wall  •'^^niax  ^  Suction  velocity  at 
the  convex  contour  Vg  3  nWs.  Inter¬ 
frame  time  At  ‘  0.3  ms.  Flow  d’-ection 
from  left  to  right. 


Fig.  2  Interferograms  of  an  oscillation  cycle  of 

transonic  flow  with  intermediate  separation 
in  a  channel  of  40  r  m.  x  45  mm  smallest 
cross  section.  Mai  h  number  at  the  zenith 
f  the  boundary  M  Suction  ve- 

locity  at  the  convex  contour  Vg  =  3  m/s. 
Interframe  time  At  =  0.6  ms.  Flow  di¬ 
rection  from  left  to  right. 


F’ig.  1  represents  the  most  common  case,  that  of  a  shock  wave  being  established  during  frames  1-3  at  the 
end  of  a  growing  supersonic  flow  regime,  creating  a  separation  bubble  in  frame  3.  The  main  flow  around 
the  newly-created  separation  bubble  is  similar  to  that  around  a  convex  contour  (see  frames  4  and  5),  with 
highest  density  and  pressure  values  just  behind  the  shock  wave.  This  pressure  can  be  additionally  ampli¬ 
fied  by  acoustic  waves  resonating  in  the  duct  [4|.  The  density  or  pressure  behind  the  shock  wave  there- 
for'i  becomes  too  high  for  a  stationary  shock  and  it  moves  upstream  (frames  4-7).  The  boundary  layer 
separation  po  r  the  beginning  of  the  separation  bubble  is  moved  with  the  shock  root.  Thus  the  high 
density  oi'  pre  field  just  behind  the  shock  persists  during  the  main  part  of  the  motion.  Therefore  we 

call  this  a  phase  of  self-preserving  instability.  The  duration  of  the  deceleration  phase  is  essentially  de¬ 
termined  by  the  acceleration  of  the  secondary  flow  inside  the  separation  oubble  and  the  propagation  velo¬ 
city  of  the  shock  wave  against  the  main  flow.  When  the  shock  wave  becomes  too  weak  to  maintain  separation 
(tee  frame  7)  the  boundary  layer  is  reattached  very  quickly  with  the  velocity  of  downstream  converted 
turbulence  elements.  The  following  acceleration  phase  is  extended  over  the  whole  flow  field  as  an  expan¬ 
sion  wave  starting  from  the  area  of  reatlachment  (see  frames  7-1) 


Fig.  2  shows  that  a  very  similar  oscillation  cycle  can  occur  without  complete  separation  of  the  boundary 
layer.  The  turbulent  layer  after  the  shock  wave  is  considerably  thickened  after  the  shock  has  reached  a 
certain  strength  in  the  acceleration  phase  (see  frames  4  and  5).  The  thickened  boundary  layer  also  creates 
a  pressure  wave  running  upstream  and  driving  the  shock  wave  at  the  end  of  the  supersonic  flow  regime  to 
a  more  upstream  position  (see  frames  5-7).  As  can  be  seen  from  other  measurements  [4j  the  magnitude 
of  the  pressure  wave  is  amplified  by  acoustic  resonance  in  parts  of  the  duct.  The  amplitude  of  the  oscil¬ 
lation  depends  on  this  and  thus  cannot  be  easily  predicted. 

The  evaluation  oi  interference  pictures  shown  in  Fig.  2  leads  to  the  density  curves  shown  in  Fig.  3  and 
Fig.  4.  It  can  easily  be  seen  from  F'ig.  3,  traces  18  and  22,  how  the  shock  wave  suddenly  inc  -eases  the 
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Fig.  3  Time  dependence  of  density  and  shock 

position.  Plot  of  density  at  certain  points 
marked  in  the  sketch  of  the  channel  and  on 
the  individual  curves.  Plot  of  shock  position 
in  dimensionless  distance  downstream  of 
smallest  cross  section  measured  on  the 
convex  boundary. 


Fig.  4  Time  sequences  of  density  and  density 
changes  in  the  connection  line  of  the 
shown  scanning  points.  High  density  in 
the  changes  is  marked  by  dashed  lines. 


But  also  the  density  changes 
0.05.  Corresponding  pressure 
capability  for  immediate  destruction 


density  by  4  §’/?o  =  0.  15  passing  the  corresponding  points  in  the  flow  field, 
in  the  subsonic  flow,  for  instance  trace  1  or  52,  show  changes  of  Ae  Vo 
changes  have  the  same  order  of  magnitude  and  therefore  have  great  ^ 
or  for  producing  material  fatigue. 


Estimation  of  the  shock  velocity  from  the  lower  part  of  Fig.  3  leads  to  values  |v  I  ^  10  m/s.  Small  values 

®  °  pressure  waves  and  fluctuations.  More  usull  values,  corresponding 

to  oscillations  like  those  shown  in  Fig.  1,  are  shock  velocities  Ivg!=  30  m/s. 

Looking  at  the  maxima  of  the  density  curves  a  phase  shift  becomes  obvious.  This  indicates  that  density  or 

fl^w  .and  behind  the  shock  wave  when  the  flow  velocity  in  the  supersonic 

flow  tends  to  reach  its  maximum.  The  reasons  for  this  pressure  drop  are  the  increasing  strenrth  of  the 
change  in  the  boundary  contour  by  the  growing  separation  bubble.  Fig.  4  shows  in  the 
left-hand  par  of  the  diagram  time  sequences  of  the  density  distribution  in  the  flow  along  the  shown  scannin, 
H  shock  wave  at  the  end  of  the  supersonic  flow  can  clearly  be  seen  here  The 

right-hand  curves  of  density  differences  show  how  the  densities  above  average  are  propagated  from  the 
area  just  behind  the  shock  wave  into  the  whole  flow  field.  From  this  diagram  it  can  also  L  seen  that  acce- 
eration,  i.e.  decrease  of  density  values,  starts  in  approximately  the  same  area.  The  reason  for  this 

boundary  layer  first  reattaches  in  this  area.  The  velocity  of  expansion  waves 
values  arT  |  vj  VgoT/T.^  velocities  in  the  upstream  direction.  Typica 


OSCILLATIONS  ON  A  PROFILE 


Transonic  flows  around  profiles  can  show  similar  unsteady  behavior  if  the  flow  tends  toward  separation. 
Fig.  5  presents  one  cycle  of  oscillation  for  a  symmetric  profile  with  a  =  8°  angle  of  attack.  In  the  case 


of  this  profile,  oscillations  occur  only  in  an  area  of 

angles  of  6°  ^  ^  10°.  These  limiting  angles  cor-  —  5 

respond  to  permanent  attachment  and  permanent 
detachment  of  boundary  layer,  respectively.  In  the 
case  of  more  rounded  profiles  the  oscillation  re¬ 
gime  will  be  greater. 

A  typical  difficulty  for  measurements  like  this  is 
the  proper  match  of  wall  impedance  of  the  transonic 
tunnel  simulating  the  real  free  field  conditions.  If 
for  instance  the  flow  in  the  tunnel  is  more  like  a 
jet,  separation  will  not  occur  at  small  angles  of  _ 

attack:  oscillations  will  then  be  prohibited.  If  on  g 

the  other  hand  walls  are  too  hard,  separation  occurs 
in  nearly  any  case  with  pressure  increase,  and  os-  “ 

cillations  thus  occur  in  a  too-extensive  regime  of  g 

parameters.  To  overcome  this  difficulty  without 
changing  the  tunnel  it  may  be  helpful  to  make  mo¬ 
dels  as  small  as  possible  by  requirements  of  Rey¬ 
nolds  number. 

In  the  case  of  Kig,  5  the  model  thickness  was 
approximately  4  %  of  the  duct  width  of  w  ^  350  mm.  L 

It  can  be  seen  that  on  this  profile  the  flow'  switches  ^ 

from  complete  attachment  of  a  flow  with  high  Mach  g 
numbers  in  the  supersonic  part  of  the  field  j' 

{frame  1;  M  =  1.3)  to  completely  separated  flow  ^ 

with  only  a  very  small  supersonic  flow  regime  at 
the  shoulder  of  the  profile,  where  separation  starts  < 

(frame  6).  u. 

fig-  &  Interferograms  of  an  oscillation  cycle  of 

frames  2-5)  from  the  position  of  the  strong  shock  transonic  flow  around  a  symmetric  profile 

wave  in  frame  1  On  the  one  hand  it  is  established  (NLR  0.1  -0.675-  1.6)  of  I  =  126  5^mm 

downstream  with  the  velocity  of_turbulent  elements,  chord  length  with  a  -  8°  angle  of  attack 

othe'  velocity  (Ivjl  =  100  m/s).  On  the  Highest  Mach  number  at  the^ofile 

Other  hanH  it  IC  nPn0fr«atinrT  - - -  ^ 
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other  hand  it  is  penetrating  below  the  supersonic  r  1.3.  mterframe  time  At  =  I  ms 

fha  w  inclined  part  of  F'ow  direction  from  left  to  right, 

the  shock  wave  (|vg|  =  20  m/s).  This  value  is  then 

comparable  with  the  upstream  flow  velocity  in  the  secondary  flow  regime  of  the  separation  bubble  which 
certainly  baUnces  static  pressure  perpendicular  to  the  mixing  layer  all  the  time.  Therefore  it  is  obvious 

hv  hi  f  is  accelerated  strongly  in  the  first  moment  when  the  separation  bubble  is  formed 

by  the  pressure  gradient  of  the  shock  wave  (see  frames  2  and  3). 

®  6  demonstrates  a  more  statistical 

havior  of  this  type  of  oscillation.  Time  scale  and  amplitudes  show  this  behavior.  The  reason  for  this  is 
the  missing  synchronizing  efiect  of  a  cavity  resonance  like  that  in  the  case  of  the  curved  channel  As  can 
be  seen  from  the  shock  and  separation  point  movement  plotted  in  the  lower  part  of  the  diagram  the  sepa- 

orshock“anl\  H  "7  interesting  to  notice  thaf  the  'velocfues 

siml  Th  1  7  P°int,  taken  from  the  slopes  of  these  curves,  have  mostly  the 

staTes^f  ";  oscuSn  TyZ  "  °°-e  ^-m  stabilizing  effects  in  certain 

Tlie  density  trace  corresponding  to  point  48  or  the  high  pressure  side  of  the  profile  shows  antiphase  os- 

hll^h  Ih  *7  “‘7'"  indicates  low  velocities  here  when  the  low  pressure  side 

has  high  average  values  of  velocity  and  vice  versa.  So  one  simply  can  conclude  that  large  circulation  fluc¬ 
tuations  are  connected  with  the  oscillations  of  the  flow  field.  uiauon  iiuc 

Time  sequences  of  density  and  density  changes  in  Fig.  7  show  behavior  very  similar  to  the  case  at  the 
urved  cha.mel  Two  differences  should  be  noted  and  can  be  seen  from  the  dashed  density  difference  curves- 
first,  the  acceleration  in  this  case  starts  from  the  shoulder  of  the  wing,  which  is  in  agreement  with  the 
observauon  that  reattachment  of  the  boundary  layer  starts  here;  second,  the  density  in  the  trailing  edge 
regime  is  lower  although  the  whole  flow  field  shows  higher  densities  in  the  deceleration  phase.  Th\  re^ason 
cOr  Jhis  can  be  the  more  constant  mass  flow  in  the  duct  here  compared  to  the  previous  and  the  following 

OSCILLATIONS  IN  A  LAVAL  NOZZLE 

As  stated  before,  consideration  of  the  mechanism  of  oscillations  led  to  experiments  with  Laval  nozzle  flow 
Fig.  8  shows  interferograms  of  the  observed  oscillation  at  a  pressure  ratio  of  p, /p„  =  0.76.  The  pressures 
Pj  and  Pq  are  the  rest  pressures  in  the  receiver  and  supply  reservoirs,  respectively. 


Fig.  6  Time  dependence  of  density  and  shock  Fig.  7  Time  sequences  of  density  and  density 

position  for  unsteady  profile  flow.  Plot  of  changes  for  the  line  of  scanning  points 

density  at  certain  points  of  the  flow  field  shown.  High  density  in  the  changes  is 

marked  in  the  sketch  of  the  profile.  Plot  of  marked  by  dashed  lines, 

shock  position  and  separation  point  in  di¬ 
mensionless  distance  downstream  of  pro¬ 
file  nose.  Angle  of  attack  a  =  8°. 

Frame  1  in  Fig.  8  shows  a  shock  wave  just  at  the  position  of  the  smallest  cross  section,  which  is  marked 
by  a  vertical  line  in  these  pictures.  This  shock  later  penetrate  the  subsonic  intake  flow,  leaving  the  intake 
of  the  duct  as  a  bang  wave.  Frame  2  shows  complete  subsonic  flow  in  the  nozzle. 

Separation  is  permanent  in  this  type  of  nozzle  flow  corresponding  to  the  applied  pressure  ratio  pi/pn.  In 
the  case  of  subsonic  flow,  separation  is  maintained  by  very  small  pressure  or  density  gradients  (see 
frame  2).  The  boundary  layer  is  separated  only  at  one  boundary  of  the  duct.  This  is  due  to  another  type  of 
instability ,  which  in  the  case  of  two  separation  bubbles  causes  the  higher  one  to  grow  by  centrifugal  pres¬ 
sure  differences  in  a  curved  flow.  So  at  the  beginning  of  any  experiment  it  is  decided  on  which  boundary 
separation  will  take  place. 

By  means  of  the  applied  pressure  ratio  the  flow  is  accelerated  in  the  frames  3-5.  In  this  acceleration 
phase  the  boundary  layer  is  further  stabilized  and  the  shock  wave  is  not  concentrated  in  a  certain  position 
(see  frame  5).  If  the  shock  is  formed  (see  frame  7),  the  separation  point  switches  to  the  position  of  the 
shock  root.  Thus  the  shock  gets  additional  back  pressure  and  the  separation  bubble  starts  growing  (see 
frames  7-S).  The  shock  wave  then  penetrats  the  whole  supersonic  flow,  transforming  it  to  subsonic  flow 
(see  frames  8-10 and  1).  So  the  cycle  is  completed. 

The  density  fluctuations,  shown  in  Fig.  9,  look  very  similar  to  the  fluctuation  in  the  curved  channel  Fig  3 
The  very  great  changes  in  trace  2  of  Af  /Jo  "  0.35  are  due  to  the  fact  that  the  flow  Mach  number  changes  ’ 
from  M  =1.2  in  the  supersonic  flow  phase  to  M  =0.7  in  the  subsonic  flow  phase.  This  indicates  the 
more  one -dimensional  behavior  of  this  duct  flow  with  no  further  possibilities  of  radiation  or  equalisation  of 
time. dependant  distortions  other  than  in  the  axial  dimension.  In  other  words;  although  the  behavior  of  the 
flow  is  a  reaction  to  a  separation  at  only  one  of  four  boundaries  the  reaction  influences  a  single  cross  sec¬ 
tion  nearly  uniformly.  This  is  the  main  assumption  for  the  gasdynamic  considerations  on  the  mechanism. 
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Fig.  8  Interferograms  of  an  oscillation  cycle 

for  transonic  flow  with  permanent  sepa¬ 
ration  in  a  Laval  nozzle  of  d  =  50  n  in 
wall  distance  at  the  smallest  cross 
section.  Depth  of  channel  h  =  100  mm. 
Pressure  ratio  Pj/p^  =  0.76.  Inter¬ 
frame  time  At  =  0.5  ms.  Flow  direc¬ 
tion  left  to  right. 


Time  dependence  of  the  density  at  certain 
points  and  of  the  density  before  and  after 
shock  or  separation  point  respectively. 
Position  of  shock  wave  and  separation  point 
in  dimensionless  distance  from  zenith. 


pan°of°Fi‘rrDi^fe7eice  behind  the  shock  wave  and  separation  point  is  shown  in  the  central 

part  of  Fig.  9.  Differences  between  these  values  become  great  at  the  end  of  the  acceleration  phase  The 
hPh  smaller  during  the  deceleration  phase.  It  is  interesting  to  note  that  the  di^sity  itself 

behind  the  shock  wave  is  still  growing  during  deceleration.  This  is  due  to  an  amplification  of  the  driving 

a  calc^^irt**'"^;  which  IS  not  included  in  the  later  considerations  on  the  mechanism  but  can  be  included  fn 
a  calculation  of  a  one-dimensional  model  flow.  mciuaea  in 


The  lowest  part  of  Fig.  9  is  a  plot  of  position  of  shock  and  boundary  layer  separation  point  versus  time  It 
IS  obvious  that  the  downstream  velocity  of  the  separation  point  in  the  acceleration  time  is  fairly  high  Ty 
pical  values  of  velocity  |Vp|  "  30  m/s  are  observed.  This  values  correspond  to  velocities  Vn  the  lower 
boundary  layer.  The  outer  shape  of  the  separation  bubble  is  changed  with  much  higher  velocity  This  cor 


The  motion  of  the  shock  wave,  also  plotted  in  the  lowest  part  of  Fig.  9,  is  coupled  to  the  motion  of  the  se 
“I!  deceleration  phase  up  to  a  certain  position  downstream  of  the  smallest  cross  section 
IeD7rltfL^D'’olm*t*  quickness.  This  sudden  splitting  is  associated  with  the  tendency  of  the 

Phrr  r  ®  position  where  the  duct  geometry  and  boundary  layer 

oarlno  separation,  i.e.  ,  the  coupling  between  the  shock  wave  and  the  se¬ 

paration  point  becomes  too  weak  to  carry  the  separation  further  upstream.  After  the  splitting  the  shock 

^  « n™, 

The  time  sequences  of  density  and  density  changes  of  the  nozzle  flow  are  plotted  in  Fig  10  The  motion  of 
the  shock  wave  and  the  supersonic  flow  regime  as  a  whole  can  clearly  be  recognized  fr;m  the  leftThaTd 
shock^  sequence.  In  the  right-hand  sequence  one  can  see  that  the  density  increase  starts  just  behind  the 
shock  wave  and  is  propagated  up-  and  downstream  (note  that  densities  greater  than  the  time  a-  erage  are 


, ‘s  WW^AA^nA^nVs/vAAN's'n^v  \ 


tts).  The  acceleration  starts  in  the  same  area  of  the  duct  and  is  propagated  in  the 
h  somewhat  higher  velocity  than  in  the  downstream  direction;  deceleration  shows 
All  of  these  phase  velocities  are  in  the  interval  40  m/s  Iv  I  -  100  m/a. 


%  i  I  slOmt/dhr  .  p  ■  0.t6  bor/tf» 


I’ressure  oscillations  in  the  Laval  nozzle 
flow  in  time.  The  drawing  shows  the  posi 
tion  of  the  pressure  transducers. 


Fig.  10  Time  sequences  of  density  and  density 

changes  at  the  center  line  of  Laval  nozzle 
High  density  in  the  changes  is  marked 
by  dashed  lines. 


t-ig.  11  demonstrates,  if  compared  with  Fig.  9,  the  close  relation  of  density  and  pressure  fluctuations. 

At  certain  points  on  the  side  walls  pressure  transducers  were  mounted  flush  to  the  wall.  The  signal  trace  7 
in  the  upper  diagram  shows  initially  increasing  pressure.  This  is  in  agreement  with  the  observation  from 
density  traces.  The  penetration  of  the  shock  wave  can  be  studied  from  traces  5,  3  and  1.  The  traces  7,  9, 
11,  and  13  show  that  the  pressure  increase  starts  later,  downstream  of  the  "center  of  oscillation"  between 
point  7  and  5.  These  traces  have  also  decreasing  amplitudes  like  the  upstream  traces  3  and  1.  Trace  D 
indicates  that  inside  of  the  receiver  reservoir  only  small  pressure  fluctuations  occur. 

The  lower  part  of  Fig.  11  shows  the  pressure  fluctuations  over  a  longer  period  of  time.  The  overall  be¬ 
havior  is  quite  regular  although  some  changes  in  amplitude  and  cycle  length  occur.  These  changes  are  ty¬ 
pical  for  relaxation  oscillations  like  those  discussed  here.  Small  changes  of  parameters,  for  instance  by 
interaction  with  turbulence  or  sound  waves,  can  influence  the  single  oscillation  cycle  in  a  nonpredictable 


CONSIDERATIO.NS  OF  MECHANISM  AND  TREATMENT 


One  can  get  some  further  ideas  about  the  oscillation  mechanism  from  a  one -dime. isional  model  of  the  Laval 
nozzle  flow.  Fig.  12  shows  a  sketch  of  the  duct  in  the  upper  part  and  the  corresponding  pressure  values  for 
steady  flow  in  the  lower  part.  The  dashed  lines  give  the  pressure  distribution  for  nozzle  flow  without  sepa¬ 
ration.  We  can  get  additional  information  by  introducing  some  knowledge  of  the  boundary  layer  separation 
and  pressure  conditions  to  this  diagram.  Curve  A  shows  a  pressure  distribution  in  the  duct  corresponding 
to  frame  2  in  Fig.  9  with  subsonic  flow  and  separation  at  the  marked  point.  If  we  now  treat  the  oscillation 
mechanism  in  a  quasistatic  model,  we  see  that  one  can  reach  distributions  like  B  and  C  without  much 
change  in  the  inlet  and  outlet  pressure.  It  is  Important  that  shock  waves  B  and  C  lead  only  to  a  certain 
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back  presaure  given  by 
p,  2>  ttf  -  (7-  1) 


2 _ 

(  y  -  1)  +  2 


7 

/-I 


This  pressure  is  plotted  as  a  dotted  line  for  different 
front  Mach  numbers  Mj.  They  are  simple  functions 
of  the  dimensionless  length  l/d  or  cross  section  F/F* 
in  the  diagram: 
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The  value  of  y  =  1 . 4  for  air  leads  to  a  maxinmm  of 

the  back  pressure  curve  at  M  =  1.48. 

m 

We  see  from  the  diagram  that  there  is  a  mismatch  be¬ 
tween  the  back  pressure  of  the  shock  waves  and  the 
pressure  distribution  of  the  separation  bubble,  which 
can  be  overcome  by  a  very  steep  increase  of  pressure 
along  the  corresponding  dashed  curve.  This  steep 
increase  after  the  pressure  jump  of  the  shock  wave 
will  not  be  tolerated  by  a  normal  boundary  layer  in  a 
divergent  duct.  Thus  the  separation  point  jumps  to 
the  shock  root.  This  has  two  consequences  with 
respect  to  pressure  distribution.  The  pressure  gra¬ 
dient  on  the  separated  flow  is  increased;  so  this  back 
flow  is  accelerated  and  the  bubble  is  growing.  The 
pressure  jump  in  the  shock  wave  becomes  too  high  for 
a  stationary  shock  and  it  moves  upstram,  taking  sepa. 
ration  point  and  therefore  its  instability  with  it.  This 
situation  is  indicated  in  Fig.  12  by  extension  of  the 
shock  wave  to  the  point  just  above  the  dotted  line. 


Fig.  12  Gasdynamic  pressure  distributions 
in  the  Laval  nozzle  flow  plotted  ver¬ 
sus  dimensionless  length  or  cross 
section. 


From  these  considerations  we  also  obtain  some  information 

about  the  instability  regime  of  transonic  flows  for  oscillations  described  here.  If  we  take  for  instance  a 
receiver  pressure  pj  leading  to  a  pressure  distribution  like  curve  D,  no  instability  will  occur.  Being 
below  the  maximum  p^.  of  the  back  pressure  curve  an  additional  pressure  increase,  to  reach  the  common 
pressure  distribution  of  separated  flow,  is  not  needed.  Therefore  the  shock  position  is  stable  in  this  case. 
In  other  words'  if  the  shock  wave  is  moved  upstream,  pressure  increase  in  the  separated  flow  tends  to 
zero  and  the  backflow  decreases. 


Another  limit  for  oscillations  is  obviously  the  critical  pressure  pj^.  The  nozzle  flow  can  reach  supersonic 
velocity,  which  is  essential  for  the  mechanism,  only  with  discharge  pressure  below  p|^.  In  fact  this  limit 
is  shifted  down  to  a  certain  value  Pg  '  p|^  by  pressure  loss  in  the  separation,  which  depends  on  the  appa¬ 
ratus. 

The  oscillation  regime  in  terms  of  discharge  pressure  therefore  is  0.87  -  Pj 'Pq  -  Pb/Pq"  Pk/Po 

or  in  terms  of  Mach  number  in  front  of  the  shock  wave  1  <  Mj  '  1.48.  Both  the  limits  are  in  excellent 
agreement  with  experimental  results  for  the  Laval  nozzle  flow.  Last  penetration  of  shock  waves  in  the  sub¬ 
sonic  intake  flow  was  found  for  Pj /Pq  "  0.88.  The  disappearance  of  oscillations  was  found  for  Pj/Pq  =  0.86, 
which  in  this  case  is  the  value  for  Pg  Pq-  value  for  Pj^/Pq  0.925  for  thic  nozzle  is  essentially 
greater:  the  difference  is  due  to  the  pressure  loss  by  separation. 

In  principle  these  considerations  are  not  restricted  to  the  case  of  Laval  nozzle  flow.  They  are  also  appli¬ 
cable  to  the  two-dimensional  flow  fields  in  the  curved  duct  or  around  profiles.  If  X  -shocks  occur  the  con¬ 
siderations  are  also  similar. 

The  amplitudes  of  oscillations  can  be  calculated  exactly  only  in  the  quasi  one -dimensional  case  of  the 
Laval  nozzle  flow.  In  the  case  of  two-dimensional  flow  fields,  with  the  possibility  of  free  propagation  of 
pressure  waves  in  two  dimensions,  the  calculation  appears  to  be  more  difficult. 

We  have  treated  the  one-dimensional  case  with  the  nonlinear  gasdynamic  equations,  with  simple  conditions 
for  the  coupling  of  pressure  and  boundary  layer  separation.  In  a  first  approximation  it  is  assumed  that  the 
receiver  pressure  pj  is  coupled  to  shock  position  by  means  of  the  coupling  of  shock  wave  and  separation 
point  in  the  deceleration  phase.  The  result,  an  exact  .olu'iion  of  the  equations,  shows  good  agreement  with 
experiment.  We  wi'l  report  on  this  and  more  sophisticated  solutions  in  another  paper. 

The  frequency  of  the  oscillations  can  also  be  calculated  for  the  one -dimensional  case  from  these  solutions. 
A  more  practical  method,  which  is  also  valid  for  the  other  cases,  was  also  tried  with  fairly  good  results. 
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The  oscillation  period  was  estimated  by  adding  all  phase  durations  of  interest: 
n 

I  ■  /  6  •  ^  /v  l8|.  which  leads  to  frequencies  f  =  1/t  [Hzj.  The  length  I  is  a  typical  length  of  the 

a- 1 

structure,  for  instance  the  length  of  the  supersonic  flow  regime,  separation  bubble,  profile,  or  inlet  of 
the  duct.  The  velocity  v  is  the  corresponding  phase  velocity  of  the  phenomenon,  for  instance  the  shock 
velocity,  backflow  velocity,  flow  velocity,  or  velocity  of  sound.  The  factor  g  includes  constants  of  pro¬ 
portionality  for  the  values  of  1^  and  v^  respectively  and  a  weighting  factor  for  time  overlapping  of  the 
phases.  The  application  of  this  method  needs  a  substantial  knowledge  of  the  oscillation  process:  if  this  is 
available  the  influence  of  different  parameters  on  the  oscillation  frequency  can  be  estimated. 

In  addition  to  the  flow  configurations  treated  in  this  paper  there  are  other  often  more  complicated  configu¬ 
rations  where  oscillations  of  the  same  mechanisni  occur.  Some  of  the  cases  already  treated,  for  instance 
supersonic  diffusor  intake  flow  |5|,  or  flow  through  the  sudden  enlargement  of  a  duct  [6],  seem  to  be  close¬ 

ly  related.  We  hope  that  we  can  gel  further  results  on  shock  separation  interaction  in  the  future, 
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SUMMARY 

An  experiment  is  described  in  which  a  normal  shock  interacts  with  a  two-dimensional  turbulent  boundary 
laj^er  in  eui  unif  rm  flow  with  a  Mach  number  of  l.h.  The  Reynolds  number  based  onj^shock  position  was  20  x 

10  and  based  on  the  momentum  thickness  at  the  start  of  the  interaction  2.2  x  10  .  The  wall  pressure  distri¬ 
bution  in  the  interaction  region  was  measured  and  detailed  pitot  and  static  pressure  surveys  were  made. 

The  flow  field  was  analysed  and  no  supersonic  tongue  was  found  downstream  of  the  shock.  The  velocity  profiles 
were  integrated  to  obtain  the  integral  properties  whereas  the  skin  friction  was  derived  from  Clauser  plots. 
From  the  distribution  of  skin  friction  and  the  behaviour  of  the  integral  properties  it  has  been  concluded 
that  the  boundai-y  layer  separated  at  the  f  'Ot  of  the  shock  and  reattached  1».5  undisturbed  boundary  layer 
thickness  downstream  of  the  separation  point.  The  velocity  profiles  at  the  start  of  the  interaction  and  down¬ 
stream  of  the  reattacliment  point  correlate  well  with  the  logarithmic  velocity  distribution  in  the  wall  region. 
The  velocity  profile  at  separation  is  similar  to  Stratford's  separation  profile.  The  boundary  layer  at  30 
undisturbed  boundary  layer  thickness  downstream  of  the  start  of  the  interaction  has  a  skin-friction  coeffi¬ 
cient,  which  is  still  30  percent  less  than  the  equivalent  flat  plate  value. 

LIST  OF  SYMbOIX 

Cj,  local  skin-friction  coefficient 

C  static  pressure  coefficient,  2(p-p  )/p„  u£, 

p  00  00  oo 

F  compressibility  factor  on  skin  friction,  Eq.  (5) 

11  shape  factor,  h* /Q 

k  von  Karman's  constant,  k  *  O.tl 

M  Mach  i.umber 

n  exponent  of  power-law  profile,  U/U^  • 

P  static  pressure 

P^  tunnel  settling  chamber  eotal  pressure 

P^  pitot  pressure 

Re^  Reynolds  number  based  on  shock  position 

Re^  Reynolds  number  based  on  x 

total  temperature  in  deg.  Kelvin 
mear.  velocity  in  x-direction 
frictiori  velocity,  *  y^fw/o^ 

X  distai.ee  from  the  leading  edge,  see  figure  1 

X  non-dimensional  distance  from  start  of  interaction,  x  =  (x-x  )/8 

u  u 

y  distance  normal  to  the  plate,  see  figure  1 

y  non-dimensional  distance  normal  to  the  plate,  y  = 

P  empirical  constant  in  Stratford's  separation  criterion,  Eq.  (2) 

S  boundary  layer  thickness 

8^  houndary  layer  thickness  at  x  «  0,  8^  =  C.C  mm 

8*  displacement  thickness,  Eq.  (d) 

W  momentum,  tiiickners,  Eq.  i'>) 

y  kinematic  viscosity 

p  density 

<r  wall  shear  stress 

'■V 

M  Prondtl-Meyer  function 

Subscripts 

e  conditions  at  outer  edge  of  viscous  layer 

i  ideal  propierties  calculated  from  p,(p^)^, 

u  ur;disturbed  conditions  at  start  of  interaction 

w  wall  conditions 

00  free-stream  conditions 

Supercript 


Ui 


equivalent  incompressible  values 


1  INTRODUCTION 


For  a  number  of  years  it  was  thought  that  the  transonic  flow  with  shocks  over  a  wing  of  a  model  was 
adequately  simulated,  compared  with  full-scale  conditions,  as  long  as  the  boundary  layer  was  turbulent  at 
the  beginning  of  the  interaction  region.  However,  with  the  introduction  of  the  modern  highly-loaded,  transon¬ 
ic  airioils,  transition  upstream  of  the  shock  turned  out  to  be  not  sufficient.  The  eauu.-  of  this  must  be 
found  in  the  borndary  layer  development  at  and  downstream  of  the  shock.  In  order  to  extrapolate  the  wind 
tunnel  results  to  the  flight  Reynolds  number  the  boundary- layer  characteristics  downstream  of  the  interaction 
must  be  quantitatively  similar.  This  can  be  achieved  by  the  use  of  wind  tunnels  with  Reynolds  numbers,  much 
higher  than  those  of  present-day  wind  tunnels.  Another  future  possibility  to  extrapolate  to  high  Reynolds 
numbers  may  be  the  use  of  calculation  methods.  For  the  development  of  these  calculation  methods  it  is  neces¬ 
sary  to  have  a  good  insight  in  shock-wave  boundeiry-layer  interaction.  This  insight  will  also  be  of  use  to 
establish  a  minimum  Reynolds  number  for  new  high  Reynolds  number  wind  tunnels. 

In  the  past  experimental  investigations  of  the  interaction  of  a  boundary  layer  and  a  normal  shock  have 
been  performed  by  Ackeret  (Ref.  1),  Seddon  (Ref.  2),  Gadd  (Ref.  i)  and  Vidal  (Ref.  •<).  Ackeret  investigated 
the  transonic  flow  with  a  shock  over  a  curved  plate.  He  found  that  at  low  Reynolds  numbers  the  boundary  layer 
was  laminar  and  there  was  an  extensive  separation  at  the  foot  of  the  shock.  The  shock  bifurcated  and  a  so- 
called  "lambda'  foot  was  formed.  When  the  Reynolds  number  was  increased  so  that  the  transition  from  laminar 
to  turbulent  boundary  layer  took  place  in  front  of  the  shock  the  lambda  foot  disappeared  and  the  turbulent 
layer  remained  attached.  The  highest  Mach  number  in  front  of  the  shock  for  the  turbulent  interaction  in 
Ackeret's  experiment  was  1.3.  In  Seddon's  experiment  a  f’at  plate  was  used,  while  the  Mach  number  of  the 
uniform  flow  in  front  of  the  shock  was  l.UT.  Tlie  boundary  layer  was  again  turbulent.  The  pressure  rise  as¬ 
sociated  with  the  normal  shock  was  strong  enough  to  separate  the  boundary  layer.  The  shock  wave  was  bifur¬ 
cated.  Surprisingly  enough  Geddon  found  behind  the  shock  wave  a  region  of  supersonic  flow  which  compressed 
isentropically  to  subsonic  speed.  Separation  at  a  much  lower  Mach  number  (1.2)  was  observed  by  Gadd.  In 
his  investigation  a  normal  shock  was  created  in  a  tube.  The  shock  interacted  with  the  t’jrbulent  boundary 
layer  on  the  tube  wall.  Gadd  was  unable  to  observe  the  shock  so  that  no  conclusion  could  be  drawn  whether 
the  shock  was  bifurcated  or  i.ot .  Recently  Vidal  published  the  results  of  his  investigation.  A  pressure  dis¬ 
tribution  of  a  supercritical  airfoil  was  similated  on  a  flat  plate  with  the  use  of  the  transonic  nozzle  of 
a  Ludwig  tube.  The  normal  shock  in  this  experiment  interacted  with  a  turbulent  boundary  layer.  The  Mach  ^ 
number  in  front^of  the  shock  was  l.U.  Results  were  obtained  at  two  different  Reynolds  numbers  (Re  =  9x10 
and  Re  «  36x10  ).  At  botli  Reynolds  numbers  the  boundary  layer  was  separated.  The  length  of  the  separation 
bubble  was  the  smallest  at  the  highest  Reynolds  number. 

In  the  above  four  investigations  wall  pressure  distributions  and  boundary  layer  velocity  profiles  were 
measured.  Althougli  some  of  these  investigations  are  quite  detailed,  they  do  not  provide  enough  data  to  study 
the  influence  of  all  parameters  which  are  believed  to  play  an  important  role  in  shock-wave  boundary-layer 
interaction.  These  parameters  are:  Mach  number  in  front  of  the  shock,  Reynolds  number  and  imposed  pressure 
gradient  downstream  of  the  shock.  Wiien  a  research  program  was  initiated  at  NLR  with  the  final  aim  to  develop 
a  calculation  method  for  the  interaction  region  in  a  two-dimensional  flow,  it  was  considered  necessary  to 
start  with  an  experimental  investigation  to  provide  additional  information  of  the  influence  of  the  above 
mentioned  parameters  ar.d  to  improve  the  physical  insight  in  the  interaction. 

The  model  used  in  the  present  experimental  investigation  was  quite  similar  to  that  of  Seddon  (Ref.  2). 

The  exclusion  of  wall  curvature  which  is  believed  to  have  on  important  influence  on  the  interaction,  leads 
to  a  model  of  this  type.  The  Mach  number  in  front  of  the  shock  in  the  present  experiment  was  l.LO.  This  Mach 
number  was  chosen  equal  to  that  of  the  experiment  of  Vidal  (Ref.  !( ) .  This  was  done  to  enable  the  influence 
of  the  Reynolds  number  at  a  constan^  Mach  number  to  be^studied.  T^e  Reynolds  number  based  on  shock  position 
in  the  present  experiment  was  20x10',  comptired  to  9x10  and  36x10  in  Vidal's  experiment.  The  influence  of 
the  Mach  number  on  ttie  interaction  will  he  discussed  with  the  use  of  the  results  of  Ackeret  (Ref.  1),  Seddon 
(Ref.  2)  and  Gadd  (Ref.  3). 

2  EXPKRIMENT 

2.1  Wind  tunnel  and  test  conditions 

The  tests  were  performed  in  the  supersonic  wind  tunnel  CSST  of  NLR.  At  low  supersonic  speeds  this  tunnel 
was  operated  as  on  intermittent  blow-down  facility.  The  tunnel  is  equipped  with  a  variable  nozzle  and  has  a 
test  section  of  27x27  cm  .  A  transonic  insert  with  slotted  upper  and  lower  walls  was  placed  between  the  test 

section  and  the  diffuser.  More  details  of  the  wind  tunnel  are  given  in  reference  5- 

The  Mach  number  in  front  of  the  shock  was  l.U^  with  maximum  variations  of  +  0.002  between  different  runs. 
The  settling  chamber  total  pressure  was  2.9  kg  cm”  .  The  mean  tunnel  total  temperature  was  278“  K  and  varied 
a  few  de^ees  Kelvin  during  the  course  of  the  experiment  due  to  changes  in  the  ambient  cgnditions.  The  maxi¬ 
mum  running  time  for  these  conditions  was  10  minutes.  The  unit  Reynolds  number  was  L5xl0  per  meter. 

2.2  Model 

The  model  consisted  of  two  flat  plates  mounted  in  the  transonic  insert  as  shown  schematically  in  figure  1. 

The  lower  plate  was  a  72  cm  long  steel  plate  spanning  the  tunnel  and  supported  by  two  side  plates  which  were 

fixed  to  the  lower  wall  of  the  tran::oi.ic  inii'-rt.  Air  leakage  lietwcen  the  tunnel  .;ide  wall  oiid  the  side  plate 
was  prevented  by  0-ring  seals.  To  generate  and  locate  a  normal  shock  a  second  flat  plate,  the  shock  generator, 
was  mounted  8  cm  above  the  other  one.  The  leading  edge  of  the  shock  generator  was  IjS  cm  downstream  of  the 
leading  edge  of  the  lower  plate.  The  shock  generator  was  fixed  to  the  upper  wall  of  the  transonic  insert  by 
means  of  two  side  plates.  A  wedge  was  mounted  at  the  trailing  edge  of  the  lower  plate.  This  wedge  could  be 
moved  in  upstream  and  downstream  direction  by  means  of  an  electric  driving  unit.  In  this  way  the  height  at 
the  exit  of  the  channel  formed  by  the  two  plates  could  be  reduced  until  the  flow  became  choked  and  a  normal 
shock  was  formed  at  the  entrance  of  the  channel. 

During  preliminary  tests  it  was  found  that  in  the  test  section  disturbances  were  present  created  by 
the  transition  of  the  solid  upper  wall  to  the  slotted  wall.  As  these  disturbances  were  unacceptably  large, 
the  slotted  upper  wall  had  been  partly  covered  with  u  solid  plate  such  that  the  slotted  wall  started  at  the 
leading  edge  of  the  shock  generator. 

To  measure  the  wall  pressure  in  the  interaction  region  the  lower  plate  was  equipped  with  69  pressure 
holes  arranged  around  the  centerline  with  a  minimum  spacing  of  2.5  mm.  The  diameter  of  the  pressure  holes 
were  0.3  mm.  A  number  of  pressure  holes  had  the  same  streamwise  location  but  different  distances  to  the 
centerl’ne  to  verify  the  absence  of  three-dimensional  effects.  On  the  centerline  there  were  13  ports  with  a 
diameter  of  8  ram  and  a  streamwise  spacing  of  15  mm.  These  ports  were  used  to  pass  the  stem  of  the  probes 
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for  the  boundary  layer  measurements.  The  traversing  mechanism  to  which  the  probes  were  attached  consisted 
of  a  micrometer,  a  gearbox  and  a  stepping  motor.  Probes  of  different  lengths  could  easily  be  plugged  into 
the  traversing  mechanism.  Up  to  a  distance  of  y  ■  10  mn  the  probe  pressure  was  recorded  at  intervals  of 
0,1  mm  after  a  delay  time  of  approximately  0.5  s.  At  larger  y*s  the  steps  were  1  sm.  Probe  wall  contact  was 
sensed  electrically. 

The  position  of  boundary  layer  transition  on  the  lower  flat  plate  was  fixed  using  a  roughness  band 
which  consisted  of  carborumdum  grains.  The  rough*^ess  band  was  located  UO  mm  downstream  of  the  leading  edge 
of  the  lower  plate. 

2,3  Probes 

To  be  able  to  make  boundary  layer  surveys  at  streanwise  intervals  of  5  nan,  3  flattened  pitot  probes 
with  the  same  head  geometry  but  with  different  lengths  have  been  used.  The  probes  had  a  tip  opening  of 
0.l6x0.U9  cm  and  a  wall  thickness  of  approximately  0.07  mm.  The  distance  from  stem  centerline  to  probe  tip 
was  20.0  nsa,  25.0  mm  and  30.0  mm  respectively. 

To  measure  the  static  pressure,  the  pitot  probes  were  replaced  by  static  pressure  probes.  For  these 
probes  a  design  had  been  selected  that  was  previously  used  in  transonic  wake  experiments  (Ref.  6).  The 
static  pressure  probes,  which  had  a  1.5  nn  outside  diameter  and  were  equipped  with  k  static  holes  disposed 
around  the  circumference  at  equal  inteirvals.  Two  static  pressure  probes  have  been  used  with  distances  frean 
the  stem  centerline  to  the  static  pressure  holes  of  25*5  mm  and  3^.6  mm.  These  probes  had  a  hemispherical 
nose.  A  third  probe  with  a  conical  nose  was  used  when  the  tip  of  the  probe  protruded  into  the  supersonic 
flow  in  front  of  the  shock.  The  distance  frean  the  stem  centerline  to  the  static  ’'ressure  holes  for  this 
third  probe  was  25.5  mn.  The  static  pressure  measurements  of  the  short  probes  were  slightly  influenced  by 
the  stem.  All  measurements  with  the  short  probes  have  been  corrected  for  this  error, 

2.U  Test  procedure  and  data  reduction 

In  the  first  test  mm  the  position  of  the  wedge  was  varied  until  a  stable  shock  position  was  obtained. 

The  shock  position  was  monitored  using  the  tunnel  schlieren  system.  The  shock  position  was  so  stable  that 
no  change  in  wedge  position  was  needed  for  all  subsequent  tests. 

After  a  supersonic  flow  was  established  in  the  test  section,  the  probe  was  lowered  until  contact  was 
made  with  the  wall.  Then  the  probe  was  moved  one  step  of  0.1  mm  away  from  the  wall  and  the  pressure  was  re> 
corded.  In  a  number  of  cases  the  pitot  pressure  recording  was  used  to  check  the  accuracy  of  this  procedure 
of  probe  positioning.  This  has  been  done  in  the  following  way.  As  long  as  the  probe  was  in  contact  with  the 
wall  the  pressure  was  constant  but  as  soon  as  the  probe  started  to  move  into  the  boundary  layer  the  recorded 
pressure  increased.  The  agreement  between  both  methods  was  excellent.  Probe  displacement  and  data  acquisition 
were  controlled  automatically  by  the  data  acquisition  system.  Wall  static  pressure  distributions  and  pitot 
pressure  profiles  in  the  boundary  layer  were  measured  simultaneously.  The  corresponding  static  pressure 
profile  was  measured  in  a  separate  test  run  because  the  traversing  gear  could  accomodate  only  one  probe  at 
the  time.  The  settling  chamber  total  pressure  was  measured  simultaneously  to  account  for  smsill  changes  in 
settling  chamber  total  pressure. 

The  Mach  number  distribution  in  the  boundary  layer  was  calculated  from  the  measured  pitot  and  local 
static  pressure.  The  distance  to  the  wall  of  the  first  data  point  depended  on  the  dimensions  of  the  probe 
and  in  general  static  pressures  were  not  measured  at  the  same  y  position  as  total  pressures.  In  these  cases 
the  static  pressure  was  interpolated  linearly.  Besides,  an  interpolation  in  streamwise  direction  was  neces¬ 
sary  because  at  a  number  of  stations  no  static  survey  was  made.  These  measurements  were  not  required  because 
static  pressures  varied  only  gradually  a.nd  a  simple  lineeur  inteirpolation  technique  was  adequate.  The  velocity 
profiles  were  calculated  using  the  assumption  that  the  total  temperature  across  the  local  boundary  layer  was 
constant.  In  reference  7  it  was  concluded  that  integral  properties  calculated  with  this  assumption  give  the 
best  agreement  with  those  calculated  from  measured  temperature  distributions. 

The  two  dimensionality  of  the  flow  was  investigated  using  oil  dots  applied  to  the  flat  plate.  From  the 
oil  trace's  it  was  estimated  that  the  flow  is  two-dimensional  over  at  least  half  of  the  model  span.  The  Mach 
number  variation  in  spanwise  direction  was  in  agreement  with  the  results  of  the  flow  visualization.  This  varia¬ 
tion  was  less  thari  ^  .006  over  half  the  model  span. 

3  ANALYSIS  OF  THE  RESULTS 

3.1  Description  of  the  flow  field 

A  schlieren  picture  of  the  bifurcated  shock  system  is  shown  in  figUi’e  2.  In  figure  3  a  schematic  draw¬ 
ing  of  the  flow  field  is  given.  The  flow  direction  in  both  figures  is  from  left  to  right.  Just  downstream 

of  the  start  of  the  interaction  (station  l6.  Fig.  3)  a  dip  in  the  boundary  layer  thickness  is  found.  This 

was  observed  in  schlieren  pictures  and  measured  in  boundary  layer  velocity  profiles.  The  flow  inside  and 
outside  the  boundary  layer,  starting  at  station  l8  is  compressed.  It  is  likely  that  this  compression  in  the 
supersonic  p€a*t  of  the  flow  takes  place  in  the  form  of  Prandtl-Meyer  compression  waves.  Outside  the  boun¬ 
dary  layer  the  compression  waves  coalesce  and  the  forward  oblique  shock  is  formed.  The  oblique  shock  joins 
a  rear  shock  to  form  the  upper  shock  at  about  U  6  above  the  plate.  This  point  will  be  called  "bifurcation 
point".  The  shock  above  the  bifurcation  point  is  slightly  curved;  the  curvature  decreases  with  increasing 
distance  to  the  plate.  The  upper  shock  is  of  the  strong  type  i.e.  the  flow  downstream  of  the  shock  is  sub¬ 
sonic.  The  rear  shock  of  the  bifurcated  system  is  also  of  the  strong  type.  This  is  necessary  because  the 
pressure  of  the  flow  passing  through  the  upper  shock  just  above  the  bifurcation  point  must  be  equal  to  the 
pressure  of  the  flow  passing  through  both  the  oblique  and  the  subsequent  rear  shock  just  below  the  bifur¬ 
cation  point.  This  can  only  be  achieved  by  a  rv,*ir  shock  of  the  strong  type.  The  combined  pitot  pressure 
losses  through  the  oblique  shock  and  the  rear  shock  are  significantly  less  than  the  pitot  pressure  losses 
through  the  single  upper  shock.  The  regions  of  different  pitot  pressure  losses  are  separated  by  a  vortex 
sheet. 

Behind  the  forward  oblique  shock  the  boundary  layer  grows  rapidly  and  passes  over  a  separation  bubble, 
which  h€i8  been  found  to  be  relatively  thin.  The  boundary  layer  reattaches  some  U.5  8  downstream  of  the 
separation  point. 

3.2  Wall  pressure  distribution 

The  ratio  of  measured  wall  pressure  to  settling  chamber  total  pressure  has  been  plotted  in  figure  U. 

The  dimensionless  streamwise  co-ordinate  x  is  defined  as  the  distance  downstream  of  the  start  of  the  inter¬ 
action  divided  by  the  thickness  of  the  boundary  layer  at  the  start  of  the  interaction.  In  figure  3  the  loca- 
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tion  of  the  start  of  the  interaction  with  regard  to  the  shock  position  is  sketched.  It  is  clear  from  figure 
U  that  the  steepest  slope  is  observed  at  the  start  of  the  interaction.  The  separation  point  which  is  deter¬ 
mined  with  help  of  the  akin- friction  distribution,  is  located  at  the  end  of  this  nearly  linear  pressure  in¬ 
crease  (x  •  2.1t).  The  ratio  of  the  wall  pressure  at  the  separation  point  to  the  wall  pressure  at  x  =  0  is 
equal  to  1.1*5.  This  correlates  well  with  the  values  measured  at  the  same  Mach  number  by  Vidal  (Ref.  I*), 
and  by  Little  (Ref.  6)  in  hie  transonic  diffuser  experiment.  The  pressure  rise  up  to  the  shock  is  the  result 
of  a  rapid  increase  of  the  boundary  layer  displacement  thickness  due  to  pressure  signals  of  the  shock  pro¬ 
pagating  upstream  in  the  subsonic  region  of  the  boundary  layer.  At  the  edge  of  the  boundary  layer,  the  stream¬ 
lines  turn  away  from  the  wall  and  the  supersonic  flow  in  front  of  the  shock  is  compressed.  This  compression 
is  -  at  least  at  the  edge  of  the  boundeiry  layer  -  isentropic.  This  is  called  the  "free  interaction".  In  many 
calculation  methods  for  the  supersonic  interaction  this  "free  interaction"  principle  is  used  to  calculate 
the  pressure  rise  up  to  the  shock  impingement  point.  Free  interaction  can  mathematically  be  expressed  in  the 
following  formula: 


tan  (u)  (M^) 


oj  (M^)  ) 


(1) 


In  Eq.  (1)  o)  (M)  is  the  Prandtl-Meyer  function  and  the  subscript  u  refers  to  the  undisturbed  initial  condi¬ 
tions.  Using  the  measured  h  distribution,  the  pressure  distribution  has  been  calculated  from  Eq.  (l)  and 
the  results  have  been  plotted  in  figure  b.  The  agreement  with  the  measured  pressure  distribution  is  vei"y 
good.  At  X  •  3.8  the  calculated  pressure  decreases  rapidly,  but  it  is  precisely  at  this  position  that  the 
rear  limb  of  the  bifui'cated  shock  wave  impinges  on  the  boundary  layer.  The  maximum  Prandtl-Meyer  angle 
turning  obtained  in  the  present  experiment  is  7.9  •  which  is  the  same  as  in  Seddon's  experiment.  Figure  b 
also  presents  the  press^e  distributions  measured  by  Vidal  (Ref.  b)  at  the  Reynolds  nu'.oers  based  on  shock 
position,  Re_, ,  of  9x10  and  36x10  .  From  this  graph  it  can  be  seen  that  increasing  t  le  Re  results  in  an 
increase  of  the  slope  of  the  pressure  distribution  at  the  start  of  the  interaction.  It  is  note  worthly 
that  in  neither  experiment  the  normal  shock  recovery  is  obtained  at  the  wall  far  downstream  of  the  inter¬ 
action  region.  A  possible  reason  for  this  is  the  increase  of  the  boundary  layer  downstream  of  the  interaction 
resulting  for  the  inviscid  flow  in  a  converging  channel.  Another  factor  is  that  the  shock  is  not  a  simple 
normal  shock  but  curved  and  bifurcated  which  implies  a  lower  downstream  pressure. 

For  incompressible  flow,  Stratford  (Ref.  9)  has  derived  a  formula  to  calculate  the  separation  point 
on  the  basis  of  the  measured  pressure  distribution  only.  Vidal  (Ref.  b)  has  shown  that  this  formula  for 
incompressible  flow  can  also  be  used  to  predict  the  separation  point  in  transonic  shock-wave  boundary- layer 
interaction,  .-'ratford  assum-d  *hat  tlje  it,itial  boundary-layer  j.rofib'  'aj.  be  apir  .ximated  by  a  power-law 
profile  and  ‘.is  separation  criterion  in  its  geic-ral  form  is: 
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where  1/n  is  the  exponent  of  the  power-law  profile  and  p  is  a  constant  equal  to  0.66.  The  undisturbed  pro¬ 
file  is  best  fitted  with  n  equal  to  8.3.  Separation  can  be  expected  when  the  left  hand  side  (LHS)  exceeds 
the  value  of  th''  right  h(U.  1  side  (Hflf. ).  The  value  of  ih--  RMS  for  the  j  reset. t.  experimetit  is  almost  constant  and 
equal  to  0.32.  The  LHS  of  Eq.  (2)  is  plotted  in  figure  5  together  with  the  measured  pressure  coefficient  C  . 
The  point  of  zero  skin  friction  lies  0.8  downstream  of  the  theoretical  separation  point. 


3.3  Static  pressure  distribution 

In  figure  6  the  static  pressure  profiles  at  the  stations  l8  (x  =  0.8),  27  (x  =  3.0),  29  (x  =  3.8)  and 
52  (x  *  12.9)  has  been  plotted  as  a  function  c*'  the  non-dimensional  normal  distance  y.  Downstream  of  the 
start  of  the  interaction  the  wall  pressure  increases,  while  the  static  pressure  of  the  inviscid  flow  in 
front  of  the  bifurcated  shock  is  constant  and  equal  to  the  undisturbed  value.  This  means  that  the  static 
pressure  varies  through  the  bouiidory  layer  (station  18).  Just  downstream  of  the  rear  shock  (station  29)  the 
wall  pressure  is  much  lower  tnon  the  pressure  obtained  behind  the  bifurcated  shock  and  again  there  is  a 
pressure  gradient  but  not  of  opposite  sign.  This  pressure  gradient  is  not  confined  to  the  boundary  layer. 
Also  indicated  in  figure  6  is  the  wall  presage  measured  in  the  absence  of  the  static  pressure  probes.  The 
difference  between  the  two  is  less  than  0.3  /o  of  the  measured  static  pressure.  Another  check  on  the  accu¬ 
racy  of  the  measurements  is  the  reading  of  the  static  probe  in  the  undisturbed  flow.  The  agreement  between 
the  static  pressure  of  the  uniform,  undisturbed  flow  measured  along  the  flat  plate  and  the  reading  of  the 
static  pressure  probe  outside  the  boundary  layer  (station  I8)  is  excellent.  At  station  I8  and  y  “  6.5  a 
weak  disturbance  in  the  oncoming  flow  is  present  originating  from  the  leading  edge  of  the  lower  plate. 

In  figure  7  the  static  pressure  distribution  at  constant  y  is  given  as  a  function  of  x.  Tlie  results 
are  plotted  for  values  of  y  of  0.0,  2.3,  3.8,  5-3  and  6.8.  An  examination  of  figure  7  shows  that  the  pres¬ 
sure  jump  for  a  normal  shock  is  not  reached.  As  discussed  in  section  3.1  schlieren  pictures  indicate  that 
the  upper  shock  is  curved;  the  curvature  decreases  with  increasing  y.  At  y  =  5.3  the  measured  pressure 
corresponds  to  a  pressure  rise  thi'ough  an  oblique  shock  with  a  shock  angle  of  ^(:  and  at  y  +  6.8  this  angle 
is  equal  to  80  .  The  angles  measured  from  the  schlieren  pictures  ore  in  good  agreement  with  these  values. 

3.b  Total  pressure  distribution  in  the  inviscid  flow 

Pitot  profiles  have  been  plotted  in  figure  8.  Upstream  of  th"  shock  an  increase  in  recorded  pressure 
means  a  decrease  in  Mach  number  in  front  of  the  pitot  probe.  The  upstream  profile  is  taken  at  station  25 
(x  »  2.3).  From  this  profile  it  can  be  concluded  that  close  to  the  boundary  layer  a  region  exists  with  a 
local  Mach  number  smaller  than  the  undisturbed  value.  The  observed  region  with  the  lower  Mach  number  corres¬ 
ponds  with  the  flow  downstream  of  the  forward  oblique  shock  of  the  bifurcated  shock  system.  The  angle  be¬ 
tween  the  flow  direction  and  the  front  leg  of  the  bifurcated  system  measured  from  schlieren  pictures  is 
about  53  .  The  Iccau  Mach  number  downstream  of  a  shock  of  this  strength  is  1.2  and  the  flow  deflection  angle 
IS  about  5  .  A  deflection  angle  of  5  c*  rresponds  well  with  the  calculated  Prandtl-Meyer  angle  change  up  to 
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with'th^  calculated  with  help  of  Faleigh’s  pitot  formula  is  1.2  and  is  in  agree¬ 
ment  with  the  Mach  number  calculated  from  the  oblique  shock  relations.  ^ 

remarkeble  feature  of  the  pitot  pressure  distribution  downstream  of  the  shock  is  the  verv  low  nitnt 
^"“^31":?  bifurcated  shock  system.  This  is  tL  rLi!t  L  IliSic^r 

r^the  nitot  L  compression  through  the  oblique  shock  and  the  subsequent  rear  shock.  At  J  greater  than 
th-  !  pressure  losses  are  close  to  ihe  theory  for  normal  shocks.  A  small  difference  «istrbet“en 

^he  Of  the  shock.  This  difference  is  partl^  dur?rthr?Ict  t^a^ 

D«hes  ““  Slightly  curved  and  partly  due  to  the  use  of  two  different  pitot 

»  and'is  nresent^in  all  bifurcation  point  has  an  almost  constant  thickness  of  about  0.5 

t  all  measured  profiles.  The  pitot  pressure  profiles  measured  by  Gadd  (Ref.  3)  and  Ackeret 

^fMacb  nZLlTn  illustrate  a  possible  relation  between  LpSatlofand  b^caUon! 

experiment  of  Gadd  was  1.25  and  the  effective  Reynolds  number  12x10®  This  effective 
Reynolds  number  is  calculated  from  the  free-stream  conditions  and  a  len^h  equal  “rthe  l^gtSTo?  fnaJ 

region  of'sLck"in“ract)!Sn“^L'^pL-a?ef interaction.  The  boundary  layer  at  the 

bLT?  Zl-Z.Tr  IZZX  -R^^l^n^er 

G^f  (Ref  "'’f  bifurcate  and  the  boundary  ^ayer  reLined  a«^Ld. 

at  Wh  C  senirat1„'’°'  °e-  ‘“at  wall  curvature,  as  in  Ackerets  experiment.  wS  i^rea^rthrMach  ^be; 

n  ~  pressure  distribution  of  Ackeret  does  not  show  a  region  ofTe^ 

low  pitot  pressure  losses.  This  is  undoubtly  related  to  the  absence  of  shock  bifurcation.  It  remains  an  ^ 
open  question  whether  separation  and  shock  bifurcation  are  directly  related  to  each  other. 

3.5  Boundary  layer  profiles 

Fr^  a  combination  of  pitot  and  static  pressure  the  Mach  number  may  be  calculated  The  resuitinv  M.eh 

^plV"  T-r  -  :hr-  rigi^:  Tf^^-gS  ^hT^o^i^*' 

b^  fo^d  i:r.LV^T^vx  Ta  iiiiTt^TZ^r  Jr“r::;t“a:^Mach“:;:b^L!‘’'‘^  “  -- 

of  thi^%elocitror^nrhev“’'^r  ^f  k  influenced  by  the  shock  and  the  characteristics 

dL4  llvir  bave  therefore  been  compared  with  the  empirical  relations  for  the  flate  plate  boun- 

fill  f  s  ^^^UTe  10.  The  skin-friction  coefficient  of  the  measured  velocity  pro¬ 

file  is  calculated  with  help  of  a  Clauser  plot.  The  law  of  the  wall  of  Winter  and  Gaudet  (Ref.  !oris  use^ 

I-  yu' 

=  6.05  log  +  li.05  (3) 


uj; 


with 


=  (C,‘  /2) 


1/a 


(!*) 


To  find  the  equivalent  incompressible  skin  friction  coefficient  a  compressibility  factor  is  defined  by 


=  F.C.. 


with 


(1  +  0.2 


(5) 


<i®<luced  from  the  Clauser  plot  and  corrected  for  compressibility  is  0  00190 
fi^ctL^or  p  ^'^ib-f'-iotion  coefficient  for  a  flat  plate  b^d^y  layer  ^  a 

or^^wfifobta-ned  btresmwise  position.  For  station  l6  a  skin-friction  coefficient 


.Method 

G(ina} 

5(inin) 

Winter  and  Gaudet  flat  plate  correlation 

fron  measured  velocity  profiles 

boundary  layer  thicknesc  according  to  Eq.(6) 

0.00192 

D.0019 

.u9 

.‘<9 

6.6 

6.1. 

Tabic  Characteristics  of  boundary  layer  profile  at  station  l6  (jc  =  0) 


The  boundary  layer  thickness  has  been  calculated  with  the  formula  given  by  Winter  and  Gaudet: 


*‘999  “  3.3  *^f 


-1/2 


H 


(1  +  M 


2/3) 


e  (1  +  .056  M  (6) 


f  “Abated  using  the  experimental  values  C  \  H  and  8.  The  experimental  boundary  layer 

su^eys-t  ::si::™bL^o^-t^i:i:e-:-:e?rtir-i;;:  r?hi  pi^o^^^frurrprfirbUni-h^th:" 

citv  ^be  interaction  region  and  made  dimensionless  with  the  local  velo- 

ho^d^  b«we  been  plotted  in  figure  11.  The  velocity  distribution  outside  the 

mda^  layer  IS  given  in  figure  12.  Semi- logarithmic  plots  of  the  boundary  layer  velocity  profiles  (Fie 
dui  to'^th^  *  existence  of  a  logarithmic  region  upstream  of  the  shock.  When  the  bounder^  layer  is  retL-ded 
due  to  the  pressure  rise  in  the  interaction  region  the  extend  of  this  region  decreases  ^teS  of  Lifwa 
Fie  nl’’d®'°?  bhe  profiles  at  the  stations  25  (5  -  2.3).  27  (J  =  3.0)  (not  shown)  and'29  (5  ^2.8)  Uee 
Fig.  11)  develop  close  to  the  wall  a  form  similar  to  Stratford's  separation  profile: 
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U  “ 


^2  "Dx 
Pk 


1/2 


1/2 


(7) 


vhere  k  ia  von  Karman's  constant.  The  factor  at  the  RHS  of  Eq.  (7)  is  evaluated  from  the  measured  vail  pres¬ 
sure.  The  best  agreement  between  Eq.  (7)  and  the  measured  velocity  profile  is  obtained  for  stations  29  and 
27  (see  Fig.  lU).  A  well-defined  area  of  reversed  flow  which  is  characteristic  for  local  flow  separation 
can  not  be  distinguished.  It  is,  however,  believed  that  the  boundary  layer  is  sepeirated  from  station  29 
(x  »  3.8)  to  k2  (x  «  7.6).  Very  close  to  the  vtill  the  pitot  pressure  is  still  1  °/o  higher  than  the  wall 
pressure.  A  similar  result  has  been  found  by  Vidal  (Ref.  U).  He  argued  that  this  is  caused  by  the  fact  that 
the  pitot  probe  does  not  only  measure  the  mean  velocity  but  also  the  time-average  of  the  fluctuating  compo¬ 
nents.  With  vanishing  mean  velocities  the  contribution  of  the  fluctuating  velocity  cooponents  becomes  more 
important  and  can  result  in  a  too  high  pitot  pressure  reading.  A  second  effect  leading  to  a  reduction  of 
the  velocity  at  a  given  distance  to  the  wall  is  obviously  the  probe-wall  interference.  A  reliable  method 
for  separated  flows  to  correct  for  the  fluctuating  velocity  components  and  probe-wall  interference  does  not 
exist  and  no  attempt  has  teen  made  to  account  for  this.  A  third  factor  which  ceui  explain  the  absence  of  a 
well-defined  region  of  reversed  flow  in  the  experimental  data  may  well  be  the  dimensions  of  the  pitot  probe 
in  comparison  with  the  height  of  a  bubble.  The  height  of  the  bubble  can  be  estimated  from  the  measured  velo¬ 
cities  which  are  considered  reliable.  The  thus  found  bubble  height  is  about  3  times  the  thickness  of  the 
probe.  Note  that  in  Seddon's  experiment  where  a  well-defined  reversed  flow  region  exirted  the  bubble  height 
was  10  times  the  probe  height. 

Do'mstream  of  station  12  (x  »  7-6)  the  boundary  layer  profile  exhibits  again  a  logarithmic  part.  The 
height  of  this  region  increases  with  streamwise  distance.  At  station  61  (x  “  26.5)  the  velocity  distribution 
is  still  not  in  agreement  with  a  fully  developed  flat  plate  boundary  layer.  This  agrees  with  the  result 
found  by  Seddon.  In  his  experiment  the  velocity  profile  resembles  again  a  normal  flat  plate  profile  down¬ 
stream  of  X  •  50. 


3.6  Integral  properties 

The  skin-friction  coefficient  was  calculated  with  the  aid  of  Clauser  plots.  The  logarithmic  law  of  the 
wall  with  the  compressibility  transformation  of  Winter  Eind  Gaudet  (Ref.  10)  was  chosen  (see  Eq.  (3)  and  Eq. 
(5)).  From  station  21  (x  •  1.5)  to  station  25  (x  »  2.3)  the  determination  of  the  skin-friction  was  not  pos¬ 
sible  because  of  the  absence  of  a  region  with  a  logarithmic  velocity  distribution.  In  these  cases  a  formal 

value  for  wus  oetcrmined  on  the  basis  of  the  data  point  closest  the  wall.  The  skin-friction  distribution 

found  in  this  way  is  shown  in  figure  15.  To  find  the  location  of  the  separation  point  the  skin-friction  dis¬ 
tribution  was  extrapolated  to  zero.  The  separation  point  was  found  to  lie  between  station  25  (x  “  2.3)  and 
station  27  (x  •  3.0).  As  discussed  in  section  3.5  the  velocity  profiles  measured  at  thee-c  stations  agreed 
very  well  with  Stratford's  sepeuation  profile.  Closely  related  to  this  is  the  fact  that  Sti  vtford's  separa¬ 
tion  criterion  predicted  also  separation  at  this  location. 

During  flow  visualization  tests  it  was  observed  that  oil  dots  between  station  29  (x  »  3.8)  and  station 
k2  (x  »  7.6)  did  mt  move  after  the  shock  system  was  formed.  Upstream  of  station  29  oil  was  accumulated 

along  a  straight  line  normal  to  the  model  centerline  and  a  regular  streamwise  oil  trace  pattern  was  formed 

downstream  of  station  1*2. 

The  end  of  the  separated  region  wsis  also  found  by  extragolating  the  skin- friction  distribution  to  zero 
This  resulted  in  a  reattachement  point  close  to  station  1*0  (x  «  6.8).  The  length  of  the  separated  region  is 
approximately  1*.5  6^.  Downstream  of  t^e  separated  region  the  skin  friction  increases  gradually  but  even  at 
station  63  the  /alue  is  still  some  30  /o  lower  than  the  normal  flat  plate  value  at  the  corresponding  free- 
stream  Mach  number  and  Reynolds  number. 

In  the  case  of  a  static  pressure  variation  through  the  boundary  layer  the  conventional  definitions  of 
the  integral  properties  have  to  be  modified.  Myring  (Ref.  11)  has  proposed  modified  definitions  having  the 
advantage  that  von  Karman's  momentum  integral  equation  is  not  altered.  According  to  reference  12  the  modi¬ 
fied  definitions  can  be  conveniently  expressed  in  the  conventional  definitions  and  an  additional  correction 
term.  This  correction  term  is  calculated  from  the  so-called  "ideal"  flow  properties.  The  ideal  flow  proper¬ 
ties  are  computed  from  the  measured  local  static  pressure  inside  the  boundary  layer,  the  nitot  pressure  at 
the  edge  of  the  boundary  layer  and  the  total  temperature  at  the  edge  of  the  boundary  layer.  The  modified 
definitions  are; 
displacement  thickness: 


S  ,,  J> 

/ 

O  IW  IV  O  IW  IW 


(8) 


momentum  thickness: 
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0  = 


I 


pU 


p.  u. 

IW  iw 


(1-JJ^)  dy 

IW 


o .  u .  u . 


(9) 


The  subscript  "i"  indicates  the  ideal  flow  properties. 

T’  ’  boundary  layer  integral  properties  A",  0  and  H  are  plotted  in  figure  l6.  The  momentum  thickness  0 
and  th.  displacement  thickness  6  were  made  dimensionless  with  the  thickness  of  the  undisturbed  boundary 
layer  at  station  l6  (x  “  0).  The  displacement  thickness  increases  mainly  at  the  start  of  the  interaction. 

The  maximiun  value  is  reached  close  to  the  reattachment  point.  Downstream  of  this  point  the  displacement 
thickness  decreases  gradually  until  at  the  most  downstream  station  the  decrease  levels  off.  In  general  this 
behaviour  agrees  with  Seddon's  results.  In  Seddon's  experiment  the  maximum  A  in  the  separated  region  was 
5.8  times  the  undisturbed  value  whereas  in  the  present  experiment  this  maximum  is  I*. 6  times  the  undigturbed 
value.  It  js  interesting  to  note  that  the  contribution  of  the  correction  term  in  the  definition  of  A"  is  at 
maximum  5  /o  of  the  total  value.  This  msucimum  contribution  is  found  at  station  l8  (x  *  0.8).  Further  down¬ 
stream  the  magnitude  of  the  correction  term  falls  off  rapidly.  The  correction  term  for  the  momentum  thickness 
is  much  higher:  e.g.  at  station  l8  (x  =  C.8)  the  contribution  of  the  correction  term  is  18  “/o  euid  in  the 
separated  region  it  is  still  10  /o.  The  momentum  thickness  increases  continuously  with  increasing  x. 

The  shape  factor  H  is  plotted  in  figure  16.  It  is  generally  assumed  that  the  boundary  layer  is  separat¬ 
ed  when  the  shape  factor  exceeds  a  certain  value;  in  reference  2  and  reference  13  this  value  is  about  2.6. 

In  figure  l6  the  value  of  2.6  is  exceeded  between  s  .ation  25  and  station  27.  This  is  in  agreement  with  the 

results  of  other  separation  criteria  as  discussed  before.  At  the  reattachement  point  the  value  of  H  is  some- 
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vhat  lover  than  in  Seddon's  experiment.  After  reattachement  H  decreases. 

It  CONCLUSIONS 

The  interaction  of  a  normal  shock  and  a  turbulent  boundary  layer  at  a  Mach  number  of  l.U  has  beer  in- 
'fostigated  experimentally.  The  analysis  of  the  data  has  led  to  the  folloving  conclusions.^ 

1.  The  wall  pressure  distribution  in  the  interaction  region  at  a  Reynolds  number  of  20x10°  correlates  well 
with  the  pressure  distribution  measured  by^Vidal  (Ref.  L)  at  the  same  Mach  number  but  at  Reynolds  numbers 
based  on  shock  position  of  9x10°  and  36x10°. 

The  measured  initial  pressure  rise  agrees  well  with  the  one  calculated  fr^  the  meas-ired  displacement 
thickness  using  the  Prandtl-Meyer  function. 

3.  From  schlieren  pictures  it  is  observed  that  the  shock  is  bifurcated.  The  pitot  pressure  losses  through 
the  bifurcated  shock  are  less  than  0.5  /o.  Downstream  of  the  bifurcated  shock  system  no  supersonic  flow 
is  found,  in  contrast  with  what  has  been  reported  by  Seddon  at  a  Mach  number  of  I.U7. 

L.  Upstream  as  well  as  downstream  of  the  normal  shock  the  static  pressure  varies  appreciably  through  the 
boundary  layer. 

5.  From  Stratford's  separation  criterion,  the  skin-friction  distribution  obtained  from  Clauser  plots  and 
the  value  of  the  shape  factor  H  it  is  concluded  that  the  boundary  layer  separates  at  the  foot  of  the 
shock.  The  length  of  the  separated  region  is  about  U.5  J  .  The  height  of  the  separation  bubble  is  too 
small  to  be  accurately  estimated  from  the  measured  velocity  profiles. 

6.  In  the  region  of  the  sharp  initial  pressure  rise  the  logarithmic  velocity  distribution  close  to  the  wall 
disappears.  The  velocity  profiles  close  to  the  separation  point  are  well  described  by  Stratford's  separa¬ 
tion  profile. 

7.  At  30  downstream  of  the  shock  the  boundary  layer  has  not  yet  obtained  normal  flat  plate  characteristics 
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A  REVIEW  OF  SEPARATION  IN  STEADY,  THREE-DIMENSIONAL  FLOW 

by 

J.  H.  B.  Smith 
Royal  Aircraft  Establishment 
Farnborough,  Hants,  UK 


SL'MMARY 

Recent  work  which  aims  to  explain  tlie  nature  of  three-dimensional  separation,  to  predict  its 
occurrence  and  to  epresent  the  behaviour  of  separated  flow  is  reviewed.  Despite  the  diversity  of  problems 
and  methods,  an  attempt  is  made  to  present  a  unified  view  which  leads  from  a  consideration  of  the  structure 
of  the  problem  and  the  role  of  modelling,  through  the  partial  solutions  whicli  have  been  found,  to  some 
illustrations  of  the  application  of  three-dimensional  flow  separation  in  aircraft  design. 

Much  of  the  work  reported  is  only  partially  three-dimensional,  in  the  sense  that  boundary  layers  are 
calculated  for  flows  over  cones  or  infinite  sheared  wings  and  that  slender-body  theory  is  used  to  calculate 
the  separated  flow.  These  treatments  reveal  the  limitations  of  some  two-dimensional  concepts  like 
re-dttaclunent  and  present  an  exciting  range  of  problems  and  possibilities.  Such  glimpses  as  we  have  of  the 
fully  three-dimensional  situation  suggest  a  still  richer  field,  but  also  warn  us  against  relying  on  proper¬ 
ties  which  are  limited  to  quasi-two-dir.»ensional  situations. 

Behind  the  presentation  is  the  view  that  separation  is  an  essential  feature  of  the  aerodynamics  of 
lift  and  propulsion,  that  it  is  nearly  always  three-dimensional,  and  that  there  are  benefits  to  be  found 
in  encouraging  its  three-dimefisional  i  ty  . 

1  INTKUDUCTION 

Ihe  simplest  way  to  categorize  flow  separations  is  in  terms  of  their  causes,  and  in  the  aeronautical 
field  these  are  mainly 


(1) 

obstacles  protruding  f rem  a 

wall, 

(2) 

bloving  normal  to  a  wall. 

(  ') 

shock  waves. 

(O 

adverse  external  flows  over 

>mooth  walls 

15) 

sal  lent  edges. 

Important  examples  of  the  first  of  tlu-se  are  the  separation  of  the  fuselage  boundary  layer  caused  by  the 
wing  and  the  separations  provoked  by  excrescences  on  the  otherwise  smooth  surface  the  aircraft,  The^ 
effects  «.jf  large  protuberances  were  discussed  in  some  detail  in  a  review  by  Peake,  Rainbird  and  Atraghi 
and  the  effects  uf  small  excrescences  were  discuss^-d  in  a  recent  ACARI)  paper  by  Gaude*^  and  Winter^,  In 
prifaiple  the  larger  scale  separations  of  inis  type  can  be  regarded  as  special  cases  of  types  4  and  S  and 
I  shall  ni>t  discuss  them  specifically, 

blowing  normal  to  a  wall  presents  itself  in  two  extreme  forms;  the  penetration  of  a  transverse  jet 
into  the  ma  i  n  stream  tor  purposes  ot  lifting,  control  or  mixing;  and  the  smoothly  distributed  injection  of 
fluid,  which  is  a  favourite  problem  in  two-dimensional  boundary  layer  theory  and  describes  some  cooling 
schemes.  The  major  difficulties  in  nMniening  the  overall  behaviour  of  a  jet  emerging  normal  to  a  wall 
^see,  e.g,  Kef.'lj  fnive  discouraged  .ifiempts  to  examine  !ts  effect  on  the  wall  boundary  layer.  The  presence 
of  turbule:ii  sfiear  stress  normal  to  tfte  wall  and  of  entrainment  into  the  jet  must  clearly  affect  the  struc¬ 
ture  of  idcjSf  regions  botfi  upstream  and  downstream  of  the  jet,  in  which  separation  would  be  found  if  the 
jet  Were  a  solid  cjbstacle.  The  sutface  oil-flow  patterns  of  McMahon  and  his  col  leagues^ » ^  offer  a  challenge 
which  lu't  seem  to  have  been  taken  up.  Nor  has  much  been  dene  about  the  effects  of  distributed  blowing 

on  t  lir  ee-'l  i  mens  i  ona  1  s  epara  t  i  on  . 

The  interactions  between  sh»u  k  waves  and  boundary  layers  have  been  extensively  studied,  including  the 
(entral  problems  c‘f  whetfier  the  shock  separates  the  boundary  layer  and,  if  it  does,  what  form  the  separation 
takes,  Green^  reviewed  work  in  t  fii  s  field  in  1970.  Work  on  situations  involving  three-dimensional  interac¬ 
tions  lias  <c>ruinued  fairly  intensively  since  then,  particul  »rly  in  the  specialist  a-eas  of  wing  design  for 
high  subsonic  fligfit  and  of  the  off-design  performance  of  supersonic  intakes.  As  would  be  expected,  the 
presenf e  or  potential  presence  of  shock  waves  does  nothing  to  simplify  the  problems.  As  would  also  be 
expected  the  types  "f  separation  which  a  ise^  are  not  different  in  kind  from  those  familiar  elsewhere  and 
extensions  of  two-dimensional  correlaiiois  loi  incipient  separation  are  possible^.  1  shall  not  attempt  to 
up-date  Green's  ‘'Xteiisive  survey. 

Most  I'l  tfie  specific  examples  ti  whi(h  I  shall  refer  later  are  either  of  separation  induced  on  a 
smo<  th  body  by  a  smoothly  varying  external  flow  or  else  of  separation  produced  at  a  salient  edge  of  a  body. 
Typical  examples  uf  the  former  are  the  flow  over  bodies  of  revolution  at  incidence,  the  flow  over  the 
upper  surf.ues  swept  wings,  the  outhtuinl  flow  over  the  upper  surface  of  a  delta  wing  beneath  the  primary 
vortex,  and  the  fh^w  past  upswept  rear  fuselages.  With  the  exception  of  the  flow  over  the  rear  of  fuselages, 
which  was  reviewed  recently  by  Leake,  Kairhird  and  Atraghi^,  these  examples  will  be  discussed  later.  Both 
laminar  and  turbulent  separations  are  ol  practical  inteiest.  Separations  at  salient  edges  occur  at  trailing 
edges  where  boundary  layers  are  thick  and  turbulent  and  pressure  gradients  are  usually  adverse,  at  sharp 
leading  edg<  s  where  boundary  layers  are  thin  and  sometimes  laminar  and  pressure  gradients  are  favourable, 
and  at  the  lips  of  cavities.  In  flows  over  smooth  surfaces  the  emphasis  is  on  predicting  where  separation 
will  occur.  In  flows  over  salient  edges  the  emphasis  is  on  modelling  the  separated  flow.  Although  more 
work  is  needed  on  both  of  these  aspects,  the  next  important  task  is  to  bring  them  together,  so  that  a  model 
of  the  separated  flow  is  incorporated  in  the  method  which  predicts  where  separation  will  occur. 

We  also  need  to  lonsider  the  relevance  of  our  studies  to  the  desig-  of  aircraft.  It  is  perhaps  worth 
pointing  out  that  the  flight  of  heav  i  t  r-t  h.in-a  i  r  craft  only  became  possible  through  the  exploitation  of 


separation  from  the  sharp  trailing  edges  of  wings  and  propeller  blades.  For  a  long  time  the  application 
of  flow  separation  in  design  stopped  there  and  advances  in  the  ei'ficiency  of  flight  came  about  as  the 
aerodynamicist  applied  his  art  to  rhe  elimination  of  separation  fotward  of  the  trailing  edge.  Intentional 
separations  were  confined  to  spoilers,  dive^brakes  and  vortex  generators,  the  role  of  the  last  being  to 
prevent  larger-scale  separation. 

The  task  of  avoiding  separation  became  harder  as  the  demands  made  on  lifting  surfaces  became  more 
extreme,  in  terms  of  the  ranges  of  speed  and  angle  of  incidence  <jver  which  they  had  to  work.  Military 
aircraft  are  now  designed  to  manoeuvre  with  extensive  regions  of  separated  flow^  and  civil  aircraft  like 
Concorde  take  off  and  land  with  large-scale  flow  separations^^.  Slender  missiles  and  flare-stabilised 
re-entry  vehicles  encounter  flow  separations  which  lead  to  guidance  and  heating  problems.  Unfortunately 
our  ability  to  model  the  phenomena  of  separated  flow  and  to  incorporate  its  features  in  rational  design 
procedures  has  not  kept  pace  with  its  occurrence  in  practice. 

This  review  begins  with  an  attempt  to  define  the  problems  involved  and  the  relations  between  them, 
and  a  discussion  of  the  role  of  flow  modelling.  Some  of  the  differences  between  separated  flow  in  two  and 
in  three  dimensions  are  described.  The  main  part  of  the  review  deals  successively  with  the  nature,  the 
prediction  and  the  modelling  of  flow  separation  in  three  dimensions.  In  conclusion,  some  applications  of 
separated  flow  in  the  aerodynamic  design  of  aircraft  are  briefly  discussed, 

J  PROBLKM  DEFINITION 

We  can  now  attempt  to  define  areas  of  interest.  First  there  is  the  large  area  in  v'hich  separation  is 
unwanted  and,  we  believe,  avoidable.  Either  we  know  it  is  positively  harmful,  perhaps  increasing  drag  or 
reducing  lift,  or  i :  is  a  nuisance,  introducing  such  complexities  as  forebody  vortices  into  a  simpler  design 
concept.  This  is  tlie  area  of  classic  a!  aircraft  design,  in  which  separation  takes  place  at  sharp  trailing 
edges  only.  We  need  to  know  what  the  causes  of  separation  are,  how  to  avoid  them  and  how  to  minimize  the 
effects  of  unavoidable  separation.  The  sort  of  mathematical  models  that  help  us  are  models  of  inviscid 
Mows  over  spe^iried  boundaries,  models  of  wakes  shed  from  sharp  trailing  edges  and  models  of  b-undary-layer 
flows.  The  boundary- 1  ayer  calculation  method  must  be  capable  of  predicting  separation,  at  least  in  the  sense 
that  it  only  breaks  down  when  separation  is  imminent  and  that  it  does  not  proceed  past  separation  lines  with¬ 
out  indicating  tlieir  presence.  This  area  is  fairly  well  understood,  in  the  sense  that  the  remaining  problems 
win  be  isolated,  not  that  they  are  necessarily  <  lose  to  solution.  Advances  are  being  made  and  will  continue 
to  be  made  by  working  separately  on  the  computation  of  the  inviscid  flow  and  of  the  boundary  layer,  and  then 
putting  the  methods  together  f^)r  design  applications. 

As  Soon  <is  this  area  ol  essentially  attaclied  flow  is  left  behind,  models  of  the  separated  flow  are 
needed.  However,  it  is  usetul  to  distinguish  an  area  of  some  importance  in  which  it  is  sufficient  to  have 
a  model  of  the  separated  flow,  without  the  need  to  predict  where  separation  occurs.  If  the  separation  takes 
pKue  t rom  a  salient  edge,  its  iuturrence  is  independent  of  the  boundary  layer  streture,  at  least  for  high 
Reynolds  number.  A  shear  layer  forms  at  the  salient  edge  and,  again  for  high  Reynolds  number,  this  can  be 
modelled  hy  a  Vortex  sheet.  The  role  of  viscosity  is  to  produce  the  separation:  its  location  is  determined 
geometrically.  Invisi  id  models  can  then  be  constructed. 

A  typica^  flow  of  this  k  i  n<l  is  found  on  wings  with  highly-swept,  sharp  loading  edges,  when  the  shear 
layers  shed  from  the  leading  edges  roP  up  into  vortices  with  a  spiral  structure.  Simple  flows  of  this 
kind  are  fairly  well  understood,  but  the  presence  of  free  boundaries  makes  computation  difficult,  and  there 
are  still  some  conceptual  d i f f  i  cu 1 1 i es ,  in  particular  in  relation  to  the  formation  of  multiple  centres  of 
rv)tat  ion. 

The  n*'xt  stage  in  complexity  is  reached  when  we  have  a  model  of  the  separated  flc,w  but  the  origin  of 
the  Separation  is  not  fixed  by  tlie  shape  of  the  body.  A  simple  example  is  the  slender  circular  cone  at 
irnidcrne.  Separation  gives  rise  to  ^hear  layers,  which  we  can  model  by  vortex  sheets  rolling  up  into 
spiral  vorii'^'S.  iv  is  fairly  certain  that,  if  the  separation  lines  are  specified,  the  resulting  inviscid 
problem  with  the  embedded  vortex  sheets  will  have  a  sensible  solution.  The  position  of  »he  separation  line 
should  emerge  from  a  boundary-layer  calculation  carried  out  for  an  external  flow  in  which  the  separated 
flow  is  represented.  An  iteration  process  should  then  lead  eventually  to  a  consistent  representation  in 
which  boundary-layer  separation  is  predicted  along  a  line  from  which  a  vortex  sheet  originates. 

The  final  category  o.‘  problems  is  the  one  in  which  we  have  no  adequate  model  of  the  separated  flow. 
Precisely  which  problems  we  place  in  this  category  is  a  matter  for  individual  judgement,  but  we  should  all 
agree  that  there  are  some  separations  for  which  no  adequate  model  exists.  Two  lines  of  approach  are  then 
needed:  detailed  and  careful  experimental  studies  and  sound  thinking  about  the  physi'al  mechanisms  involved. 
Experiments  in  separated  flow  are  difficult,  because  the  flow  field  must  be  invest’gated  in  deptli,  in  spite 
of  its  sensitivity  to  in'  •'ference  from  measuring  probes.  Optical  methods,  so  useful  in  two-dimensional 
flow,  become  much  more  c  ‘X  in  three-dimensional  flows**.  The  unsteadiness  of  many  separated  flows  at 
frequencies  lower  than  th  e  characteristic  of  turbulence  is  a  basic  difficulty  affecting  both  experimental 
technique  and  the  construction  of  helpful  mental  concepts. 

The  classification  of  problems  which  I  have  been  attempting  is  summarized  in  Fig.I.  The  representa¬ 
tion  is  entirely  topological  and  the  sizes  of  the  regions  are  not  meant  to  indicate  their  importance  or  the 
extent  of  our  knowledge. 

1  LEVELS  OF  MODELLING 

It  is  necessary  at  this  point  to  defend  an  extended  discussion  of  model.s.  It  is  possible  to  maintain 
that  the  only  model  we  need  to  consider  is  the  set  of  Navier-Stokes  equations  governing  the  motion  of  a 
viscous,  compressible,  heat-conducting  fluid.  Progress  with  special  sub-models  for  particular  forms  of 
separated  flow  is  slow  and  essentially  limited;  many  separated  flows  of  practical  concern  arc  extremely 
(omplex;  progress  in  computer  hardware  and  in  numerical  methods  for  solving  differential  equations  is  very 
rapid  . 
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For  instance,  calculations  of  laminar,  three-dimensional  separated  flow  by  the  numerical  solution  of 
the  Navier-Stokes  equations  have  already  been  reported  by  Li^^,  He  considers  a  body  consisting  of  a  heiwi- 
spherical  nose  followed  by  a  circular  cylinder  and  terminated  by  a  conical  flare  with  a  flat  base.  For  the 
region  between  this  body  and  the  bow  shock  wave  he  marches  in  the  time  direction  until  an  essentially 
stationary  condition  is  reached.  Typically,  for  an  angle  of  incidence  of  20^^,  a  Mach  number  of  3  and  a 
Reynolds  number  of  10^,  he  describes  the  flow  by  9000  interior  points.  20  points  lie  on  each  line  between 
the  body  and  shock,  concentrated  near  the  body,  and  there  are  18  azimuthal  stations  between  the  leeward 
and  windward  meridians.  About  2000  time  steps  are  needed  and  the  process  takes  100  hours  on  an  IBM  360-7S. 
The  published  results  all  relate  to  the  body  surface,  but  they  show,  as  indications  ot  separation,  the 
vanishing  of  the  azimuthal  component  of  skin  friction  on  the  cylinder  just  aft  of  the  spherical  nose,  and 
the  vanishing  of  the  longitudinal  component  of  skin  friction  on  the  cylinder  just  ahead  of  the  flare. 


Other  large-scale  ci>mpu  t  a  t  i  ons  of  this  kind  have  made  use  of  some  simplification  uf  the  Navier-Stokes 
equations  tor  steady  t  low.  Lin  and  Rubin*  ^  at  Brooklyn  and  Lubard  and  Helliwell*^  in  California  have 
studied  the  laminar  Ilow  past  a  cone  at  incidence  at  high  Mach  number.  In  this  flow,  separation  is  found 
downstream  of  a  region  near  the  apex  in  which  the  shock  wave  and  boundary  layer  merge*  in  a  single  viscous 
region,  and  it  is  this  downstream  flow,  in  which  a  boundary  layer  is  distinguishable,  that  they  consider. 

A  spherical  polar  system  of  loordinates  is  then  natural.  If  r  is  the  radial  distance  measured  from  the 
apex  oi  the  cone,  then  the  essentia!  simplification  is  to  neglect  viscous  diffusion  in  the  r  direction. 
This  leads  to  a  system  o)  equations  whi«li  is  parabolic  in  r  ,  so  that  a  marching  technique  can  be  used. 
Diffusion  in  the  c  i  rc  umt  erent  i  a  1  dircctitn  is  retained,  in  additio'i  to  the  representation  of  diffusion 
normal  to  the  surtaie,  as  in  the  usual  ht>undary-l ayer  model.  Initial  conditions  at  the  upstream  end  of 
the  computed  region  are  required.  These  can  be  taken  from  a  solution  for  the  merged  layer  on  a  sharp  rone 
or  a  solution  fi'r  the  flow  over  a  blunt  nose. 


Lin  and  Rubin  assume  in  <idditii>n  that,  .it  high  Reynolds  numbers,  viscous  effeits  are  confined  to  a 
thin  layer  anil  that  the  tlow  external  to  this  layer  is  conical.  The  external  pressure  field  is  taken  from 
measurements.  Within  the  visic»us  layer  tfiey  find  voritx  structun-s  when  tlie  incidence  is  moderately  large. 
The  flow  all. idles  in  the  plane  ctf  symmetry  on  the  windward  side  and  then  leaves  the  surface  along  separation 
lines  on  the  leeward  side.  There  is  a  second  altacliment  it,  tl»e  plane  ol  symmetry  on  the  leeward  side.  At 
smaller  angles  of  incidence  tfie  flow  leaves  tfie  surface  in  the  plane  of  symmetry  on  the  leeward  side.  This 
can  be  regarded  as  a  separatiiui,  but  it  is  a  trivial  one,  since  no  vorticity  is  being  shed  from  the 
'separation  line',  «.iwing  to  the  syrnnetrv  of  the  flow.  Agreement  with  experimentally  i>bserved  separation 
is  good,  with  various  calculated  and  measured  values  of  the  azimuthal  angle  of  separation  lying  within  a 
band  of  about  lU^'  width.  Tlie  positiofi  of  separation  is  appacenlly  unaffected  by  heal  transfer,  but  increas¬ 
ing  Mach  number  delays  separation  and  reduces  tl»e  extent  of  the  vortex  structures. 


The  sane  authors  have  tmently  extended  their  method  to  treat  a  spinning  tone  .  An  angular  velocity 
of  10**  revolutions  per  r-inute  has  remarkably  lit'le  effect  on  the  svTnmetry  of  the  lee-side  vortiies, 
displat  ing  them  bv  no  mtire  than  a  degree  or  two  in  a  typital  case  (M  «  8,  Ke  ■  lo\  i  “  12‘\  ■■  ■  10^). 
this  tase  the  flow  is  unsteady  and  the  identification  of  the  separation  line  presents  d  i  f  f  i  cu  1 1  i  »'s  . 
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Lubard  an<l  Helliwell  stilve  a  similar  set  t»f  equations,  hut  treat  the  wh(»lr  flow  field  betw*»en  the 
cone  and  the  bow  shock  as  a  single  viscous  region,  so  no  interat  tion  with  an  external  flow  arises.  In  their 
reported  work  they  asc  at.  artificial  starting  proiedure,  hut  this  is  not  an  essential  feature.  They  find 
they  need  to  lake  steps  in  the  m.irching  tlirectioii  which  are  larger  than  a  <triain  minimum  size,  in  order  to 
obtain  stability.  Ihc  results  f.-und  agree  well  with  experiment,  sepatatn'u  being  predicted  ai'iait  6^'  i>t 
azimuth  aliead  "I  its  conserved  positUMi  in  a  typical  case  (M  »  14,  He  *  8.  1  •  ID^,  i  «  ••  ■  5.b‘  ). 


In  spile  ot  the  demi'nst  rated  achievements  of  these  integrated  approaches  to  the  prediction  of 
separated  flow,  iwf  argtimenls  persuade  me  that  the  continued  consideration  of  local  or  sub-models  is  wi»rth- 
while.  The  first  argument  is  technical,  the  se<-ond  philosophical.  The  technical  argumer»t  is  just  that  the 
representation  >.j  lurbulem.t,  at  least  upstream  of  separation,  is  vitally  important  in  many  practical 
problems.  Representing  turbulerne  directly  through  the  t  ime-dep  -ndent  Nav  i  er-Sl  I’kes  equations  makes  su^-h 
enormous  dein.infls  ou  the  i.apav  itv  and  power  of  computers  th.it  it  is  difficult  to  imagine  its  effective 
implementation.  Sim«*  closure  hypothesis  then  becomes  necessary  and  we  are  led  away  from  the  conceptual 
simplicity  ol  f  he  Navier-Stokes  equations  and  back  to  sub-models. 


Tfie  phi  hoophica  1  argument  naturally  concerns  ends  rather  than  means.  If  our  aim  is  to  repr'  din  e 
our  bit  of  the  real  world  in  a  lociputer,  then  the  solution  ol  the  Navier-Stokes  equations  is  a  possible 
approacli,  at  least  lur  laminar  flows.  We  may  hope  to  obtain  more  precise  information,  more  quickly  and 
tDore  cheaply  tliau  by  making  measurements  in  real  fluids,  and  this  is  well  worth  doing.  However,  as 
scientists  we  wish  to  understand  things,  and  as  engineers  we  wish  to  alter  things.  In  both  of  these 
processes  the  acquisition  of  data  needs  to  be  accompanied  by  the  growth  of  conceptual  frameworks  which  can 
account  for  the  data  we  already  have  and  show  us  where  more  is  needed.  It  is  such  conceptual  frameworks 
which  enable*  us  to  formulate  intelligent  ways  of  modifying  and  controlling  our  bit  of  the  ’'niverse.  They 
are  built  of  models,  some  far-reaching  and  all-embracing,  but  some  quite  special.  1  do  not  see  the  need 
for  special  models  disappearing  in  our  field.  In  particular,  I  expect  the  distinction  between  the  external 
inviscid  flow  and  the  boundary  layer,  on  which  the  science  of  aerodynamic.*:  has  been  built,  to  continue, 
supplemented  locally  by  special  models  of  separation  phenomena. 

4  'RE-ATTACHMENT*  AND  'SEPARATED  REGIONS* 


The  kind  of  local  model  needs  to  be  rather  different  in  three-dimensional  flow  from  those  familiar  in 
steady  two-dimensional  flow.  If  a  boundary  layer  in  a  plane  flow  separates  from  the  body,  either  it 
re-atta.hes  to  th'?  body  downstream  or  it  gives  rise  to  a  wake  flow.  In  either  case  we  can  label  a  region 
of  the  flow  as  'separated*  and  discuss  its  properties.  This  is  not  generally  so  with  three-dimensional 
separations.  Those  fluid  particles  which  leave  the  surface  of  the  body  along  a  separation  line  only  return 
Co  the  body  in  exceptional  circumstances. 

Since  it  is  almost  impossible  to  draw  fully  three-dimensional  flow  fields,  I  have  chosen  in  Fig. 2  to 
represent  the  conical  flow  past  a  thin,  slender,  sharp-edged  delta  wing  at  incidence.  The  picture  is 
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familiar,  but  it  is  worth  remembering  what  the  lines  on  it  represent  ^  .  If  you  can  imagine  all  the  stream¬ 
lines  of  the  flow  being  projected  from  the  apex  of  the  wing  on  to  this  plane,  then  these  lines  are  just 
those  projections.  Alternatively,  if  you  consider  all  those  stream  surfaces  which  pass  through  conical  rays, 
then  these  lines  are  the  intersections  of  those  stream  surfaces  with  the  plane.  What  the  picture  does  is 
to  present  how  the  fluid  particles  progress  from  one  conical  ray  to  another,  ignoring  how  they  travel  along 
each  ray.  Consequently,  the  free  stream  appears  as  an  inward  flow.  The  particles  leaving  the  leading  edge 
are  special,  since  tliey  carry  vorticity.  They  do  not  return  to  the  wing,  but  end  up  in  the  leading-edge 
vortex,  as  do  all  the  particles  between  the  streamlines  ending  at  Aj  and  A2  .  There  is  a  temptation  to 
describe  the  conical  ray  through  A|  as  a  re-attacliment  line,  by  analogy  with  two-dimensional  flow.  In 

fact  the  fluid  approaching  the  body  near  this  line  comes  from  the  free  stream,  just  as  it  does  in  the  case 

of  the  attachment  line  through  Ao  .  In  particular,  new,  initially  laminar,  boundary  layers  develop  on  the 
two  sides  of  A|  ,  although  the  free  shear  layer  becomes  turbulent  soon  after  it  is  shed  from  the  leading 
edge.  The  boundary  layer  flowing  outboard  from  A|  is  distinct  from  the  free  shear  layer  above  it  and, 
in  fact,  separates  again  to  form  a  secondary  vortex.  This  secondary  separation  may  be  laminar  or  turbulent. 
Note  that  we  cannot  point  to  a  closed  region  of  separated  flow:  the  upstream  flow  penetrates  everywhere. 

This  is,  of  course,  an  extreme  case  chosen  to  bring  out  the  unexpected  features  of  three-dimensional 
separation.  It  is  easy  to  imagine  how,  at  a  smaller  angle  of  sweep-back,  and  a  smaller  angle  of  incidence, 
the  scale  of  the  separation  becomes  much  smaller,  in  particular  in  relation  to  the  thicknesses  of  the  free 
shear  layer  and  the  wing  boundary  layer.  The  free  shear  layer  on  its  return  towards  the  leading  edge  then 
merges  with  the  boundary  layer  on  t  lie  wing  and  the  flow  reaching  the  wing  inboard  of  the  vcjrtex  is 
contaminated  by  the  turbulence  in  the  free  sheer  layer,  as  indicated  in  Fig, 3.  Wlien  this  happens  we  have 
a  region  of  turbulent  rotating  flow  near  the  leading  edge,  with  a  turbulent  boundary  layer  downstream  of 

it.  In  Che  figure,  the  mean  streamlines  are  again  to  be  regarded  as  conical  streamlines,  although  I  am 

not  suggesting  that  conical  conditions  will  be  found  in  subsonic  flow  at  these  smaller  angles  of  sweep- 
back.  If  the  flow  were  conical,  the  turbulent  region  would  be  growing  in  size,  roughly  in  proportion  to 
the  distance  downstream  from  the  apex.  Wliat  is  more  frequently  realized  in  experiments  is  an  approximation 
to  the  flow  past  an  infinite  sheared  wing,  in  which  the  flow,  although  t  hree-d  imens  i  ona  1  ,  is  independent 
of  spanwise  position.  This  corresponds  to  a  conical  flow  in  which  the  vertex  has  receded  to  infinity. 

The  region  of  turbulent  flow  would  then  become  of  constant  size  and  could  well  be  described  as  a  bubble. 

At  Queen  Mary  College  in  London,  I’rof  .  Young  and  his  students  have  made  a  number  of  explorations  of 
bubble  flows,  starting  with  unswept  bubbles.  Their  first  study  of  a  swept  bubble,  by  Horton'^,  was 
reported  briefly  to  the  last  ACAHL)  meeting  on  separated  flows  in  His  bubble  was  generated  on  a  flat 

plate  by  a  lifting  cylinder  placed  above  it,  the  whole  configuration  being  swept  through  Recently 

Delpak*'  has  completed  a  study  of  the  effects  of  increasing  the  sweep  to  With  the  same  external 

pressure  field  imposed,  he  finds  a  'separated  region*  whose  size  depends  on  Reynolds  number.  At  high  wind- 
speeds,  a  separated  region  resembling  a  short  bubble  is  found,  with  constant  length  across  the  span.  At  a 
lower  speed,  the  flow  at  the  upstream  end  remains  much  the  sam€»,  but  the  size  of  the  bubble  increases  across 
the  span  and  the  larger  separation  outboard  is  associated  with  a  reduced  suction  peak.  At  a  lower  speed 
still,  the  larger  separation  is  found  across  the  span  and  uniform  conditions  are  not  obtainable.  Strong 
outboard  f  vjws  are  found  in  the  separated  region,  analogous  to  the  high  axial  velocities  in  the  cores  of 
I ead i ng-ed^^e  vortices.  Much  of  what  takes  place  tan  be  interpreted  in  terms  of  modifications  of  two- 
dimensional  fh»w  patterns,  but  a  i:ons  iderabl  e  residue  seems  to  !u*<  d  a  model  which  is  three-dimensional 
from  the  start  . 

'j  ATTAf'KMfiNT 

Having  used  d  picture  of  ionic. il  Mow  to  illiistr.ite  the  diffiTerne  between  two-  .ind  three-dimensional 
separation,  I  ought  to  draw  attention  to  an  over-s  impl  i  1  u  at  ion  which  1  an  aris»-  from  reliance  on  conical 
and  sheari'd-wing  flow  patterns.  This  concerns  not  sc*par.it  ion ,  but  attachment.  Flow  altaMimenl  takes  place 
at  upstream  stagnation  points,  but  when  a  flow  has  a  plane  ol  symmetry  then-  is  usually  -in  attachment  1  itu* 
in  it.  This  line  has  a  number  of  properties; 

(1)  it  IS  a  streamline  of  the  external  flow, 

(2)  it  is  a  limiting  sireamline  ( sk  i  n- f r it t i on  line), 

M)  there  is  no  pressor*  gradient  noi^ial  to  it, 

(i)  both  sets  ul  surta«e  streamlines  diverge  [rum  it, 

fS)  the  boundary  layers  whnh  develop  on  either  side  »d  it  arc  i  ndependi-nl  ,  .ind 

^b)  It  is  a  geodi-si*  on  (lie  surlaie. 

There  is  not  time  to  disiiiss  l  fie  various  i  nl  erdependenc  i  es  between  these  propi-rlics.  I  want  to  pt>inl  out 
that  lines  wiifj  the  same  properties  .iiise  away  from  planes  ol  synxnetry  in  conical  flows  and  in  sheared-wing 
flows.  However,  in  more  general  t  fir  ee-d  imi-ns  iona  1  flows  it  <loes  not  seem  that  all  the  properties  occur 
together,  exi  ept  in  planes  of  symnu’try. 

If  We  (onsider,  t(/r  iiistarne,  a  swept  wing  at  incideine,  tfien  ifieri'  will  be  a  limiting  streamline 
wtii  (  fi  runs  roughly  parallel  to  ifie  leading  edge  and  divides  those  limiting  streamlines  which  pass  above  the 
wing  from  tfiose  wfiiMi  pass  below  it.  We  migfit  call  this  limiting  streamline  an  attachment  line  of  the 
surfafe  t  h)W .  Similarly,  in  live  flow  external  to  the  boundary  layer,  then-  will  be  .1  streamline,  also 
ruuglily  parallel  to  t  fu*  leading  edge,  which  Jividc'S  the  external  fli'w  passing  above  the  wing  from  that 
passing  below  it,  and  we  might  tall  this  streamline  an  attachment  line*  of  the*  external  flow.  Hc'wever, 
tfiere  is  no  reason  wfiy  eilfier  •>!  ifiese  attacliment  lines  should  fx*  getxlesics  on  the  surface,  nor  why  I  lu- 
pressure  gradient  normal  to  eitfier  of  tfiem  should  vanish.  It  the  houndary-layer  model  is  entirely  innsist- 
ent  there*  should  be  a  stream  surf. ice  of  tfie  real  flow  win  c  h  passes  through  both  of  them,  but  this  will  not 
be  normal  to  tfie  surface  of  the  f)ody.  Tin*  two  attachment  lines  will  be  displaced  laterally.  There  will  be 
an  atta<hmc*nt  region  in  t  fn*  boundary  layer  along  the  leading  edge  of  the  wing  which  will  affect  tfie  flow 
tiver  botfi  the  upper  and  lower  surfaces,  and  this  attaclunent  region  will  contain  the  att.i  hmcMit  lines  of  tfie 
surface  flow  and  of  tfie  extern. il  flow. 
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6  NATURE  OK  SKPARATION 

When  we  come  to  separation  lines  we  find  a  rather  curious  situation.  Most  people  are  quite  confident 
that  separation  lines  can  be  recognized  in  patterns  of  limiting  streamlines,  whether  these  are  obtained 
experimentally  by  uil~flow  techniques  or  numerically  from  flow  calculations.  On  the  other  hand,  the  actual 
definition  of  a  separation  line  gives  rise  to  a  lot  of  discussion,  much  of  it  stemming  from  ideas  put  for* 
ward  by  Maske  1 1  ^ ® ^ .  Two  approaches  can  be  distinguished:  a  local  approach,  which  is  needed  in  order  to 
recognize  separation  as  it  happens;  and  a  global  approach,  which  is  needed  to  establish  the  consistency  of 
postulated  flow  patterns. 

The  local  approach  seeks  to  identify  the  separation  line  in  terms  of  the  behaviour  of  the  limiting 
streamlines  near  it.  Maskell^^  described  it  as  an  envelope  and  cusp  locus  of  the  limiting  itreamlines. 

The  mathematical  expression  of  this  definition  gives  it  a  precision  which  invites  controversy^®.  To  pursue 
the  controversy  it  is  necessary  to  be  clear  about  whether  it  is  solutions  of  the  laminar  boundary-layer 
equations  or  of  tlie  Navier-Stokes  equations  that  are  relevant  and  which  definition  of  enve;lope  is  to  be 
adopted  (see,  e.g.  Kef.JI).  It  seems  to  me  that  'envelope*  is  a  good  descriptive  word  fer  what  is  observed 
and  has  not  been  improved  upon.  In  the  coniexi  of  the  laminar  boundary- 1  ayer  equations,  the  behaviour  of 
the  shear  stress  near  the  separation  line  is  relevant  to  the  controversy  as  well  as  being  of  intrinsic 
interest.  Is  there  a  singular  behaviour  or  not?  The  work  first  of  Brown^^  and  then  of  Buckmas ter ^ ^  shows 
that  a  singular  behaviour  is  possible,  just  as  Goldstein  found  in  two-dimensional  flow.  It  is  still 
possible  to  argue  about  whether  it  occurs. 

1 8 

The  gK-bal  approach  starts  with  a  recognition  that  two  different  sets  of  liraili.ig  streamlines  come 
together  at  a  separation  line.  St ewa r t son-**  made  this  more  precise  by  distinguishing  points  on  the  surface 
which  are  accessible  from  the  upstream  attachment  point  from  those  which  .ire  I'.ot ,  giving  a  definition  which 
includes  the  two-dimensional  behavioiir.  In  the  case  of  a  slender  body  at  moderate  incidence,  however, 
separatiiMt  lines  form  which  are  fed  on  bi»th  sides  by  fluid  from  the  upstream  stagnation  point.  One  scheme 
of  limiting  streamlines  in  such  a  flow  is  shown  in  Fig. 4,  taken  from  Legendre^*^.  BD  is  a  separation  line, 
fed  on  both  Sides  by  fluid  from  the  upstream  stagnation  point  A  .  Kichelbrenner^^  gives  essentially  the 
same  definition  of  a  separation  litie  as  Stewartson.  In  addition  he  distinguishes  between  separation  proper 
and  a  'clash*  of  boundary  layers.  It  seems  he  would  regard  the  situation  shown  in  Fig. 4  as  a  clash.  We 
certainly  need  ti'  consider  such  flows.  1.  iglith  i  1 1  defines  .i  separation  line  as  a  line  which  issues  from 
both  sides  of  a  saddle  point  of  separation  and,  after  embracing  the  body,  disappears  into  a  nodal  point  of 
separatiotj.  In  Legendre's  Siheme,  B  is  such  a  saddle  point  of  separation  and  one  streamline  through  it, 

HU  ,  fits  Lightfiill's  definition.  However,  in  the  other  direction  it  t*nds  in  the  spiral  point  V.  ,  Wliether 
b<  IS  itself  a  Separation  litu*  or  whether  separation  only  occurs  from  the  point  (‘  is  discussed  briefly 
by  Legendre  in  a  later  p.iper*-^.  The  stre.imline  patterns  in  the  vicinity  of  these  various  types  of  singular 
points  have  been  drawn  by  Oswat  1 1  s-  h-’^. 

I  g 

Maskell  also  showed  separat  ion  originating  oti  a  slender  body  from  a  separation  line  which  starts  at 
an  ordinary  point  of  the  surface.  Ttiis  reiiK»ves  the  complication  of  the  saddle  point  and  spiral  point  from 
Fig.H.  Wang^*^  has  revived  this  idea  recently  in  the  course  of  a  lively  discussion  of  possible  separation 
pattern*.  In  physual  terms,  with  separ.itii*n  envisaged  as  arising  from  the  close  approach  of  the  limiting 
streamlines,  Itie  s>  heme  is  attr.ntive.  It  is  particularly  easy  to  imagine  a  trivial  separation  of  this 
kind  developing  in  a  pi  *'u-  of  symmetry,  with  streamlines  converging  on  both  sides,  and  with  no  definite 
point  at  wf.iih  the  separat  ion  (ould  lie  said  to  start.  It  is  less  easy  to  imagine  when  the  cross-flow  is 
noM-/eri»  and  the  separation  results  in  the  shedding  of  vortirily.  The  details  of  lu»w  llie  Separation  line 
starts  are  in  any  rase  unimportant  compan-d  with  the  realisation  ttiai  i  lie  separation  line  need  not  cross 
the  plane  of  synmiry,  so  tfiat  the  separation  is  entirely  fed  from  the  upstream  stagnation  point  of 
a  1 1  achment . 

I  ven  when  the  si-p.i  r  a  t  i  i  >n  line  does  <  ross  the  plane  of  symmetry,  as  in  Fig.S,  so  that  a  downstream 
pi’int  of  attachment  has  to  In*  intri'duced,  it  does  not  follow  that  the  separation  forms  a  closed  bubble. 

It  is  possible  for  a  v^ir  1 1  x- s  heet  separatiJii  in  the  form  of  a  horse-shoe  or  a  hairpin  to  form,  fed  on  both 
sides  Willi  air  from  i  he  free  stream.  A  »  losed  separation  line  does  not  necessarily  give  rise  to  a  closed 
separation  surface,  and  it  is  the  form  of  the  separation  surface  which  is  the  more  significant. 

7  UHLUinioS  (Jf  SU'AKAIION 

It  might  h.ive  been  hoped  that  l  fu-  calculation  of  the  three-dimensional  boundary  layer,  apart  from 
difficulties  with  starting  in  an  attachment  region  and  with  recognizing  sepaiatiun  as  it  occurs,  would 
prove  to  he  a  straightforward  numerical  problem.  I’nfortunately,  even  with  laminar  flows  numerical  difficul¬ 
ties  arise  near  s**pjratiun,  and  ci'nceplual  uncertainties  in  the  modelling  of  turbulence  become  more  impor¬ 
tant  near  separation.  Ihis  is  ncjt  the  pla<e  to  attempt  a  review  of  boundary- 1  aye**  calculation  methods  and 
1  shall  only  pick  out  a  tew  c-xamplt'S  relevant  to  the  prediction  ot  separation. 

Several  years  ago,  Gocjke**  calculated  the  laminar  boundary  layer  on  a  circular  cone  at  incidence, 
using  .1  conical  external  flow.  Separation  can  then  only  occur  along  a  conical  ray.  His  solution  starts 
from  the  windward  generator  and  marches  round  the  cone.  He  found  that,  as  separation  was  approached,  it 
was  necessary  to  reduce  the  step  size  in  the  marching  process  so  much  that  effective  progress  became 
impossible.  However,  he  was  able  to  use  the  analytical  form  derived  by  Brown*"-  for  the  solution  near 
separation  to  exirapol.ite  convincingly  for  the  position  of  the  separation  line.  Separation  is  predicted 
to  occur  earlier  than  it  was  observed  by  Kainbird,  L'rabbe  and  Jurewirz^*^,  typically  by  13  to  20°  in  azi¬ 
muthal  angle  when  the  incidence  and  semi-angle  of  the  rone  are  both  7.3°.  (Li  I  c  u  1  at  ions  reported  by  Jaffe 
and  Smith^^  agree  with  those  of  Looke,  allhougl  they  were  not  carried  so  cli^se  to  separation.  Cooke 
suggested  that  the  discrepancy  in  his  prediction  of  separation  might  h.ive  arisen  either  from  the  use  of 
slender-body  theory  ft'r  the  external  flow  fieid  or  from  the  absence  of  any  representation  of  separation  in 
the  external  flow.  The  latter  seems  more  likely,  since  calculations  by  Tsen  and  Aroaudon^^  for  cones  at 
incidence  in  supersonic  flow  used  exact  external  flow  solutions  and  still  found  discrepancies  in  separation 
position  of  about  the  same  size.  They  treat  the  compressible  laminar  boundary  layer  by  an  integral  method 
and  introduce  the  cross-flow  through  an  iterative  procedure.  Their  results  shew  an  appreciable  effect  of 
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heat  transfer  on  the  magnitude  of  the  cross-flow,  but  very  little  effect  on  the  location  of  separation,  In 
agreement  vith  Cooke's  finding^^  and  with  the  work  of  Lin  and  Rubin*^. 

Cooke's  method  is  eoually  applicable  to  the  flow  over  infinite  sheared  wings  and  has  been  programned 
for  this  case  by  Beasley^®  for  incompressible  flow  and  by  Hirschel^^  for  compressible  flow.  Cooke  also 
extended  his  method  to  treat  laminar  boundary  layers  in  'quasi-conical *  external  flows,  defined  by  the 
property  that  the  direction  of  the  external  velocity  is  constant  along  each  ray,  although  its  magnitude 
varies  along  the  tin.  This  extension^®  enabled  him  to  obtain  good  agreement  with  measurements  by  Hmnnel^^ 
v'f  the  boundary  layer  on  the  upper  surface  of  a  delta  wing,  including  the  secondary  separation  of  the  flow 
swept  outbt)ard  under  the  primary  vortex. 

40  41  42 

for  fully  three-dimensional  laminar  loundary  layers,  the  pioneering  work  of  Raetz  ,  Der  and  Hall 
is  now  bearing  fruit.  Three  numerical  procedures  have  recently  been  reported,  by  Blottner  and  Ellis^^,  by 
W.ing’^'*  and  by  Geissler^^.  The  calculaticns  of  Blottner  and  Ellis  have  not  been  carried  far  enough  to 
encounter  separation.  Wang  has  presented  detailed  results^^  for  the  incompressible  flow  over  a  prolate 
ellipsoid  of  axis  ratio  1:4  at  30^  incidence,  and,  subsequently^^,  at  incidence.  His  calculation 

extends  as  far  as  the  line  on  the  body  along  which  the  circumferential  component  of  skin  friction  vanishes. 
Away  from  the  extremities  of  the  ellipsoid,  this  line  is  almost  a  meridian,  so  its  position  is  probably  a 
good  indiiation  of  the  position  of  the  separation  line.  I'nfortunately  he  shows  no  comparison  with  observa- 
tiiMis,  sui  h  as  lh»)se  of  Leake,  Rainbird  and  Atraghi^. 

.  ,  45  .  ,  ^4 

i.eissler  uses  a  coordinate  system  based  on  the  external  streamlines,  in  contrast  to  Wang's  use  of 

a  system  related  to  the  gei>metry  of  the  body.  He  calculates  incompressible  flow  over  three  prolate  ellip¬ 
soids  and  a  combination  of  an  elliotic  forebody  with  a  cylindrical  afterbody.  He  finds  the  limiting  stream¬ 
lines  running  together  to  form  sep.iration  lines  like  those  of  Wang,  but  the  absence  of  a  connwn  test  case 
precludes  quantitative  comparisons.  The  displacement  thickne.ss  grows  rapidly  near  the  upstream  origin  of 
t  fie  separation  line.  As  the  separ<ticm  line  is  approached,  the  numerical  method  becomes  unstable,  a  feature 
whiifi  (ieissler  c  laims  is  cfiaracterist  ic  of  separation  when  the  calculation  is  effected  in  streamline 
cot'rd  inai  es .  It  is  of  some  interest  that  fie  finds  the  separation  line  on  his  cylinc^rical  afterbody  in 
about  the  sane  circumferential  position  as  Schonauer^^  found  the  separation  point  in  the  two-dimensional 
t  low  past  a  (  yl inder. 

Ufien  the  boundary  layer  is  turbulent  it  is  again  easiest,  both  c'oncepi ua  1 1  y  and  computationally,  to 
hiart  with  problems  in  wfiicfi  tfiere  are  essentially  only  two  independent  variables.  For  the  turbulent 
hujndary  layer  on  a  <one,  t  fii  s  requi  res  a  further  assumption  about  the  growth  of  the  boundary  layer  along 
a  generator.  Mowlem  and  Smith*^*^  describe  an  integral  method  based  on  such  an  assumption,  but  their 
calculations  of  t  1  i>w  c»n  a  cone  d<'  not  extend  to  separation. 

Iln'  slightly  artiri«ial  i  .isc-  uf  the  infinite  sheared  wing  does  not  require  sucli  an  assumpljc'n  and 
l’rovi.!e‘»  a  pri'f>lem  in  two  independent  vari.ihlts  wfucfi  exfiihits  features  of  fully  t firee-d imens iona  1  flow, 
f- •  t  les!  .  a^es  fiave  t  fie  pioiuAriiig  experiments  of  (umpsty  and  head'*'^  and  ifie  mc*re  recent  measurements 
l>v  v.ri  den  Kerg  and  1. 1  sena.ir  a  1  c  n  I  a  I  i  oiis  ti,ive  been  puhlisfied  bv  Htadsliaw^*,  Wesseling  and  Lindhout^', 

i.i».  Smith lannel:()  .ind  fiumpfireys  ,  Krause^**  and  febeci^^.  Wc-  tu>pe  to  fiear  more  from  NLR  at  this 
fuMing.  Ifiesi-  netfiods  gem-rally  sfiow  good  agreement  with  experiment  well  up.slrc'am  of  separation.  Closer 
t  1  si-p.irat  ion,  lalculation  seems  to  diverge  from  experiment,  Ifiougfi  it  seems  tfiere  are  usually  variations 
in  the  trietfiods  wfiitli  can  he  exploited  to  imprewe  the  agreeement  .  Kradsfiaw  calculated  the  measured  flow  of 
'  ump^tv  and  Head  and  found  a  very  pronoum  ed  effeit  I  mm  a  term  lie  iTM’oduced  to  account  for  the  effect  of 
trie  longitudinal  lurvature  of  t  fu-  wall.  Wfien  tfiis  term  was  introduce!,  separation  moved  upstream  from 
X  *  n.;'’  Jo  u.hi),  passing  ifirougfi  its  measured  position  at  x  *  (f.nh  .  He  also  showed  significant  differ- 
ciues  fietweeii  tin-  predi>tions  f  fi  i  s  own  differential  metfiod  and  He. id's  integral  melfiod,  separation  being 
pa r  t  I ' u 1 ar 1 V  sc  us i l i ve . 

I'. I).  Snntfi  ^  applied  fu  s  integral  m*  t  hod ,  based  on  Head's  entrainment  concept,  to  the  measurements  of 
.'I'l  dell  H»'rg  anej  Klsena.ir^‘\  in  wfi’ch  surface  curvature  effects  wc're  avi'ided.  He  calculates  separation  to 
•  '  .  'ir  f'etween  stations  7  .»nd  M  using  .Infinsloii  profiles  for  the  crcjss-flow  and  f>etween  stations  9  and  10 
u>ing  Mager  profiles.  Sc-paration  actually  oc  i  urred  between  stations  8  and  9.  Tfie  need  to  choose  a  profile 
lannly  is  avoided  by  (fie  use  of  a  ci  i  f  f  iTeiit  i  a  1  metfiod,  hut  some  clc>sure  assumptic*n  is  still  needed. 

l.ninel:p  and  ilumplirey.s  nsi-  an  eddy  viscosity  formulation,  rei  ormnend  i  ng  a  reduced  eddy  viscosity  for 
t  fie  *ro.ss-flow.  Witfi  ifie  measured  pressure  distribution  of  van  dc-n  Berg  and  Flsenaar,  they  fail  to  predict 
sep.iral  lofi ,  Howc-ver,  l  fiey  noiicc-d  that  t  fie  measurect  «‘xt  erna  1 -f  1  <»w  direct  ioi.  was  not  consistent  with  the 
measured  pressure  d  i  si  r  i  f)ut  i  on  ,  assuming  tfie  flow  was  really  part  of  an  inf  ini  te-sheared-wing  flow,  Ising 
1  ir  Ilf  led  pressun  <1  i  s  l  r  i  hu  I  i  on  derived  from  the  measured  exl  erna  1  -  f  I  ow  direction,  ifiey  calculate  separa¬ 
tion  slightly  'ipstream  of  its  observed  position. 

Krause'^  ^  f,as  recently  .applied  fiis  metfiod^^  lor  calculating  fully  three-dimensional  boundary  layers  to 
tfu  same  experimental  situation.  His  objeit  was  to  test  three  different  eddy  viscosity  formulations,  all 
isotr'pii  ,  in  the  sense  tfiat  ifie  same  r  aMons  are  used  fcjr  both  components  of  the  Reynolds  stress.  Changes 
in  tfie  eddy  viscosity  formulation  lead  to  significant  variations  in  tfie  predicted  skin  friction  but  varia¬ 
tions  of  afioijt  tfie  same  size  arise  from  cfianging  the  difference  scfieme  used  in  the  calculations  from  a 
se(  oTid-order  formula  to  a  f  our  *■  fi-order  formula.  Neither  change  has  much  effect  on  the  cross-flow.  Agree¬ 
ment  witfi  experimt'nt  deteriorates  as  the  measured  separation  line  is  approached,  and,  as  in  the  original 
1. ill  Illation  of  FanneUp  and  Humpfireys^^ ,  separation  is  not  predicted,  Krause  attributes  this  failure  to 
tfie  in.ideqnaiy  of  tfie  closure  assumptions,  in  particular  to  their  isotropic  nature.  In  this  connection  it 
IS  ap[)ropr  lai  e  to  refer  to  an  analysis  by  East^^  of  his  own  data  and  that  of  other  workers.  He  concludes 
tfiat  t  fu'  sfiear  stress  in  a  three-dimensional  turbulent  boundary  layer  is  not  parallel  to  the  velocity 
gradient,  but  dcjes  not  propose  a  belter  representation. 

Since  so  many  problems  arise  in  sheared-wing  boundary  layers,  it  may  seem  absurd  to  proceed  to 
examine  fully  t firee-d imens i ona  1  turfiulent  flows.  However,  there  is  a  successful  prediction  of  separation 
to  report.  I'.IJ.  Smitfi^^  fias  applied  his  integral  method  to  the  turbulent  boundary  layer  on  the  upper 
surface'  of  a  delta  wing,  as  mc'asured  by  Kast^°.  Although  the  cross-flow  angles  are  exaggerated  by  the 

*  Ao.i>iiiirii>  (n  j  iatci  papci’^V  this  was  (lie  result  <>(  an  enor.  and  scparalinn  is  not  predicted  with  (lie  inodilied  pressure  distribution 
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calculation  and  the  amount  of  the  exaggeration  depends  on  the  profile  family  used,  the  position  of  the 
secondary  separation  is  predicted  to  within  2.5Z  of  the  local  semi-span  of  the  wing.  The  success  of  the 
calculation  is  related  to  the  fact  that  the  flow,  and  consequently  the  regions  of  influence,  are  broadly 
aligned  with  the  generators  of  the  almost  conical  external  field;  whereas  for  the  infinite  shearea  wing 
the  flow  crosses  the  generators,  which  are  the  lines  of  constant  percentage  chord. 

From  this  cursory  examination  of  a  complex  field,  I  conclude  that,  for  laminar  flow  in  three  dimen¬ 
sions,  existing  boundary-layer  methods  are  probably  adequate  to  carry  out  the  task  of  predicting  separation. 
This  places  the  emphasis  on  the  formulation  of  adequate  models  of  the  separated  flow  and  of  schemes  for 
including  these  in  ca 1 cul at  iotts  which  embody  the  interaction  between  the  boundary  layer  and  the  external, 
separated  flow.  For  turbulent  flow  much  more  is  needed.  If  integral  methods  are  to  become  reliable,  better 
ways  to  represent  the  cross-flow  must  be  sought.  Current  methods  of  representing  turbulent  processes  in 
differential  methods  seem  to  become  inadequate  as  three-dimensional  separation  is  approached;  so  that, 
although  differmtial  methods  offer  the  better  long-term  prospect,  at  present  they  provide  no  advantage 
over  integral  methods. 

8  MODELS  OF  SEPARATED  FLOW 

The  only  three-dimensional  separated  flows  to  have  been  modelled  extensively  are  those  which  arise 
fri'm  liighly-swepi  separation  lines,  giving  rise  to  rolled-up  shear  layers.  Before  dealing  with  these  it 
is  convenient  to  mention  two  extensions  to  three  dimensions  of  techniques  for  treating  separation  in  two- 
d  imens  iona  I  f  Uw . 

The  first  concerns  the  basic  problem  oi  how  the  laminar  boundary  layer  approaching  the  trailing  edge 
changes  inti'  the  wake  behind  it.  In  twt>  dimensions,  Stewartson  and  others  have  shown  that  the  flow  has  a 
triple-derk  siruiture,  with  outer  regions  which  are  asymptotically  thicker  than  the  boundary  layer. 

Ktcenlly  Cuiraud^*^  has  provided  an  extension  uf  this  work  to  three-dimensional  flow,  treating  the  flow  near 
the  trailing  edge  ol  a  swept  plate  with  a  small  edge  angle  at  zero  incidence. 

The  se- ond  of  these  extensions  conierns  ilie  separation  ahead  of  a  ramp  in  supersonic  flow.  Werle, 
Vatsa  and  Beiike^’^  consider  an  infinite,  swept  ramp,  with  a  uniform  flow  along  the  ramp  and  a  supersonic 
flow  norm.il  to  it.  Their  Svilution  depends  on  a  double  iteraticm.  In  the  inner  loop  the  external  flow  and 
the  boundarv-iayer  parameters  are  matched  Itually  at  each  point.  The  outer  loop  determines  the  pressure  at 
separation,  by  requiring  that  the  pressure  downstream  of  real  tachnient  returns  to  its  inviscid  value.  It  is 
not  clear  from  flu  ir  .u  count  how  tliis  fits  in  with  the  upstream  flow.  They  find  that  the  extent  of  the 
Separated  region  increases  as  the  angle  <»f  sweep  iiuroases,  in  spite  of  the  reduction  in  the  Mach  number 
of  the  f  L'W  normal  t*)  tlie  ramp. 

(otring  now  t.<  separation  1  rom  highly-swept  separation  lines,  I  want  to  start  with  the  simple  case  in 
which  the  posit  icti  .>1  the  separation  line  is  fixed,  through  the  presence  of  a  salient  edge.  It  is  reason¬ 
able,  fir  large  ein-ugii  Reynolds  tiumher,  to  model  the  shear  layer  springing  from  the  edge  by  a  vortex  sheet. 
Sirte  the  rolled-up  sheet  is  infinite  in  extent,  a  simplified  representation  of  the  inner  part  of  it  is 
needed.  Several  isvmptotii  solutions  for  the  inner  part  exist  (see,  e.g.  Kiirhemann  and  Weber^'  and 
refereines  ih.  rtin)  hut  thev  liave  n  >i  so  far  been  included  in  c  a  1  cu  1  a t  i t*ns  i*f  the  whole  flow  field. 

Instead,  s  1  i-ndi  r-b. 'dy  thiMr>  .if’proximat  i .  cv  .»re  introduted  and  t  h«  inner  part  of  the  rolled-up  sheet  is 
r*pla<td  bv  a  iiiu'  V  rt'-x.  Ihe  r<sultitig  model  is  illustrated  (Fig.^)  for  llte  flat-plate  delta  wing  at 
incidence.  It  is  ient  to  lonsuier  a  i  r  'ss -se«  t  ion  of  the  flow,  perpenej  i  i  u  1  ar  to  the  centre-line  of 

the  wing.  !•;  this  piano,  <i  slit  represents  the  wing,  there  are  finite  lengths  of  vortex  sheet,  «and 
isolated  vi.rti'os  ure  joined  i  ^  the  tree  ends  of  I fn  sheets  by  luts.  The  vortex  and  the  cut  together 
represent  the  I'Uur  part  >  t  t  lie  spiral  sheet,  Ihe  conipoiunt  uf  the  free  stream  provides  a  flow  at  infinity. 
A  solution  it  l.aplaie's  equation  in  f  fu  s  plane  is  to  be  found  in  winch  the  wing  slit  is  a  streamline,  the 
vel  >c  i  t  y  at  t  l»  iding  edges  is  finite,  t  h«*  pressure  is  lonlinuous  across  the  vortex  sheet  and  the  vortex 
sheet  forms  ;.»rt  >f  .i  t  hr  ee-d  imens  i  "n.«  I  slr«iim  surf.M'e.  A  pressure  difference  inevitably  arises  across  the 
1  u  t  and  t  h  j  s  IS  li«i  1  anc  i-d  b  v  a  force  ai  t  i  ng  on  l  h«*  isolated  vor  tex,  to  provide  a  model  whii.li  is  force-free  over¬ 
all.  The  Linger  the  I'oter  (»art  of  t  h»  sfieet  ,  tin*  less  cirt  illation  ri'm.iins  in  the  isolated  vortex  and  the 
smaller  .ire  t  ne  Lual  forces  which  arise.  Ihis  is  t  h»-  basic  representation  whose  properties  were  invest¬ 
igated  by  Mangier  .ind  nv  se  i  f  ^  ^  several  vears  age. 

This  w.  i  k  Ills  sifi-e  Lt-iti  t'Xtindid  ?>•  • -aiiLiiut  let-s  of  de  1 1 .«  wings  .md  lilipli*  i  ones  bv  levirikki  and 
Wf  I  ,  to  >li  I  f  .1  wi  gs  •  I  •  *1  II I .  .1 1  .iml'i  t  inllu  iitiul.ir-art  r-ss-se.  li.inshvBarshv*^'*,  to  della 

wings  witti  tl. likin'*  .f  t  fi»  I  r*:  .1  r  hotnf' i '  >  'lo  s  bv  l.  v.iwi-d  diiti  wings  bv  rulli:/’'  and  bv 

)«>ne.s^^  isee  i.  I '(•  ^.lene  riidel  if  tin  fli«v  an  .ilse  bi  apptieif  when  I  h<  iinl  i  giir  4  (  t  on  is  not 

ionual,  privided  it  is  still  sl*iid«r.  I  des.fibrd  spnial  similar  to  I  ut  i  iiiis  l-'i  wings  with  length¬ 
wise  (amber  and  it7*d  leading  t  «tgt  s  in  M  a.  .>w  tn  s  ih»i*qui*ni  I  v  i  lark^^  his  tr«a‘eil  the  general  slender 

wing  with  straiglit,  t<it  i  ss-s<ili«ins.  Ihe  wing  itid«  r  go  i  ng  stt«a  11  plunging  -  t  p  1 1 1  It  i  ng  xsi  1 1 1  at  i  oriik  abiuil 

.i  fixed  iiu  1  len(  e  n.is  b**-,  hv  i  i.p*  r  *  .  Ihe  t  I  •  w  p.isl  a  ftleinfer  wing  itid  iVlmdriial  fuselage  roll¬ 
ing  (  (.nt  i  i.uxus  I V  fit  !!•  idiMii  tt««.  t«i  •'ll  •.itiulalid  hv  lones^*^  is«*e  It  has  aNti  pn<ved  ptissible 

to  i  IK  or  por  a  t  •  .i  r  •  p  r  I  SI  n  t  a  t  I  i.ri  t  i  t  ti  i  *•  t  *  f  hi  wn  1 1  efi  t  Im  I  e  id  ing  I'dgi  e  |  t  he  wing  wi  t  tii  n  t  he  s.ibw 
f  ramework  ^  ^ . 

This  is  .in  impressive  ml  Wot  ion  if  applications  uf  a  model  and  goes  Siime  wav  towards  the  pruvision 
i)f  an  aerofoil  theory  lor  slender  wings  with  leading-edge  separatiun.  However,  it  must  be  remembered  first 
uf  all  that  the  theory  is  nonlinear,  so  that  the  various  effects  cannot  he  superposed;  and  secondly  that  the 
use  of  .s  1  ender -body  theory  means  that  important  effects  have  been  omitted,  rather  as  they  are  in  two- 
dimensiunal  aerofoil  theory.  This  leaves  a  great  deal  of  work  to  bf»  done.  Some  .studies  in  which  the 

limitations  of  s  I  ender-body  theorv  are  avoided  will  be  mentioned  later. 

In  all  (he  examples  wh i <  h  have  been  listed,  separation  takes  place  at  a  salient  edge  at  whith  a 
Kutta-Joiikuwski  condition  is  imposed.  It  emerges  that,  for  the  basic  example  of  the  flat-plate  delta  wing 
at  incidence,  solutions  of  tliis  kind  <  an  only  be  obtained  for  angles  of  incidence  which  are  not  too  small, 
barsby^^  has  shown  that,  for  very  small  values  of  the  incidence  parameter  (i/y  *  U.04  »  angle  of 

incidence,  r  ”  semi-angle  of  wing  apex)  a  solution  ran  he  found  in  which  separation  takes  place  from  the 
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flat  surface  of  the  wing,  a  short  distance  inboard  of  the  leading  e  ge.  At  the  leading  edge  itself,  where 
the  Kutta  condition  is  applied,  the  flow  attaches  smoothly  instead  of  separating.  It  appears  that,  in  the 
calculation,  the  effect  of  enforcing  the  Kutta  condition  is  to  fix  the  position  of  the  separation  line  on 
the  upper  surface  of  the  wing.  Since  there  is  no  reason  to  expect  attached  flow  at  the  leading  edge,  it  is 
likely  that  the  physically  appropriate  solution  involves  separation  both  at  the  leading  edge  and  elsewhere 
on  the  wing,  with  the  position  of  the  inboard  separation  line  being  fixed  by  the  boundary  layer  flow.  Since 
the  angles  of  incidence  at  which  the  anomalous  behaviour  arises  are  so  small,  Che  behaviour  of  the  solution 
is  only  a  scientific  curiosity.  The  practically  significant  feature  is  tliat  Barsby  encountered  no  special 
difficulty  in  calculating  the  properties  of  a  vortex  sheet  springing  tangentially  from  a  smooth  surface. 

When  the  vortex  sheet  leaves  a  salient  edge,  we  know  something  of  its  local  behaviour.  For  trailing- 
edge  separation  in  incompressible  flow.  Mangier  and  wrote  down  the  conditions  under  which  Che  vortex 
sheet  is  tangential  to  Che  upper  or  lower  surface  of  Che  wing  and  Legendre^^  generalised  our  results  to 
unsteady  flow.  Recently  Clapworthy  and  Mangler^^  have  given  a  much  more  detailed  account  for  the  case  of 
leading-edge  separation,  assuming  conical  flow  and  using  slender-body  theory. 

The  outstanding  difficulty  in  modelling  flows  with  separation  at  a  sharp  leading  edge  by  vortex  sheets 
lies  in  knowing  where  to  introduce  additional  spiral  centres.  For  instance,  on  a  double-delta  wing  at  small 
angles  of  incidence,  there  are  separate  spiral  sheets  from  the  two  parts  of  the  leading  edge,  since  the 
vortex  formed  at  the  apex  does  not  follow  the  change  in  the  sweep  of  the  leading  edge,  but  tears  off  and 
streams  back  over  the  wing,  while  a  new  core  originates  near  the  kink  in  the  leading  edge.  At  a  larger 
angle  of  incidence  a  single  vortex  will  form  along  the  whole  leading  edge.  It  is  not  clear  how  calculation 
could  predict  the  angle  of  incidence  at  which  the  change  occurs.  If  the  kink  in  the  leading  edge  is  smoothed 
out,  there  is  a  further  difficulty  in  knowing  where  along  the  leading  edge  the  second  spiral  forms.  Clark^’ 
encounters  a  similar  difficulty  in  calculating  the  flow  over  a  wing  with  lengthwise  camber  at  an  attitude 
for  which  the  local  incidence  passes  through  zero  somewhere  along  the  length  of  the  wing.  His  existing 
calculation  method  breaks  down  just  as  a  second  vortex,  with  the  opposite  sense  of  rotation,  seems  ro  be 
developing  on  the  lower  surface  of  the  wing.  A  similar  difficulty  arises  in  modelling  the  rolling-up  of 
the  wake  behind  a  wing  with  deflected  part-span  flaps. 

In  spite  of  the  number  of  problems  tackled  successfully  by  various  authors,  there  is  no  doubt  that 
representing  vortex  sheets  in  numerical  calculations  does  still  present  initial  difficulties  and  many  people 
have  preferred  to  use  assemblages  of  line  vortices.  For  instance.  Sacks,  Lundberg  and  Hanson^^  introduce 
up  to  vortices  springing  from  the  leading  edge  of  a  slender  wing  of  general  planform,  calculating  their 
paths  by  a  downstream  integration  of  a  set  of  ordinary  d  i  f  f  ereiit  ia  1  equations.  This  sort  of  calculation 
leads  to  stability  proolems,  which  they  overcome^®  by  imposing  a  particular  spiral  form  on  the  line  joining 
the  vortices.  In  this  context  the  recent  work  of  Moore^^  and  of  Fink  and  Soh80  is  worthy  of  attention. 

Moore  treats  the  two-dimensional  time-dependent  problem  of  the  rolling-up  of  an  initially  plane  vortex 
sheet,  with  an  elliptic  distribution  of  circulation,  representing  it  by  an  array  of  line  vortices.  He 
succeeds  in  calculating  the  flow  accurately  and  consistently  up  to  large  tiroes  and  removes  much  of  the 
mystery  that  has  grown  up  around  the  problem.  Fink  and  Soh  exploit  the  essentially  simple  idea  of  spacing 
the  vortices  evenly  along  the  sheet  at  the  start  of  the  calculation  and  then,  after  every  step  forward  in 
time,  redistributing  the  circulation  among  the  vortices  so  that  they  are  once  again  equally  spaced  along 
the  sheet.  Ihis  increases  the  accuracy  of  the  calculation  and  at  the  same  time  reduces  the  growth  of 
extraneous  disturbances. 

The  use  of  isolated  vortices  to  model  the  shed  vorticity  also  makes  it  possible  to  calculate  the  fully 
three-dimensional  incompressible  flow  past  wings  with  distorted  vortex  sheets  shed  from  their  salient  edges. 
The  rolling-up  of  trailing  vortices  has  been  treated  by  Bel  ot serkovsk i  i  ^  ^  ,  Clements  and  Maull^^,  Butter  and 
Hancock®^,  Labrujere®^,  Maskew®^,  Rehbach®®,  and  Rom,  Portnoy  and  Zorea®^,  among  others.  The  proximity  of 
the  wing  makes  the  leading-edge  problem  more  awkward;  but  Rehbach®®  has  produced  an  ingenious  method  in 
which  he  starts  from  his  p.'evious  solution®'^  for  a  side-edge  separation  on  a  rectangular  wing  and  progresses 
through  a  succession  of  trapezoidal  wings  in  which  the  length  of  the  unswept  part  of  the  leading  edge  is 
gradually  reduced  to  zero  and  the  wing  becomes  a  delta.  The  starting  solution  for  each  wing  is  the  con¬ 
verged  solution  for  the  previous  one.  He  obtains  results  for  lift  and  pitching  moment  which  are  quite  close 
to  measured  values,  using  10  line  vortices  shed  from  each  leading  edge.  The  representation  of  the  vortex 
sheet  by  these  10  vortices  in  the  plane  of  the  trailing  edge  looks  very  reasonable,  but  there  must  be  some 
doubt  about  the  adequacy  of  the  representation  further  forward  with  fewer  vortices.  A  similar  model  of  the 
flow  has  been  used  by  Mook  and  his  co  1 1  abora  t  ors'^^t^  *  ,  but  theii  calculated  configurations  of  vortices  show 
an  apparent  reluctance  to  roll  up. 

There  are  of  course  intrinsic  difficulties  in  using  vortex  lines  which  are  either  kinked  or  curved, 
because  of  the  infinite  self-induced  velocities  to  which  they  give  rise.  The  correct  treatment  follows 
from  a  consideration  of  what  it  is  that  the  line  vortex  is  representing.  If  it  is  part  of  a  sheet,  then 
the  local  self-induced  velocity  is  zero,  to  first  order.  If,  on  the  other  hand,  it  represents  the  core  of 
a  vortex,  its  self-induced  velocity  depends  on  the  structure  of  the  core  which  it  represents  (see,  e.g. 

Uidnall  and  Bliss^^)  and  is,  in  general,  non-zero,  but  still  finite. 

Many  other  methods  have  been  used  to  predict  the  forces  and  moments  on  wings  with  leading-edge  separa¬ 
tion,  but  few  of  them  can  be  regarded  as  modelling  the  separation  in  a  fluid  mechanical  sense.  In  particulai, 
for  supersonic  flow,  when  leading-edge  separation  still  occurs  if  the  Mach  number  normal  to  the  edge  is  less 
than  about  0.7,  no  model  which  is  entirely  satisfactory  aeems  to  exist.  If  all  the  shed  vorticity  is 
collapsed  on  to  the  plane  of  the  wing  a  simple  model,  proposed  by  KUchemann^^  in  the  context  of  slender-body 
theory,  is  obtained.  This  has  been  extended  by  Squire^^  and  by  Carafoli^^  to  supersonic  conical  flow.  If 
all  the  shed  vorticity  is  collapsed  into  a  single  line  vortex  another  simple  model  is  obtained,  which  was 
treated  by  Brown  and  Michael^®  within  slender-body  theory.  An  attempt  to  extend  this  to  supersonic  conical 
flow  has  been  made  by  Nenni  and  Tung^^. 

We  turn  now  to  the  modelling  of  separation  from  highly  swept  separation  lines  which  lie  on  sisooth 
surfaces.  Most  prediction  methods  for  flows  of  this  kind  use  the  crops-flow  analogy  (see,  e.g.  Marshall  and 
lief  f  enbaugh®®) ,  which  cannot  be  regarded  as  providing  a  model  of  a  three-dimensional  flow.  The  work  of 
Barsby^^  referred  to  earlier,  in  which  a  vortex  sheet  was  calculated  springing  from  a  separation  line 
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inboard  of  the  leading  edge  of  a  delta  wing,  shows  that  no  difficulty  need  arise  in  treating  a  vortex  sheet 
leaving  a  saooth  surface.  His  exanple  is  quite  untypical  in  that  the  position  of  the  separation  line  was 
decervined  by  iaposing  a  Kutta  condition  at  the  leading  edge.  In  general,  the  position  of  the  separation 
line  on  a  saooth  surface  oust  be  supplied  before  the  inviscid  isodel  of  the  separated  flow  can  be  calculated. 
It  seems  likely  that,  if  the  position  of  the  separation  line  is  specified,  the  usual  boundary  conditions  on 
the  vortex  sheet  will  be  sufficient  to  determine  it  completely.  The  specification  of  the  separation  line 
can  be  taken  from  experimental  observations  or  from  the  result  of  a  boundary-layer  calculation. 

T^e  same  situation  arises  if  the  separated  flow  is  fsodclled  by  an  array  of  line  vortices,  rather  than 
a  vortex  sheet.  Angelucci^^  has  formulated  such  a  model  for  the  flow  over  a  body  of  revolution  at  incidence, 
and  presented  the  results  of  sample  calculations  %fhich  show  encouraging  agreement  with  experiment  when  an 
observed  separation  line  is  introduced.  He  represents  the  free  shear  layers  by  arrays  of  vortices,  contin¬ 
ually  adding  to  them  as  the  calculation  advances  downstream,  rather  as  Sacks^^  does  for  the  flow  over  a 
slender  wing.  A  subsequent  paper^^  extending  the  model  to  bodies  of  general  cross-section  is  marred  by  an 
error  in  the  formulation  of  the  attached  flow.  A  recent  attempt  by  Wardlaw^^^  to  model  asymnetric  separa¬ 
tion  on  a  body  of  revolution  depends  on  a  number  of  assumptions  whose  basis  is  not  very  clear. 

When  the  shear  layer  is  represented  by  an  array  of  vortices  there  is  some  doubt  about  the  boundary 
condition  to  be  applied  at  the  separation  line.  Angelucci  imposes  a  stagnation  condition  on  the  cross-flow. 
If  a  vortex  sheet  is  used  to  model  the  free  shear  layer  it  is  possible  to  represent  the  flow  near  the  separa¬ 
tion  line  more  completely.  Ue  can  see  first  that  the  sheet  must  be  tangential  to  the  wall  along  the  separa¬ 
tion  line,  if  the  fluid  on  both  sides  of  the  sheet  originates  from  upstream,  as  is  usually  the  case  with  a 
highly-swept  separation  line.  Since  the  pressure  is  continuous  across  the  sheet  and  the  Bernoulli  constant 
is  the  same  on  both  sides  of  it,  the  magnitude  of  the  velocit>  is  also  continuous.  If  the  sheet  left  the 
wall  at  a  non-zero  angle,  the  direction  of  the  velocity  would  also  be  the  same  on  both  sides  and  so  no 
vorticity  would  be  shed  from  the  separation  line.  Hence  a  non-trivial  separation  is  tangential. 

With  the  sheet  tangential  to  the  wall,  we  can  distinguish  between  an  upstream  side,  on  which  the 
inviscid  velocity  is  only  constrained  to  be  parallel  to  the  wall,  and  a  do%fnstream  side,  on  which  the 
inviscid  velocity  must  be  parallel  to  the  separation  line.  This  constraint  on  the  velocity  on  the  down¬ 
stream  side  provides  an  appropriate  boundary  condition  on  the  inviscid  flow,  %rhicn  replaced  the  Kutta 
condition  appropriate  to  a  salient  eoge.  On  the  upstream  side  the  inviscid  external  velocity  is  uncon¬ 
strained  by  the  separation,  but  the  limiting  streamline  of  the  viscous  flow  must  be  parallel  to  the  separa¬ 
tion  line,  in  accordance  with  our  general  picture  of  three-dimensional  separation.  On  the  downstream  side, 
the  viscous  flow  is  harder  to  visualize,  since  the  free  shear  layer  merges  with  the  boundary  layer  on  the 
wall.  Fortunately  it  is  the  more  straightforward  behaviour  of  the  boundary  layer  on  the  upstream  side  that 
has  to  be  regarded  as  the  'cause*  of  separation. 

As  a  specific  example,  we  might  consider  a  circular  cone  at  incidence  in  a  supersonic  stream,  with  a 
laminar  boundary  layer,  so  that  the  separation  line  is  straight.  The  external  flow  can  then  be  regarded  as 
conical,  but  it  is  of  course  affected  by  the  separation.  To  calculate  a  model  of  the  separated  flow,  the 
**P**^*tion  line  must  be  known,  and  to  find  the  separation  line  the  boundary  layer  on  the  upstream,  or  wind¬ 
ward,  side  must  be  calculated.  This  requires  a  knowledge  of  the  external  flow.  In  such  a  situation  an 
iterative  approach  suggests  itself,  although  there  is  no  guarantee  of  convergence.  In  a  related  two- 
dimensional  problem,  Lighthill*®^  considered  the  flow  along  a  horizontal  flat  plate  at  the  end  of  which  a 
second,  vertical  plate  was  fixed.  A  free  streamline,  representing  a  separation  bubble,  can  be  drawn  from 
an  arbitrary  point  of  the  horizontal  plate  to  pass  through  the  top  edge  of  the  vertical  plate.  The  inten¬ 
tion  was  to  determine  this  point  as  the  point  at  which  the  boundary  layer  on  the  horizontal  plate  separated 
under  the  external  field  in  which  the  appropriate  free  streamline  appeared.  However,  the  adverse  pressure 
gradient  on  the  plate  becomes  infinite  at  the  origin  of  the  free  streamline.  Existing  methods  for  predict¬ 
ing  laminar  separation  related  it  to  a  finite  value  of  the  pressure  gradient  and  so  would  always  predict 
separation  upstream  of  the  position  represented  in  the  model.  Lighthill  circumvented  the  difficulty  by 
using  a  separation  criterion  which  depends  on  the  magnitude  of  the  pressure  rise.  So  far  as  I  know  the 
problem  has  not  been  treated  using  a  finite  difference  method  for  the  boundary-layer  calculation. 

It  is  not  clear  how  relevant  such  a  two-dimensional  situation  is  to  our  concern  with  three-dimensional 
separation.  However,  some  recent  analysis  of  my  own  suggests  that  in  two  important  respects  the  situations 
arc  similar.  It  appears  that  the  curvature  of  a  vortex  sheet  leaving  a  smooth  wall  along  a  highly-swept 
separation  line  is  infinite  at  the  separation  line;  and  that  the  pressure  gradient  upstream  of  a  highly- 
swept  separation  line  on  a  smooth  wall  is  adverse,  and  infinite  at  the  line  itself. 

Assuming,  in  spite  of  this,  that  the  iteration  process  can  be  made  to  converge  for  the  simple  case  of 
the  cone,  what  happens  more  generally?  So  long  as  the  external  separated  flow  can  be  calculated  by  a  down¬ 
stream  marching  process,  it  is  possible  to  envisage  the  downstream  development  of  the  boundary  layer  being 
calculated  in  parallel.  The  position  of  separation  at  each  streamwise  station  would  have  to  be  found 
iteratively  before  proceeding  to  the  next  station  downstream.  A  more  elaborate  treatment  would  be  needed 
if  it  were  necessary  to  allow  for  upstream  influence. 

The  most  obvious  circumstances  in  which  upstream  influence  must  be  taken  into  account  arise  in  sub¬ 
sonic  flow,  with  separation  lines  which  are  not  highly  swept.  However,  we  are  then  faced  with  the  *aore 
fundamental  problem  of  having  no  adequate  model  of  the  separated  flow.  Regions  of  the  flow  field  arise  into 
which  the  upstream  flow  either  fails  to  penetrate,  or  only  penetrates  after  suffering  turbulent  exchanges, 
or  only  penetrates  intermittently.  A  displacement  effect  of  separation  arises.  Unsteadiness  of  the  flow 
becomes  more  evident  and  more  important  to  the  designer,  and  it  may  be  more  profitable  to  consider  the 
unsteady  aspects  of  the  flow  from  the  start,  rather  than  regarding  them  as  something  to  be  superimposed  on 
a  steady  flow  modelled  independently. 

9  SEPARATED  FLOW  IN  DESIGN 

As  suggested  in  the  introduction,  most  design  is  concerned  with  avoiding  separation,  as  evidenced  by 
the  title  of  the  useful  account  by  Cooke  and  Brebner^^.  Some  design  is  aimed  at  controlling  separation  and 
a  little  is  concerned  with  using  it  to  advantage.  In  the  coimsonest  design  application,  the  vortex  generator. 
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a  small-scale,  well-controlled,  highly  three-dimensional  separation  is  used  to  prevent  a  large-scale 
uncontrolled  separation,  frequently  almost  two-dimensional  in  character. 

To  illustrate  the  themes  of  avoiding,  controlling  and  using  separation,  it  is  convenient  to  consider 
slender-wing  aircraft.  The  first  requirement  is  to  control  the  primary  separation  from  the  leading  edge. 

This  means  making  Che  leading  edge  effectively  sharp,  so  that  the  separation  line  is  fixed  along  the  leading 
edge,  and  choosing  the  planform  and  Che  camber  and  twist  distribution  so  that  circulation  is  shed  smoothly 
and  continuously  along  the  length  of  the  leading  edge.  The  ideal  is  to  have  a  single  vortex  on  each  side  of 
wing  which  follows  the  leading  edge  throughout  the  range  of  flight  conditions  encountered.  To  achieve  this, 
rapid  changes  in  the  local  angle  of  sweep  back  should  be  avoided,  and  the  camber  and  twist  should  be  chosen 
so  that  there  is  an  angle  of  incidence  at  which  the  flow  attaches  along  Che  whole  of  the  leading  edge. 

Many  distributions  of  camber  and  twist  satisfy  this  requirement,  which  is  simply  for  the  leading  edge 
Co  be  drooped  until  it  points  into  the  local  flow  direction.  Some  droop  of  this  kind  is  advantageous  from 
the  vie«/point  of  aerodynamic  efficiency*^*  The  question  then  arises,  whether,  with  flow  attachment 

along  the  leading  edge,  subsequent  separation  ahead  of  the  trailing  edge  can  be  avoided.  Haskell  and  Weber***^ 
showed  that  this  could  be  done,  at  least  at  supersonic  speeds.  By  considering  the  possible  configurations  of 
the  surface  streamlines  in  Che  external  flow  and  relating  the  configurations  of  limiting  streamlines  to  these, 
they  were  able  to  show  that  separation  cannot  occur  if  the  longitudinal  pressure  gradient  is  favourable  in  the 
streamwise  direction  and  the  lateral  pressure  gradient  is  favourable  in  the  inboard  direction.  They  went  on 
to  provide  examples  of  wings  on  which  the  calculated  pressure  distribution  was  doubly  favourable  in  this  sense 
over  the  whole  wing.  Such  a  design  is,  of  course,  conservative,  since  appreciable  unfavourable  pressure 
gradients  can  be  withstood  by  turbulent  boundary  layers,  and,  indeed,  such  pressure  gradients  cannot  be 
avoided  in  subsonic  flow. 

Given  the  possibility  of  achieving  a  wholly  attached  flow  by  sufficient  leading-edge  droop,  the  ques- 
tion**^^>*®^  which  arises  is  how  much  droop  should  the  designer  choose.  In  practice  the  requirements  of 
vat'ous  off-oesign  conditions  affect  this,  but  we  can  isolate  a  specific  problem.  If  we  have  a  given  plan- 
form  and  thickness  distribution,  and  we  consider  a  particular  type  of  camber  and  twist  capable  of  producing 
attached  flow,  how  much  of  the  camber  and  twist  should  be  applied  in  order  to  produce  the  lowest  drag  at  a 
particular  operating  lil'  coefficient?  Enough  to  produce  attached  flow,  more  than  enough,  none  at  all,  a 
negative  amount?  Empirical  evidence  suggests  chat  sufficient  droop  should  be  incorporated  to  produce 
attached  flow  at  about  half  the  operating  lift  coefficient.  The  results  of  some  calculations  by  Barsby 
are  shown  in  Fi^.9.  The  configuration  is  a  thin,  conically-cambered  delta  wing,  whose  cross-section  is  a 
circular  arc.  The  curves  show  the  lift-dependent  drag  factor  for  various  fixed  lift  coefficients.  At  the 
smaller  lift  coefficients  the  drag  has  a  clear  minimum  when  the  camber  is  rather  less  Chan  that  needed  to 
produce  attached  flow,  that  is  when  there  is  a  small  leading-edge  vortex  above  the  drooped  part  oi  the  wing. 

Turning  from  the  use  of  separated  flow  to  reduce  drag  to  the  use  of  separated  flow  to  obtain  high  lift, 
we  come  to  tne  iggen,  whose  design  ha'  been  described  by  R8ed*03,  This  close-coupled  canard  configuration 
is  arranged  so  as  to  maximize  Che  interference  between  the  separated  flows  over  its  lifting  surfaces  at  high 
angles  of  incidence.  For  the  canard  tt  be  effective  it  is  necessary  to  postpone  to  very  high  angles  of 
incidence  the  breakdown  of  the  vortices  which  form  from  its  leading  edges.  This  is  achieved  by  exploiting 
the  favourable  effect  of  the  low  pressure  above  the  main  wing.  At  tie  same  time,  the  main  wing  vortices 
deflect  the  fore-plane  vortices  downwards  and  outwards,  clear  of  the  fin.  So  far,  a  solution  like  this  can 
only  be  found  by  wind  tunnel  experimentation,  but  theoretical  calculations*®^  have  provided  a  partial 
explanation  for  the  success  of  the  concept. 

The  lift  'fa  slendet  wing  at  given  incidence  can  be  i.icreased  by  blowing  in  a  thin  jet  from  the 
leading  edge  of  I'le  wing.  This  both  strengthens  the  leading-edge  vortices  and  moves  them  outboard.  The 
flow  fields  produced  have  recently  been  investigated  by  Spillman  and  Goodr idge *®® .  Parsby's  calculations^^ 
for  blowing  in  the  plane  of  a  flat  delta  wing  in  conical  flow  show  that  the  greatest  lift  increment  comes 
from  blowing  normal  to  the  leading  edge.  The  rate  of  increase  of  lift  with  blowing  momentum  falls  off  some¬ 
what  at  the  higher  rates  of  blow.  Comparison  with  experiment  shows  that  the  extra  lift  produced  by  blowing 
is  reduced  by  the  failure  of  the  slenderness  approximation  in  the  same  proportion  as  the  basic  lift  at  the 
same  incidence.  Further  calculations  by  Barsby  of  the  effect  of  downward  blowing  from  a  cambered  wing 
should  soon  become  available, 

Blnwi  ig  is  a  powerful  tool  for  preventing  and  controlling  separation,  blowing  from  the  leading  edge 
of  a  delta  wing  removes  the  secondary  separation  from  the  upper  surface  of  the  wing*®^.  Blowing  along  the 
axis  of  a  leading-edge  vortex  postpones  the  occurrence  of  vortex  breakdown**®.  Werl^  and  Gallon***  have 
recently  shown  that  the  bubble  separation  occurring  at  the  leading  edge  of  a  thin  unswept  wing  can  be 
coverted  into  a  steady  separation  of  vortex  type  by  blowing  in  the  spanwise  direction.  This  directs  the 
low-energy  air  vbich  .ends  to  accumulate  in  the  bubble  outboard  towards  the  tip  of  the  wing.  From  there  ;t 
can  escape  downstream  in  a  steady  fashion,  rather  than  escaping  intermittently  from  the  rear  of  the  bubble. 

Roy '  *  ^  has  prov'ded  a  simple  theoretical  model  of  the  process.  Lateral  blowing  not  only  improves  the 
quality  if  the  flew  but  also  increases  che  lift**^. 

Another  way  to  introduce  a  desirable  three-dimrnsionality  into  a  leading-edge  bubble  on  a  two- 
d  mensional  aerofoil  is  to  serrate  the  leading  edge.  Schwind  ana  Allen* *^  found  high  frequency  pressure 
fluctuations  in  a  leading-edge  bubble,  which  they  interpreted  in  terms  of  self-induced  osc'llation,  affect¬ 
ing  the  size  and  position  of  the  buoble,  A  small  serrated  comb  protruding  from  the  leading  edge  near  the 
stagnation  line  reduced  the  unsteadiness  by  up  to  AOZ.  Beneficial  effects,  particularly  reductions  in  base 
drag,  car.  be  produced  by  introducing  swept  separation  lines  into  base  flows.  The  work  of  Tanner  (e.g. 

Ref. I  lb)  on  rectangular  wings  with  blunt  bases  has  shown  that  the  pressure  drag  can  be  reduced  to  about  a 
third  of  its  original  value  by  breaking  up  the  two-dimensionality  of  the  base  flow  with  variouslv-shaped 
ir.dentat  ions . 

A  more  obviously  important,  but  little  understood,  example  of  the  use  of  separated  flow  in  design  is 
the  sttake  of  low  aspect  ratio  fitted  ahead  of  a  wing  of  moderate  sweep  and  aspect  ratio.  Such  strakes  are 
already  in  evidence  on  che  YFI6  and  17.  They  seem  to  offer  a  number  of  adva.itages,  of  which  the  most 
significant  is  probably  the  extension  of  the  manoeuvre  envelope,  particularly  at  high  sub.iionic  speeds*  *®t  *  *^. 
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In  these  conditions,  the  flow  separalie,j  at  the  leading  edge  of  the  strake  forms  a  vortex  which  tears  off  st 
the  junction  with  the  main  wing  and  streams  back  along  the  side  of  the  fuselage.  The  flow  over  the  main  wing 
is  attached,  with  a  rear  shock  wa’e.  KUchemann* * ®  has  suggested  that  the  vortex  avoids  the  necessity  for  the 
nt  {fit  urStrit!  ttn.ich  tti  .lock  j.,.f {. tTi.  iiy  j.r.  a  L.,aT.Jai y  f«t  Iht  floV  tutu' 

ing  inboard  over  the  leading  edge,  instead  of  the  'stiff  boundary  provided  by  the  side  of  the  fuselage. 

Finally,  we  may  indulge  in  a  little  speculation  about  the  role  of  three-dimensional  separation  in  the 
design  of  aircraft  for  low  noise  levels.  Most  obviously,  the  action  of  many  of  the  silenctrs  fitted  to 
engine  nozzles  may  be  regarded  as  the  introduction  of  properly  three-dimensional  elements  into  an  axi- 
sy.-Tnetric  flow  pattern.  Once  noise  has  been  produced,  it  is  desirable  to  direct  it  away  from  the  ground, 
particularly  on  take-off.  Here  the  refractive  effects  of  vortices  can  be  significant  (see,  e.g.  Broadbent '  *5) 
and  benefits  can  come  by  suitably  disposing  noise  sources  in  relation  to  the  separation  lines  from  which 
vortices  form.  Another  significant  problem  is  the  production  of  vibrations  in  the  aircraft  structure  and  of 
noise  within  the  aircraft  from  unsteadiness  in  the  external  flow.  Legendre'^*^  has  recently  discussed  how  the 
flow  in  the  wing-body  lonction  contributes  to  this  and  has  drawn  attention  to  the  role  of  vortex  generators 
in  bringing  under  control  the  fluctuating  patterns  of  separation  which  arise  there.  As  progress  is  made  with 
engine  silencing  and  niise  shielding,  a  significant  part  of  the  noise  perceived  on  the  ground,  particularly 
on  the  approach  to  the  airfield,  derives  from  the  aerodynamic  noise  of  the  airframe  itself.  At  a  high  angle 
of  incidence,  with  hign-lift  devices  deployed,  substantial  areas  of  separated  flow  are  likely,  on  the  flaps 
and  the  aft  fuselage,  and  these  are  likely  to  be  important  sources  of  noise.  Two  promising  general  lines  of 
approach  to  this  problem  are  to  fix  the  origins  of  separation  at  sharp  edges,  so  reducing  the  scope  for 
unsteadiness,  and  to  render  the  separations  as  three-dimensional  as  possible,  since  a  three-dimensional 
separation  is  more  likely  to  be  steady  than  a  two-dimensional  one. 
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Fig.6  Model  Of  flow  separated  from  leading  edges  of  delta  wing 


Con«  vlth  strakn:  Lcvintky  4  W«l  (!*••) 


Cenica'  coakcr:  Boriby  (>*72) 


Yow:  Pullin  (l*72),  Jon**  (H75) 
Fir  7  Some  conical  flow  fields  involving  lending -edge  separation 


Dfito  wing  rolling  at  zero  Incidence:  Jones  (l77^  Delto  wing  In  plunging  etclllatlon:  Coopt 

Fig.  6  Some  non-conicol  flow  fields  involving 
Icoding-edge  seporotion 


Fig.9  Lift-dependent  drag  factor  of  conically-cambcrcd 
delta  wings,  for  lift  coefficients  corresponding 
to  A*72-5®,  oftir  Borsby** 
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LIST  OF  SYMBOLS 


CN 

Cp 

CPP 

CPS 

H,  h 


L 

H 

eo 

P.  P 

Pr 

r 

RN 

RB 

%• 


RE,  Re 


Forebody  axial  force  coefficient 
PltchlnR  moment  coefficient  about  the 
cone  apex.  The  axial  length  Is  the 
reference  length 
Normal  force  coefficient 
Specific  heat  at  constant  pressure 
divided  by  the  freestream  value 
Pressure  coefficient  using  pitot 
pressure 

Pressure  coefficient  using  static 
pressure 

Static  enthalpy  divided  by  the  free- 
stream  value 

Conductivity  divided  by  freestream 
value 

Reference  length 

Freestream  Mach  number 

Static  pressure  divided  by  twice  the 

freestream  dvnamlc  pressure 

Freestream  Prandtl  number 

Metric  for  the  ♦  coordinate; 

X  sin6+y  cos6 
Nose  radius 
Base  radius 

Freestream  Reynolds  number  based  on 
the  reference  lenRth 


U,  u 

V,  V 
V 

a> 

W,  w 

X,  X 
XN/RN 


y 

n 

X 

u 

K 

P 

Subscripts 


Velocity  component  along  Che  cone  rays 

divided  by  the  freestream  velocity 

Velocity  normal  to  the  cone  divided  by 

the  freestream  velocity 

Freestream  velocity 

Circumferential  velocity  divided  by 

the  freestream  velocity 

Distance  along  the  cone  rays  divided 

by  the  reference  length 

Axial  distance  from  nose  divided  by 

nose  radius 

Coordinate  normal  to  the  surface 
divided  by  L 
Angle  of  attack 
Cone  half  angle 

Circumferential  angle  from  the  wind¬ 
ward  ray 

Ratio  of  specific  heats 
Transformed  normal  coordinate 
Bulk  viscosity  divided  by  freestream 
viscoslty(-2/3)p 

Viscosity  divided  by  freestream  viscosity 
Bow  shock  standoff  distance  divided  by  L 
Density  divided  by  freestream  density 

Value  In  the  freestream 


1.  INTRODUCTION 

of  attack°L‘whlch®nr’  solutions  to  this  problem  are  Invalid  on  the  leeward  side  for  angles 

singularity  on  the  Leward  slde'lf approxl^tety  III  polnrwh"rfI™‘s°epI«[|;n  ^^urs^S-n"  “ 


•This  work  Is  supported  under  NASA  Contract  !JAS2-8113. 
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An  alternate  approach,  and  the  one  presented  in  thla  paper,  la  to  use  a  single  aysten  of  three- 
diaenaional  parabolic  equatlona  [8],  These  equations  are  obtained  from  the  steady  Navler-Stokea  equations 
and  are  valid  froa  the  body  to  the  bow  shock.  They  include  the  circumferential  shear  stress  terms  and 
thua  are  capable  of  predicting  the  flow  within  the  separation  zone  on  the  leeward  side.  In  addition, 
since  the  equations  contain  the  full  Invlscld  equations  as  a  subset,  they  are  capable  of  predicting  the 
pressure  distribution  on  the  body  and  also  the  vlscous-lnvlscld  effects. 


Figure  1.  011  Flow  Photograph  of  the  Leeward 

Separation  on  a  30Z  Blunt  5.6°  Cone  at  10° 

Angle-of-Attacl.  In  a  Mach  14  Alrstreaa 

In  Reference  8,  these  equations  are  used  to  compute  the  flowflelu  on  sharp  cones  at  high  angles  of 
attack.  Lin  and  Rubin  [9]  have  also  analyzed  the  sharp  cone  case  by  using  a  system  of  modified  boundary 
layer  equations,  which  include  the  circumferential  viscous  shear  stress  terns.  The  Initial  data  plane 
which  lii  necessary  for  their  approach  Is  provided  by  a  merged  layer  solution  for  the  sharp  tip  region  (10). 
Their  formulation  requires  Che  static  pressure  distribution  on  the  cone  to  be  known  and.  In  fact,  the 
pressure  Is  assumed  conical  In  the  solutions  obtained  by  Lir.  and  Rubin.  This  approach  is  difficult  to 
extend  to  the  blunted  cone  case. 

To  obtain  a  solution  for  the  blunted  cone  using  the  single  layer  system  of  equations,  one  must  first 
compute  a  fully-vlscous  three-dimensional  l-ilMal  plane  of  data.  Two  different  methods  are  used  to  obtain 
the  data  baaed  on  the  nose  Reynolds  number.  For  small  nose  Reynolds  numbers  (sharp),  an  axisymmetrlc 
merged  layer  solution  tround  a  sphere  (11)  Is  rotated  to  provide  a  three-dimensional  Initial  plane  of  data. 
For  large  nose  Reynolds  numbers,  initial  conditions  at  the  sphere  cone  tangcncy  plane  are  obtained  by  an 
Invlacld  solution  added  to  a  viscous-boundary  layer.  The  Invlscld  solution  Is  calculated  by  using  a 
thrce-dlaenslonal  time-dependent  approach  [12].  Both  of  these  approaches  are  based  on  the  experimental 
observation  [1]  that  the  nose  region  In  unseparated  and  therefore  not  a  strong  Interaction  region. 

The  computed  flowfield  Including  Che  leeward  separation  region  Is  described  and  compared  with  data  for 
two  cases.  The  first  case  is  a  "sharp"  (0.003-lnch  nose  radius)  7*  half-angle  cone  at  10*  angle  of  attack. 
The  freestream  Mach  number  is  16  and  the  freestream  Reynolds  number  is  10^  based  on  cone  length.  The 
second  case  Is  a  15*  half-angle  cone  with  a  1-inch  nose  radius  at  15°  angle  of  attack.  The  freestream 
Mach  number  Is  10.6  and  the  freestream  Reynolds  number  is  2,1  x  10^.  Good  agreement  with  the  available 
data  In  both  cases  Is  obtained. 


Figure  2.  Coordinate  System  Used 
on  the  Cone 


2.  ANALYSIS 

As  indicated  In  the  Introduction,  the  method  for  predicting  flowflelds  on  blunted  cones  at  high  angles 
of  attack  is  based  on  an  approximate  system  of  equations  obtained  from  the  steady  Navler-Stokes  equations. 
This  system  assumes  the  viscous,  streamwise  derivative  terms  are  small  in  comparison  with  the  viscous 
normal  and  circumferential  derivatives.  In  a  body-oriented  coordinate  system  (Figure  2),  these  equations 
become 


t)  d{pw) 
d.x  dy  ^  d<t> 


d(pu^r)  d(fiuur)  d{pwu) 

dx  dy  d4) 


pw^itnO  +  —  = 
cx 


d{puvr)  d{pv^r)  d{pwv)  ,  ^  r  dp 

— —  ■+  — r - +  - p»V‘C0Se+  —  = 

dx  dy  d^  dy 

1  5»v\) 

rd<t>\dy)] 


(I) 


dipuwr)  d{pv\*r)  dtpw^]  .  _  ^  dp 

— r —  +  — 5 —  +  --z.—  +  puwsmO  +  pvwcosB  +  --  = 
dx  dy  d<p  dip 


dipuhr)  dipvhr)  d(pwh) 


{  dp  ^  w.V\ _ 

f  ^4>)  RePr\r.y\Cpdy) 

r*  d^  VCp  d4>)]  Re  \dy/ 


/dwY  ^/.dvdw  ^udvdw] 

If)  +  2-  -,- rr  +  2- rr  r-f 
\d<p/  r  dydif)  r  dip  dy) 


U+2p) 


(5) 
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All  Che  quantities  appearlnt^  in  Eqs.  (1*5)  have  been  non*dlmensionalized  with  the  appropriate  free* 
stream  quantities.  Details  on  the  derlv.ition  and  solution  of  these  equations  are  Included  in  Reference  14. 
The  complete  Invlsrid  equations  appear  on  the  left-hand  side  of  these  equations.  In  addition  to  the 
differential  equations,  other  equations  are  necessary  to  complete  the  system,  namely  an  equation*of-state 
that  relates  the  density  to  the  pressure  and  enthalpy,  and  equations  that  relate  the  viscosities  and 
specific  heat  to  the  enthalpy. 

These  equations  have  previously  (ft)  predicted  the  flowfleld  for  sharp  cones  at  h.^h  angles  of  attack, 
including  the  cl rcumf erent ial  separation  vortices  which  develop  on  the  leeward  side.  Based  on  experiment 
(1,151  and  analysis  (lO],  these  vortices  are  known  to  form  downstream  of  the  nose  region  In  both  the  sharp 
and  blunted  cone  cases.  This  distance  will  be  a  function  of  nose  bluntness,  Mach  number,  cone  angle,  etc. 

The  approx lni.it e  parabolit  svsteiiv  of  c'qiatlons  requires  a  starting  solution  .it  (or  downstream  of)  the 
nose-cone  t  angencv  plane  which  Is  appropriate  to  the  blunt  nose  region.  This  Inl^^lal  data  plane  must  be 
given  t  ri'm  the  bodv  to  the  bow  shock  au.l  from  the  windw.*rd  to  the  leeward  side. 

For  small  ReviKilds  numbers  basi‘d  on  nose  radius  CSlO^),  the  ft'l  lowing  approximate  procedure  is  used. 

A  mergt>ii  laver,  7ero  angli-  of  attack  solutitMi  for  <i  sphere  Is  computed  using  the  time-dependent  technique 
U'r  solving  the  Navier-St  ukes  e(|uarlt>ns  levelnped  i  .’♦•ference  11.  This  solutic'n  is  i*omputed  to  an  angle 
around  the  sphere  of  )  ,  flu-  fli^wfitid  from  this  calculat  li)n  lor  angles  from  (90“-^'- i)  to  (90°-‘'‘+i) 

ari'iind  the  sphere  is  then  rotated  .ind  converted  at  the  ‘phere  cone  tangenev  pol^*  into  the  cone  coordinate 
svstem  using  tfie  equaili'tis  given  in  Apptuidix  A  i>f  Keferen<e  lb.  This  approat  F  provides  an  exact  solution 
.It  the  langemv  piunt  on  tlie  windw.ard  sld**  l>ut  only  an  .ipproxlmat  i  on  to  the  flow  tf>r  other  »  i  rcumf  e  rent  i  a  1 
stations.  The  results  of  Referen<e  H  indie. ite  that  effects  of  errors  at  the  langency  plane  will  die  out 
wlth.n  .1  few  nose  radii. 

For  large  Reynolds  numbers  based  on  tu'se  radius  (.JlO^),  the  flowfield  on  the  nose  can  be  specified  by 
using  an  inviscid  solution  combined  with  a  viscous  boundary  l.iyer.  Tn  the  present  studv,  the  inviscid 
1  It'w  is  deter^.lned  bv  i  three-dimensional,  time-dependent,  hlunt-bodv  technique  developed  bv  Morrettl  [121 
and  a  Method  of  Character  ist  I  cs  (M(K!)  code  develi>ped  by  Rakich  |17).  Tliis  lnvls(  Id  solution  is  used  to 
compute  the  inviscid  streamlines  and  surf.ue  quantities  along  these  streamlines  using  the  method  outlined 
in  Reference  IH.  Non-similar  axisvmmetric  boundary  layer  luLions  are  then  calculated  (13)  along  these 
inviscid  streamlines  from  the  st.ign.atlon  point  to  the  nose-ione  tangency  plane.  The  inviscid  solution  is 
tiien  added  to  the  viscous  solution,  and  the  rosultant  profiles  are  transformed  into  the  rone  surface 
n^trral  co«'rdinate  svsten  (Figure  2). 

This  procedvire  lot  obtaining  the  initial  conditions  is  appioximate  in  two  ways.  The  first  approximation 
is  in  splitting  the  t low  into  a  vistous  atui  an  lnvls*id  region  and  neglecting  any  interaction  between  them. 
This  Is  felt  to  he  a  good  approxlmat  i  on  at  the  higher  Reynolds  numbers  which  are  the  major  concern  here. 

Tlu  s*M  ond  approx  inat  ion  is  in  using  an  ax  i  A'mm.*t  r  Ic  boundarv  laver  rode  and  calctilating  the  viscous  flow 
along  the  inviscid  stre.tml  ines.  this  .ipproxlmat  ion  is  .idequate  (see  Section  3)  for  the  spherical  no.se 
(ase;  however,  it  mav  he  po(‘r  for  otlier  nost*  geometries.  A  thi  vo-d  imons  lonal  boundary  laver  solution 
[19,20]  lould  eliminate  this  difficultv. 
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In  tills  section,  i  .ili  iil.ited  results  lor  two  c.ises  are  presented.  The  first  is  for  a  "sharp”  (RN  * 
0.003  iiul.J  7°  half-.inglc  cone  .it  10°,  5''  and  1°  .angle  of  attack  and  a  Mach  number  of  16.1.  The  free¬ 
st  ream  conditi(jns  and  otfier  ntuessarv  inputs  used  in  the  calculations  for  this  example  are  given  in 
fable  1.  The  i  ondltlc’ns  .and  ga-onet  rv  for  this  case  h.ive  been  chosen  to  correspond  closely  to  the 
experiments  performed  in  Tunnel  F  .if  AF.DC  [211. 


Table  1.  I’.ir.ineters  I'scd  in  the  Calculations  for  Tunnel  F  C.ast 


f:oNK  ANfll  1 

7° 

N'lSF  KAIHI'S 

0.003  INCHES 

MACH  NCMIiFK 

Ifi.l 

1 KNCTH 

1.19  FEET 

RKYNOLDS  NCMBKH 

0.83  X  10^/ET 

WAl.L/KRKKSTKKAM  TEMPERATl'KK 

'i4r)'’R/82''R 

PRANDTI.  NUMBER,  CONSTANT 

0.72 

TEST  CAS 

NITROGEN 

RATIO  OK  SPECIFIC  HEATS 

1.4 

ANCLE  OF  ATTACK,  . 

10°,  3°,  1° 

VISCOSITY  CALCULATED  US  INC 

SUTHERIAND  I.AK 

PERFECT  CAS  EIJUATION  OF  STATE 

Initl.il  conditions  for  this  case  were  obtained  hy  using  an  .ixisymmetric  merged  l.aycr  solution*  for  a 
sphere  and  transforming  it  as  described  In  Section  2.  This  provides  a  three-dimensional  plane  of  data 
at  the  sphere  cone  tangency  plane.  The  approximate  p.iraboHc  Navior-Stokes  equations  (Fqs.  1-5)  are  then 
used  to  continue  tlie  solution  downstream.  The  computed  results  at  u  =  10°  ff)r  surface  pressure  distribu¬ 
tion  as  a  function  of  distance  downstream  Is  :h(iwn  in  Figure  3  for  various  c  i  rcumf  eren  t  i  a  1  stations.  The 
Initl  il  sharp  f  u  rease  in  pressure  is  due  to  the  p.arabolic  equations  .adjusting  the  approximate  Initial 
condiiions.  ’fhe  <omput at i ons  indicate  that  a  circumferential  separation  zone  first  apptuars  on  the  leeward 
side  at  300  nose  ndii  downstream. 


*  These  cr.mput  .at  ions  were  performed  bv  Pr.  (leorge  Widhonf  of  the  Aerospace  forporation. 
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For  thl*  case,  only  integrated  coefficient  experlaencal  force  data  are  available  for  coaparlaon  with 
the  coaputatlona.  Figure  4  gives  the  conparlson  between  the  computed  and  aeaaured  coefflcle.its.  The 
differences  are  all  within  the  reported  [21]  experlaental  uncertainty.  A  breakdown  of  the  varioua 
contributors  to  the  total  Integrated  force  coefficients  is  given  In  Table  2. 


O.I  I  10  too  1000  10.000 

XN/lb< 

Figure  3.  Streaawlae  Pressure  Variations  for 
Tunnel  F  Case  -  10° 

In  addition  to  the  results  available  for  the  conditions  indicated  In  Table  1,  the  nethod  of  coaputa- 
tion  automatically  outputs  the  force  and  moment  coefficients  at  small' r  (length)  Reynolds  numbers. 

However,  since  the  cone  has  a  slight  bluntness  (0.003  inches),  there  is  a  corresponding  Increase  in 
bluntness  ratio  at  the  smaller  Reynolds  numbers.  Figure  5  gives  the  center  of  pressure  as  a  function  of 
Reynolds  number  with  the  bluntness  ratio  indicated.  This  figure  clearly  Indicates  the  significant  Increase 
In  center  of  force/axial  length  as  the  Reynolds  number  decreases  (and  bluntness  increases). 

Table  2.  Breakdown  of  Integrated  Force  Coefficients  for  Tunnel  F  Case 


ANGLE  OF  ATTACK 

10° 

5° 

1' 

RESOLUTION 

(100,19) 

(50,19) 

(50,10) 

CMO 

-0.2318 

-0.1132 

-0.02318 

CN 

0.3406 

0.1657 

0.03384 

CA_ 

-CHO/CN 

0.0989 

0.0772 

0.06695 

0.6805 

0.6829 

0.6849 

CMO  (pressure) 

-0.226? 

-0.1096 

-0.02234 

CN  (pressure) 

0.3338 

0.1614 

0.03288 

-CMO  (pressure/ 

0.6779 

0.6790 

0.6793 

CN  (pressure) 

CMO  (circumferential  shear) 

-0.0055 

-0.0036 

-0.00084 

CN  (circumferenclal  shear) 

0.0092 

0.0059 

0.00138 

CN  (axial  shear) 

-0.0024 

-0.0016 

-0.00041 

CAj.  (pressure) 

0.0606 

0.0424 

0.03544 

CAp  (axial  shear) 

0.0383 

0.0348 

0.03151 

Figure  6  gives  the  distribution  of  flow  vectors  in  a  plane  perpendicular  to  the  cone  at  Its  base  for 
3  •  10°.  The  separation  zune  on  the  leeward  side  Is  clearly  indicated.  This  leeward  separation  first 
appears  In  the  calculations  at  approximately  a  tenth  of  the  way  down  the  cone  (approximately  300  nose 
radii).  Additional  flowfleld  results  for  this  Cose  are  given  In  Figures  7-12  and  include  profiles  of 
the  flow  variables  n.  rmal  to  the  body  for  a  •  10*  at  various  circumferential  stations  on  the  leeward  side 
at  a  streamwlse  stat.on  0.3  normalized  to  the  reference  length.  Figure  12  gives  the  shock  standoff 
distance  for  this  same  station. 

The  results  of  computations  for  the  second  case  are  presented  In  the  following  paragraphs.  This  case 
Is  a  15°  half-angle  cone  with  a  1-lnch  nose  radius  at  Mach  number  of  10.6.  The  freestream  conditions, 
and  other  Inputs  used  In  the  calculations  for  this  case  are  listed  In  Table  3.  The  angle  of  attack  is 
equal  to  the  cone  half  angle  so  that  a  leeward  separation  zone  forms  as  the  solution  proceeds  downstream. 
This  case  was  chosen  to  correspond  with  experiments  performed  by  Cleary  [15,22,23]  so  that  comparisons 
with  data  could  oe  obtained.  These  data  Included  both  surface  heat  transfer  and  surface  pressure  measure¬ 
ments  on  the  cone  and  also  pitot  and  static  pressure  profile  surveys  at  two  streamwlse  stations. 

Comparisons  with  calculated  surface  pressures  provided  by  Raklch  [24]  and  obtained  using  a  three-dimensional 
HOC  code  are  also  presented. 

Table  3.  Parameters  Used  In  the  Calculations  for  Cleary's  Case 


CONE  HALF  ANGLE 

15° 

NOSE  RADIUS 

1  INCH 

ANGLE  OF  ATTACK 

15° 

MACH  NUMBER 

10.6 

REYNOLDS  NUMBER 

1.2*10^  PER  FOOT 

WALL  TEMPERATURE 

530°  R 

TOTAL  TEMPERATURE 

2000°  R 

PRANDTL  NO.;  CONSTANT 

0.72 

RATIO  OF  SPECIFIC  HEAT;  CONSTANT 

1.4 

PERFECT  GAS  EQUATION  OF  STATE 

SUTHERLAND  VISCOSITY  LAW 

REFERENCE  LENGTH,  SLANT  LENGTH 

1.932  FEET 

CENTER  OF  FORCE/AXIAL  LENGTH 
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For  this  case,  the  Reynolds  number  based  on  nose  radius  is  large  (alO^) ;  therefore.  Initial  conditions 
at  the  tangency  plane  are  obtained  by  adding  the  Invlscld  computations  to  the  viscous  boundary  layer 
predictions*  as  described  In  Section  2.  Further  details  on  these  combined  Initial  profiles  are  given  In 
Reference  25.  These  comblnp'*  pioflles  are  used  as  Initial  conditions  for  Eqs.  (1-5).  These  profiles  dc 
not  satisfy  tha  differential  equations  exactly,  and  therefore  the  first  few  streamwlse  steps  are  made  very 
small  to  allow  for  flowfleld  adjustments.  An  Indication  of  these  adjustments  Is  an  oscillation  of  the 
surface  pressure  near  the  tanjjency  plai.e  (Figure  13).  These  oscillations  disappear  after  the  first  few 
steps,  and  the  remainder  of  the  integration  Is  straightforward. 


10°  ANGLE  OF  ATTACK 


Figure  13  shows  a  comparison  between  the  calculated  and  measured  surface  pressure  distributions  on 
the  cone.  The  calculated  results  were  obtained  using  the  wall  temperature  Indicated  In  Table  3.  The 
experimental  pressure  data  were  obtained  using  an  uncooled  model  which  had  a  considerably  higher  surface 
temperature  than  that  used  In  the  calculations.  Even  with  this  difference,  the  agreement  for  all  cir¬ 
cumferential  stations  Is  within  the  experimental  accuracy  except  for  the  surface  pressure  near  the  sphere- 
cone  tangency  point.  These  pressure  differences  are  probably  due  to  the  approximations  used  In  obtaining 
the  Initial  profiles.  Figure  13  also  shows  the  MOC  results  for  the  same  case  [24].  The  agreement  on  the 
windward  side  Is  very  good;  however,  as  expected,  the  Invlscld  calculations  show  disagreement  with  the  data 
and  the  pres  ent  results  on  the  leeward  side. 

Figure  14  shows  a  comparison  between  the  measured  and  calculated  heat  transfer  distributions  along  the 
cone.  The  agreement  for  all  the  circumferential  stations  Is  within  the  experimental  accuracy  except  for 
the  heat  transfer  near  the  base  on  the  leeward  side.  This  disagreement  in  heat  transfer  is  very  likely 
due  to  transition  occurring  in  the  experiment.  The  experimental  error  quoted  by  Cleary  for  the  heat 
transfer  data  Is  +20Z  for  the  lowest  heating  rates. 

Comparisons  between  the  measured  and  calculated  pressure  surveys  are  showr  In  Figures  15  and  16  for 
the  two  stations  where  data  were  obtained.  In  these  figures,  CPS  and  CPP  represent  the  pressure  coefficient 
using  the  static  and  pitot  pressures  respectively.  The  calculated  pitot  pressii'-e  is  obtained  using  the 
total  velocity.  The  general  agreement  between  the  calculations  and  data  Is  again  excellent  for  all  the 
clrcumferentiul  stations.  The  calculations  Indicate  a  shock  location  which  Is  slightly  greater  than  the 
measurements  at  the  station  closer  to  the  nose  (XN/RN  •  3.4).  This  disagreement  Is  felt  to  be  due  to  the 
Initial  vlscous-lnvlscld  profiles  used  at  the  tangency  point.  The  Invlscld  solution  was  simply  added  to 
the  viscous  solution;  thus,  the  calculated  Initial  shock  standoff  distance  Is  larger  than  its  actual  value. 
This  effect  almost  disappeared  by  the  second  station  (XN/RN  -  14.8).  The  differences  between  the  cal¬ 
culated  CPP  and  data  at  i)  ■  60°  and  90°  for  XN/RN  “  14.8  probably  result  from  flow  angle  effects  In  the 
measurements. 

The  calculations  Indicate  that  the  circumferential  separation  zone  for  this  case  first  appears  on  the 
leeward  side  at  an  XN/RN  of  approximately  8.  This  separated  flow  Is  clearly  indicated  in  Figure  17,  which 
gives  the  cross  plane  vector  distribution  on  the  leeward  side  at  XN/RN  -  14.8.  The  vortex  which  forms  at 
a  circumferential  station  of  approximately  155°  can  be  discerned.  The  leeward  heating  and  pressure 
distributions  are  compared  with  the  data  fer  various  streamwlse  stations  In  Figures  18  and  19.  The 
Increased  pressure  and  heating  at  ^  •  180°  at  Che  larger  XN/RN  due  to  the  vlscous-lnvlscld  Interaction 
should  be  noted.  Profiles  of  streamwlse  and  circumferential  velocity,  enthalpy  and  entropy,  and  shock 
standoff  distance  at  XN/RN  ■  14.8  are  given  In  Figures  20  to  24.  Addiiional  profile  results  are 
included  In  Reference  25. 


*These  computations  were  performed  by  John  Rakich  of  the  NASA  Ames  Research  Center. 


The  Implicit  numerical  method  used  to  Integrate  the  equations  In  both  these  cases  has  been  described 
In  detail  in  Reference  26.  Computations  for  both  cases  were  run  on  a  CDC  7600  computer.  Because  of  the 
very  small  nose  radius  (0.003  Inch)  In  the  Tunnel  F  case,  the  initial  step  size  In  the  marching  direction 
must  also  be  very  small.  Consequently,  for  the  a  -  10*  case,  130  steps  In  the  axial  direction  were  required 
to  reach  a  distance  of  1/10  the  length  of  the  cone.  This  phase  of  the  run  required  approximately  1/2  hour 
of  computing  on  a  CDC  7600.  The  remaining  part  of  the  run  (from  1/10  to  1  cone  length)  took  an  additional 
60  steps  and  also  required  about  1/2  hour  of  CDC  7600  computer  time.  Approximately  100  unequally  spaced 
points  normal  to  the  cone  and  19  equally  spaced  circumferential  stations  were  used  In  this  case. 

The  computations  for  Cleary's  case  required  20  minutes  to  run  80  steps  In  the  streamulse  direction 
to  XN/RN  ■  17.  Fifty  unequally  spaced  ^r<ntB  normal  to  the  cone  and  19  equally  spaced  circumferential 
stations  were  used  to  obtain  the  solution. 
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Figure  13.  Comparison  Between  Calculated  and 
Measured  Surface  Pressure  Distributions 


Figure  14.  Comparison  Between  Calculated  and 
Measured  Heat  Vransfer  Distributions 


4.  DISCUSSIONS  AND  CONCLUSIONS 

In  conclusion,  a  new  method  for  calculating  the  entire  flowfleld  on  a  blunted  cone  at  high  angles  of 
attack  and  high  Reynolds  numbers  Is  described  In  this  paper.  The  method  has  demonstrated  the  ability  to 
predict  the  development  and  growth  of  the  circumferential  separation  zone  on  the  leeward  side.  Both  cases 
with  small  nose  Reynolds  number  and  large  nose  Reynolds  number  have  been  considered.  The  effects  of 
vlscous-lnvlscld  Interaction  and  entropy  gradients  due  to  both  the  curved  bow  shock  and  angle  of  attack 
are  automatically  Included.  Calculated  results  are  compared  with  surface  pressure,  heat  transfer,  pressure 
profile  and  Integrated  force  coefficient  data,  and  show  very  good  agreement. 

At  present,  only  the  case  of  spherically  blunted  circular  cone  has  been  solved.  However,  for  large 
nose  Reynolds  numbers,  the  concept  of  using  a  time-dependent  Invlscid  solution  combined  with  a  boundary 
layer  solution  to  solve  the  unseparated  nose  region  and  provide  initial  conditions  for  the  "parabolic" 
steady  Navler-Stokes  equations  Is  applicable  to  other  nose  tip  geometries.  For  low  nose  Reynolds  numbers, 
three-dimensional  merged  layer  time-dependent  solutions  of  the  Navler-Stokes  equations  are  In  the  process 
of  being  computed  [27]  for  more  complicated  geometries,  and  the  output  will  be  used  directly.  In  addition, 
work  Is  now  In  progress  to  solve  the  flowfleld  on  more  arbitrary  geometries  at  angle  of  attack  using  the 
same  approximate  parabolic  system  of  equations. 
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Figure  16.  Comparison  Between  Calculated  and 
Measured  Pressure  Profiles:  XN/RN  ■  14.8 
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SUMMARY 

A  numerical  method  is  presented  to  calculate  the  three-dimensional  laminar 
incompressible  boundary  layer  over  bodies  of  revolution  at  incidence.  The  inviscid 
flow  velocities  used  for  the  boundary  condition  at  the  outer  edge  of  the  boundary 
layer  are  determined  numerically  by  a  singularity  method.  The  boundary  layer 
calculation  is  carried  out  in  a  streamline  coordinate  system.  The  coordinates  are 
fixed  to  the  streamlines  and  equipotential  lines  of  the  inviscid  flow. 

The  boundary  layer  equations  are  integrated  by  an  implicit  finite  difference 
method. 

As  a  result  of  the  numerical  calculation  process  the  velocity  profiles  in  di¬ 
rections  of  streamlines  and  equipotential  lines  are  known  for  each  mesh  polii  of 
the  coordinate  system.  It  is  shown  that  this  method  can  be  used  to  determine  the 
separation  lines  on  the  body  surface.  The  results  of  the  boundary  layer  calculation 
and  the  determination  of  flow  separation  are  in  very  good  agreement  with  nu¬ 
merical  and  analytical  results  of  other  investigators. 
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System  of  rectangular  coordinates,  oriented  with  regard  to  the  potential  flow,  (E’ig.  1) 

in  direction  of  streamlines 

in  direction  of  equipotential  lines 

coordinate  normal  to  body  surface 

cylindrical  coordinates  (I'ig,  1) 

total  le  igth  of  body 

length  element  in  streamline  direction 
length  element  in  equipotential  line  direction 

velocity  components  in  the  boundary  layer  (in  ?,t;.  ^-directions  respectively) 

velocity  of  potential  flow 

meridional  component  of  U 

circumferential  component  of  U 

velocity  of  undisturbed  flow- 

velocity  potential 

angle  of  incidence  of  the  body 

density 

kinematic  viscosity 
dynamic  viscosity 
static  pressure 


I 


Re 


"fC 

‘'fr? 


dynamic  pressure  of  undisturbed  flow,  *  2  ^  ^oo 
Reynoldsnumber,  Re  =  U^-L/v 
wall  shearing  stress 

2^0 

local  skin  friction  coefficient  c,  =  - 9- 

component  of  Cj.  in  streamline  direction  (Fig.  7) 
component  of  c^  in  potential  line  direction  (Fig.  7) 


1.  INTRODUCTION 

The  exact  prediction  of  the  position  of  boundary  layer  sejjaration  for  bodies  at  angle  of  attack  is  a 
problem  of  great  pra.,tical  Importance  in  aircraft  design.  Methods  to  calculate  boundary  layers  which  are 
based  on  one  of  the  common  simplifications  such  as  similarity,  small  crossflow,  small  perturbation  are 
not  very  suitable  to  determine  the  position  of  boundary  layer  separation.  Some  methods  even  fail  near  the 
separation  point  or  line. 

We  have  developed  a  method  at  DFVLR  -AVA  in  Gottingen  where  no  simplifications  or  limitations 
are  introduced:  The  complete  three-dimensional  laminar  boundary  layer  equations  are  solved  numerically 
by  an  implicit  finite  difference  technique.  The  boundary  layer  calculation  is  carried  out  in  a  streamline 
coordinate  system.  The  advantage  of  such  coordinates  with  the  physical  significant  separation  into  primary 
and  secondary  flow  within  the  boundary  layer  has  already  been  pointed  out  by  L  Prandtl  [1]  in  1945.  Later 
on  E.  A.  Eichelbrenner  and  A.  Oudart  [2]  have  been  the  first  who  used  streamlin'*  coordinates  for  the 
bound  iry  layer  calculation  on  ellipsoids  of  revolution  at  incidence.  This  method  is  a  quasi  two-dimensional 
integral  method. 

Recently,  F.G.  Blottner  and  M.  A.  Ellis  [3J  andK,  C.  Wang  [4]  have  presented  methods  which  are 
based  on  finite  difference  concepts.  .A  discussion  of  separation  patterns  over  inclined  bodies  of  revolution 
was  given  by  K.  C.  Wang  [5).  Both  authors  use  coordinate  systems  which  are  fixed  to  the  body  geometry. 
This  concept  is  very  simple  with  respect  to  the  determination  of  the  coordinate  lines  themselves.  But 
complications  in  the  flow  calculation  process  occur  both  near  the  front  stagnation  point,  which  is  in 
general  no  special  point  of  that  geometrical  coordinate  system,  and  in  regions,  where  the  direction  of  the 
fHDtential  flow  is  reversed  and  finally  near  separation. 

The  application  of  the  two  methods  mentioned  above  is  limited  to  simple  bodies  of  revolution  like 
prolate  spheroids  or  elliptic  paraboloids.  Tht  se  are  the  very  few  cases  where  the  inviscid  flow  data  can 
be  determined  by  an  analytical  formula. 

In  the  present  method  the  coordinates  are  represented  by  the  streamlines  and  potential  lines  of  the 
outer  inviscid  flow.  Using  streamline  coordinates  the  extension  of  the  numerical  boundary  layer  calculation 
over  the  entire  body  surface  beginning  near  the  front  stagnation  point  and  generally  ending  at  the  separation 
line  or  point  is  a  straightforward  process.  No  transformation  from  one  into  another  coordinate  system  is 
necessaiy.  Using  the  finite  difference  scheme  which  has  been  investigated  by  M.  G.  Hall  [6]  it  is  possible 
to  include  the  lines  of  symmetry  of  the  flow  into  the  calculation  process.  This  is  a  great  simplification  as 
compared  with  Blottner' s  and  Wang's  methods  who  bo'h  have  to  specify  initial  data  along  the  lines  of 
symmetry  by  a  separate  numerical  calculation  process.  In  the  present  method  the  outer  inviscid  flow 
data,  serving  as  a  boundary  condition  are  calculated  by  a  singularity  method  which  has  been  developed  by 
the  author  [7].  This  method  is  applicable  to  bodies  of  revolution  with  arbitrary  cross-sections  even  for 
inlets  and  cowls. 


2.  GOVERNING  EQUATIONS 


Fig.  1  gives  the  notation  of  the  streamline  coordinate  system:  t’le  rectilinear  coordinate  system 
5.r),  C  18  oriented  in  the  direction  of  streamlines,  equipotential  lines  and  normal  to  the  surface  res¬ 
pectively.  The  correspondLig  velocity  components  in  these  directions  are  u,  v,  w,  whereas  U  is  the 
velocity  of  the  outer  inviscid  flow,  U^  is  the  undisturbed  mainflow  and  o  the  angle  of  attack. 

If  all  length  are  ,nade  dimensionless  with  the  total  body  length  L  ,  all  velocities  with  U(j(,  and 
pressures  with  p  U^  where  0  is  the  density  and  if  the  quantities  C  and  w  are  multiplied  in  addition 
by  Re^/2  the  boundary  layer  equations  for  steady  three-dimensional  laminar  incompressible  flow  are: 


Equation  of  continuity 


3u  9v  9w 

hj-ac  h^-arj  dC  i 


•^2 


0 


(1) 
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Equation  of  momentum  in  f -direction 

du 


9u 

hj • 3€  -2 


h„.an 


Equation  of  momentum  in  r; -direction 
3v  .  av 


u  • 


hj  ■  95 


+  V 


The  boundary  conditions  are: 


.  9v  .  L'  2 

9q  ^  -  Kj-u-v  -.K^-u 


u  =  v  =  w  =  0  at  C  =  0 
u=U.v  =  w  =  0  at  C-*oo 


The  local  curvature  parameters  are  defined  as  follows: 


9h„ 


K, 


hj-ha  95 


•^2  = 


9p  O 
hi- 95  9^2 


J2_ 


h^dV 


\^2 


9hj 

dr) 


(2) 


(3) 


(3a) 


(4) 


The  terms  of  equations  (2)  and  (3)  containing  and  are  centrifugal  and  corioUs  forces  caused  by 
the  curvature  of  the  coordinate  system. 


In  Eqs.  (1)  to  (4)  /ij  and  h2  are  the  metric  coefficients  such  that  hi-d5  -  ds  is  the  actual  diffe¬ 
rential  length  along  s:  reamlines  and  h^-d?;  =  dy  is  the  actual  differential  length  along  equipotential  lines. 


3.  CALCULATION  PROCESS 

The  differential  equations  (1)  to  (3)  represent  a  mixed  initial  value  and  boundary  value  problem. 
Eefore  the  actual  numerical  boundary  layer  calculation  can  start,  initial  boundary  layer  profiles  near  the 
front  stagnation  point  as  well  as  potential  flow  data  at  the  outer  edge  of  the  boundary  layer  have  to  be 
specified. 


So  the  calculation  process  must  be  carried  out  in  the  following  four  steps: 

1.  Numerical  calculation  of  the  inviscid  flow  data  by  a  singularity  method. 

2.  Numerical  calculation  of  a  net  formed  by  streamlines  and  equipotential  lines. 

3.  Determination  of  initial  boundary  layer  profiles  along  jjotential  lines  in  the  vicinity  of  the  front 
stagnation  point.  Here  the  method  developed  by  L.  Howarth  [8]  is  used. 

4.  Numerical  boundary  layer  calculation  by  a  finite  difference  method. 

Steps  1  and  3  are  described  elsewhere  (see  [7],  [8]).  The  following  two  chapters  are  concerned  with  steps 
2  and  4. 


4.  STREAMLINE  COORDINATES 


The  surface  streamline  equation  can  be  expressed  in  the  form: 


_ _  r-dp 

U  '  ds 


m  m 


(5) 


where  Ujf,  is  the  inviscid  velocity  component  in  meridional  direction  and  the  component  in  circum¬ 
ferential  direction  (see  Fig.  1).  Furthermore,  r  is  the  radius  of  the  body  at  station  x,  p  is  the  circum¬ 
ference  angle  and  ds^,  is  the  arc  length  along  meridians.  Eq.  (5)  is  Integrated  numerically  by  the  Runge- 
Kutta  method.  Equipotential  lines  are  determined  by  the  condition  ♦  =  const  (#  —  velocity  potential)  on 
different  streamlines.  4  is  defined  by 

♦  =  /  U  h^  -  d5  (6) 

^0 


with  integration  along  streamlines. 


With  Eqs.  (5)  and  (6)  a  complete  set  of  streamlines  and  equipotential  lines  can  be  calculated.  But  with 
resp)ect  to  the  finite  difference  method  the  mesh  sizes  of  the  coordinate  system  may  not  be  arbitrary.  Two 
conditions  have  to  be  fulfilled: 

1.  The  mesh  sizes  must  be  small  in  order  to  limit  the  truncation  error  of  the  difference  method. 


The  ratio  of  mesh  sizes  (As/Ay)  where  As  is  the  arclength  in  streamline  and  Ay  the  arclength  in 
equipotentinl  line  direction  respectively,  must  be  unity  or  slightly  smaller  than  one  with  respect  to 
the  numerical  stability  conUition  of  the  finite  difference  method  (see  next  chapter). 

Fig.  2  shows  a  coordinate  net  with  such  controlled  mesh  sizes  for  an  ellipsoid  of  revolution  (axis  ratio 
a/b  =  6  )  at  o  =  10°  angle  of  attack. 


5.  FINITE  DIFFERENCE  METHOD 


For  the  numerical  solution  of  the  boundary  layer  equations  (1)  to  (3)  all  differential  quotients  must  be 
replaced  by  appropriate  fmite  difference  quotients.  In  the  present  method  central  differences  of  the  type 
investigated  by  M.  G.  Hall  ['6]  are  used.  Hall  described  a  method  which  is  implicit  in  the  direction  normal 
to  the  body  surface  but  explicit  in  the  two  directions  in  the  surface. 

The  three  boundary  layer  equations  are  solved  by  an  iteration  process.  For  each  step  of  this  iteration 
the  boundary  layer  equations  are  solved  by  a  system  of  linear  equations  with  tridiagonal  coefficient 
matrices.  During  each  iteration  step  the  coefficients  are  supposed  to  be  constant. 


A  three-dimensional  finite  difference  method  even  if  implicit  is  not  unconditionally  numerical  stable. 
A  stability  condition  (Courant-Friedrich-Levy  condition)  must  be  satisfied,  which  takes  the  form 


^  4i  i  1 
u  Ay 


(7) 


This  condition  is  based  on  the  concept  of  the  zone  of  dependence.  One  can  read  from  Eq.  (7)  that  the  ratio 
of  mesh  sizes  (As/Ay)  plays  an  important  part:  if  Ae/Ay  is  already  equal  to  or  even  smaller  than  one, 
the  ratio  v/u  (secondary  velocity  component  over  primary  component)  within  the  boundary  layer  has  to 
be  greater  than  one  before  condition  (7)  is  violated.  Experiences  with  this  finite  difference  technique  have 
shown,  that  large  secondary  velocity  components  compared  with  the  primary  component  occur  in  the 
vicinity  of  flow  separation.  Using  streamline  coordinates  the  condition  (7)  can  serve  as  a  criterion  to 
determine  boundary  layer  separation.  This  is  investigated  r.iore  in  detail  in  the  following  chapter. 


6.  RESULTS 

The  discussion  of  results  starts  with  an  ellipsoid  of  "evolution  (axis  ratio  a/b  =  6)  at  o-  10°  angle 
of  attack  as  a  first  example. 

Fig.  3  to  5  show  the  development  of  the  boundary  layer  profiles  in  primary  and  secondary  flow  di¬ 
rection  respectively.  Fig.  3  gives  the  profiles  in  some  netpoints  along  a  potential  line  in  the  vicinity  of 
the  front  stagnation  point.  The  primary  profiles  are  of  Blasius  type.  The  secondary  components  are  small 
and  in  positive  direction  (directed  from  the  windward  to  the  leeside  symmetry  line).  Fig.  4  shows  tne  flow 
conditions  further  downstream.  There  is  a  netpoint  close  to  the  upper  symmetry  line  where  negative 
secondary  velocities  within  the  boundary  layer  occur  for  the  first  time.  These  negative  components  grow 
very  rapidly  as  one  marches  in  streamwise  direction.  In  Fig.  5  a  position  is  reached  where  the  negative 
secondary  components  exceed  the  positive  components  on  the  windward  side  of  the  body.  The  corres¬ 
ponding  primary  profile  has  a  point  of  inflection:  It  is  well  known  from  two-dimensional  theory  that  this 
type  of  boundary  layer  profiles  occurs  .lear  flow  separation 

In  Fig.  6  the  boundary  layer  displacement  thickness  6i  is  plotted  versus  the  circumference  angle  <p 
of  different  equipotential  lines.  Going  downstream  an  increasing  6j-maximum  is  formed  ending  in  a  small 
peak  along  the  equipotential  line  of  Fig.  5. 

One  step  As  downstream  of  the  last  equipotential  line  of  Fig.  6  just  behind  the  6  j -peak  the  numerical 
stability  condition,  Eq.  (7),  is  violated  for  the  first  time. 

In  order  to  clear  the  flow  situation  around  this  first  point  of  numerical  instability.  Fig.  7  shows  the 
vectors  of  the  wall  shearing  stress  in  a  simplified  quadratic  net.  Point  i  gives  the  location  of  the  first 
instability  point.  The  wallstreamlines  or  limiting  streamlines  as  calculated  by  numerical  Integration  of 
the  vector  field  of  the  wall  shearing  stresses  are  indicated  in  Fig.  7.  It  is  pos  sible  to  continue  the  boundary 
layer  calculation  downstream  of  point  i.  One  starts  the  calculation  at  the  windward  symmetry  line  and 
marches  along  equipotential  lines  until  numerical  instability  occurs.  Fig.  7  shows  very  clearly  that  the 
wallstreamlines  coalesce  in  the  viciriity  of  the  instability  points  forming  an  envelope.  The  boundary  layer 
thickness  is  growing  very  rapidly  near  this  envelope.  This  flow  phenomenon  can  be  interpreted  as  one 
type  of  three-dimensional  boundary  layer  separation  which  has  already  been  described  by  E.  C.  Maskell 
(9).  Fig.  8  shows  two  examples  of  Maskell’ s  qualitative  investigation  of  separation  in  three  dimensions. 
The  first  type  of  separation.  Fig.  8a,  is  the  bubble  type  where  a  flowfield  is  completely  separated  from 
the  surrounding  mainflow  and  the  second  type  of  three-dimensional  separation.  Fig.  8b,  is  the  free  vortex 
layer  which  can  occur  for  example  on  the  surface  of  a  swept  wing.  This  latter  type  of  boundary  layer 
separation  can  also  occur  on  the  entire  surface  of  a  blunt  body  at  incidence.  The  free  vortex  layer  is 
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characterized  by  coalescing  wallstreamllnes  combined  with  a  steep  Increase  of  the  boundary  layer  thick¬ 
ness.  The  thickened  boundary  layer  has  the  tendency  to  roll  up  and  create  a  pair  of  body  vortices  which 
^lave  be*r  Ti-easesed  Ly  lii^«WghlcvrB  <(>««  fjt  iMtarnee  be  eii.phaelt«d  tt-a<  tfi« 

coincidence  of  the  location  of  numerical  instability  with  the  separation  line  must  be  referred  to  the 
application  of  a  streamline  coordinate  system  in  connection  with  controlled  meshsize  ratios  (As/Ay)  over 
the  whole  body  surface. 

Fig.  9  shows  the  complete  separation  lines  in  topview  and  sideview  respectively.  The  separation  lines 
run  into  a  point  on  the  windward  symmetry  line  where  a  quasi  two-dimensional  typ)e  of  separation  occurs. 

Simular  results  have  been  obtained  with  other  geometrical  configurations  and  angles  of  incidence. 

Fig.  10  shows  the  streamline  net  and  the  separation  line  for  the  ellipsoid  of  revolution  with  axis 
ratio  a/b  =  4  at  o  =  15°  angle  of  attack  and  Fig.  11  gives  the  same  results  for  the  thick  ellipsoid  of 
axis  ratio  a/b  =  2  at  o  =  20^^  angle  of  attack. 

Fig.  12  shows  the  coordinate  net  and  the  corresponding  sepiaration  lines  for  a  half  ellipsoid  (axis 
ratio  a/b  =  6)  with  cylindrical  afterbody  at  10°  angle  of  attack.  The  afterbody  is  assumed  to  be  very 
long.  The  separation  lines  run  into  parallels  of  the  body  axis  within  the  cylindrical  part.  The  circum¬ 
ferential  locations  of  these  parallels  come  out  to  be  nearly  identical  in  different  investigated  incidence 
cases  (o  =  5°,  10°,  15°)  as  is  demanded  by  the  theory  for  infinite  cylinders  in  crossflow.  This  last  result 
confirms  the  usefulness  and  effectiveness  of  the  numerical  stability  condition  as  a  separation  criterion. 


7.  CONCLUSIONS 

A  method  has  been  described  to  calculate  the  three-dimensional  laminar  boundary  layer  over  bodies 
of  revolution  at  incidence  by  means  of  an  iniplicit  finite  difference  technique.  The  inviscid  flow  data 
serving  as  a  boundary  condition  at  the  outer  edge  of  the  boundary  layer  as  well  as  initial  velocity  profiles 
near  the  front  stagnation  point  are  calculated  separately  by  numerical  methods.  The  boundary  layer 
calculation  is  carried  out  in  a  streamline  coordinate  system.  The  meah  sizes  formed  by  the  streamlines 
and  equipotentia'.  lines  are  controlled  in  such  a  way  that  all  mesh  size  ratios  are  favourable  with  resF>ect 
to  the  numerical  stability  condition  of  the  finite  difference  technique.  Results  have  shown  that  in  this  case 
the  numerical  instability  condition  serves  as  a  useful  criterion  to  determine  three-dimensional  separation. 
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Fig.  1  Streamline  coordinates 

S  =  stagnation  point  of  potential  flow 
f  =  coordinate  in  streamline  direction 
7j  =  coordinate  in  potential  line  direction 
C  =  coordinate  normal  to  body  surface 
U  =  velocity  of  potential  flow 

U  =  +  i?" 

m  p 


Fig.  2:  Streamline  net  for  ellipsoid  of  revolution  (a/b  =  6,0=  10^) 


Fig.  6:  Displacement  thickness  6^  (a/b  =6,  o  =  10  ) 


Fig.  7:  Vectors  of  the  local  skin  friction  coefficient  Cj.  and 
limiting  streamlines  (a/b  =6,0=  10*^) 


Waltstreomlines 


Separation  streamline 


Fig.  8:  Separation  in  three  dimensions  after  Maskell  [9] 


Reversed  Flow 


Fig.  9:  Separation  lines  (a/b  =  6  .  o  =  10  ) 


Separation  Line 

I 

I  7.  New  Orientation 


a/b  =  ^;  a  =15° 


10:  Streamline  net  with  separation  line  (a/b  =4,  o  =  15°) 
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SUMMARY 


and  this  might  be  related  to  a  Goldstein-type  singularity  at  legation!"''®  distribution 


Ce  rapport  decrit  un  essai ,  dans  lequel  on  a  sim 
en  rieche  d'enver^re  infinie.  La  couche  linite  se  de 
positif  qui  conduit  a  une  augmentation  de  la  vitesse 
nal. 

Les  resultats  des  mesures  des  profils  de  vitesse 
la  paroi  et  les  composantes  des  tensions  de  Reynolds 
diminue  avec  une  augmentation  de  vitesse  trar.sversale  et 
direction  du  frottement  et  le  gradient  de  la  vitess' 

Apres  le  point  du  decollement  on  a  observe 
de  l*envergure. 

On^a  presente  les  resultats  i'un  calcul  p-- 
Cette  metkode  de  calcul  utilise  des  relations  de  frottement 
1  energie  turbulente.  II  parait  que  cette  methode 
on  introduit  des  modifications  emniriques  les  resulta' 
experimentaux.  Cependant  pres  du  point  de  decollement 
de  pression  et  probablement  ce  phenomene  est  lie 


une  eoucne  iimite  tn-dimensionnelle  sur  une  aile 
;veloppe  dans  une  region  d'un  gradient  de  pression 
transversale,  suivi  par  un  decollement  tri-dimension- 

!  noyenne  sont  presentes,  ainsi  que  le  frottement  a 
Ces  mesures  montrent  que  la  longueur  de  melange 
qu'il  y  a  une  difference  remarquable  entre  la 
noyenne . 

une  region  avec  un  ecoulement  a  peu  pres  dans  la  direction 

p^  differences  finies  du  developptaent  de  la  couche  Iimite. 

- ^ - 1  se.ni-empiriques  basees  sur  1 'equation  de 

ne  reussit  pas  a  prgdire  le  point  de  decollement.  Si 

s  des  calculs  sont  plus  en  accord  avec  les  resultats 
les  calculs  sont  tres  sensitifs  pour  la  repartition 
avec  une  singularity  au  point  ds  decollement  d'un  tvne 
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static  pressure  coefficient,  relative  to  station  1 
DC-component  of  hot-wire  voltage 
AC-component  of  hot-wire  voltage 
diffusion  function 

*  dE/dU,  velocity  sensitivity  of  hot-wire 
■  0.^1,  Veil  Ileirman  constant 

mixing  length 

dissipation  length 
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"  viscosity  components 

static  pressure 
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*  V  +  w  ,  total  turbulence  intensity 

mass  flow  inside  the  boundary  layer  per  unit  span 

*  -  tan  )’ ,  directional  sensitivity  of  hot-wire 


I!  ,U  ,U 
X  y  z 


velocity  magnitude  at  boundary  layer  edge 
velocity  components  in  wing  co-ordinate  system 

streamwise  and  crosswise  velocity  components  in  external  streamline  co-ordinate  system 
=vf7r  friction  velocity 


u,v,w 
u  ,v  ,W 


*DU  c?  “DW  t 

=  t( — )‘^  +  ( — )'■,  magnitude  of  velocity  gradient  vector 

Dy  Dy 

fluctuating  velocity  components  in  local  streamline  co-ordinate  system 
turbulence  intensities 
turbulent  shear  stresses 
vertical  velocity  component 

vertical  velocity  component  at  boundary  layer  edge 
entrainment  velocity 

y-derivative  of  transverse  velocity  in  local  strtamline  co-ordinate  system 
co-ordinates  in  wing  co-ordinate  system 
distEince  to  the  wall 

flow  angle  at  boundary  layer  edge,  relative  to  tunnel  axis 

flow  angle  in  trie  boundary  layer,  relative  to  velocity  at  boundary  layer  edge 

wall  shear  stress  angle 

hot-wire  angle 

boundary  layer  thickness 

P  ^0 

=  -  j  — -  dy ,  crosswise  displacement  thickness 


=  j  ^  chordwise  displacement  thickness 

°  J 

edge 

1  kinematic  viscosity 

D  density 

_ "g - 

ItI  p  \  (uv)  +  (wv)  ,  magnitude  of  shear  stress  vector 

wall  shear  stress 

r,  shear  stress  components  in  chordwise  and  spanwise  direction 

maximum  shear  stress  inside  the  boundary  layer 

^11  =  j  (1-—)  ^  dy,  streamwise  momentum  thickness 

o  e  e 

=  p  +  atan  (^/uv),  direction  of  shear  stress  relative  to  velocity  at  boundary  layer  edge 
W 

cp  ,  =  P  +  atan  ( — / — ),  direction  of  velocity  gradient  vector  relative  to  velocity  at  boundary 

graa  Tly  TJy 

layer  edge 

u  roll  angle  of  hot-wire  probe 

co-ordinate  systems 

-  wing  co-ordinate  system:  the  boundary  layer  equations  are  written  in  this  co-ordinate  system;  the  x-axis 
is  taken  in  chordwise  direction  (perpendicular  to  the  leading  edge),  tnc  z-axis  in  spanwise  direction 
(parallel  to  the  leading  edge)  arid  the  y-oxis  perpendicular  to  the  wall;  the  velocity  components  along 

the  three  axes  are  ,  U  and  1.’  . 

X  y  z 

-  local  streamline  co-ordinate  system  (Fig.  h):  the  velocity  components  are  related  to  the  local  flow 

direction  inside  the  bouriuary  layer;  U  is  taken  in  the  direction  of  the  local  velocity,  but  parallel  to 

the  wall  and  makes  an  angle  p  with  the  velocity  at  the  boundary  layer  edge;  the  mean  transverse  velocity 

component  W  is  zero  by  definition,  but  the  derivative  DW/oy  is  generally  not  equal  to  zero;  the  vertical 
velocity  is  perpendicular  to  the  wall  and  positive  away  from  the  wall;  U,  V  and  W  with  their  fluctuating 
comoorients  u,  v  and  w  form  a  right-handed  co-ordinate  system;  the  results  of  the  turbulence  measurements 
are  presented  in  this  co-ordinate  system. 

-  external  streamline  co-ordinate  system:  the  components  of  the  mean  velocity  in  a  plane  parallel  to  the 

wall  are  taken  in  the  direction  of  the  velocity  at  the  boundary  layer  edge  (streamwise  component,  U  ) 

and  perpendicular  to  the  velocity  at  the  boundary  layer  edge  (crosswise  component,  U  );  these  ^ 
velocity  components  are  used  for  the  evaluation  of  the  integral  parameters  e^,and 

1.  INTRODUCTION 


The  prediction  of  the  development  of  a  turbulent  boundary  layer  on  a  swept  wing  is  an  essential  step 
before  tne  calculation  of  the  real  flow  over  such  a  wing,  including  the  interactions  between  the  viscous 
and  potential  flow  field,  car.  be  made.  The  boundary  layer  on  a  swept  wing  is  three-dimensional  and  at 
present  only  a  few  calculation  methods  can  deal  with  this  kind  of  flow  (Ref.  1  to  9). 
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The  ull  imate  test  of  such  a  calculation  method  is  the  prediction  of  separation  of  the  turbulent 
boundary  la^er.  The  definition  of  separation  in  three-dimensional  flows  is  more  complicated  than  in  two 
dimensions  ai:d  involves  a  knovled^e  of  the  pattern  of  the  skin-friction  lines.  In  the  case  of  an  infinite 
swept  wing,  however,  the  sepaiation  line  can  be  defined  as  the  skin-friction  line  v'ith  a  direction  parallel 
to  the  leading  edge  (Ref.  lO). 

Boundary  layer  calculation  methods  still  rely  on  empirical  information.  Momentum  integral  methods  use 
empirical  velocity  profile  families  and  if  they  are  extended  to  three-dimensional  flows,  assumptions  must 
be  made  with  regard  to  the  cross  flow  families  (e.g.  Ref.  3).  The  attraction  of  a  generalisation  of  a  fi-ld 
method  such  as  the  turbulent  energy  method  of  reference  11  is  that  this  can  be  done  without  much  prior 
knowledge  on  three-dimensional  flows  although  measurements  are  needed  to  prove  the  validity  of  the  generali¬ 
sation. 

Parallel  to  the  development  of  the  three-dimensional  calculation  method  by  Wesseling  euid  Lindhout  (Ref. 
2)  based  on  the  turbulent  energy  approach, a  reseeirch  program  has  been  conducted  at  NLR  to  investigate  experi¬ 
mentally  the  three-dimensional  boundary  layer  under  infinite  cwept  wing  conditions.  Measures ents  of  the  mean 
flow  properties  and  the  wall  shear  stress  are  reported  in  reference  12.  Thesf  results  have  teen  compared 
with  the  calculation  method  of  Wesseling  and  Lindhout  (Ref.  13)  and  other  methods  (Refs.  3,  **,  8  and  llj). 

It  turns  out  that  the  separation  position  is  not  well  predicted  by  most  of  these  methods  ano  that  cross  flow 
angles  are  generally  underestimated. 

For  the  verification  of  the  turbulence  model  as  used  in  some  of  the  calculation  methods  measurements 
of  the  Reynolds  stress  tensor  are  very  much  wanted.  They  might  give  some  answer  to  the  question  how  the 
direction  of  the  shear  stress  must  be  determined  and  to  what  extent  the  three-dimensionality  of  the  flow 
affects  the  two-dimensional  empirical  relations.  Only  a  few  measurements  of  this  type  are  reported  in  the 
literature  (Refs.  15,  l6  and  17). 

Therefore  measurements  of  the  Reynolds  stress  tensor  were  carried  out  on  the  same  model  as  used  for 
the  mean  velocity  measurements.  These  measurements  are  reported  in  reference  18.  '^e  present  paper  gives 
an  assessment  of  the  results  of  these  measurements  especially  with  respect  to  the  development  of  a  calcu¬ 
lation  method  and  the  prediction  of  separation. 

2.  EXPERIMENT 

2.1.  Description  of  model 

The  experimental  model  was  designed  with  three  considerations  in  mind.  First  there  is  a  considerable 
advantage  in  simulating  the  flow  over  an  infinite  swept  wing.  From  a  physical  point  of  view  the  boundary 
layer  on  an  infinite  swept  wing  is  not  different  from  a  general  three-dimensional  boundary  layer.  But  since 
ideally  the  flow  properties  are  constant  in  spanwise  direction,  it  is  sufficient  to  measure  the  boundary 
layer  development  in  one  section  only.  Also  this  flow  is  mathematically  much  easier  to  handle  and  th.s  will 
facilitate  the  comparison  with  theory.  Secondly  a  pressure  variation  is  required  such  that  the  boundary 
layer  is  almost  two-dimensional  at  the  beginning,  followed  by  a  region  of  an  adverse  pressure  gradient 
causing  increased  cross-flow  with  a  three-dimensional  separation  close  to  the  trailing  edge.  In  this  way 
the  initial  boundary  layer  profile  is  well  defined  and  the  full  development  of  a  three-dimensional  boundary 
layer,  including  separation,  is  covered.  The  third  condition  is  that  the  boundary  layer  must  develop  on  a 
flat  plate  to  eliminate  unknown  effects  of  surface  curvature  on  the  turbulent  structure. 

On  the  basis  of  these  conditions  a  model  was  designed  (Fig.  1)  made  up  of  a  smooth  plate  and  an  airfoil¬ 
like  body  mounted  near  the  plate.  Plate  a:>d  body  span-ied  the  3x2  meter  cross  section  of  the  wind  tunnel  and 
were  fixed  to  the  tunnel  side  walls  under  a  sweep  an  ;le  of  35  degrees.  In  this  way  a  diverging  chemnel  was 
obtained  between  plate  and  body.  Appropriate  flow  bl  )ckage  at  the  end  of  the  channel  and  curved  guiding 
vanes  at  the  two  sides  of  the  diverging  channel  were  'sed  to  obtain  the  desired  pressure  distribution  and 
to  eliminate  side  wall  effects.  The  free  stream  veloci. y  was  about  35  m/sec  giving  a  Reynolds  number  per 
meter  of  2.1jx10  . 

A  large  number  of  static  pressure  holes  were  locateo  in  the  testplate  for  accurate  measurements  of  the 
pressure  distribution.  Boundary  layer  probes  could  be  brought  into  the  flow  in  one  section  ithe  measurement 
plane)  at  ten  measuring  stations  (stations  1  till  10),  altl  ough  additional  measurements  could  be  made  at 
both  sides  in  spanwise  direction  of  the  first  measuring  station  (Fig.  l).  The  boundary  layer  probes  could 
be  positioned  inside  the  boundary  layer  by  means  of  a  traversing  mechanism  mounted  on  the  back  side  of  the 
flat  plate  to  avoid  interference. 

For  a  more  detailed  description  of  the  experimental  set-up  and  the  mean  velocity  measurements  con  be 
referred  to  reference  12.  Details  of  the  measurements  of  the  Reynolds  stress  tensor  are  given  in  reference  16. 

2.2.  External  flow  field 

The  static  pressure  coefficient  (relative  to  the  static  press'ire  and  dynamic  head  at  the  first  measure¬ 
ment  station)  in  the  measurement  plane  and  at  the  plate  surface  is  shown  in  figure  2.  In  the  same  figure 
the  pressure  coefficient,  derived  from  the  measured  flow  velocity  at  the  edge  of  the  boundary  layer  by  means 
of  a  j.itot-static  pressure  tube,  is  indicated.  Good  agreement  is  obtained,  but  after  sta^ron  8  small  differ¬ 
ences  are  noticeable.  They  are  due  to  a  slight  static  pressure  variation  (of  the  order  of  '  or  2  /o)  across 

the  boundary  layer. 

Calculations  of  the  flow  angle  at  the  boundary  layer  edge  using  the  measured  static  pressure  variation 
and  assuming  quasi  two-dimensional  flow  showed  good  agreement  with  the  flow  angles  measured  by  means  of  a 
cylindrical  yaw  tube.  Only  after  station  7  differences  of  at  most  1  degree  could  be  detected,  indicating 
the  accuracy  of  the  experimental  approximation  of  a  quasi  two-dimensional  flow. 

2.3.  Mean  velocity  pi’Ofiles 

Mean  velocity  profiles  were  obtained  with  a  small  rotatable  hot-wire  probe  (Fig.  3).  Since  the  probe 
dimensions  are  very  small,  interference  with  the  boundary  layer  flow  can  almost  be  neglected.  Measurements 
are  taken  as  close  to  the  wall  as  0.2  mm.  The  ditection  of  the  flow  is  found  by  rotation  of  the  probe  at 
constant  distance  from  the  wall  and  the  subsequent  determination  of  the  symmetry  line.  When  the  wire  is 
perpendiculeir  to  the  local  flow  direction  the  velocity  can  be  deduced  from  the  hot-wire  calibration. 

Magnitude  and  direction  of  the  velocity  vector  are  shown  in  the  figures  5  and  6.  Chordwise  velocity 
profiles  are  shown  in  figure  7-  Close  to  station  9  the  y-derivative  of  the  chordwise  velocity  component 
vanishes  and  consequently  three-dimensional  separation  can  be  expected  to  occur  in  this  region. 

Velocity  profiles  measured  left  and  right  in  spanwise  di  ection  of  the  first  measuring  station  did  not 
reveal  ary  significant  spanwise  variation  of  the  initial  boundary  layer  profiles. 
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2.U.  Wall  shear  stress  measurements 

W^l  shear  stress  measurements  are  made  with  wall  pitots  of  the  Stanton  type  with  slit  heights  of  0.1 
and  0.2  mm.  These  devices  were  calibrated  in  a  fully  developed  pipe  flow.  The  direction  of  the  wall  shear 
was  determined  by  rotation  of  the  wall  pitot. 

ma^itude  of  the  velocity  is  plotted  versus  the  logaritm  of  the  wall  distance  y  (the  so-called 
Clauser  plots  ;  reference  19)  a  straight  line  over  an  apreciable  distance  is  encountered  in  the  wall  region 
ol  the  flow  (Fig.  0),  with  a  slope  depending  on  the  local  wall  shear  stress.  The  wall  shear  stress  derived 
fr^  this  technique  is  compared  with  the  value  deduced  from  the  calibrated  wall  pitot.n  and  good  agreement  is 
obtained  (Fig.  9).  The  skin  friction  coefficient  exhibits  a  distinct  minimum  close  to  station  9,  that  is 
at  or  very  close  to  the  three-dimensionad  separation  line. 

direction  of  the  wall  shear  stress  is  also  shown  in  figure  9.  The  values  obtained  by  rotation  of 
*  extrapolation  of  the  measured  direction  of  the  mean  velocity  towards  the 

wall  (Fig.  O).  Due  to  the  rapid  rotation  of  the  velocity  vector  in  the  viscous  sublayer,  the  direction  of 
the  wall  shear  stress  mi^t  be  underestimated  by  1  or  2  degrees.  A  photograph  of  the  oil  flow  pattern  of 
the  skin-friction  lines  is  shown  in  figure  10. 

2.5.  Measurements  of  Reynolds  stress  tensor 

In  turbulent  boundary  layer  flows  the  shear  stresses  are  mainly  determined  by  the  action  of  turbulence 
Mc^pt  very  close  to  the  wall  where  the  turbulent  motion  issupp-essed  and  viscous  stresses  are  dominant. 

The  Reynolds  stress  tensor  has  the  form: 

n  -  -I 


The  ^e"sor  is  sjnmnetric.  The  diagonal  terms  represent  the  turbulence  intensities  and  the  off-diagonal  terms 
the  turbulent  shear  stresses.  In  the  boundary  layer  approximation  only  the  shear  stress  components  uv  and  vw 
^e  retained  Md  they  can  then  be  viewed  as  the  two  components  of  the  shear  stress  vector.  Only  a  few  measure¬ 
ments  of  the  Refolds  stress  tensor  are  reported  in  the  literature  (Refs.  15,  16  and  17).  Therefore  sexse  more 
a.,tention  will  be  paid  to  the  details  of  this  technique  as  applied  in  the  present  experiment. 

,  The  turbulence  measurements  were  carried  out  with  an  X-wire  probe  (Fig.  11).  Since  the  probe-tip  was 
located  25  ™  in  front  of  the  rotation  axis,  the  probe-tip  will  describe  a  helix  when  the  probe  is  trans- 
versed  inside  the  three-dimensional  boundary  layer  and  aligned  with  the  local  flow  direction.  The  displace- 
ment  of  the  tip  in  chordwise  direction,  however,  is  sufficiently  small  to  be  neglected.  A  special  feature 
f  the  probe  IS  that  it  can  also  be  rotated  along  an  axis  co-inciding  with  the  local  flow  direction.  This 
rotatioh  is  ihdicated  by  the  roll  angle  w  (see  Fig.  12). 

When  the  plane  of  the  X-wire  is  perpendicular  to  the  wall  (o  =  90  or  270  degrees)  the  fluctuating 
of  will  be  measured.  For  different  settings  of  the  roll  angle,  different  components 

of  the  fluctuating  velocity  can  be  measured.  In  general  one  can  say: 

e  =  K.  (u  +  r.s) 

with  e,  the  fluctuating  voltage  of  the  hot-wire, 

u,  the  fluctuating  velocity  in  the  direction  of  the  mean  flow  U, 

s,  the  transverse  fluctuating  velocity  in  the  plane  of  the  X-wire  and  perpendicular  to  the  mean  velocity 

•K,  the  velocity  sensitivity  of  the  hot-wire  defined  by  K  =  dE/dU  and  given  by  the  hot-wire  calibration 
Of  the  mean  voltage  E  as  a  function  of  the  mean  velocity  U, 
r,  the  directional  sensitivity,  depending  on  the  wire  angle p  and  approximated  by  r  =  -tan  r .  In  fact  r 
was  determined  from  a  yaw  calibration. 

The  transverse  velocity  component  s  can  be  expressed  as  (Fig.  12): 

s  =  v.sino  ”*•  w.coso 

The  fluctuating  voltages  of  the  two  wires  of  an  X-wire  e^  and  e^  can  be  combined  electronically  to  give 
the  mean  square  values  (Cj+e^)  ,  (e^-e^)  and  e^^  -  .  Sul^sti^tion  of  the  relation  between  e,  u  and  s 

if  the  values  of  K^.  .  r^  and  r, 

mined“fro^^"''“^^  n^asured,  irrespective  of  the  roll  angled.  The  other  turbulence  intensities  are  deter- 

w  =  0°  or  180°  ^  ? 

«  =  90°  or  270°  ^  ^ 

h^rbeen^^r  ^  'i®te™ined  from  these  positions  but  instead  two  separate  measurements 

I:  «i  =  It5°  usj  =  (Ihv  +  uw)/\/2 
II:  0  =  315°  usjj.=  (-UV  +  uw)/\/2 
and  one  can  find  that: 

uv  =  (usj-usjj  )/v  2 

^1:°“  combination  of  probe  settings  d  =  135°  and  225°.  In  the  same  way  uw  can  be 
der^ed  by  combination  of  the  measurements  with  o  =  1*5  and  135  or  o  =  225  and  315  .  Finally  the  value 
of  vw  is  found  from  the  so-called  quarter-square  technique: 


I:  d  =  1*5°  or  225° 
II:  w  =  135°  or  315° 


(v  +  w)  /2 


and  is  follows  that: 

— T 

TO  =  (sj  - 
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At  each  station  8  hoondary  layer  traverses  were  made  with  the  roll  angle  il>  varying  from  0°  till  360°  in 
steps  of  1*5  •  In  this  way  each  component  is  measured  twice  and  the  average  value  of  the  two  is  given  as 
the  final  result. 

Tt  i  uj  I  t^Bt  targ».  trr-jr  -nr  j-c'ir  in  thi»  f  v  ■*  '’lip  ror^^nre  outlined 

above  reduces  at  least  part  of  the  error  caused  by  differences  between  the  angles  and  y^)  of  the  two 
wires.  A  more  detailed  discussion  of  this  can  be  found  in  reference  l8.  The  measurements  are  corrected  for 
temperature  drift,  but  no  other  corrections  (as  for  finite  wire  length,  non-linearity,  frequency  limitations) 
are  applied.  Care  has  been  taken  of  the  effects  caused  by  upwash  insidg  the  boundary  layer.  In  some  cases 
the  vertical  velocity  inside  the  boundary  layer  can  be  as  large  as  10  /o  of  the  nean  velocity.  The  upwash 
was  measured  by  the  X-wire  itself  euid  the  wire  angles  were  corrected  accordingly.  The  final  results  are 
given  in  the  local  streamline  co-ordinate  system  (Fig.  **). 

The  ac  uracy  of  the  measurements  is  estimated  at  10  /o.  One  must  realize  that  an  error  of  this  order 

of  magr.itui  e  might  be  present  in  the  data. 

The  f  .X  components  of  the  Reynolds  stress  tensor  have  been  measured  at  station  1  and  ctation  1*  till  10. 
However,  cue  to  the  configuration  of  the  X-wire  probe  the  measurements  are  taken  25  mm  in  front  of  the 

positions  where  the  mean  velocity  and  wall  shear  stress  were  measured.  The  closest  reading  was  taken  at  2.5 

mm  away  from  t>ie  wall. 

The  turbulent  shear  stresses  aud  turbulence  intensities  have  been  made  dimensionless  with  the  friction 

velocity  u,  defined  by  u,2=  \  r  /p  und  measured  independently  with  the  wull^pitot  as  discussed  previously. 

As  a  result  of  this  -uv/u^  uius?  approach  a  value  of  1  at  the  wall  and  wv/u^  a  value  of  0.  It  can  be  seen 
from  figure  13  and  It  that  this  is  the  ease.  Some  examples  of  the  turbulence  intensity  are  shown  in  the 
figures  15,  lo  and  17. 


3.  ANALYSIS  OF  lliE  FLOW  FIELD 


3.1.  “Separated  region 

If  three-dimensional  separation  on  an  infinite  swept  wing  is  defined  by  a  vanishing  component  of  the 
wall  shear  stress  in  a  direction  perpendicular  to  the  leading  edge  (Ref.  10)  separation  occurs  close  te¬ 
station  9  as  one  can  infer  from  the  figure.-*  9  and  10. 

The  skin-friction  lines  after  the  separation  line  are  almost  parallel  to  the  trailing  edge.  The  flow 
at  the  surface  after  the  separation  line  is  not  initiated  at  the  leading  edge,  but  at  the  upstream  guidi*ig 
vane  (Fig.  1).  At  the  separat'on  line  the  skin-.^riction  lines  that  started  from  the  leading  edge  coalesce 
and  the  shear  stress  reaches  c.  very  aistinct  minimum  (Fig.  9).  The  wall  shear  stress  does  not  fall  to  zero, 
as  is  the  case  ii.  two-dimensional  separation:  only  the  chordwise  component  vanishes.  The  rapid  increase  after 
the  separation  line  indicates  an  acceleration  of  the  flow  in  the  wall  region  also  noticeable  in  the  mean 
'clocity  profiles  (Fig.  5).  Throughout  the  flow  development  at  and  after  separation  the  well-known  loga- 
rilljnic  velocity  distribution  is  maintained  (Fig.  8). 

Very  re.T.arkalle  changes  can  be  observed  in  some  cf  the  components  of  the  Reynolds  stress  tensor  after 
the  separation  ll:.e.  In  front  -if  this  line  the  value  of  -uv  increases  when  moving  away  from  the  wall  while 
a  maximum  value  ir,  reached  about  half  way  the  bcundary  layer  thickness.  Further  outwards  the  shear  stress 
decreases  agai;.  til;  a  value  of  zero  is  reached  iieur  the  boundary  laver  edge.  This  is  the  usual  pattern  in 
a  boundary  layer  w’ti.  ar.  adverse  f ressure  gradient  (Ref.  20).  After  the  separation  line,  at  station  10,  a 
very  pronounced  ii[  in  -uv  is  encouri.,ered  in  the  wall  region,  followed  by  an  increase  till  a  maximum  value 
ft  about  tww  tr.ird  of  the  bou.dory  layer  thickness  Oiid  a  subsequent  fall-off  at  the  bo-undary  layer  edge 
(Fig.  13).  Ti.e  distrlbu-ion  cf  -uv  close  to  the  wall  is  very  similar  to  the  shear  stress  distribution  inside 
a  zero  pressur--  gradiei.t  boundary  layer,  although  the  co-incidence  with  the  shear  stress  distribution  at 
station  1  in  f.rtuitous.  A  similar  dip  car,  be  found  in  the  distribution  of  the  longitudinal  turbuleree 

ii.tensity  u‘  at  statiun  10  (Fig.  IT).  Probably  the  increased  wall  shear  is  lirJced  to  the  intensified  turbu¬ 
lence  production  close  to  the  wall.  These  results  suggest  two  distinct  layers  after  the  separation  line: 
a  thi;i  "fresh,"  boui,dary  layer,  mainly  in  spar.wise  direction  with  an  increased  turbulence  production  and  a 
sr.ear  stress  distribution  resembling  a  tuo-dimensionaj  zero  pressure  gradient  boundary  layer,  and  on  top  of 
this  a  secct,d  layer  with  a  shear  stress  distribution  similar  to  tbi  .  upstream  shear  stress  profiles.  TTiese 
two  layer.s  merge  very  gradually  into  each  other.  — ^ 

h:\  other  remarKable  effect  is  the  increase  in  w  intensity  wi.en  moving  downstream  till  it  almost 

equals  the  i/  i r.tci.s i  ty  (Figs.  iC  lu.d  IT). 


3.2.  Magnitude  cf  si. ear  stress 

Kcr  a  calculatioi,  method  tide  flow  development  ahead  of  the  separation  line  is  of  great  practical  impor¬ 
tance.  The  questi' n  is  if  the  turbulence  moJel  as  presently  used  in  calculation  methods  needs  to  be  modified 
to  pi  “diet  adequately  t  riree-dimensional  separation.  .Since  the  tiiree-dimensional  boundeiry  layer  program  that 
is  used  at  is  based  or,  Bradshaw's  turbulent  energy  method  (Ref.  11)  we  will  restrict  ourselves  to  those 
r-arameters  that  ore  of  rele'/ance  in  the  present  context. 

The  .asic  i.roticm  of  any  turbulent  field  method  is  to  describe  the  turbulent  shear  stress,  both  in  magni¬ 
tude  and  d  ,  ■(.■ctlon.  The  n.agnitude  of  the  turbulent  sheai'  stress  can  be  infen-ed  from  a  mixing  length  approach. 
The  relevai.t  i  -  lation  i.i: 


ifr 

where  |t|  is  ttie  shear  stress  magnitude  and 

/-/" 

(dv/ 


If 


5y  z>y 


the  magnitude  of  the  velocity  gradient  vector  defined  by: 


The  mixing  length  /  ,  made  dimensionless  with  the  local  boundary  layer  thickness  R  has  been  calculated  from 
the  measured  s.t.eor  stress  and  mean  velocity  profiles.  The  result  is  shown  in  figure  l8  for  the  stations  1, 

5,  7,  y  and  10.  In  the  wall  region  of  the  flow  all  data  reduce  to  the  usual  relation  /  =  0.l*l.y.  This  is  in 
agreement  with  a  logarithmic  velocity  distribution  when  t  is  approximately  constant  in  the  wall  region.  In 
the  outer  region  of  the  boundary  layer,  however,  a  remarkable  decrease  in  the  mixing  length  is  found  between 
station  1  (whf^re  ^ /Ra.'0.08,  which  is  a  normal  value  for  a  two-dimensional  zero  pressure  gradient  boundary 
layer;  Ref.  11),  and  station  7  (with  //R=:0.05).  At  and  after  separation  this  value  remains  almost  constant 
or  increase:*  slightly.  The  n*:asuremerits  indicate  that  the  value  of  the  mixing  length  in  the  outer  region  of 
the  flow  might  he  influenced  significantly  by  three-dimensional  effects. 
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3.J.  Direction  of  shear  etress 

In  the  literature  is  some  discussion  on  the  direction  of  the  shea"  stress  in  ttj-ee-dimensional  turbu¬ 
lent  boundary  layers.  The  most  simple  assumption  in  calculation  methods  and  in  accordance  with  laminar  three- 
dimensional  boundary  layers  is  to  take  the  shear  stress  in  the  direction  of  the  velocity  gradient  (Ref.  9). 

A  refinement  is  introduced  in  the  turbulent  kinetic  energy  method  of  Bradshaw  (Ref.  1)  and  Wesseling  and 
Lindhout  (Ref.  2)  where  small  departures  from  the  direction  of  the  velocity  gradient  are  possible  by  the 
effects  of  convection  and  diffusion  as  will  be  discussed  in  section  1<.1.  Measurements  of  Johnston  (Ref.  15) 
and  Bradshaw  (Ref.  l6)  do  indicate  differences  between  the  two  directions.  More  recent  calculations  by 
Vermeulen  iHef.  .,1)  and  East  (Ref.  DU)  suggest  that  the  shear  stress  is  in  between  the  direction  of  the 
velocity  gradient  and  the  mean  flow  velocity.  They  calculated  the  shear  stress  direction  from  the  momentum 
balance  using  measured  velocity  profiles. 

The  present  e.Tperiment  seems  to  confirm  these  findings  as  can  be  seen  from  the  figures  19i  20  and  21. 
Also  it  is  noticeable  from  these  figures  tiiat  the  difference  between  the  two  directions  decreases  when 
moving  downstream.  This  is  even  more  pronounced  in  the  wall  region.  At  station  10  the  two  directions  almost 
coincide . 

Both  Vermeulen  and  East  use  a  factor  to  express  the  direction  of  the  shear  stress.  represents  the 
ratio  of  the  eddy  viscosity  component  normai  to  the  local  flow  direction  and  the  component  in  the  local 
flow  direction.  This  can  be  written  as: 

_ tan  ("^T-li) 

N  =  vyM  , _ — _ ^ 

e  tan  ('^ 

■oy  -ay 

Vermeulen  and  East  found  an  almost  constant  vulue  across  the  boundary  layer  of  0.5  and  O.li  respectively. 

In  this  experiment  N  varies  from  0.5  at  station  It  till  0.7  near  separation.  After  separation  larger  values 
up  to  1.0  are  found  ffig.  22).  One  may  conclude  that  there  is  a  strong  experimental  evidence  that  in  general 
appreciable  differences  between  the  velocity  gradient  and  shear  stress  direction  exist.  The  present  experi¬ 
ment  does  not  support  a  constant  value  of  N^. 

3. t.  Entrainment 

The  procos  of  entrainment  of  non-turbulent  fluid  inside  the  boundary  layer  is  explicitely  represented 
in  some  boundary  layer  calculation  methods. The  entrainment  velocity  is  defined  by: 

V  . 

ent  p  dx 

w.  ore  Q  is  equal  to  the  mass  flow  per  unit  span  inside  the  boundary  layer.  In  the  turbulent  kinetic  energy 
method  the  entrainment  is  controled  by  the  value  of  the  diffusion  term  (see  Section  4.1)  at  the  boundary 
layer  edge.  In  two-dimensional  boundary  layers  Bradshaw  (Ref.  11)  proposes  the  relation; 

^  -  10  (^) 
e  pb' 

e 

with  U  the  velocity  at  the  boundary  layer  edge  and  r  the  maximum  value  of  the  shear  stress  inside  the 
bo'Uidary  layer.  In  this  experiment  the  entrainj;rcnt  vcTocity  has  been  calculated  from; 

V  *  fu  (?i-h  )] 

ent  ix  I  X  ,  X  / 

edge 

wh' re  the  velocity  U  and  the  chordwise  displacement  thickness  ^  are  evaluated  in  a  direction  perpen- 

^edge  ^ 

dicular  to  the  leading  edge.  The  calculation  shows  that  the  entrainment  velocity  in  this  example  of  a 

three-dimensional  boundary  layer  is  almost  constant  and  'Ot  significantly  different  for  the  stations  1  to  7 

from  the  empiricrl  relation  in.jtwo-di.mensional  boundary  1  lyer  flows  (Fig.  23).  Only  at  and  after  separation 

(station  8,  9  and  10)  r  /pU  ''  increases  at  an  almost  constant  value  of  V  ^/U  . 

max  e  ent  o 

3.5.  Turbulent  kinetic  energy 

In  two-dimensional  turbulent  boui’.dary  layer  flows  an  almost  constant  ratio  is  often  found  be*'ween  the 
shear  stress  and  the  turbulent  kinetic  energy,  expro.ssed  as; 

a  =  _ '-LLI£ _  =  Jills. 

1  :■ 

(U  +V  +W  )  q 

In  this  experiment  a  decrease  of  can  be  noticed  in  downstream  direction  (Fig.  24).  At  station  1  a  value 

of  =  0.15  is  found  in  accordance  with  other  data  (Ref.  11)  but  close  to  separation  a  value  of  0.12  is 
observed. 

4.  COMPARISON  WITH  CALCULATIONS 


4.1.  Description  of  the  calculation  method 

At  HLR  a  calculation  method  has  been  developed  based  on  a  generalisation  of  Bradshaw's  turbulent  kiiic-lc 
energy  method  (Ref. 11).  The  method  is  discussed  in  great  detail  in  the  references  2  euid  23.  The  set  of  equa¬ 
tions  is;  _ 


continuity; 


x-momentum; 


z-momentum; 


"bU  DU  Z>U 
x  y  z 
-  +  — ^  +  -  = 


ix 

'py  "Dz 

DU 

^  DT 

_ X 

=  _  +  Us 

’dT’ 

7)X  py 

DU 

z 

=  +  ZIs 

’  Dt 

D  z  Dy 

the  empirical  shear  stress  equations  are; 
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In  the  last  two  equations  a^  is  a  constant  (taken  es  0.15)  and  G  and  L  are  prescribed  functions  of  >/6  (P.ef. 
11).  The  dominant  terms  are  the  production  term  (2)  and  the  dissipation  term  (!*).  When  the  other  terms  re¬ 
presenting  convection  (1)  and  diffusion  (3)  are  neglected  the  mixing  length  relation  is  recovered: 


1^1’ 


with 


Tx 


This  last  expression  shows  that  in  this  special  case  the  shear  stress  acts  in  the  direction  of  the  velocity 
gradient.  However,  when  the  diffusion  and  convection  terms  are  no  longer  neglected,  small  deviations  from 
the  direction  of  the  velocity  gradient  will  be  found. 

The  5  partial  differential  equations  are  hyperbolic  as  a  consequence  of  the  formulation  of  the  diffusion 
terms.  The  external  pressure  distribution  is  supposed  to  be  known.  The  equations  are  solved  niunerically  b; 
means  of  a  simple,  linear,  explicit  finite  difference  scheme  based  on  a  generalisation  of  the  two-dimensional 
Courant-Isaacson-Rees  scheme. 

The  empirical  shear  stress  equations  are  not  valid  close  to  the  wall  since  the  viscous  sheai"  stresses 
are  neglected.  Also  the  velocity  gradients  are  very  steep  there  and  therefore  it  is  very  attractive  to  use 
an  analytical  expression  in  that  region.  The  first  raesh-point,  at  some  distance  away  from  the  wall,  can  then 
be  coupled  with  the  boundary  condition  at  the  wall.  In  two  dimensions  the  familiar  "law  of  the  wall''  is  often 
used.  Recently  van  den  Berg  (Ref.  21)  derived  a  three-dimensional  "law  of  the  wall"  by  taking  into  account 
in  an  approximate  way  the  effect  of  pressure  gradient  as  well  as  inertial  effects. 

In  the  case  of  a  quasi  two-dimensional  flow  the  z-derivatives  (in  spanwise  direction)  can  be  ignored 
and  the  calculations  are  greatly  simplified.  Assuming  such  a  flow  the  calculations,  presented  next,  have  been 
made  using  the  measured  pressure  distribution  and  the  mean  velocity  profile  at  station  1  as  input  data. 


1.2.  Comparison  with  original  calculation  method 

A  very  sensitive  parameter  for  comparison  with  theory  is  the  angle  of  the  wall  shear  stress  P  as  shown 
in  figure  25.  The  agreement  is  good  up  to  station  5,  but  becomes  incr'^asingly  worse  further  downstream. 

After  st'.tion  7  the  shear  stress  angle  decreases  again  and  separation  is  not  predicted  at  all.  The  same 
applies  for  the  comparison  of  the  calculated  integral  parameters  like  and  (Fig.  26).  ^ain  good  agree¬ 
ment  is  obtained  only  up  to  station  5-  After  this  station  the  cross  flow  angles‘'are  underestimated  and  this 
influenoeo  to  a  large  extent  the  downstream  development  of  the  boundary  layer.  A  more  detailed  discussion 
of  this  can  be  found  in  reference  13. 


1.3.  Modifications  to  original  calculation  method 

From  '.his  result  it  is  clear  that  the  shear  stress  equations  as  formulated  in  section  I*.!  are  not 
accurate  enough  to  describe  three-dimensional  boundary  layers  with  large  cross-flows.  They  fail  to  predict 
separation  adequately.  The  tiurbulence  measurements  ore  of  great  help  to  modify  the  empirical  shear  stress 
equations.  The  difference  between  the  direction  of  the  velocity  gradient  and  the  shear  stress  and  the  down¬ 
stream  reduction  of  the  mixing  length  both  act  to  increase  the  cross  flow  angles  inside  the  boundary  layer. 
Tliree  tentative  modifications  are  proposed.  Since  they  are  based  on  one  experiment  only  they  can  not  be  more 
than  an  empir'cal  modification  foi  this  special  case.  More  comparisons  with  different  experiments  are  needed 
to  pro"e  their  validity  in  a  general  way. 

First  the  direction  of  the  shear  stress  has  been  taken  more  in  accordance  with  the  experimental  results. 

This  is  done  by  the  introduction  of  a  factor  C,  representing  the  difference  between  the  velocity  gradient 

angle  o  and  the  shear  stress  angle  o-  in  the  absence  of  the  effects  of  diffusion  and  convection: 
gra<i 

C  »  tan  (  %.  -  y  , ) 

T  grad 

Combination  of  the  two  shear  stress  equations  of  section  It.l  yields  the  scalar  equation  for  the  turbulent 
energy  as  used  in  the  two-dimensional  m.^'hod: 


1  Dfr/  )dU/  77  /T/ 


One  would  like  to  retain  this  property  in  the  modified  shear  stress  equations.  It  then  follows  that  the 
dissipation  term  in  the  equation  for  T  must  be  written  as: 

im"''  ^  (r  .  -  1 
and  in  the  equation  for  T  as: 


—  .  f  (r  -  or  ) 

\  p  /  L  z  X 

It  must  be  noted  here  that  there  is  no  physical  model  underlying  the  proposed  modifications  of  the  dissipa¬ 
tion  terms.  They  only  act  to  give  the  shear  stress  equations  the  required  properties.  The  value  of  C  still 
has  to  be  determined  and  as  a  first  trial  C  is  related  to  the  eddy  viscosity  ratio  N  as  defined  by  East 
and  Vermeulen.  C  can  then  be  expressed  as: 

{N,-l)tan(m  -P) 


1-Ne  tan 
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In  this  relation  <^-11  represents  the  difference  in  direction  between  the  shear  stress  and  the  mean  velo¬ 
city  6.  N  is  taken  constant  across  the  boundeiry  layer  and  equal  to  0.5  as  an  average  value  for  the  data  of 
Vermeulen,  East  and  the  present  experiment. 

The  seond  modification  is  related  to  the  reduction  of  mixing  length  as  observed  in  the  experiment.  The 
turbulent  energy  equation  represents  a  balance  between  production  and  dissipation  of  turbulent  energy.  This 
balance  is  linked  to  the  turbulence  structure.  Bradshaw  (Ref.  25)  noticed  that  small  extra  rates  of  strain 
cay  have  a  large  effect  on  the  turbulence  structure.  Townsend  (Ref.  26)  more  specifically  stressed  the 
importance  of  the  lateral  strain  "3 V/'Dy  and  more  recently  Morel  and  Torda  (Ref.  27)  use  a  similar  parameter 
for  empirical  changes  in  L  and  a  for  jet  and  wake  flows.  In  the  empirical  shear  stress  equations  the  nature 
of  this  balance  can  be  affected  if  the  dissipation  length  L  is  related  to  the  extra  rate  of  strain  DV/ay. 

In  two-dimensional  boundary  layers  (if  not  to  close  to  separation)  and  in  moderately  three-dimensional  boun¬ 
dary  layers  "DV/By  is  very  small.  However,  when  the  cross  flow  increases , the  vertical  velocity  inside  the 
boundary  layer  will  increase  as  well  by  the  effect  of  streamline  convergence.  Therefore  a  modification  of 
the  dissipation  length  is  prooosed  related  to  the  non-dimensional  lateral  strain,  approximated  by: 

^v/py  5^  V!,  , 

DU/Dy  WJb 

Vj  and  are  the  vertical  and  horizontal  velocity  at  the  boundary  layer  edge  respectively.  The  dissipation 
length  L  in  the  shear  stress  equation,  will  now  be  described  by: 

if  y  ^  L  »  K.y 

L 

and  if  y  >  L  *  L  •=  O.OSU.  k.  (1-5. 3V,/U  ) 

K  max  0  e 

The  constant  0.081*  is  in  acco'dance  with  a  two-dimensional  constant  pressure  boundary  layer  and  the  additional 
constant  5.3  is  determined  from  a  correlation  with  the  measured  shear  stress  distribution.  Thu  measured 
mixing  length  could  not  be  used  in  this  respect  since  mixing  length  eind  dissipation  length  are  different 
outside  the  wall  region  due  to  the  effects  of  convection  and  diffusion. 

The  validity  of  this  correction  can  only  be  assessed  if  a  great  number  of  two-  and  three-dimensional 
boundary  layers  are  re-calculated  and  compared  with  experiments.  In  the  context  of  this  paper  the  correction 
can  be  viewed  as  an  empirical  modification  to  obtain  good  agreement  with  the  measured  shear  stress  distri¬ 
butions. 

When  it  is  assumed  that  the  lateral  strain  ■<)VA)y  has  ein  effect  on  the  turbulence  structure,  the  varia¬ 
tion  of  a.,  as  observed  in  the  experiment,  can  be  represented  accordingly.  Therefore  a.,  is  written  as: 

V  ^ 

a^  -  0.15  (1-3. 5jj^) 
e 

This  modification  is  not  of  great  importance.  The  effect  on  the  calculations  is  very  small. 

Renewed  calculations  were  performed  with  the  modifications  as  outlined  above.  The  result  is  shown  in 
figure  25  for  the  variation  of  the  wall  shear  stress  angle  and  in  figure  26  for  the  momentum  and 
displacement  thickness.  Good  agreement  is  now  obtained  till  station  7  but,  surprisingly,  separation  is  not 
yet  predicted. 

I*. I*.  Influence  of  pressure  distribution 

In  an  attempt  to  investigat  ■  the  cause  of  the  difference  between  the  experimental  results  and  the  modi¬ 
fied  calculations  the  pressure  gradient  at  the  most  rearward  stations  was  slightly  increased.  In  fact,  the 
static  pressure,  measured  at  the  boundary  layer  edge  insteeid  of  the  value  at  the  plate  surface  (Fig.  2)  was 
used  as  an  input  for  the  calculations.  This  amounts  to  an  increase  in  pressure  coefficient  of  0.005  at 
station  8  and  0.01  at  station  9.  The  result  of  this  calculation  is  also  shown  in  figure  25.  Separation  is 
now  predicted  between  station  7  and  8.'  The  exercise  shows  that  a  small  variation  in  the  pressure  distribution 
causes  a  large  shift  in  the  predicted  separation  position. 

This  particular  phenomenon  close  to  separation  as  shown  in  figure  25  suggests  a  singular  behaviour  at 
separation.  Moreover  in  the  calculation  with  separation  the  vertical  velocity  V  as  calculated  in  the  finite 
difference  scheme,  rises  very  rapidly  near  the  separation  point.  Very  simileir  phenomena  are  known  to  occur 
in  two-dimensional  laminar  boundary  layer  flows  near  separation  (see  the  classical  article  of  Goldstein;  (Ref. 
28).  Golstein  proved  that  when  separation  is  approached T  — ^0  while  V — More  recently  Tsahalis  and 
Telionis  (Ref.  29)  showed  a  similar  singularity  to  exist  in  two-dimensional  turbulent  flows.  The  singularity 
only  exists  if  the  pressure  distribution  is  specified  as  on  independent  boundary  condition.  The  singularity 
can  be  removed  if  the  wall  shear  stress  or  the  displacement  thickness  is  prescribed  and  the  boundary  layer 
equations  are  then  solved  for  the  pressure  distribution  (Ref.  30  and  31). 

In  the  case  of  a  laminar  three-dimensional  separation  on  ai.  infinite  swept  wing  the  boundary  layer  equa¬ 
tions  in  chordrfise  direction  can  be  solved  independently  of  the  ipanwise  flow  (the  "independence  princ  ^jle"). 
Therefore  the  same  singularity  will  occur  at  +he  tl.r(  ;-dimensional  laminar  separationline  on  an  infinite 
swept  wing.  When  the  flow  is  turbulent  this  independence  principle  does  not  hold  anymore  since  the  shear 
stresses  are  coupled  by  the  additional  equations  for  the  shear  stresses.  It  is  possible  that  the  singularity 
is  not  affected  by  this. 

To  investigate  this  point  further,  calculations  have  been  made  with  an  interaction  model  for  the  pressure 
and  the  boundary  layer  development.  Since  the  experimental  configuration  is  basically  a  duct  flow  the  inter¬ 
action  between  the  bou.dary  layer  flow  and  the  potential  core  con  easily  be  taken  into  account.  The  pressure 
gradient  in  the  duct  is  a  function  of  the  variation  of  channel  height  and  the  displacement  thickness  of  the 
boundeuy  layer.  Conversely  the  displacement  thickness  is  an,  apparently  sti  ^ng,  function  of  the  pressure 
gradient.  In  the  finite  difference  calculations  the  potential  flow  equation  can  be  coupled  with  the  boun¬ 
dary  layer  equations  such  that  at  each  st.p  in  the  numerical  scheme  t’ e  pressure  gradient  is  determined  by 
the  channel  height  and  the  displacement  thickness.  At  each  step  a  few  iterations  are  needed  to  ensure  con¬ 
vergence.  This  process  failed  to  converge  close  to  the  separation  point,  but  as  indicated  in  figure  27  the 
solution  follows  closely  the  experimental  curve.  The  so  calculated  pressure  gradient  is  shown  in  figure  28 
and  compared  with  the  experimental  pressure  gradient  at  the  wall  and  at  the  boundary  layer  edge.  The  differ¬ 
ences  are  very  small  indeed,  illustrating  the  sensitivity  of  the  calculations  for  the  pressure  distribution. 

It  is  of  interest  to  know  where  the  separation  would  have  been  predicted  with  the  original  boundary 
layer  equations  as  formulated  in  section  l*.l.  The  result  of  this  calculation  is  also  shown  in  figure  27. 
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development.  This  may  be  Kenerallv  tin.4»  on-u  ^P^ndence  of  the  potential  flow  on  the  boundary  layer 
be  much  more  dramatic  as  in  the  case  of ’a  real'^  interaction  in  this  special  case  of  a  duct  flow  might 

the  potential  flow  around  thr^o^Lte  w^r  The  ^a  culafionr"  “  affecte“S 

at  the  separation  point  that  can  only  he  av®;ided  if  the"re°L*u;:‘^;L“^:ihu\°ms  LTpre^crfhed^T'^" 

5.  CONCLUSIONS 

dary  layer  under  infiniL'^swpf^winrco^ditionrindicatra  ®  three-dimensional  turbulent  boun- 

There  is  a  region  close  to  the  van  with  rflow  f  two-layer  structure  after  the  separation  line. 

tensity.  On  top  of  this  second  layer  can  be  observed  vrr::ru^J^:^r :LnL1:\h“ 

able  diffetL^^-ti“rt\°rdiL°cUo“S  o^'s^^reTLd*  T 

^^Lreticaf  ‘'y  three-dimension^it^  of  ^hf  no^  “  entrain- 

not  Pr^dicr::p^:t1:n“!lmpr:vel:r^^^^^^  turbulent  energy  equation,  did 

stresses  but  the  calculations  showed  to  be  very  sensitiw  fortirnr  turbulent  shear 

.here  are  strong  indications  that  this  sensitivity  is  related  to  8^0014^^-*^^^’'^'’“^^°''  ®®P“’®Pt°''- 

as  a  consequence  of  the  prescribed  pressure  distribution  the  ^^''-^ype  singularity  at  separation 

coupled  to  the  potential  flow  equation  the  agreement  was'enee  boundary  layer  calculation  was  directly 
close  to  the  separation  line.  ^  “  encouraging,  but  the  calculations  failed  to  converge 
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Figure  9:  Measured  flow  angle  at  boundary  layer  edg»‘ 
and  magnitude  and  direction  of  skin  •  friction 
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Figure  6:  Measured  flow  angles 
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Figure  10:  Photograph  of  the  oil  flow  pattern  on  the 
test  plate 


Figure  7  r  Measured  chordwise  velocity  profiles 


Figure  8:  Clauser  plot  of  the  velocity  magnitude 


Figure  11;  X-wire  probe  for  turbulence  measurements 
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DISCUSSION  ON  PAPER  34 

by 

Roger  L. Simpson 
Institute  of  Technology 
Southern  Methodist  University 
Dallas,  Texas,  75275 


The  purpose  of  this  discussion  is  to  point  out  the  importance  of  additional  turbulence  energy  production  terms 
in  this  separating  three-dimensional  turbulent  boundary  layer  and  to  point  out  the  several  similarities  of  the  modified 
calculation  method  presented  here  to  the  normal  stress  modified  model  presented  in  paper  14.  The  production  terms 
of  the  turbulence  energy  equation  for  three  dimensions  are 

3U  aw  aw  au  aw 

-  UV  —  -  wv - uw -  --  uv - (u'  —  vM  —  +  v'  - 

ay  ay  ax  ax  ax  az 

where  the  first  four  are  shear  production  and  the  last  two  arc  normal  stress  production  (Bradshaw,  1973,  paper  14). 
The  first  two  are  normally  the  only  two  retained;  however,  the  remaining  terms  play  a  more  important  role  as 
separation  is  approached.  1  he  accompanying  figure  shows  the  ratio  of  the  last  four  terms  to  the  first  two  terms  (or 
stations  7,  8.  aiul  9,  i.e..  T-1  where  V  is  the  ratio  of  total  production  to  shear  production  from  the  traditional  first 
two  terms.  These  estimates  were  calculated  in  the  local  streamline  co-ordinate  system  using  the  tabulated  experimental 
results  from  Reference  18.  The  filth  term  is  the  main  additional  production  term  with  the  fourth  term  being  very 
small  and  the  third  and  sixth  terms  nearly  cancelling  each  other. 

f  rom  these  results,  it  is  clear  that  the  additional  production  terms  account  for  about  10  percent  of  the  turbulence 
energy  produced.  Then  a,  I  should  represent  the  ratio  of  the  total  turbulence  production  to  the  turbulence  energy 
produced  and  I  quation  ( 16)  of  paper  14  should  be  used  for  the  dissipation  length.  If  one  uses  these  modified  para¬ 
meters,  one  will  obtain  approximately  the  same  numerical  values  for  a,  and  the  dissipation  length  as  l-.lsenaar,  et  al. 
report  in  this  paper.  In  other  words,  near  separation,  with  the  relations 

0.15  L  _  0.084 

‘  I-  6 

and  I  =1.15.  a,  is  about  0. 1  3  and  L/6  is  about  0.068  while  with  a  V^/U,.  of  about  0.05  (Idsenaar,  private 
discussion)  a,  is  about  0. 1  24  and  L'6  is  about  0.062  from  the  equations  in  the  Idsenaar.  et  al.  paper.  Thu.,, 
as  in  the  two-dimensional  case  described  in  paper  14,  the  additional  turbulence  energy  production  terms  can  account 
for  the  modification  of  the  structure  parameters  at  and  L  .  Since  the  parameter  I-  arises  naturally  Irom  turbu¬ 
lence  energy  considerations,  it  would  seem  to  be  a  preferable  explanation  of  why  a,  and  L  decrease  near  separa¬ 
tion. 

In  both  the  results  of  paper  14  and  the  three-dimensional  results  presented  here,  improved  predictions  near 
separation  are  achieved  bv  accounting  for  reduced  a|  and  L  values. 
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THREE  DIMENSIONAL  BOUNDARY  UYER  SEPARATION 
IN  SUPERSONIC  FLOW 
by 

Ullllao  D.  Bachalo,  Post  Doctoral  Fellow* 
and 

Maurice  Holt,  Professor 
University  of  California 
Berkeley,  California  94720  U.S.A. 


SU»IARY 

An  account  Is  given  of  a  detailed  experimental  investigation  of  three  dimensional  boundary  layer 
separation  In  supersonic  flow.  The  experiments  were  performed  In  the  15.2  cm  x  15.2  cm  Supersonic  Wind 
Tunnel  of  the  Fluid  Mechanics  Laboratory  at  the  University  of  California  at  Berkeley.  Prior  to  the  cur¬ 
rent  work,  supersonic  separation  In  two  dimensional  flow  was  Investigated  In  the  same  wind  tunnel  by 
Sfelr  using  a  plane  compression  corner  as  a  model.  In  Investigating  three  dimensional  effects  on  super¬ 
sonic  separation,  models  were  chosen  which  exhibited  departures  from  two  dimensional  flow  In  the  simplest 
way.  The  plane  compression  corner  (formed  by  two  lnte<‘sectlng  plant  plates)  was  replaced  by  a  plate 
attached  to  a  swept  back  wedge  formed  by  two  obliquely  Intersecting  planes.  Maintaining  a  constant 
tunnel  Mach  number  of  2.5,  surface  pressure  measurements  were  made  on  these  models  at  static  orifices 
spaced  along  the  centerline  and  along  three  parallel  lines.  The  flow  parameters  In  the  boundary  layer 
and  separated  regions  adjacent  to  the  model  surface  were  measured  by  traversing  hot  wire  and  pitot 
probes.  The  traverses  were  taken  across  the  boundary  layer  and  reversed  flow  regions  In  a  direction 
normal  to  the  body  surface;  they  were  made  In  several  vertical  planes,  including  the  plane  of  symmetry. 


SOMMAIRE 

Les  itudeu  experlmentales  concernant  le  decollement  d'une  couche  llmlte  trldlmenslonnelle  dans  un 
fcoulement  supersonlque  sont  presentees.  Les  mesures  ont  ete  effectuees  dans  la  soufflerie  supersonique 
(15,2  cm  X  15,2  cm)  du  Laboratolre  de  Mecanlque  des  Fluldes  de  l'Unlverslt§  de  Callfornle  a  Berkeley.  Les 
etudes  experlmentales  d'ecoulement  de  couche  llmlte  bldlmenslonnelle  avalent  prealablement  ete  effectuees 
dans  la  meme  soufflerie  par  Sfelr.  qul  avalt  utilise  un  coin  de  compression  plan  comme  maquette.  Pour  exam¬ 
iner  les  effets  trldlmenslonnels  sur  le  decollement  supersonlque,  on  a  cholsl  des  maquettes  qul  ont  expose 
les  differences  entre  les  ecoulements  bl-et  trldlmenslonnels  de  fa9on  la  plus  simple.  Le  coin  de  compression 
plan  (formfi  de  deux  plaques  planes  secantes)  fOt  remplace  par  une  plaque  attachee  a  un  dledre  en  fleche  form§ 
de  deux  plans  se  crolsant  obllquement.  En  gardant  le  nombre  de  Mach  de  I'Scoulement  d  une  valeur  constante 
de  2,5,  les  mesures  des  presslons  sur  la  surface  de  ces  maquettes  ont  ete  effectuees  par  des  orifices  de 
prise  de  presslon  statlque  qul  sont  sltudes  aussl  blen  le  long  de  I'axe  cental  que  le  long  de  trols  llgnes 
parallcles  2  I'axe  central  sur  la  surface  des  maquettes.  Les  mesures  des  parametres  d'ecoulement,  aussl 
blen  dans  la  couche  llmlte  que  dans  les  zones  de  separation  adjacentes  d  la  surface  de  la  maquette,  ont  dtd 
effectudes  en  ddplagant  un  tube  de  pitot  et  un  fll  chaud  d  travers  ces  zones.  La  direction  de  leur  ddplace- 
ment  dtant  normale  d  la  surface  de  la  maquette  dans  plusleurs  plans  vertlcaux,  y  comprls  le  plan  de  symdtrle. 

1.  INTRODUCTION 

Separation  of  laminar  boundary  layers  in  supersonic  flow  has  been  Investigated  extensively  In  two 
dimensions,  both  experimentally  and  theoretically.  By  contrast,  corresponding  flows  In  three  dimensions 
have  received  comparatively  little  attention.  In  the  present  paper  experimental  measurements  of  the 
characteristics  of  three  dimensional  laminar  boundary  layers  near  simple  bodies  are  Investigated  In 
detail,  with  particular  attention  given  to  separated  regions. 

In  two  dimensional  flow  separation  of  a  laminar  boundary  layer  on  a  smooth  body  Is  associated  with 

the  vanishing  of  skin  friction  coefficient  and  a  change  In  sign  In  the  velocity  gradient  at  the  wall. 

In  three  dimensions,  on  the  other  hand,  the  velocity  component  within  the  boundary  layer  parallel  to  the 
wall  has  variable  direction.  Separation  occurs  when  only  one  component  of  this  tangential  velocity 
changes  sign  and  this  condition  will  not  In  general  coincide  with  that  of  zero  wall  shearing  stress. 

We  shall  consider  flow  of  a  uniform  supersonic  stream  parallel  to  a  flat  plate  with  a.  swept  back 

wedge  attached.  In  this  case  the  separated  region  can  be  defined  In  the  sense  used  by  Elchelbrenner,’ 
namely,  as  a  region  Inaccessible  to  fluid  particles  originating  far  upstream  of  the  wedge.  In  the  present 
problem  the  particles  within  this  region  are  confined  to  s  recirculating  zone  and  are  unable  to  penetrate 
regions  either  far  upstream  or  far  downstream. 

The  present  experiments  were  carried  out  In  the  Berkeley  Supersonic  Wind  Tunnel.  They  were  preceded 
by  an  Investigation  In  Che  same  tunnel  by  Sfelr, ^  dealing  with  supersonic  separation  In  two  dimensions, 
using  a  plane  concave  corner  to  Induce  the  compression.  Sfelr  demonstrated  that  this  type  of  separation 
Is  dominated  by  a  free  Interaction  process,  namely  that  once  the  pressure  outside  the  boundary  layer 
begins  to  Increase  the  subsequent  boundary  layer  growth  and  pressure  distribution  are  Independent  of  the 
angle  In  the  compression  corner.  On  the  other  hand,  the  position  of  the  beginning  of  Interaction  Is 
Influenced  by  downstream  geometry  (In  particular  by  the  location  of  the  compression  comer).  The  condi¬ 
tion  fixing  this  position  Is  that  of  smooth  reattachment,  more  precliely,  that  the  pressure  approaches 
uniform  conditions  downstream  of  reattachment.  Sfelr  also  verified  another  result  of  free  Interaction 
theory,  namely,  that  the  pressure  normal  to  the  separated  layer  Is  constant  and,  at  any  station,  corres¬ 
ponds  to  the  pressure  In  Invlscld  supersonic  flow  past  an  effective  body  thickened  by  the  displacement 
thickness . 
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Fig.  1.  Typical  model  configuration  and  pressure  tap  distribution 

In  seeking  to  extend  the  Investigation  of  these  properties  to  three  dimensions,  It  was  desirable  to 
depart  from  two  dimensional  conditions  In  the  simplest  way  and  also  to  study  experimental  configurations 
which  could  be  Investigated  theoretically  without  Introducing  unnecessary  geometrical  complications. 

After  considering  a  number  of  three  dimensional  forms  the  basic  model  chosen  for  the  present  experiment 
was  the  swept  back  wedge  formed  by  making  two  oblique,  syimetrlc  cuts  In  a  plane  compression  comer. 

This  Is  ahovm  In  Fig.  1.  With  this  model,  the  undisturbed  stream  approaches  a  compression  comer  In  each 
vertical  plana,  but  since  the  height  of  the  wedge  varies  on  either  side  of  the  central  plane  of  symmetry 
the  effective  compression  angle  varies  also.  Separation  Is  two  dimensional  only  In  the  plane  of  symmetry 
and  Is  Increasingly  dominated  by  cross  flow  effects  as  we  move  to  stations  away  from  this  plane.  The 
separation  region  Is  Increased  In  extent  and  the  transverse  flow  becoaies  stronger  at  successive  spanwlse 
stations  away  from  the  plane  of  symmetry. 

The  characteristics  of  the  flow  past  models  of  this  type,  when  Introduced  Into  the  tunnel  working 
section  maintained  at  a  uniform  free  stream  Mach  number  of  2.5,  were  measured  In  as  much  detail  as  pos¬ 
sible.  Use  was  made  of  static  pressure  measurements  at  orifices  distributed  over  the  model  and  of  hot 
wire  measurements  obtained  from  a  traversing  probe  which  could  scan  the  disturbed  flow  region  In  three 
orthogonal  directions. 

It  Is  Intended  to  compare  flow  characteristics  derived  from  these  observations  with  calculated  char¬ 
acteristics  for  the  same  configurations  and  flow  conditions.  The  calculations  are  based  on  an  Integral 
technique  developed  by  Modarress’  which  has  already  been  applied  successfully  to  a  series  of  three  dimen¬ 
sional  boundary  layer  flows. 

There  has  not  been  puch  previous  experimental  work  on  three  dimensional  separation,  probably  because 
the  probing  techniques  needed  have  only  been  developed  very  recently.  The  closest  Investigation  to  that 
described  here  Is  by  Avduyevskll  and  Gretsov, '*  who  Investigated  supersonic  flow  past  half  cone-plate  com¬ 
binations,  with  varying  semi  cone  angles  and  angles  of  inclination  to  the  free  stream.  Location  of  the 
lines  of  turbulent  boundary  layer  separation  and  reattachment  and  the  effects  on  the  Invlscld  flow  were 
Inferred  from  flow  visualization  techniques  and  pressure  measurements.  Avduyevskll  and  Gretsov  claim 
that  separation  In  the  case  of  flow  around  semi  cones  with  ape>  angle  <  35*  may  be  considered  two  dimen¬ 
sional  In  planes  normal  to  the  line  of  separation.  This  appears  to  have  been  concluded  from  the  fact 
that  a  pressure  curve  exists  along  this  normal  that  is  quantitatively  similar  to  that  of  separation  of 
the  turbulent  boundary  layer  In  the  plane  case.  The  angle  of  the  separated  flow  zone  In  a  plane  normal 
to  the  separation  (arctan  d5/dn)  was  found  to  be  practically  coincident  with  Its  value  for  plane  two 
dimensional  separation. 

Attention  Is  directed  In  our  experiment  to  the  relationship  between  the  extent  of  the  displacement 
on  the  Invlscld  flow  and  the  degree  of  the  cross  flaw.  The  cross  flow  also  affects  the  extent  of  separated 
region  as  noted  by  Dwyer ^  and  Mager.‘  It  can  be  argued  that  the  diversion  of  streamwlse  momentum  to  trans¬ 
verse  momentum  In  the  boundary  layer  would  delay  reattachment .  Furthermore,  If  the  reattachment  lines 
slope  downstream  with  respect  to  the  Invlscld  flow  direction  then  the  separated  fluid  turning  upstream 
Initially  has  a  positive  streamwlse  velocity  component.  For  this  reason  the  viscous  shear  stress  would 
not  be  as  significant  In  dragging  the  fluid  downstream  as  It  Is  In  two  dimensional  separation  wherein  the 
flow  Is  reversed  directly  In  the  separation  region. 

This,  and  other  significant  differences  between  two  and  three  dimensional  behavior  are  given  careful 
consideration  In  this  Investigation. 

2.  E.XPERII-fENTAL  APPARATUS 

2.1  Wind  Tunnel 

An  overall  view  of  the  experimental  equipment  used  is  shown  In  Fig.  2.  The  three  dimensional 
boundary  layer  flows  examined  In  this  experiment  were  produced  In  the  15.2  cm  x  15.2  cm  closed  circuit 
continuous  flow  supersonic  wind  tunnel  of  the  Fluid  Mechanics  Laboratory  at  the  University  of  California, 
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Fig.  2.  Experimental  apparatus 


Berkeley.  The  tunnel  can  be  run  at  stagnation  temperatures  In  the  ranee  10*C  <  T  <  aw%A  «.4 

jrrrriS’  attainable  range  of  Lynolda  number  meter 
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2.2  Model  Description 

almolp,.  “ere  selected  which  exhibited  departure  from  two  dimensional  flow  in  the 

In^^rse^i  !  ?"■  ’’  "®  '““Presslon  cornet  (used  in  Sfelr's  earlier  experiments*),  formed  by  tw^ 

In^erH  M  *  '’1“"'  ’’^1  ’.Y®®  '>>'  ^  attached  to  a  swept  back  wedge  formed  by  two  Lllquely 

coraer  HoSc-er^H  ^  J*'  ’  each  vertical  plane  the  undisturbed  stream  approaches  a  impression 

rhrr’.K”  ^  ?  i'®  configuration,  the  greater  the  distance  from  the  plaw  of  syimietrv 

crL^pd  encounters  the  wedge.  As  a  result  a  transverse  presite  varlatl^  i^’ 

ihi: iit?’ “"«* "°®®  ® 

•>n*/€:o  .  1  ^  ^  a  ■  ^0  ,  p  •  5  ;  they  are  referred  to  as  the  10*/7.5*.  10*/5*  and 

simUar  tf  tit  IHownii"".'"”'*'  ”  ‘"“®^®'^^  ®  <'^‘>‘'^•>“‘100 

from  the  thickness  0.51  mm  were  attached  to  the  model  to  Isolate  the  plate  boundary  layer 

Th^  •’^Sh  pressure  flow  under  the  plate  and  from  the  tunnel  boundary  lair  on  the  side  wil 

?!  plates  were  cut  at  an  angle  of  10«  to  the  model  surface  to  minimize  their  dliurin^i.  T^e 
model  leading  edge  was  machined  to  a  sharp  edge  and  was  free  from  irregularities. 

2.3  Probe  Design 

K  t  probe  used  for  the  hot  wire  traverse  measurements  is  shown  in  Fig.  3.  Jeweller's  cuttlne 

^hidlii^  !?  ?!r  “  °-20  10  4-6  "»)  “1th  tips  tapered  down  to  0.051  mm  to  match 

10  onetched  Wollaston  process  wire,  were  used.  Silver  plated  10*  rhodium  platinum  wire 

^  diameter  was  used  for  the  anemometer.  The  wire  was  soft  soldered  to  the  broaches  and  the 
central  Portion  was  etched  with  dilute  nitric  acid  (needle  spacing  4iini,  etched  1.5  mn).  A  thin  film  of 

poxy  (,  10  Wm)  was  applied  to  the  connection  points  and  the  unetched  wire  to  prevent  electrical  shorting 
when  the  model  was  brought  into  contact  with  the  model.  prevent  electrical  shorting 

nn.ino  <  “ethod  appeared  to  be  most  suitable  for  minimum  flow  disturbance  and  aided  in  the  visual 

p  tlonlng  of  the  wire  parallel  to  the  model  surface.  Measurements  could  now  be  msde  very  close  to  this 
urface.  The  probes  used  to  resolve  both  magnitude  and  direction  of  the  flow  were  set  at^5  0*  and  115' 

ti  ?!ni?%rrX'iie°"suio”t?°"“'  '^®  P”'’®  “-'-pported  in 

2.4  Probe  Positioning 

m^hanlsm  was  designed  to  simplify  accurete  positioning  of  the  probe  in  the  three 
1!!!  ?!!  ?  f  The  traverse  had  Slo-Syn  blfllar  stepping  motors  driving  mlcroLter  quality  staln- 

o“ltlm  ii?r?  backlash.  The  device  could  be  placed  in  a  given 

position  with  an  accuracy  of  within  ±30  pm.  Location  of  the  probe  was  controlled  by  presetting  a  reference 
!y«er“  "  Betting  subsequent  positions  on  digit  switches  of  the  digital  logic  position  control 
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Fig.  3.  Hot  wire  probe  support 

The  trancletor-translstor  logic  (TTL)  electronics  circuit  was  designed  to  allow  movement  to  pre¬ 
cise  preset  positions  at  an  exact  rate.  Speeds  In  the  Individual  directions  could  be  set  to  produce 
iBotlon  In  1  desired  resultant  linear  direction. 

2.5  Data  Acquisition 

An  electronics  circuit  was  designed  to  control  the  acquisition  and  recording  of  data.  A  model 
33  Teletype  with  send/receive  capability  and  paper  tape  punch  was  the  main  data  recording  device.  The 
Teletype  was  also  linked  to  the  Berkeley  CDC  6400  computer  and  could  be  switched  from  a  data  monitoring 
mode  to  a  remote  terminal  mode  for  data  reduction  and  testing  results. 

A  7004B  X-Y  plotter  was  used  to  display  the  analog  voltage  outputs.  The  function  of  the  recorder 
was  to  observe  the  qualitative  aspects  of  the  boundary  layer  profile.  The  recorder  was  an  invaluable  in¬ 
strument  for  the  determination  of  data  density  requirements,  the  direction  of  the  flow  (whether  forward  or 
reversed),  and  the  location  of  the  lines  of  separation  and  reattachment.  Starting  and  stopping  of  the 
recorder  was  effected  automatically,  synchronizing  with  the  traverse  control  logic  circuit. 

3.  EXPERIMENTAi.  TECHNIQDES 

'.1  Flow  Establishment 

In  order  to  explore  the  details  of  the  three  dimensional  separated  region  it  is  essential  to 
establish  fully  developed  two  dimensional  boundary  layer  flow  of  the  Blaslus  type  upstream  of  the  Inter¬ 
action  region.  Observations  must  therefore  begin  at  s  distance  sufficiently  far  from  the  leading  edge  to 
permit  the  damping  out  of  longitudinal  disturbances  In  the  boundary  layer  generated  by  leading  edge 
effects. 


The  tunnel  boundary  layer  can  separste  In  the  working  section  as  a  result  of  flow  blockage  below 
the  model.  To  minimize  disturbances  from  this  cause  the  tunnel  nozzle  was  diverted  under  the  model.  As  a 
consequence,  supersonic  flow  was  maintained  In  this  region  and  undesirable  separation  effects  were  elim¬ 
inated. 


3.2  Two  Dimensional  Flow 

Side  plates  were  used  to  Isolate  the  plate  boundary  layer  from  the  disturbed  flow  beneath  and 
at  the  sides  of  the  plate.  To  cancel  out  the  compression  waves  generated  by  the  leading  edges  of  the 
side  plates  and  displacement  effect  of  the  corresponding  boundary  layer  the  plates  were  mounted  with  a 
divergent  angle  of  0.1  mm  In  2  cm.  The  joints  between  the  side  plates  and  model  were  made  airtight  to 
prevent  blowing  from  the  higher  pressure  region  beneath  the  model. 

3.3  Laminar  Flow 

To  make  sure  that  the  boundary  layer  was  laminar  throughout  the  region  of  Interest,  boundary 
layer  profiles  were  plotted.  The  Influence  on  the  profile  of  relative  curvatures  at  the  free  stream  end 
and  of  the  gradients  near  the  wall  was  noted.  Chapman's’  designations  of  purely  laminar,  transitional, 
and  turbulent  separation  were  adhered  to.  For  purely  laminar  conditions  the  separation  must  be  truly 
unaffected  by  transition.  That  Is,  transition  must  not  occur  In  the  separated  region  nor  In  the  near 
vicinity  of  the  reattachment  lines.  Purely  laminar  separation  was  achieved  with  a  total  temperature  of 
18.3*C  and  a  total  pressure  of  20.7  kPa,  which  resulted  In  a  Reynolds  number  of  l.B  x  10‘/m. 

3.4  Turbulent  Flow 

At  Reynolds  numbers  above  5.0  x  10‘/m  the  boundary  layer  became  turbulent  upstream  of  the  separ¬ 
ation  with  the  20‘’/5*  wedge.  The  existence  of  turbulence  was  confirmed  by  observing  the  radical  downstream 
shift  of  the  separation  line  and  the  Increase  In  velocity  gradients  near  the  wall. 
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3.5  Hot  Wire  AnenoDetry 

A  constant  temperature  hot  wire  anemometer  was  used  to  determine  velocity  magnitude  and  direc¬ 
tion,  temperature  and  Mach  number  of  the  fJow  field.  The  hot  wire  anemometer  was  suitable  for  this  pur¬ 
pose  because  of  the  relatively  small  size  ot  the  probe  and  Its  directional  sensitivity  characteristics. 
Because  the  hot  wire  responds  to  mass  flow  rate,  with  the  low  density  required  to  maintain  laminar  flow, 
the  hot  wire  data  reduction  scheme  became  quantitatively  Inaccurate  In  the  Inner  region  of  the  boundary 
layer.  However,  the  qualitative  shape  characteristics  of  the  boundary  layer  profiles  Indicating  regions 
of  reversed  flow  and  cross  flow  were  believed  to  be  accurate. 

The  hot  wire  anemometer  measures  the  local  mass  flux  of  a  flowing  fluid  by  determining  the  rate 
of  heat  transfer  from  a  heated  wire  (10.2  pm  diameter).  Heat  transfer  Is  detent Ined  by  measuring  the 
electrical  resistance  of  the  wire  and  voltage  drop  across  It. 

The  theoretical  analysis  of  heat  transfer  from  circular  cylinders  need  not  be  considered  here. 
Extensive  empirical  data  dealing  with  the  heat  transfer  rates  from  Infinitely  long  circular  cylinders  In 
terms  of  Nusselt  number  have  been  published.  We  have 

''"m  ■ 

(Tw  -  Te„)K 

IB  to  0 

where  Nug,  Is  the  measured  Nusselt  number,  q^,  Is  the  heat  dissipated  from  the  wire  per  unit  area,  d 
Is  the  diameter  of  the  wire,  Is  the  thermal  conductivity  of  the  surroundings  at  stagnation  condi¬ 

tions,  Te,,  Is  the  equilibrium  (adiabatic  recovery)  temperature  of  the  wire  and  TWg,  Is  the  heated  wire 
temperature.  The  data  have  been  related  as  a  function  of  the  iion-dlmenslonal  flow  parameters;  Mach  number 
and  Reynolds  number.  The  data  were  reduced  by  Dewey*  to  a  set  of  universal  correlation  curves.  The  curves 
were  used  to  determine  the  Mach  and  Reynolds  numbers  (based  on  wire  diameter)  from  the  measured  heat 
transfer  relations  corrected  for  the  effects  of  finite  wire  length. 

For  a  finite  length  of  wire  there  Is  heat  loss  to  the  wire  supports  In  addition  to  the  convective 
and  radiated  heat  loss.  The  conduction  end  losses  resulted  In  a  symmetric  but  nonuniform  temperature  dis¬ 
tribution  along  the  wire.  The  end  losses  also  affect  the  adiabatic  recovery  temperature  of  the  wire, 
which  In  turn  affects  the  heat  transfer  rate  of  the  finite  wire  as  compared  to  the  Infinite  wire  length 
case.  Therefore  corrections  to  the  adiabatic  recovery  temperature  of  the  wire  were  made.  The  end  loss 
effects  of  the  finite  length  of  wire  were  quantitatively  Important  (end  conduction  heat  loss  could  be  as 
large  as  50  percent  of  the  total  heat  loss  for  wires  with  aspect  ratios  of  100) .  Because  of  this  fact  a 
careful  theoretical  analysis  of  the  end  loss  was  carried  out. 

The  details  of  the  hot  wire  anemometer  reduction  procedure  are  given  In  a  report  by  Klopfer.’ 

This  was  written  In  collaboration  with  the  present  authors  for  use  In  the  current  experiment. 

Local  flow  direction  was  determined  using  the  fact  that  heat  loss  Is  primarily  dependent  on  the 
flow  normal  to  the  axis  of  the  wire.  Two  measurements  with  different  wire  orientations  In  the  plane  of 
the  model  surface  were  taken  at  each  point.  The  Mach  number  components  at  the  two  different  wire  orienta¬ 
tions  were  used  as  follows. 

The  resultant  local  flow  direction  relutlve  to  the  free  stream  direction  of  the  wind  tunnel  was 
determined  by 


e 


The  resultant  Mach  number  Is  (Fig.  A) 


tan 


-1 


Mj^  sin  02  -  Mj  sin  6j^ 
Mj^  cos  02  -  Mj  cos  ©2 


M  -  M^/cos  (  y  -  02  +  0) 

“  M2/COS  (  j  -  02  +  0) 


Two  profiles  were  measured  separately  at  each  position  on  the  model  with  one-wire  angle  probes, 
one  at  each  angle.  Such  a  procedure  was  possible  with  the  accurate  probe  positioning  system.  The  two- 
wire  crossed  probe  technique  was  not  used  because  of  Its  Inherent  flow  disturbance  and  the  necessity  of 
having  the  wires  at  the  some  level  above  the  model. 


In  the  near  proximity  of  the  model  the  hot  wire  loses  heat  to  the  model  as  well  as  to  the  fluid. 
With  the  model  at  the  adiabatic  recovery  temperature  («  55*F)  and  the  wire  at  approximately  250*F  a  sub¬ 
stantial  heat  loss  via  molecular  conduction  may  occur  In  the  presence  of  the  model. 


Tests  were  made  of  this  phenomenon  with  no  flow  thus  Isolating  the  wall  heat  loss  from  the  loss 
due  to  forced  convection.  When  heat  loss  versus  distance  from  the  wall  was  plotted  a  logarithmic  profile 
was  found.  The  no-flow  distance  from  the  wall  where  the  effect  became  negligible  was  of  the  order  of 
0.25  am. 


To  reduce  the  effect  of  heat  loas  to  the  model  a  wire  temperature  as  low  as  possible  was  used. 
For  regions  of  two-dimensional  flow  observations  of  the  analog  plots  of  the  boundary  layer  profile  showed 
the  effect  to  be  confined  to  0.13  mm  of  the  model.  Therefore,  no  corrections  were  made  for  this  effect. 

A  discussion  of  possible  correction  schemes  may  be  found  In  Wills.'* 


35-6 


3.6  Visual  Data 


The  flow  pattern  adjacent  to  the  surface  was  made  visible  by  applying  discrete  dots  of  a  mixture 
of  titanium  dioxide,  oleic  acid,  and  oil  to  the  model  surface.  A  grid  was  then  established  to  determine 
trhere  boundary  layer  traverses  would  he  made. 

3.7  Pressure  Measurements 

Each  model  has  four  rows  of  static  pressure  taps  dlsTlbuted  over  the  model;  rows  falling  along 
the  centerline,  and  at  1.27  cm,  2.54  cm  and  at  3.81  cm  from  the  centerline.  The  pressure  lines  were  con¬ 
nected  via  manifolds  to  a  Dlbutylphthalate  nlcromanometer.  Repeated  measurements  showed  good  agreement. 
The  averaged  pressures  were  plotted  to  form  a  pressure  plane  for  the  model. 

3.8  Hot  Wire  Traverses 

A  low  power  sdcroscope  was  Initially  used  to  position  the  hot  wire  axle  parallel  to  the  model 
surface.  The  microscope  was  also  used  to  establish  how  close  to  the  wall  the  probe  could  reach  (SO  ym 
from  the  wall  was  possible).  On  the  wedge  the  traverses  were  taken  normal  to  the  model.  Data  points 
were  recorded  at  a  spacing  of  8.45  um. 

A  complete  set  of  profiles  was  recorded  and  then  repeated.  The  data  sets  were  then  combined; 
each  set  at  one  hot  wire  angle  was  combined  with  all  sets  at  the  other  hot  wire  angle.  In  this  manner 
the  primary  source  of  error,  the  Inaccuracy  of  the  position  In  the  boundary  layer  at  which  the  measure¬ 
ment  was  recorded,  was  reduced. 

Concerning  accuracy,  repeated  measurements  established  that  the  experimental  errors  In  velocity 
and  pressure  were  less  than  2Z  and  12,  respectively.  The  velocity  direction  was  believed  to  be  accurate 
to  within  52  accuracy  except  at  very  low  speed  regions. 

4.  RESULTS  AND  DISCUSSION 


The  principal  measurements  made  during  the  Investigation  were  static  pressure  distributions  on  the 
model  and  velocity  profiles  across  the  boundary  layer  at  a  sufficient  number  of  stations  to  cover  the 
whole  Interaction  region,  extending  from  upstream  of  separation  to  downstream  of  reattschment.  In  addi¬ 
tion,  mapa  of  skin  friction  lines  (equivalent  to  the  wall  streamlines  referred  to  by  Elchelbrenner)  were 
obtained  from  surface  oil  traces. 


Most  of  the  results  given  here  correspond  to  laminar  separation  and 
7.5*  (cross  slope)  wedge,  dominated  by  strong  cross  flow.  A  few  results 
case  are  Included  (a  ■  10*,  8  •  5*)  and  velocity  profiles  are  shown  for 
8  -  5*. 


reattachment  In  the  10*  (Incidence) 
for  the  weak  laminar  cross  flow 
the  turbulent  case  a  ■  20*, 


4.1  Pressure  Distributions 

Static  preosure  distributions  for  the  10*/7.S*  wedge  are  shown  In  Figs.  4  and  5.  Figure  4  show-i 
the  variation  In  the  main  stream  direction  (X  Increasing)  at  constant  spanwlse  stations  (Y  ■  constant). 
Figure  5  shows  distributions  In  planes  normal  to  the  main  stream,  giving  the  pressure  variations  in  the 
spanwlse  direction  at  stations  X  •  constant.  In  the  streamwlse  direction  the  pressure  rises  continuously 
In  all  vertical  planes  and  the  plateau  observed  in  two  dimensions  Is  not  attained  In  any  plane,  although 
the  distributions  away  from  the  plane  of  symmetry  show  a  region  of  very  gradual  Increase  In  the  neighbor¬ 
hood  of  the  wedge  comer.  In  the  heart  of  the  separated  zone  the  spanwlse  pressure  falls  rapidly  near  the 
plane  of  symmetry  and  this  effect  Is  responsible  for  the  strong  cross  flow  on  the  10*/7.5*  wedge.  Beyond 
reattachment  the  spanwlse  pressure  Increases  at  first  with  distance  Y  and  then  falls  rapidly  after 
reaching  a  maximum.  This  behavior  Is  connected  with  the  geometry  of  the  displacement  thickness  surface 
In  the  reattachment  region.  Figure  6  gives  the  spanwlse  pressure  distributions  In  the  10*/5°  case  and  It 
is  evident  that  the  spanwlse  gradients  are  much  smaller  than  In  the  10*/7.5*  case,  leading  to  a  more 
gentle  cross  flow.  The  streamwlse  distributions  In  this  case  show  little  change  from  plane  to  plane;  also 
the  two  dimensional  plateau  behavior  Is  completely  absent. 


4.2  Surface  Geometry  In  the  Separated  Regions 

Figure  7  shows,  for  the  10*/7.5*  wedge,  sections  of  two  Important  surfaces  In  the  separated 
region,  firstly  that  traced  out  by  the  effective  boundary  between  the  viscous  and  Invlscld  regions,  and 
secondly,  the  outer  boundary  of  the  reversed  flow  region  (where  the  axial  velocity  component  changes 
sign) .  Traces  of  a  third  surface  are  also  shown,  representing  the  boundary  of  a  secondary  transverse 
flow  very  near  the  wedge  leading  edge;  the  experimental  evidence  for  the  existence  of  this  Is  quite  strong. 
Two  special  features  of  the  Invlscld  boundary  should  be  noted.  Firstly,  the  height  of  the  region  reaches 
a  pronounced  maximum  above  the  wedge  leading  edge,  near  the  center  of  the  separated  zone.  Secondly,  while 
this  maximum  height  Increases  significantly  In  the  spanwlse  direction,  the  height  of  the  region  In  a  span- 
wise  plane  downstream  of  reattachment  Is  almost  constant.  This  Is  In  conformity  with  the  changes  In  span- 
wise  pressure  distributions  shown  In  Fig.  5.  The  corresponding  boundary  traces  In  the  10*/5*  case  are 
shown  in  Fig.  8.  Here  the  changes  In  behavior  with  span  are  much  less  pronounced,  as  would  be  expected. 


4.3  Velocity  Profiles 

The  development  of  measured  velocity  profiles  for  the  10*/7.5*  wedge  Is  shown  In  two  views  In 
Figs.  9  and  lU.  Figure  9  shows  profiles  of  the  u  velocity  component  In  four  planes  parallel  to  the 
plane  of  symmetry.  All  the  profiles  are  laminar  In  character  with  Inflection  points  characteristic  of 
retarded  flow  regions.  Reversal  of  sign  of  the  u  component  Is  confined  mainly  to  the  neighborhood  of 
the  plane  of  symmetry.  In  sharp  contrast  to  the  situation  in  two  dimensional  flow.  Figure  10  shows  the 
profiles  of  the  transverse  v  component  in  three  spanwlse  planes  and  emphasizes  the  importance  of  cross 
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flow  In  the  separated  region.  Figure  11  combines  the  Information  In  Figs.  9  and  10  and  shows  the  velocity 
profiles  In  three  dimensional  form  over  the  whole  separated  region  near  the  wedge. 

A. 4  Separation  and  Reattachment 


To  resolve  the  flow  behavior  In  the  separation  region  a  flow  visualization  technique  was  used. 
Since  the  skin  friction  Is  minimal  In  the  laminar  cases,  particularly  where  the  boundary  layer  Is  Inflected 
near  the  wall  In  regions  of  pre-separation  and  In  regions  where  separation  has  occurred,  a  very  low  vis¬ 
cosity  mixture  was  required.  A  mixture  of  light  machine  oil,  titanium  dioxide  and  oleic  acid  was  used. 

The  oleic  acid  serves  to  break  up  the  particles  of  titanium  dioxide.  The  mixture  was  applied  In  discrete 
dots  to  the  surface  of  the  model  with  an  excess  near  the  leading  edge.  Although  start-up  transients  car¬ 
ried  some  of  the  mixture  away,  a  sufficient  quantity  of  the  trace  material  remained  to  be  rearranged  Into 
the  mapping  of  the  directions  of  the  skin  friction  lines  of  the  steady  state  flow,  after  a  sufficient 
amount  of  time  had  elapsed. 

Separation  was  found  to  stand  upstream  of  the  forward  tip  of  the  wedge-plate  Intersection  line 
approximately  1.5  cm  on  the  plane  of  symmetry  In  the  case  of  the  10*/7.5‘  wedge  but  extended  forward  with 
respect  to  the  wedge-plate  Intersection  line  with  distance  from  the  plane  of  symmetry.  This  resulted 
from  the  shock  strength  Increasing  with  distance  from  the  plane  of  symmetry.  Displacement  of  the  Invlscld 
flow  was  relatively  small  on  the  plane  of  symmetry,  as  was  the  slope  to  separation  (Fig.  7).  The  separa¬ 
tion  line  was  swept  back  with  distance  from  the  centerline  (Fig.  12),  forming  a  blunt  hyperbolic  curve 
with  asymptotes  that  appeared  to  be  parallel  to  the  wedge-plate  Intersection  (this  could  not  be  confirmed 
because  of  the  aspect  ratio  limitations).  The  separation  line  In  the  case  of  the  10*/5*  wedge  formed  a 
more  flattened  curve  about  the  plane  of  symmetry. 


Accumulation  of  the  trace  material  occurred  on  the  separation  line  at  the  model  plane  of  symmetry. 
This  point  Is  a  singular  point  of  flow  where 
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A  very  slow  lateral  flow  existed  along  the  separation  line  at  stations  away  from  the  centerline.  The 
pressure  plot  (Fig.  4)  Indicates  a  relatively  small  lateral  pressure  gradient  forward  of  the  wedge-plate 
Intersection  line  that  Is  driving  this  flow. 

Skin  friction  lines  originating  at  nodes  of  attachment  upstream  of  the  separation  began  turning 
at  distances  as  great  as  1  cm  upstream  of  the  separation  line  and  approached  It  asyirptotlcally .  Skin 
friction  lines  approaching  the  separation  line  from  downstream  originated  at  the  reattachment  line  begin¬ 
ning  from  a  direction  tangent  to  the  reattachment  line;  a  direction  with  a  positive  u  component.  These 
traces  formed  large  arcs  turning  Into  a  direction  approximately  upstream  and  then  back  to  merge  asymp¬ 
totically  with  the  separation  line.  The  separation  line  Is  thus  the  line  of  demarcation  dividing  the  sur¬ 
face  Into  a  region  accessible  to  skin  friction  lines  attaching  at  nodal  points  upstream  and  those  attach¬ 
ing  at  nodal  points  downstream  and  eventually  turning  upstream. 

In  the  neighborhood  of  the  wedge-plate  Intersection  line,  a  small  embedded  flow  region  was  dis¬ 
covered  wherein  the  flow  direction  was  found  to  follow  the  wedge-plate  Intersection  line.  The  reversed 
flow  approaching  this  region  appeared  to  depart  from  the  wall  and  move  over  the  region,  reattaching  again 
upstream. 


Hot  wire  measurements  Indicated  that  the  boundary  layer  was  lnflec>.ed  near  the  model  surface 
well  upstream  of  separation.  This  large  extent  of  upstream  Influence  Is  an  Inherent  result  of  the  self- 
sustaining  Interaction  between  the  boundary  layer  and  the  supersonic  stream  outside.  Stewartson  and 
Williams'*  used  a  theory  developed  by  Llghthlll'^ ' ' ’  to  demonstrate  that  the  propagation  upstream  could 
occur  anywhere  In  the  boundary  layer  provided  the  main  stream  was  supersonic  and  had  a  pressure  rise  down¬ 
stream  of  the  free  Interaction  zone. 

Within  the  separation  bubble,  hot  wire  measurements  confirmed  the  existence  of  a  very  slow  moving 
two  dimensional  separation  vortex  on  the  plane  of  synmietry.  However,  the  vortex  developed  a  spiral  com¬ 
ponent  with  distance  from  the  plane  of  symmetry.  The  rate  of  Increase  of  the  transverse  velocity  In  the 
neighborhood  of  the  separation  line  near  the  plane  of  symmetry  was  very  small.  Although  the  u  component 
of  velocity  reversed  dlrect..cn,  the  velocity  vector  within  the  separated  region  at  stations  displaced  from 
the  plane  of  symmetry  did  not  become  zero.  Instead,  the  velocity  vector  showed  a  continuous  rotation  Into 
the  free-stream  direction  a?  the  boundary  layer  was  traversed.  The  extent  and  growth  behavior  of  the 
region  of  the  reversed  component  of  velocity  can  be  seen  In  Fig.  7.  As  the  wedge  was  approached,  the  cross 
flow  component  became  progressively  greater  In  magnitude  and  extent,  while  the  reversed  u  component  was 
diminished.  It  can  be  seen  In  Fig.  11  that  as  resttachment  Is  attained  the  cross  flow  velocity  profile 
progressively  approaches  and  attaches  to  the  model  and  then  decreases  uniformly  In  normal  extent.  In 
general,  the  magnitude  of  the  reversed  velocity  component  within  the  separation  bubble  Is  very  small. 

Reattschment  was  subject  to  severe  three  dimensional  effects.  In  response  to  the  strong  trans¬ 
verse  pressure  gradient  on  the  wedges  (Figs.  4  and  7),  relatively  large  cross  flow  components  existed 
(Fig.  11).  Evidence  of  any  Increase  In  the  displacement  of  the  Invlscld  flow  as  a  result  of  the  lateral 
migration  of  low  momentum  fluid  could  not  be  confirmed  here  because  the  effect  of  cross  flow  could  not  be 
Isolated  from  the  effect  of  the  Increase  of  the  shock  strength  with  lateral  distance.  In  fact,  the  week 
cross  flow  model  (10*/S*)  wedge  demonstrated  a  greater  reattachment  boundary  layer  displacement  Increase 
with  distance  from  the  plane  of  symmetry.  Although  the  displacement  of  the  Invlscld  flow  over  the  separ¬ 
ated  region  was  similar  in  extent  for  the  10*/5*  wedge  and  the  10*/7.5*  models,  the  reattached  boundary 
layer  was  much  thinner  In  the  case  of  the  lO'/I.S*  model.  Results  for  the  10*/S*  case  are  discussed  more 
fully  In  Bachalo.*' 
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Tha  raattachaant  llna  In  tha  caaa  of  tha  10*/7.S*  aodal  Movad  downatraaa  with  dlatanca  frow  tha 
■odal  aywMtry  llna  (Fig.  12)  and  appaarad  to  bacowa  aaywptotlc  to  a  llna  parallal  to  tha  wadga-plata 
Intaraactlon  llna.  (Onca  again,  thla  cannot  ha  conflnad  hara  bacauaa  of  tha  llaltatlona  on  tha  nodal 
aapact  ratio.)  Rapid  growth  of  tha  boundary  layar  dlaplacanant  and  tha  axtant  of  tha  aaparatlon  cona 
occurrad  with  dlatanca  froa  tha  nodal  cantarllna.  Thla  nay  ba  aaan  In  Flga.  7  and  8.  Thla  la,  aa  afora- 
nantlonad,  a  raault  of  tha  Incraaalng  ahock  atrangrh  with  dlatanca  fron  tha  plana  of  aynaatiy.  Bowavar, 
tha  cranavaraa  praaaura  gradlant  would  approach  a  conatant  valua  at  larga  dlatancea  fron  tha  nodal  plana 
of  ayvatry.  Iharafora  It  nay  ba  poatulatad  that  tha  aaparatlon  and  raattachnent  llnaa  would.  In  fact, 
bacona  parallal  to  tha  wadga-plata  Intaraactlon  llnaa. 

Slnca  tha  tranavaraa  praaaura  gradlant  on  tha  wedge  la  zaro  on  tha  plana  of  aynnatry  and  larga 
In  tha  nalghborhood,  an  accalaratad  croaa  flow  valoclty  with  raapact  to  lateral  dlaplacanant,  3v/3y, 
nay  be  expected  there.  Tlila  la  evident  In  Fig.  11  whareln  a  relatively  large  croaa  flow  velocity  axlata 
at  a  atatlon  allghtly  dlaplaced  (2.S  w)  fron  the  plane  of  ayanetry. 

4.5  Turbulent  Caae 

Figure  13  ahowa  a  aaaple  of  three  dlnanalonal  turbulent  nean  velocity  prof  Ilea.  Only  the  u 
conponent  haa  been  ahown  at  atraanwlae  atatlona  In  the  nel^borhood  of  aeparatlon.  In  thla  caae  (20*/S* 
wedge)  the  aeparatlon  la  eaaentlally  confined  to  the  foot  of  the  ahock  at  the  wedge-plate  Interaectlon 
llna.  The  aeparatlon  haa  been  delayed  aa  conpared  to  the  lanlnar  caae  aa  a  reault  of  the  Increaaed  dlf- 
fualon  of  nonentun.  Retardation  of  tha  flow  In  the  Inner  region  of  t^e  boundary  layer  occurred  far 
upatrean  of  the  conpraaalon  corner  but  dlnlnlahad  with  dlatanca  downatrean  due  to  Increaalng  turbulence 
Intenalty.  The  aeparatlon  and  raattachnent  llnaa  were  approzlnataly  parallel  to  the  wedge-plate  Inter¬ 
aectlon  at  O.S  ca  upatrean  and  0.4  cn  downatrean  of  the  Interaectlon,  reapectlvely. 

A  atrong  croaa  flow  exlated  trlthln  the  aeparated  region.  The  akin  friction  llnea  fomed  a 
well-defined  aaddle  point  of  aeparatlon  about  the  forward  atagnatlon  point  and  a  nodal  point  of  reattach- 
nent  about  the  place  of  ayaietry. 

The  aeparatlon  In  thla  caae  reaulted  In  a  minlaal  dlaturbance  to  the  invlacld  flow  field. 
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Fig.  8.  Profile  view  of  separated  flow,  10*/5°  wedge 
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Fig.  9.  Laminar  separation,  10*/7.5*  wedge,  u  (axial)  velocity  profiles 
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Fig.  10.  Laminar  separation,  10*/7.5*  wedge,  v  (transverse)  velocity  profiles 
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Fig,  11.  10*/7.5*  Wedge,  laminar  separation  velocity  field 


Fig.  12.  Sketch  cf  the  skin  friction  lines  for 
laminar  separation  on  10'/7.5°  wedge 
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Integral  equations  governing  the  threo-di-nenslonal  flow  in  a  cylindri cally  symrrctric 
sliock  ..ave  -  turbulent  boundary  layer  interaction  are  \;r'.ttun  in  the  form  of  moirentnm 
equations  for  directions  normal  tc  and  aligned  with  the  line  of  the  shock,  plus  an 
entrainment  equation.  By  neglecting  the  contributions  of  surface  friction  and  mass 
entrair^inent,  direct  dependence  on  spatial  derivatives  is  reir.>^ved  and  solutions  are 
obtained  using  the  i-.ager  cross  flow  profiles  and  power-law  profiles  for  the  streamv/ise 
flow,  iiesults  are  produced  for  angles  of  sweep  greater  than  /*5°  v^(^'ich  shov/  good 
agreement  with  experimental  measure' eiits  of  pressure  rise  to  separation.  For  s' a’ ler 
angles  of  sweep  the  theory  suggests  that  the  -skin  friction  becomes  vanishingly  S'i;all 
at  separation,  which  in  turn  suggests  the  need  for  a  modified  separation  criterion, 

-.Yl'.LoLS 

Cpi  component  of  surface  friction  coefficient  in  x  direction 

Cfp  component  of  surface  friction  coefficient  in  y  direction 

pressure  coefficient  at  separation 

L  pressure  gradient  coefficient  (equations  23  and  1  .I4) 

F  entrainment  coefficient 

ratios  respectively 

f.  ,f  ,,f ,  functions  of  H.  (equations  1.15  to  1,16) 

H  shape  |«raneter  -ijC'"  cd 

Hp  shape  piranetcr  S*) 

shape  pananuter  J* 

I  total  pressure  loss  integral  (equation  39) 

pt 

ratio 

M  Kach  tiuml'cr  just  external  to  boundary  layer 

component  of  M  in  the  x  direction 
P  static  pressure 

P  total  pressure 

t  tan yS  for  i-.ag-'^r  profiles 

II  boundary  layer  velocity  component  in  direction  of  external  stream 

tx  boundary  layer  velocity  cot.iponent  in  direction  of  x  axis 

iT  boundary  layer  velocity  component  in  direction  of  y  axis 

x,y,2  rectangular  cartesian  axes,  z  normal  to  body  surface,  x  normal  to 

shock  front 

oc  angle  of  external  streamline  relative  to  x  axis 

angle  between  skin  friction  line  and  external  streamline 

g  value  of  z  at  edge  of  boundary  layer 

®ii  I 

®  e^de  stcp< 

t?,, ,  streamwise  inonentUiP  thickness  J 


x,y,2 


tanvC  -  tan  fi 

angle  betvjeen  x  and  y  axes 

oUBjCRIPTo 

two-dimensional  flow 

thrse-diriensional  flow 

edge  of  boundary  layer 

beginning  of  pressure  rise  to  separation 

separa-ion 
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iM'i^.DUCTlOM 

.jhock  wave  -  boundary  layer  Interaction  Is  a  phenomenon  v.hlch  can  have  an  important 
bearing  on  several  aspects  of  aeronautical  design.  The  role  played  by  this  interaction 
in  influencing  the  perfonnance  cf  items  such  as  wings  and  engine  intakes  in  supersonic 
flows  has  long  been  recognised  and  has  formed  the  basis  of  a  great  deal  of  study. 

Broad  features  of  the  interaction  of  a  shock  wave  with  a  boundary  layer  are  well 
understood  to  the  extent  that  in  certain  cases  working  theoretical  models  of  the  flows 
have  been  constructed  which  can  adequately  predict  measured  characteristics.  Of 
particular  interest  is  the  prediction  of  the  pressure  rise  to  separation  in  cases  where 
the  shock  v;ave  in  strong  enough  to  produce  a  region  of  reverse  flow  in  the  boundary 
layer.  Under  these  conditions  it  is  well  known  that  substantial  departures  from  the 
flow  patterns  predicted  by  inviscid  flow  theory  take  place.  The  pressure  rise  to 
separation  is  one  of  the  salient  features  identified  by  various  investigators  and  is 
important  since  the  pressure  at  separation  is  only  just  lower  than  the  almost  constant 
pressure  in  the  'plateau'  region  of  the  reverse  flow,  which  can  have  such  a  profound 
effect  on  features  such  as  wing  pitching  moment  and  control  surface  effectiveness. 

however,  the  major  part  of  the  investigation  has  dealt  with  nominally  two-dimensional 
flows,  whereas  in  practice  many  flows  possess  a  strong  element  of  three-dimensionality; 
flow  over  a  swept  wing  is  a  prime  example.  As  a  result,  present  knowledge  and 
understanding  of  three-dimensional  interactions  cannot  be  said  to  equal  that  of  two- 
dimensional  flows,  i.hilst  the  general  physical  mechanisms  are  undoubtedly  similar 
important  details  such  as  the  definition  and  effects  of  separation  differ  considerably. 
To  match  the  level  of  understanding  of  two-dimensional  flows  much  more  experimental  and 
theoretical  work  is  needed. 

In  general  three-dimensional  flows  a  boundary  layer  separation  line  is  defined^  as  a 
skin-friction  line  joining  a  separation  saddle-point  to  a  separation  node.  In  certain 
cases  wliere  the  flow  exhibits  some  forr.i  of  symmetry  it  is  possible  to  identify  the 
orientation  of  the  separc.tion  line  simply  from  consideration  of  the  symmetry.  For 
instance,  if  a  cylindrically  symmetric  flew  is  postulated  then  the  separation  node  and 
saddle-point  lie  at  plus  and  minus  infinity  referred  to  an  axis  aligned  with  isobars, 
and  the  separation  line  will  in  fact  coincide  with  one  member  of  the  family  of  isobars 
which  will  be  straight,  parallel  lines.  Under  these  conditions  separation  is  therefore 
deemed  to  occur  when  skin  friction  lines  have  been  turned  through  an  angle  sufficient 
to  bring  them  parallel  with  an  isobar. 

In  detem.ining  separation  position  experimentally  it  is  usual  to  rely  on  some  form  of 
surface  flow  visualisation  such  as  pigmented  oil-flow  techniques2.  Unfortunately  of  the 
few  published  results  of  three-dimensional  interaction  experiments  only  in  certain  cases 
is  skin-friction  line  visualisation  included,  Btanbrook3  examined  the  interaction 
produced  by  a  swept  normal  shock  and  the  side-wall  boundary  layer  of  a  wind-tunnel  in 
the  Kach  number  range  M  *  1.5  -  2.0;  from  oil-flow  results  and  surface  pressure 
measurements  he  was  able  to  determine  the  pressure  rise  to  separation.  McCabe's^  work 
was  quite  similar  in  technique  though  in  this  case  tests  at  a  higher  Mach  number  of 
Mii:3  were  carried  out.  The  experiments  of  3talkei'5  on  the  other  hand  did  not  include 
detailed  measurements  of  separation  position  but  rather  concentrated  on  the 
determination  of  pressure  rise  to  reattachment  and  upstreaun  influence. 

Of  the  three  investigations  mentioned  above  only  that  of  McCabe  included  a  theoretical 
attempt  to  look  in  detail  at  the  flow  inside  the  boundary  layer.  By  considering  the 
effects  of  the  vorticity  convected  by  the  boundary  layer  through  the  interaction 
region  McCabe  was  able  to  derive  an  approximate  relationship  between  external  flow 
deflection  and  skin-friction  line  deflection  and  hence  effectively  determined  the 
separation  pressure  rise.  Borne  rather  bold  assumptions  were  necessary  in  order  to 
complete  the  derivation  but  in  many  respects  the  comparisons  with  experimental  results 
appeared  to  indicate  a  definite  match. 

In  the  following  sections  existing  knowledge  of  three-dimensional  boundary  layer  flows 
is  applied  to  the  prediction  of  pressure  rise  to  separation  in  the  simplest  case  of 
tiiree-dimensional  shock  interaction  with  a  turbulent  boundary  layer;  that  is  a  flow 
with  cylindrical  symmetry  in  which  conditions  along  the  plane  of  the  shock  wave  are 
invariant.  Comparison  with  the  few  available  experimental  measurements  mentioned  above 
shows  an  encouraging  confirmation  of  the  predictions. 

The  basis  for  the  theory  is  an  integral  method^  for  the  prediction  of  three-dimensional 
turbulent  boundary  layei’  growth.  In  the  general  form  the  method  was  derived  in  terms 
of  non-o.'thogonal  curvilinear  co-ordinates  and  was  designed  for  use  with  either  the 
Mager?  or  JohnsonS  cross  flow  models.  The  entrainment  method  combined  with  power-law 
velocity  profiles  for  the  external  streamwise  flow  were  adapted  for  use  in  the  general 
coordinate  system  (x,y,z).  In  essence  the  integral  parameters  in  the  x  and  y  directions 
(z  was  taken  normal  to  the  surface)  were  related  to  those  in  the  external  streamwise 
direction  in  terras  of  the  assumed  velocity  profile  families.  The  basic  method  was 
applied  to  compressible  flows  by  3mith9  who  made  the  usual  modifications  to  account  for 
density  changes  across  the  boundary  layer.  Because  of  their  generality  the  governing 
integral  equations  as  derived  in  ref  6  provide  a  most  convenient  basis  for  the 
analysis  which  follows. 

In  some  previous  treatments  of  shock-boundary  layer  interactions,  10, 5  especially  for 
nominally  two-dimensional  turbulent  flows,  the  governing  equations  have  been  simplified 
on  the  assumption  that  surface  shear  stress  and  mass  entrainment  terms  can  be  regarded 
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a  plausible  assumption  and  if  one  which  will  bf^alrher^^"?^  appears  to  be  quite 
possible  .,0  relate  chanpiea  in  moment^  ^  consequence  it  becomes 

stream  pressure  directly  without  reference  to  rt-i«tano^*^^  parameters  to  changes  in  free- 
possible  to  relate  changes  in  tL  dirf^t!L  L  sk^n  ?rL^o"^?•  it  is 

pressure  and  by  so  doing  determine  the  pressuL  r^L  to  LpL^t^oL 

in  thrusTofL^r  LfsrnSf  ®  advantage  arises 

the  surface  friction  coeffieifcnt  a  •-  s  opposed  to  those  of  Johnston,  which  involve 
of  profuff  aL  L^LbU  [hLfLn!fcft^f^thr^a  -Whilst  the  merits  of  the  two  famuIL 
makfs  the  choice  a  c!Lr  LI.  X  Ls^Us  of  the"aL[®a?^^  application 

adiabatic  flows  indicate  for  shfck  sLeJs  rLfter'^thln''^6oLH::®  cestricted  to 

undisturbed  flow.  For  sweeps  ff  ifsf  Lo  ^'^®P®  Parameter  H  of  the 

become  unrealistically  largL  Compared  with^refultl  ohLf separation 
it  is  possible  to  deduce  thai  forangiL  orswllp^^c^  grflLr  thL 

to  separation  is  smaller  than  that  r?».  a  ^  a-  ^  •"  Efeater  tnan  45  the  pressure  rise 
undisLrbed  flow  b^a  factor  of ^  cof^-  two-dimensional  interaction  in  an  identical 


1  ni:.um 

T,.  <  ,  j  (1)  btUIwJaiiY  LnYbrt  FLCW 

axis  in%";j:LLanf  o“‘th|-'’fhfck"anrL“a!lfr®t'rtL"  symmetric  with  the  y- 

Conditions  along  the  y  axis  will  thL  be^iLariaJ^  "'‘Th^x  axif^ls®ia®''®"H'^? 

fnXLX  ^L^trLrL"^2"L^I:L:^rme-u?^^9i  =ero. 

integral  equation  for  the  x  direction  may  be  taker.  r°L  re?  6  L  the’?oL 


dxC^^t  ®..)  e.  ^ 


(1) 


(V.omentum  thickness  for  the  x  diroction  fi  n.--i  ir 
and  reiiltant  velocity  iu't  external  tn  twa  ■  a  are  the  density 

external  velocity  in  t.he  x  The component  of 

friction  in  the  x  direc?iL  In^A  L  dIrLtiy  reUted  toLh^w^  "  ®'T''®®® 

If  momertum  thickness  in  the  external  .st.near.wLe  diL"L.?L  sS'^hat 


1  I 


■  1 1 


e. 


1 1  > 


may  be  showmic 

(2) 


Johnston  profiles)  and  the  streamifise  Xna  '’or 


Hi  m 


strtinv.ise  shape  paranif-ter 


The  parameter  Hi  is  defined  as 
(3) 


boLLry'LyL  ?hi?knrss.°"  d’  the  external  stream  and 


is 


The  momentum  integral  equation  for  ^t he  y-direction  may  be  obtained  in  t.he  form 

'?o?'’?hf"LdfrL1iLf''lL?f?o?e  "'®LLay'bc'?LL“d  tb.  momentum  thickness 

case  by  the  equation  21  t'c  related  to  ©n  directly,  in  this 

®i,  =  (5j 

where  F21  is  a  function  of  ®t  ,  ^  and  rii. 


(6) 

where  Ji  is  another  function  of  &  -pw  u.  __j  p 

The  three  functions  Fn,  F21  and  Jl  are  deLved  "n  Lp  aX®"  coefficient, 

appendix  n1 .  1 1  1  ■‘nu  ui  are  derived  ..n  ref  6  and  are  included  here  in 

the  second ®tirri  on  the  lefLhfnrsLe|'^Li^  is'^esLLiallv^a  i"  order  that 

may  be  written  in  terms  of  the  gradient  of  velocity  !n  ?heL!di^L1'ioL 

^egiL"o?  ?Mrpres^L"r!s?  Ckfr^ffetion  mLir^nea?-  -h!"”  "'’®"  ®'^®^ 

momentum,  balance  and  entrainment  contributions  to  bouLaPy^'iLLLLL?!";"  rL.e^’Ire  also 


negligibly  amall.  Hence  the  three  governing  equations, (( 1 ) ,  (u)  and  (6)),  may  be 
approximated  by 


X  ®*')  ^1  f *  1^*  Au.. 

'  O  ; 

(7) 

and 

(8) 

m  const.^ 

(9) 

where  the  streamv/ise  momentum  thickness  in  L6)  has  been  written  in  terms  of  ®il  p- 
using  the  relationship  given  by  (2),  and  •'21  in  (4)  has  been  replaced  by  •  ■— 

using  12)  and  (5).  " 

Reparation  in  the  case  of  cylindrically  symmetric  flov;s  is  identified  by  the  condition 
that  at  separation  the  akin  friction  lines  are  parallel  to,  in  this  case,  the  y-axis. 

It  follows  quite  readily  that  if  (P  is  defined  as 

p  .  oc  •  -/-ew  (10) 

then  at  sep'aration,  denoted  by  subscript  s, 

/  (11) 

Further,  if  it  is  assumed  that  at  the  start  of  the  pressure  rise  there  is  no  cross  flow 
in  the  boundary  layer  (collateral  flow)  then 

=  O  (12) 

where  subscript  o  refers  to  conditions  at  the  beginning  of  the  pressure  rise. 


In  appendix  A1  it  is  3ho\/r  that  for  Fager  profiles 

£1  .  _ 

where  fi2,  f21  and  f22  are  a]l  functions  of  only  and  are  derived  in  ref  6.  The  shape 
parameter  is  defined  as 


(13) 


i,  both  experimental  and  t 


(H) 


) 

There  is  some  evidence,  both  expei*^imehtal  and  theoretical,  to  sug- est  that  values  of 
Hi  and  Hi  are  related  in  a  substantially  unique  way  and  here  the  power  law  relationship 

U  ^  ( 1 1 

■  tsftt 

will  be  assumed. 

If  the  parameter  Q,  defined  as 

0  -  Uc  oc  (16) 

is  introduced  then  by  applying  (9)  t’et'..';er.  the  start  of  the  pressure  rise  and 
separation  it  follov.'s  tt.at 


<9.  = 


^  ^22 


(17) 


H, 


where 

s,-  ®'A 

It  is  therefore  clear  that  for  a  given  value  of 
Hio  of  1,2^^  (1/7t'n  power  law). 


(18) 

_  is  uniquely  related  to  the 

value  of  His.  The  relationship  betv;een  ©^and  His'  is  shown  in  fig  2  for  a  value  of 


Jimilarly  by  taking  the  expression  for  Fpi/Fii  as  derived  in  Appendix  A1  and  applying 
(Kl  between  the  start  of  the  pressure  rise  and  separation  it  may  be  shown  that 


1  ♦  T.J-, 

_ 21s  12s  2.:a 


(19) 


’^12.1  ^  ^^21  s  ”  ^22s^ 


By  eliminating  <9*  between  equations  (17)  and  (19)  it  readily  follows  that 


tan  eC. 


‘^1  o  ^^21  s 


'22s 


;20) 


'Is 


^  ^2s  '*^^10  ^^’l2s“^  ^ 


from  which  it  may  be  seen  that  for  a  given  value  of  Hig  (and  hence  Hiq),  the 
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external  flow  angle  <<g  is  a  function  of  Hj[8  only.  The  relationship  between  and 

H^g  is  bho'.vn  in  fig  3  for  H^o  ■  1.286,  The  upper  limiting  value  for  of  90o 

corresponds  to  the  limit  in  which  shock  sweep  tends  to  90°  and  /®a  tends  to  zero.  At 
this  limit  it  will  be  seen  that  a  lower  limiting  value  for  Hia  of  1 .48  arises  (for  “ 
1  .286).  For  values  of  Hig  in  the  region  of  2.1  -  2,2,  where  typically  separation  in 
two-dimensional  flows  may  be  expected,  0C3  lies  in  the  range  600  -  580.  At  these  high 
values  of  Hig  the  various  assumed  relationships  between  shape  parameters  and  also  the 
cross  flow  profiles  become  of  dubious  validity.  Consequently  a  value  of  2.1  for 
will  be  taken  as  an  upper  working  limit.  Hence  the  theory  as  laid  down  may  be  expected 
to  apply  to  interactions  in  which  ^3  lies  in  the  range  600  -  900, 


deference  to  fig  2  then  enables  limits  of  4.4O  to  approximately  4.32  to  be  put  on  the 
value  of  5g.  Thus  if  a  mean  value  of  5  g  of  4.36  is  taken  then  over  the  range  of 
application  of  the  t^ory  ®  g  varies  by  less  than  .  In  what  follows  therefore  a 
constant  value  for  ©g  of  4.36  will  be  taken. 


In  terms  of  the  compound  variable  <9  equation  (7)  may  be  written 

aCeu.)  -  .0 


where  the  relationship 


has  been  invoked.  t«riting 


E 


U-t  COSoi 
A I  Coin 

^Pfi 


the  assumption  that  n  remains  substantially  constant  over  the  pressure  rise  to 
separation  enables  equation  (21)  to  be  approximated  by 

ci  [e  J )  ~° 

or 


c  const. 


(21  ) 

(22) 

(23) 

(24) 

(25) 


Justification  for  taking  to  be  aoproximately  constant  may  be  derived  from  appendix  A1 
where  it  is  shov\Ti  that  the  value  of  E  ;.s  set  by  the  three  parameters  Hj,  and  M 
whose  influences  tend  to  cancel  each  other.  The  value  of  E  tends  to  be  increased  by  an 
ir.'^r.  ase  in  Hi  as  separation  is  approached  but  tends  to  decrease  as  Mach  number  falls; 
increasing  values  of  tend  to  increase  E  near  the  start  of  the  pressure  rise  but  have 
an  opposite  effect  near  separation.  Tiie  combined  effect  depends  in  detail  on  the  values 
of  Kq  and  H^g  but  in  broad  terms  t  tends  to  change  by  only  a  small  amount. 


■it  the  start  of  the  pressure  rise  it  is  shown  in  appendix  A1  that 

1  ^  o  =  H^  +  1  =  2.286(1  +  0..2K^^),  (26) 

so  that  by  applying  (25)  between  stations  o  and  s  it  is  clear  that 

Here  the  value  of  Sg  determined  previously  has  been  substituted, 

(2)  cXfEHNAL  FLOW 

In  cases  of  swept  shock  interaction  the  appropriate  model  for  the  external  flow  is  not 
readily  apparent.  If,  as  may  be  the  case,  the  generated  shock  is  embedded  in  the 
boundary  layer,  then  the  external  flow  will  be  non-isentropic .  If  the  increase  in 
entropy  through  the  shock  is  large  then  equation  (1)  is  not  valid  since  it  would  in 
these  circumstances  lack  a  term  involving  the  x-wise  gradient  of  total  pressure. 
However,  for  shocks  of  moderate  strength  the  increase  in  entropy  is  also  moderate  and 
the  absence  of  total  pressure  gradient  temis  in  (1)  may  be  justified  v/ithin  the  limits 
of  the  approximations  already  made. 


(28) 


If  a  separation  pressure  rise  coefficient  is  defined  as 

then  because  the  component  of  external  velocity  in  the  direction  of  the  y  axis  remains 
constant,  equation  (28)  may  be  expressed  as  y 

<0 


in  isentropic  flow,  where 


Cos  *<0 


(29) 

(30) 
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Using  the  binomial  theorem  (29)  may  be  expanded  to  give 


(31) 


Under  conditions  in  which  the  change  of  total  pressure  in  the  external  stream  may  be 
assumed  to  be  small  it  may  be  expected  that  a  good  approximation  to  (31)  can  be  obtained 
by  neglecting  all  but  the  first  two  terms  giving 


'Pi 


i' 


(32) 


To  the  same  order  of  approximation  this  may  be  written 


Cft  X  c*-s^)Co  —  ~^j  I  ( 33 ) 

which  takes  the  form  of  the  familiar  small  perturbation  approximatiou.  It  is 
interesting  to  note  that  (33)  is  exactly  the  expression  which  would  be  obtained  on  the 
assumption  that  the  increase  in  pressure  Ps-Po  is  effvjcted  by  a  single  normal  shock  wave 
aligned  with  the  y-axis.  Thus  even  for  flows  in  which  substantial  changes  in  total 
pressure  occur  and  for  which  clearly  the  approximation  of  (32)  is  not  valid,  equation  (33) 
may  be  expected  to  remain  within  adequate  limits  of  accuracy. 


Hence  from  the  combination  of  (33)  and  (25^/lt  follows  that 

TTiivT 

For  given  boundary  conditions  of  and  Mq  therefore  (34)  provides  a  prediction 
pressure  rire  coefficient  Cpg. 


(34) 
of  the 


The  condition  that  the  component  of  external  velocity  in  the  y  direction  remains 
leads  quite  readily  to  the  relationship 


tii  m 


constant 

(35) 


Thus  using  (25)  the  value  of  may  be  calculated  and  hence  Hja  may  be  obtained  from 
fig  3. 


bU*,P,»ia60K  '..ITH  bXPiiHi;-.,.i.TAL  itbSULTb 

There  are  few  experimental  investigations  of  three-dimensional  flows  which  have  been 
reported  in  detail  sufficient  to  permit  values  of  Cpg  to  be  determined.  Here  the 
results  of  Kcdabe^  aiid  btanbrook^  will  be  compared  with  the  predictions. 

Both  investigators  generated  a  swept  normal  shock  using  a  wedge  spanning  a  wind  tunnel 
working  section.  From  the  recorded  value  of  wedge  face  incidence  just  sufficient  to  turn 
skin  friction  lines  to  i-un  parallel  with  the  plane  of  the  shock,  it  is  possible  to 
deduce  the  value  of  Cpg  and  the  shock  incidence  “Cq,  Hence  the  group  may¬ 

be  plotted  against  t'lfe  working  section  hach  number  Mo  f’nd  the  trends  compared  with  those 
predicted  by  (34).  F'ig  4  shows  this  comparison;  oven  though  with  tiie  few  available  points 
finr;  conclusions  are  difficult  to  draw,  it  can  te  said  that  broadly  the  level  of 
agreement  is  quite  good,  there  being  some  Indication  that  the  predicted  trends  with 
clianges  in  free-stream  Fach  number  are  valid,  Results  at  the  tv;o  lower  i-ach  numbers  from 
otanbrook's  work  are  in  fact  border-line  cases  for  the  present  theory  since  values  of  flCg 
are  bclov/  the  limit  of  58°-COo.  Overall  therefore  the  agreement  shovm  by  fig  4  is  very 
encouraging. 

rt  comparison  with  results  obtained  for  nominally  tv/o-dimerisional  flows  (uefs  11,12,13j14, 
15)  is  presented  in  f ig  5  'where  it  will  be  seen  that  the  theoretical  trend  of  Cns2D  '^ith 
I'.ach  number  derived  in  ref  16  closely  resen  bles  the  trend  of  ^  jj/icmVc  d  riveS  here, 
oince  the  predicted  values  of  Cps2D  agree  \Jell  v'ith  the  measured  Values  shov.-n,  it  may  be 
argued  that  the  relationship 

is  valid  provided  al'ways  that  is  greater  than  the  lo'..'er  limit  of  between  58°  and  6X)o 

for  the  three-dimensional  flows,  oubscript  Kq  h^re  indicates  that  the  upstream  Mach 
number  is  identical  in  the  flows  being  compared. 

At  a  lower  limit  of  60°  for  ®4g  the  variation  in  shock  sv/eep  with  free-stream 

Mach  number  M_  is  shown  in  fig  6  where  it  will  be  seen  tiiat  in  the  supersonic  range 
is  always  greater  than  45°.  It  is  therefore  possible  to  conclude  from  (36)  that  Cpg 
for  a  swept  shock  interaction  is  always  los.s  than  the  value  appropriate  to  a  two- 
dimer.sioral  flow  at  the  name  Mach  number. 

uloOU^blOlJ 

In  setting  up  the  theoretical  model  it  was  assumed  that  cylindrical  symmetry  existed. 

In  the  experiments  from  which  results  were  taken  as  a  comparison  there  was  some  evidence 
that  the  interaction  region  was  spreading  with  distance  along  the  shock-\;ave,  and  thus 
strict  cylindrical  symm.-try  could  not  be  assumed,  ilo’wever  for  the  small  rate  of  spread 
which  was  evident,  terms  in  the  equations  representing  gradients  in  the  y-direction  can 
be  said  to  be  negligible,  making  the  assumption  of  cylindrical  symmetry  an  acceptable 
approximation.  Tlie  possibility  of  total  pressure  losses  in  the  flow  just  external  to 
the  boundary  layer  has  already  been  noted.  Ho'never,  if  substantial  losses  in  total 
pressure  P^.  occur,  equation  (21)  should  have  an  extra  term  and  should  appear  in  the  form 
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on  integration  this  gives 

I  f  / ffC£i^)  co«t., 

[<9h*,  /  -  ^  y  iTMi 

where  the  total  pressure  integral  wili  be  negative.  Hence  writing 


we  have 


i  rMl 
^  -  5. 


(37) 

(3£) 

(39) 

(40) 


oince  changes  in  total  pressure  will  not  affect  the  value  of  ©  g  it  may  be  inferred 
that  will  he  overestimated  by  equation  (25)  if  the  flow  just  external  to  the 

boundary  layer  is  not  isentropic.  Hence,  because  equation  (;3)  renains  a  good 
approxirii'ition  even  when  large  changes  of  total  pressure  occur  it  is  to  be  expected  that 
under  tr.ese  circumstances  Op^  will  be  underestimated ;  an  improved  prediction  should  be 
possible  by  evaluating  lp(-  given  by  (39).  -’•'rom  an  estimate  of  Ipt  dt  rived  from  normal 

shock-  ave  relationships  it  may  be  shovm  that  provided  Mmo  is  below  1.70  then  errors 
in  Cpg  caused  by  the  assumption  of  isentropic  flow  for  the  moriientum  equation  should  be 
less  than  5/-. 


It  has  been  assumed  that  there  is  zero  cross  flow  at  the  start  of  the  pressure  rise  to 
separation.  .<ith.  an  initial  cross  flow  in  the  sense  of  that  produced  by  the  interaction 
it  follows  from  the  analysis  that  the  pressure  rise  to  separation  would  he  smaller  than 
that  predicted  here  and  vice-versa.  However,  in  the  latter  case  a  profile  family  which 
embraced  the  cross-over  profile  would  be  needed  rendering  both  the  Kager  and  Johnston 
families  inappropriate. 

by  eliminating  the  direct  dependence  of  the  governing  equations  on  soatial  derivatives 
certain  singular  behaviour  of  the  equations  has  been  avoided.  For  two-dimensional 
adiabatic  flows  singular  behaviour  upstream  of  separation  can  he  inferred^^  to  result 
theoretically  from  the  neglection  of  changes  in  static  pressure  across  the  boundary 
layer,  similar  problems  arise  in  three-dimensional  flows  but  it  may  be  inferred  just 
as  in  two-dL'Mcr.oional  flows, '7  that  provided  the  integral  parameters  are  defined  as 
integrals  along  isobars  in  the  (x,z)  plane  ther,  the  font,  of  tiie  governing  equations  is 
unchanged  and  pressure  changes  along  a  surface  normal  (z  axis)  are  automatically 
accommodated.  Thus  on  condition  that  the  velocity  profile  families  assumed  here  are 
representative  of  those  arising  along  isobars,  the  analysis  can  be  said,  by  a  change  of 
interpretation,  to  account  for  changes  in  static  pressure  across  the  boundary  layer. 

It  has  been  siiown  that  the  analysis  cannot  be  expected  to  apply  to  interactions  in 
which  shock-. vave  sweep  is  less  than  the  lower  limits  shown  in  fig  6  as  a  function  of 
undisturbed  free-stream  i-.ach  nur.iber  bg.  Belov;  these  limits  the  predicted  value  of 
exceeds  the  range  of  values  in  which  surface  friction  falls  to  zero  in  two-dimensional 
flows.  A  cO'inion  assumption  in  three-dimensional  turbulent  flows  is  that  the  streamwise 
component  of  surface  friction  can  be  derived  from  two-dimensional  data;  by  inference 
therefore  values  of  His  above  approximately  2.1  imply  that  surface  friction  is  virtually 
zero  in  three-dimensional  flows  also.  Thus  in  the  range  of  sweeps  0°  to  45°  the  flow 
at  separation  apparently  exhibits  features  of  both  two-dimensional  separation,  in  which 
the  surface  friction  is  always  zero,  and  three-dimensional  separation  in  which  except 
at  saddle-points  or  nodes  surface  friction  is  generally  non-zero. 

Prediction  methods  for  this  lower  range  of  sweep  therefore  require  modifications  to 
either  the  velocity  profiles  or  the  effective  definition  of  separation. 

The  result  given  by  (34)  can  be  shown  to  support  the  inference  made  by  dtalker5  to  the 
effect  that  the  Influence  of  sweep  on  peak  pressure  ratio  may  be  expressed  simply  in 
terms  of  free-stream  Kach  number  component  normal  to  the  line  of  sweep.  Here  the 
pressure  ratio  at  separation  is  considered.  From  (28) 


so  that  on  substitution  for  Cpg  from  (34) 


Thus  if  sweep  is  changed  in  a  flow  at  a  given  bach  number  Mg,  then  the  pressure  ratio 
at  separation  depends  only  on  .  However,  two  flows  with  the  .same  value  of 

but  different  values  of  Kq  will  clearly  produce  different  pressure  ratios  at  separation. 
Furthermore,  although  certain  similarities  with  two-dimensional  results  have  been  noted 
equation  (41)  will  not  of  course  embrace  these  results  since  the  region  of  sweep  0  -  45° 
is  excluded. 


CON  CL  Ud  ION  3 

The  problem  of  predicting  the  pressure  rise  to  separation  in  a  cylindrically  symmetric 
shock  wave  -  turbulent  boundary  layer  interaction  has  been  analysed  using  a  momentum 
integral  method.  By  neglecting  surface  friction  aid  mass  entrainment  a  simple  expression 


36-8 


for  the  pressure  coefficlp.it  at  separation  has  been  derived,  valid  in  the  range  of 
sweeps  from  approximately  upwards.  At  smaller  angles  of  sweep  conditions  at 
separation  exhibit  features  which  suggest  vanishingly  small  values  of  surface  friction 
as  in  two-dimensional  flows.  Prediction  of  separation  in  the  range  of  sweeps  from 
i*5°  downwards  therefore  demands  a  modified  separation  criterion  which  may  be  beyond 
the  scope  of  the  velocity  profile  families  utilised  here. 

Comparison  with  exnerlmental  results  shows  an  encouraging  agreement,  although  more 
measurements  are  needed  to  support  firmer  comment.  Within  the  limits  of  the  theory  it 
has  been  shown  that  in  flows  at  the  same  undisturbed  free-stream  Mach  number,  increasing 
sweep  leads  to  smaller  pressure  rises  to  separation,  maximum  values  being  obtained  for 
two-dimensional  flows. 
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APPENDIX  A1 

INTEGHaL  PARAllETER  COEFFICIENTS 

From  appendix  U  of  ref  1  the  coefficients  Fn  ,  F2I  and  Ji  may  be  extracted  as 

^  >  ^S4^tt  s*U  (X-t)  CtUkSo^  j ^  1.2 

T,  -  [  H,5*^  CA--^)  j 

where  "X  is  the  angle  between  the  x  and  y  axes  and  for  Mager  profiles  t  ■  tan^  . 

By  putting  ^  -  tanct  tan ^  these  equations  become 

^11  *  ['  -  f  /xx  4^] 

^21  “  ITlS  4  ~:f>3.  -  -fxx  f'j  1.5 


■  cos 


I'  .  s^ocr^,^4^4) 

^11  (l-  C-fiX-'-fi,)  -#• 

and 

^  ^  MsuhV  (i-4«a  f  -iii. 

F„  S**' —  C'f't  "^4^0^  •♦■fxx 

The  term  E  is  defined  as 


Ai^siaL 

<9» 


and  this  may  be  written 

E  «  ^  ^  C«S(X  c  ~  CxoS  o(  1,10 

0„  C^,  F„ 

where  F^  may  be  taken  from  ref  6  as 

F^  ■  H  cos  ot  -  4i  t 

-  coseC  ^  j  1.11 

Hence 

r  ^  ^  ~  /“A-r _ j _  ■)  12 

Now  by  assuming  that  total  temperature  remains  constant  across  the  boundary  layer  it 
may  be  shown  that 

H  -  (rtj^  +  1 )  (1  +  0.2M^)  -  1  1 .13 

where  is  defined  by  (3)  and  M  is  the  Mach  number  just  external  to  the 

boundary  layer. 

Therefore  on  substitution  for  H  from  1.13,  1.12  becomes 

E  .  (Mt-n)0to  xM^)-/  -jx4  1.14 

l~  C-flX*fxi)  ^  +  'fxx. 

expressions  for  fi2,  f 21 »  ^22  ^2  <”*7  1^®  shown  to  be  identical  to  those  derived  in 

ref  6  except  that  hi  replaces  H  for  compressible  flows.  Thus 

fio  -  ■  — .  1.15 

^21  “  ch;-oc«^-^0 

^22- 

"""  '2  -  (ik-V^fe>ClK^r) 

The  effect  of  variations  in  Hi,M  and  ^  on  E  can  therefore  be  found  numerically. 


For  zero  cross-flow  ^  ■  0  and  1 ,14  becomes 
E  -  (H^  +  1  )  (1  +  0.2M^)  -  1 
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Therefore  at  the  beginning  of  the  pressure  rise  to  separation,  a  value  of  =  1,286 
gives 

4  t  -  +  1  -  2.286  U  +  0,2XJ^) 


1 


1  .20 


37-1 


niK  STRUCTURE  OF  THREE- DIMENSIONAL  SEPARATED  FLOWS  IN  OBSTACLE,  BOUNDARY- LAYER  INTERACTIONS 

RAYMOND  SEDNEY 
CLARENCE  W.  KITQIENS,  JR. 


Ballistic  Research  Laboratories 
Aberdeen  Proving  Ground,  MD  2I00S 


SUMM'.RY 

The  subject  is  studied  using  some  flow  visualization  techniques;  the  turbulent  boundary  layer  on  the 
wall  of  a  continuous  supersonic  wind  tunnel  is  used.  Sizeable  separated  flow  regions  can  be  studied  since 
the  wall  width  is  38cm  and  the  boundary  layer  is  typically  2.5cm  thick.  The  large  scale  of  the  experiment 
is  required  to  resolve  the  fine  details  of  the  flow  structure.  The  flow  visualization  techniques  are  dis¬ 
cussed.  The  variation  of  primary  separation  distance  is  presented  as  a  function  of  M,  R,  and  obstacle 
dimensions.  Some  scaling  laws  that  have  been  proposed  are  not  supported  by  our  results.  The  structure  of 
the  separated  flow  upstream  of  the  obstacle  changes  with  relatively  small  changes  in  R;  the  number  of  vor¬ 
tices  varies  from  6  to  4  to  2  as  R  changes.  Data  are  presented  for  large  and  small  protuberances,  but  the 
latter  are  emphasized. 


INTRODUCTION 

Although  the  history  of  the  sfidy  of  boundary- layer  or  shear  flows  over  obstacles  is  a  long  one,  the 
recorded  history  extending  back  to  Leonardo  da  Vinci,  several  aspects  of  such  flows  remain  elusive.  The 
main  qualitative  feature,  the  horseshoe  vortex  system,  is  well  documented.  The  twin  tornado-like  vortices 
that  rise  up  from  the  near  wake  and  become  the  trailing  vortex  system  have  been  studied  for  small  obsta¬ 
cles.  The  third  universal  feature  of  the  flow  is  the  downstream  persistence  of  these  two  vortex  systems. 

A  survey  of  the  effects  of  small  protuberances  on  boundary- layer  flows'  shows  that  the  above  tiiree  fea¬ 
tures  are  common  to  a  wide  range  of  conditions:  laminar  and  turbulent  boundary  layers  for  all  speeds  up 
to  hypersonic.  However,  more  detailed  examination  of  the  flow  structure  is  lacking  except  for  laininar, 
low  speed  flow.  One  purpose  of  the  present  paper  is  to  describe  the  flow  structure  for  turbulent,  super¬ 
sonic  boundary- layer  flows  over  protuberances.  Most  of  our  experiments  concern  small  obstacles;  i.e., 
k  <  6,  where  k  is  the  obstacle  height  and  6  is  the  99%  boundary- layer  thickness.  However,  data  for  large 
and  intermediate  obstacles  are  shown  and  their  relationships  with  small  obstacle  data  are  discussed. 

Since  the  flow  structure,  mainly  the  number  and  positions  of  vortices,  is  complex,  the  paucity  of  in¬ 
formation  on  it  is  not  surprising.  The  flow  structure  is  needed  not  only  to  achieve  an  intuitive  under¬ 
standing  of  the  flow  but  also  to  understand  the  pressure,  heat  transfer  and  shear  distributions  near  and 
on  the  protuberance.  These  distributions  and  this  understanding  are  needed  for  the  well  known  applica¬ 
tions  in  aerodynamics,  ballistics  and  hydraulics;  there  are  also  applications  in  meterology  and  geology. 
Recently,  some  features  of  the  flow  structure  were  used  to  interpret  erosion  patterns  on  Mars^.  Data  on 
pressure  and/or  heat  transfer  are  available  in  many  references,  mostly  for  large  protuberances.  Most  of 
these  are  discussed  in  either  Ref.  1,  the  ^urvey  by  Korkegi^,  or  the  report  of  Kaufman  et  al**.  The  very 
high  values  of  pressure,  pressure  gradient,  and  heat  transfer  measured  on  and  in  the  vicinity  of  large 
protuberances  in  supersonic  flow  are  a  most  remarkable  aspect  of  this  separated  flow.  Such  high  values 
are  not  found  in  the  relatively  few  experiments  on  small  protuberances.  The  unusual,  and  practically 
important,  feature  of  this  case  is  the  fact  that  the  disturbance  caused  by  the  small  protuberance  can  per¬ 
sist  for  hundreds  of  protuberance  heights  downstream'. 

Understanding  the  flow  structure  and  correlating  the  vast  amount  of  data  available  is  made  difficult 
by  the  number  of  parameters  that  must  be  considered.  The  dimensions  (three  lengths),  shape  and  orienta¬ 
tion  (sweep)  of  the  obstacle  are  important.  The  undisturbed  velocity  profiles  (laminar  or  turbulent,  2-D 
or  3-D)  and  6  must  be  considered  as  well  as  Mach  number,  M,  and  the  Reynolds  numbers  that  can  be  formed 
with  the  various  lengths.  The  undisturbed  velocity,  Uj^,  at  the  height  k  off  the  surface  has  been  found 

important  in  low  speed  flows.  Heat  and  mass  transfer  and  turbulent  shear  should  be  considered.  (We  are 
unaware  of  any  experiments  which  systematically  vary  these.)  This  plethora  of  parameters  is  relieved 
somewhat  for  large  protuberances;  if  k  ~  23  then  the  height  no  longer  influences  the  flow  interactions. 

But  the  number  of  parameters  is  still  large  and  unwieldy.  Therefore,  any  success  at  correlating  important 
flow  features  with  the  various  non-dimensional  combinations  of  parameters  is  important. 

Such  a  correlation  was  given  by  Westkaemper^  using  a  large  collection  of  data  on  primary  separation 
distance,  S.  This  is  defined  as  the  distance  from  the  leading  edge  of  the  obstacle  to  the  most  upstream 
location  of  separation.  However,  different  definitions  of  separation  were  used  in  the  data  he  collected. 
All  the  protuberances  were  cylinders  of  diameter  D,  with  k  >  fi;  the  boundary  layer  was  supersonic  and  tur¬ 
bulent.  His  conclusions  were:  S/D  «  2.65  for  k/D  >  1.13  and  S/D  =  2.42  (k/D)°‘^  for  k/D  <  1.13;  he  pro¬ 
poses  this  correlation  for  2  <  M  <  20  and  for  all  Reynolds  numbers  provided  the  boundary  layer  is  turbu¬ 
lent.  A  critique  of  this  is  given  later.  Unfortunately,  as  more  data  become  available,  the  deviation  of 
the  data  from  this  correlation  increases.  However,  this  work  indicates  that  S/D  is  essentially  independent 
of  k,  D,  and  Reynolds  number;  the  variation  with  M  is  significant  but  not  strong.  Thus  for  large  cylindri¬ 
cal  protuberances  the  possibilities  for  correlation  are  favorable  but  this  is  not  so  for  small  protuber¬ 
ances,  even  if  restricted  to  cylinders.  Our  data  show  that  for  constant  Mach  and  Reynolds  numbers,  S  does 
not  even  scale  with  D.  The  nujiier  of  models  tested  is  not  sufficient  for  us  to  arrive  at  definitive  corre¬ 
lations. 

The  main  point  of  this  work  is  to  determine  as  much  as  possible  of  the  flow  structure.  For  this  pur¬ 
pose  flow  visualization  was  used.  The  optical-surface  indicator  technique®’^  was  employed  to  visualize 
the  flow  patterns  on  the  surface  over  which  the  boundary  layer  flows.  More  conventional  techniques  were 
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used  on  the  surface  of  the  protuberance.  The  optical-surface  indicator  technique  is  particularly  suited 
to  this  application  and  yields  a  vast  amount  of  detail.  For  visualization  off  the  surface,  the  vapoi  screen 
method  was  used  since  it  is  the  only  tracer  method  that  will  work  in  supersonic,  turbulent  flows.  Altnough 
it  provided  some  useful  data,  it  cannot  approach  the  smoke  method,  so  useful  in  low  speed,  laminar  flow,  in 
the  amount  of  detail  observed.  It  could  not,  for  example,  resolve  the  multiple  vortex  pattern  upstream  of 
the  obstacles  revealed  by  the  optical -surface  indicator  visualization. 

For  a  given  protuberance  and  M  we  find  2,  4,  or  6  vortices  between  the  protuberance  and  primary  sepa¬ 
ration,  depending  on  Reynolds  number.  On  physical  grounds  there  is  no  reason  why  several  vortices  cannot 
exist  there,  but  in  the  experiments  on  turbulent  boundary  layer  -  obstacle  interactions,  at  either  high  or 
low  speeds,  two  are  almost  always  observed.  The  only  exception  known  to  us  is  the  work  of  Winkelman®;  he 
used  a  surface-indicator  method  in  a  high  speed,  turbulent  boundary  layer.  The  interpretation  of  our  sur¬ 
face  flow  patterns  was  aided  by  the  results  of  Norman^,  who  used  the  smoke  technique  in  a  low  speed,  lami¬ 
nar  boundary  layer  and  obtained  remarkably  detailed  information  on  the  streamlines  and  vortices  in  the 
separated  region.  The  structure  in  the  separated  flow  upstream  of  the  obstacle  is  fairly  clear  now  but 
there  are  some  features  that  must  be  clarified.  The  sensitivity  of  the  number  of  vortices  to  changes  in 
unit  Reynolds  number,  R/f,  is  an  interesting  fact  for  which  we  have  no  explanation  at  present. 

Although  we  concentrate  here  on  the  upstream  separated  flow,  many  other  features  are  revealed  in  our 
visualizations.  Furtl er  work  is  required  to  gain  sufficient  insight  into,  e.g.,  the  fascinating  near  wake 
flow.  Obtaining  this  insight  and  making  progress  on  the  items  discussed  at  the  end  of  the  previous  para¬ 
graph  would  be  much  easier  if  a  model  of  this  complex  flow  existed.  On  the  other  hand,  the  model  can  only 
be  formulated  after  sufficient  flow  visualization  is  accomplished.  This  paper  represents  one  stage  in 
this  iteration  process. 


FLOW  VISUALIZATION  TECHNIQUHS 

In  our  experiments  we  visualize  the  flow  in  the  following  ways:  (1)  the  optical-surface  indicator 
method  giving  plan- view  shadowgraphs  that  show  surface  flow  patterns  and  shock  fronts;  (2)  the  conventional 
surface  indicator  nethod  providing  the  flow  pattern  on  the  protuberance;  (3)  conventional,  side-view  shadow¬ 
graph  and  schlieren  methods  showing  the  trace  of  the  shock  surfaces  and  an  indication  of  the  edge  of  the 
boundary  layer;  (4)  the  vapor  screen  method  giving  shock  surfaces,  a  boundary- layer  edge  and,  to  some  ex¬ 
tent,  vortices.  Because  of  the  constraints  of  the  wind  tunnel  facility  and  for  reasons  of  time  and  economy, 
we  could  not  fully  exploit  all  of  these  techniques.  Most  of  our  data  was  obtained  with  (1),  considerably 
less  with  (3)  and  (4),  and  the  least  with  (2).  A  more  effective  tracer  method  than  the  vapor  screen  tech¬ 
nique  is  needed. 

The  tests  were  conducted  in  one  of  the  continuous,  supersonic  wind  tunnels  at  B.R.L.  The  interactions 
were  studied  by  placing  the  protuberances  in  the  wall  boundary  layer,  having  a  typical  thickness  of  2.5  cm. 
The  essence  of  the  optical-surface  indicator  method  requires  mounting  the  obstacle  on  a  tunnel  window  which 
is  in  the  sidewall.  Obtaining  the  side-view  shadowgraph  and  schlieren  pictures  requires  placing  the  obsta¬ 
cle  on  the  floor  (or  ceiling)  of  the  tunnel.  To  determine  the  properties  of  and  compare  these  boundary 
layers,  pitot  pressure  surveys  were  made  with  no  protuberance  in  the  flow.  TTie  data  were  taken  at  the  point 
where  the  center  of  the  protuberance  would  be.  Figure  1  shows  one  set  of  the  results;  a  separate  report 
will  contain  all  of  them.  The  99^  velocity  thickness,  6,  is  given  as  a  function  of  unit  Reynolds  number, 

R/£,  and  Mach  number,  M,  for  the  sidewall  and  floor  boundary  layers.  The  only  significant  difference  between 
these  occurs  at  M  =  3.50  for  the  lowest  value  of  R/£.  We  suspect  the  same  trend  exists  at  M  =  4.50  but  the 
results  at  small  R/£  are  not  available  for  the  sidewall  boundary  layer.  Similar  comparative  results  and 
trends  are  shown  for  displacement  and  momentum  thickness.  Thus  for  most  test  conditions  a  valid  quantita¬ 
tive  comparison  can  be  made  between  results  for  the  protuberance  in  the  two  locations. 

The  optical-surface  indicator  method  will  be  described  briefly;  for  more  details  see  Refs.  6  and  7. 

Tlie  obstacle  is  mounted  on  a  test  section  window  which  is  in  a  vertical  plane.  Figure  2  shows  a  schematic 
view  of  the  experimental  set-uji  and  a  sketch  of  some  features  of  the  flow  over  a  small  protuberance.  A 
small  amount  of  lightweight,  transparent  oil  is  placed  on  the  window  before  and/or  after  the  flow  is  started. 
After  the  surface  flow  pattern  is  established,  typically  in  1  minute,  a  shadowgraph  or  schlieren  picture  is 
taken;  we  refer  to  these  as  plan-view  pictures.  They  show  the  surface  (window)  flow  pattern  and  parts  of 
the  shock  surfaces.  An  example  is  shown  in  Figure  3.  The  relation  between  the  streaks  and  flow  near  the 
surface  is  discussed  in  Ref.  10. 

The  window  used  for  these  tests  is  one  that  has  several  pits  and  scratches  from  long  use  but  is  other¬ 
wise  a  "schlieren  quality"  window.  The  window  defects  will  be  evident  on  the  shadowgraphs  to  be  shown. 

The  model  is  bolted  to  the  window.  Schlieren  pictures  are  taken  by  flashing  a  BM-6  tube.  The  schlieren 
light  source  and  one  parabolic  mirror  are  used  for  continuous  viewing  on  a  frosty  mylar  screen.  Shadow¬ 
graphs  are  taken  with  a  spark  light  source  of  1  us  duration. 

Several  methods  of  introducing  oil  onto  the  window  are  used.  In  the  first  method  a  light  machine  oil 
is  sprayed  on  the  window  in  a  fine  mist,  usually  upstream  of  the  region  where  the  primary  separation  of 
the  boundary  layer  occurs.  A  second  technique  is  to  place  regularly  spaced  dots  on  the  window,  usually 
near  the  model.  A  third  method  of  introducing  oil  made  use  of  a  static  pressure  tap  located  40  cm  up¬ 
stream  of  the  model.  TVo  or  more  drops  of  light  machine  oil  are  aspirated  into  the  tunnel  wall  boundary 
layer.  Some  of  the  oil  flowed  along  the  wall  and  window  and  some  atomized  into  the  flow  off  the  wall.  The 
mist  formed  in  this  manner  was  carried  in  the  flow  to  the  region  immediately  upstream  of  the  protuberance. 
Some  impinged  on  the  window,  thus  drawing  the  surface  streamlines,  and  some  was  deposited  on  the  protuber¬ 
ance.  This  was  the  only  way  that  an  attachment  line,  labeled  A  below,  could  be  consistently  visualized. 

The  clearest  definition  of  the  surface  flow  pattern  is  obtained  when  the  oi'  drops  are  drawn  out  into 
streaks  of  height  0.1  mm  or  less.  The  intensity  of  the  image  of  the  streak  is  then  ?bout  501  of  the  undis¬ 
turbed  intensity;  it  appears  gray.  If  the  cross-section  of  the  streak  is  such  that  its  image  is  almost 
opaque,  the  spacing  must  be  considerably  greater  to  obtain  a  clear  pattern,  which  decreases  the  resolution. 
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I  The  observed  variation  in  intensity  can  be  predicted  approximately  by  geometrical  optics  calculations^. 

In  Figure  3  most  of  the  streaks  are  gray.  Several  prominent  features  are  labeled.  The  attachment 
line  A  is  difficult  to  see  in  a  reproduction  unless  the  region  is  enlarged,  see  Refs.  1  and  7  for  examples 

of  that.  If  oil  is  placed  near  and  upstream  of  the  model  before  flow  is  started,  it  is  mostly  wiped  away 

by  the  time  a  shadowgraph  is  taken.  If  oil  is  introduced  through  the  pressure  tap,  a  clear  image  of  A  is 
obtained  for  a  few  minutes.  This  is  the  region  of  highest  shear  and,  from  the  results  of  other  investiga¬ 
tors,  e.g..  Ref.  8,  highest  heat  transfer.  Further  discussion  of  this  is  given  in  a  later  section.  As  in 

all  shadowgraphs,  a  shock  wave  surface  will  produce  a  shadow  only  if  there  are  light  rays  at  nearly  grazing 

incidence  to  the  surface.  Since  the  cylinder  in  Figure  3  is  a  large  protuberance,  the  shock  pattern  is 
not  like  tlie  side  view  sketched  in  Figure  2.  It  consists  of  a  bow  shock  which  intersects  a  separation 
shock,  well  below  the  top  of  the  cylinder,  resulting  in  a  Mach  stem  plus  other  complex  structure.  A  visu¬ 
alization  of  this  will  be  shown  in  Figure  5.  For  the  conditions  of  Figure  3,  the  bow  shock  is  steady  and 
hence  has  a  distinct  shadow;  the  Mach  stem  is  unsteady  which  explains  its  irregular  shadow.  This  unsteadi¬ 
ness  is  shown  in  our  side-view  shadowgraphs  and  has  been  found  by  other  investigators.  The  dominant  fre¬ 
quency  of  the  oscillation,  from  other  kinds  of  shock  intersection  studies,  is  probably  on  the  order  of 
1000  M::.  The  shear  at  the  wall,  which  forms  the  surface  flow  pattern,  has  a  dominant  frequency  which  is 
presumed  to  be  much  less  At  any  rate  a  surface  indicator  method  can  only  give  an  indication  of  an  average 

flow  pattern. 

Tile  usual  surface  indicator  method  of  coating  the  model  with  a  pigmented  oil  was  used  to  observe  the 
flow  pattern  on  the  protuberance.  A  variation  of  this,  which  incorporates  the  idea  of  taking  a  shadowgraph 
of  transparent  oil  streaks,  was  also  used.  The  model  was  wrapped  with  a  transparent  plastic  sheet  and  oil 
was  introduced  through  the  upstream  pressure  tap  with  flow  in  the  tunnel,  as  explained  above.  At  the  end 
of  the  run  the  wrapping  was  removed  and  a  shadowgraph  of  it  was  taken.  Obviously  this  method  is  only  con¬ 
venient  if  the  surface  of  the  protuberance  is  developable.  Surface  flow  patterns  on  the  front  half  of  a 
large  and  a  small  cylindrical  protuberance  are  shown  in  Figure  4.  Somewhat  different  patterns  are  obtained 
for  a  large  cylindrical  protuberance  depending  on  k/6,  D/6,  M,  and  R/t,  see,  e.g..  Refs.  8  and  11.  The 
pattern  shown  in  Figure  4A  is  like  that  of  Ref.  11  except  for  the  upper  portion.  In  that  reference  k/6  was 
large  enough  so  that  the  circumferential,  2-D  flow,  was  approached.  We  are  unaware  of  other  work  that  shows 
the  surface  flow  patterns  on  a  small  protuberance.  A  distinguishing  feature  of  the  pattern  shown  in  Figure 
4B  is  the  attachment  point  on  the  central  generator  at  the  top  of  the  cylinder.  There  is  an  intimate  rela¬ 
tion  between  the  separation  lino  near  the  bottom  of  each  cylinder  and  the  attachment  line  A  mentioned 
above;  this  will  be  discussed  later. 

There  is  no  need  to  discuss  the  side-view  shadowgraph  and  schlieren  visualizations  except  to  say 
that  a  sampling  of  the  unsteady  behavior  of  the  Mach  stem  ajid  some  weak  waves  from  the  separated  shear 
layer  was  obtained  by  taking  a  sequence  of  shadowgraphs  using  the  1  ps  light  source. 

The  vapor  screen  method  is  the  only  tracer  method  available  for  the  flow  under  consideration,  leaving 
aside  the  use  of  tufts.  I.,  is  described  fully  by  McGregor  in  Ref.  10.  Our  version  of  the  method  is  dif¬ 
ferent  from  the  standard  practice  only  in  the  way  the  light  sheet  is  generated.  This  is  done  in  a  single 
fashion*^  using  a  low  power  CW  laser  (e.g.,  IS  mW),  a  cylindrical  lens  (a  glass  rod  is  adequate),  and  a 
small  slit  to  cut  off  some  undesirable  side  bands  of  light.  Some  further  details  of  this  are  given  in  Ref. 

7.  The  small  diameter  beam  is  diverged  by  the  lens  into  a  sheet  of  thickness  equal  to  the  beam  diameter. 

The  sheet  is  rotated  by  rotating  the  lens  and  is  easily  translated  because  the  apparatus  weighs  little. 

In  the  vapor  screen  method  one  observes  the  light  scattered  by  the  liquid  or  solid  particles  which  are 
usually  water.  Shock  waves  and  vortices  are  easily  detected.  An  example  is  shown  in  Figure  S.  The  illumi¬ 
nation  is  determined  by  the  density  of  scattering  centers  and  this  is  changed  by  mechanical  and  thermody¬ 
namic  effects.  Near  the  window  heat  transfer  effects  also  enter.  These  heat  transfer  effects,  together 
with  the  fact  that  some  of  the  vortices  we  wish  to  see  are  small  and  closely  spaced,  have  prevented  us  from 
resolving  some  of  the  more  interesting  flow  patterns.  Finally,  care  must  be  taken  if  quantitative  results 
are  desired  since  the  condensation  process  alters  the  flow  properties. 


MODELS  AND  TEST  CONDITIONS 

The  tests  were  conducted  in  one  of  the  continuous,  supersonic  wind  tunnels  at  B.R.L.  The  test  section 
is  33  X  38  cm  in  cross-section  and  the  protuberances  were  mounted  on  the  38  cm  wall.  Data  were  taken  at 
M  =  1.5,  2.5,  3.5,  4.0,  and  4.5,  but  mostly  at  M  =  2.5  and  3.5.  The  unit  Reynolds  number  was  varied  over 
the  allowable  limits  which  are  shown  by  the  values  in  Figure  1.  The  stagnation  temperature  is  nominally 
90°F.  The  experiments  were  performed  using  obstacles  of  simple  geometrical  shape:  circular  cylinder, 
hemisphere,  parallelepiped,  truncated  cone,  and  bar.  The  last  was  used  in  a  study  of  side  plate  design  so 
that  the  flow  over  a  projectile  rotating  band  could  be  simulated;  that  work  will  be  reported  separately. 

For  the  first  four  obstacles  we  also  added  a  small  perturbation  to  the  basic  shape  but  space  limitations 
preclude  discussion  of  the  results.  For  the  same  reason  we  give  no  details  for  the  flow  patterns  about  the 
hemisphere,  parallelepiped,  and  truncated  cone.  Table  !  gives  the  dimensions  of  the  models,  the  notation 
used  in  referring  to  them  (e.g.,  2C) ,  and  the  symbols  used  when  plotting  results  for  several  models  on  the 
same  figure. 


PRIMARY  SEPARATION 

One  of  the  quantities  of  main  interest  in  obstacle-boundary  layer  interaction  is  the  extent  of  the 
separated  flow.  This  boundary  is  called  the  primary  separation  line.  This  would  be  required  to  estimate 
the  loads  on  the  surface.  If  the  obstacle  is  a  large  cylinder  or  fin,  so  that  there  is  a  plane  of  symmJtry 
in  the  flow,  the  distance  from  the  leading  edge  of  the  obstacle  to  primary  separation,  S,  can  be  used, 
together  with  some  an^tirical  correlations,  to  estimate  the  position  of  the  triple  shock  intersection  and 
the  maximum  pressure  on  the  leading  edge.  This  was  done  b;'  Westkaemper^;  the  estimate  of  pressure  was  20% 
high  in  one  case.  We  shall  only  present  data  for  S  in  this  section.  The  primary  separation  line  is  easily 
determined  from  our  plan-view  shadowgraphs  but  it  is  only  practical  to  discuss  the  behavior  of  S.  Because 
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we  simultaneously  visualize  the  bow  shock,  correlation  of  it  with  the  primary  separation  line  Is  straight¬ 
forward.  Ihis  will  not  be  presented  here;  we  only  remark  that  the  measured  bow  shock  detachment  distances 
for  models  ID  and  2D  agree  with  those  in  the  literature  for  2-D  flow  over  cylinders  to  within  5%. 

A  question  arises  as  to  how  separation  is  defined  from  exporimental  measurements.  In  the  kinds  of 
flows  considered  here  it  has  been  defined  using  pressure  or  heat  transfer  distributions,  side-view  schlieren 
or  shadowgraph  photographs,  and  surface  indicator  techniques.  Tiie  fact  that  these  give  different  results 
has  been  discussed  in  the  literature  (especially  for  2-D  flows);  we  will  not  elaborate  on  this.  Note  that 
Price  and  Stallings^^  make  a  distinction  between  the  disturbed  flow  region,  as  determined  by  pressure  mea¬ 
surements  for  example,  and  the  separated  flow  region,  as  determined  by  surface  indicators.  General  use  of 
such  a  convention  would  obviate  confusion.  Unsteady  effects,  which  certainly  exist  in  the  flew,  will  affect 
the  experimental  definition  of  separation  in  different  ways  for  the  various  measurement  techniques.  Suffice 
it  to  say  that  the  surface  indicator  technique,  with  its  extremely  slow  response  time,  gives  an  indication 
of  an  average  surface  flow  pattern  that  is  clear  and  repeatable.  Unsteadiness  in  flows  of  the  type  con¬ 
sidered  here  is  discussed  in  Ref.  4  with  respect  to  static  pressure  measurements;  the  conclusion  is  reached 
that  the  pressure  distributions  are  not  repeatable. 

The  accuracy  of  the  measured  values  of  S  is,  in  most  cases,  ±  H.  At  the  lowest  stagnation  pressures 
(i.e.,  R/f)  at  each  Mach  number  this  becomes  *  5\.  These  error  bounds  include  effects  from  both  repeata¬ 
bility  of  the  pattern  and  reading  accuracy.  Additionally,  there  is  a  slight  amount  of  geometrical  magnifi¬ 
cation  in  the  images  on  the  shadowgraph  because  we  use  the  diverging  light  from  the  spark  source.  This 
systematic  error  is  easily  accounted  for.  Most  often  this  correction  is  negligible,  but  in  some  cases  it 
amounts  to  5\  in  the  ratio  S/D. 

The  primary  separation  distance,  for  cylinders  say,  is  a  function  of  the  following  variables:  D,  k, 

5,  free  stream  velocity,  Uj^  (for  small  protuberances),  kinematic  viscosity,  sound  velocity,  density,  and  a 

measure  of  the  turbulent  shear.  We  have  no  measure  of  the  turbulent  shear  and  we  find  that  Uj^  is  not  sig¬ 
nificant  as  an  independent  variable,  so  these  are  left  out  of  the  dimensional  analysis.  This  yields 

S/D  =  f(k/D,  D/6,  Rp,  M) ; 

where  R  is  Reynolds  number  based  on  D  and  free  stream  velocity.  Of  course  this  can  be  written  in  other, 
equivalent  forms,  so  that,  e.g.,  k/6  and  Rj^  appear  as  two  of  the  four  non-dimensional  parameters.  It  is 

often  convenient  to  use  the  three  ratios  of  lengths  even  though  they  are  not  independent.  Likewise,  three 
Reynolds  numbers  could  be  defined.  We  do  not  have  enough  points  in  parameter  space  to  tell  which  of  these 
is  most  meaningful.  The  variation  of  S/D  with  any  of  these  Reynolds  numbers  is  weak  conpared  to  the  other 
three  non-dimensional  parameters. 

Curves  of  S/D  vs.  k/6  are  given  in  Figure  6  to  show  the  approach  to  an  "infinite  length"  cylinder. 

For  each  of  the  curves  three  of  the  four  possible  dimensionless  parameters  are  constant,  viz.,  D/6,  R^,  and 

M.  From  the  data  in  the  literature,  and  as  expected,  S/D  approaches  a  constant  as  k/6  increases.  If  a 
large  protuberance  is  defined  on  that  basis,  then  clearly  models  ID  and  2D,  with  k/6  -  4.5,  are  large. 

Other  definitions  are  possible,  e.g.,  requiring  2-D  flow  on  some  portion  of  the  cylinder.  On  that  basis 
these  models  are  not  large,  see  the  cylinder  surface  flow  sketched  in  Figure  4;  a  much  larger  k/6  would  be 
needed.  We  shall  adopt  the  definition  based  on  S/D.  These  results  in  Figure  6  show  that  the  rate  of 
approach  to  the  asymptote  depends  on  D/5. 

The  same  conclusions  are  reached  if  the  data  for  M  =  3.5  are  plotted  in  the  same  way.  Instead  this 
data  is  presented  in  Figure  7  with  the  roles  of  k/6  and  D/6  interchanged.  Again,  models  ID  and  2D  with 
k/6  =  3.69  are  large  protuberances;  the  variation  of  S/D  with  D/6  is  only  slightly  larger  than  the  esti¬ 
mated  error  in  S/D.  Tnus  these  two  data  points  are  consistent  with  the  results  of  many  other  investigators, 
viz.,  that  S/D  is  independent  of  D  for  a  large  cylindrical  protuberance.  Contrast  this  with  the  conclusion 
for  the  small  protuberance,  e.g.,  S/D  changes  by  more  than  a  factor  of  2  for  k/6  =  0.37.  The  simple  and 
satisfying  scaling  law  valid  for  large  protuberances  is  not  valid  for  small  ones. 

Another  conclusion  reached  in  some  other  studies  of  separation  caused  by  large,  cylindrical  obstacles 
is  that  S/D  is  weakly  dependent  on  M.  This  dependence,  for  the  large  cylinders,  ID  and  2D,  is  shown  in 
Figure  8.  The  variation  in  S/D  is  more  than  50%;  whether  or  not  this  is  a  weak  dependence  is  a  matter  of 
interpretation  since  the  term  is  not  a  precise  one.  The  data  points  are  connected  with  straight  lines  as  a 
reading  aid.  For  the  small  protuberances  a  variation  of  S/D  with  M  is  established  only  for  model  2B;  but 
the  trend  of  increasing  S/D  with  M  is  clear  for  all  models.  Note  that,  even  though  R/l  is  constant,  6 
varies  because  M  changes.  Thus  the  change  of  S/D  with  M  and  k/D,  shown  in  Figure  8,  is  effected  by  other 
parameters. 

The  following  two  figures  are  presented  to  give  a  partial  evaluation  of  the  correlation  for  large  pro¬ 
tuberances  proposed  by  Westkaen^er^  and  to  see  to  what  extent  our  small  protuberance  data  agrees  with  it. 

In  Figures  9  and  10  data  for  S/D  vs.  k/D  are  shown  together  with  the  correlation  of  Ref.  5,  already  dis¬ 
cussed  in  the  Introduction.  Since  R/l  and  M  are  fixed  in  each  case,  6  is  constant.  Points  for  constant 
k/6  or  D/6  can  be  connected  with  the  help  of  Table  1.  At  M  =  2.5  our  two  points  for  large  k/6  are  well 
below  the  correlation,  as  are  the  two  from  Ref.  4  and  the  five  points  from  Ref.  14;  the  latter  are  for  an 
"infinite  effective  height"  but  unspecified  k/D.  The  data  from  these  two  references  are  for  the  same  M  but 
for  a  larger  R/£;  they  were  determined  using  surface  indicator  methods.  The  small  k/6  points  bear  little 
relationship  to  the  correlation  as  might  be  expected;  Westkaemper^  cautions  against  using  the  correlation 
for  cylinders  "that  do  not  extend  to  the  outer  edge  of  the  boundary  layer."  From  our  previous  discussion 
(Figure  6)  the  condition  would  be  more  restrictive  than  that.  Thus  at  M  =  2.5  the  correlation  is  not  very 
successful.  The  situation  is  a  little  better  at  M  =  3.5.  Cur  points  are  closer  to  the  correlation  but  the 
two  points  from  Ref.  4  are  not.  The  latter  are  for  .M  =  3.0  and  4.0.  Our  data,  for  M  =  1.5,  4.0,  4.5,  are 
consistent  with  the  trend  shown  in  Figures  9  and  10.  The  data  points  for  the  large  protuberances  agree 
with  the  correlation  for  M  =  4.0  and  lie  above  it  for  M  =  4.5.  The  data,  from  various  sources,  used  in 
establishing  the  correlation  extend  over  the  range  2  <  M  <  20,  but  separation  was  determined  in  several  ways 
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in  the  different  sources.  In  several  of  these,  separation  was  determined  by  noting  the  first  change,  in  a 
pressure  or  heat  transfer  gauge  reading,  from  the  undisturbed,  upstream  reading.  That  method  will  give  a 
separation  distance  larger  than  the  surface  indicator  method.  The  latter  was  used  by  Westkaemper^  to  ob¬ 
tain  his  own  data  points  that  went  into  the  correlation.  The  surface  flow  pattern  was  visualized  in  his 
experiments  by  injecting  a  liquid  through  an  orifice  upstream  of  primary  separation.  From  a  photograph  of 
the  pattern  it  is  seen  that  a  horseshoe  vortex  from  the  injection  orifice  interacts  with  primary  separation; 
this  has  been  noted  by  others,  see,  e.g..  Ref.  7.  This  interaction  will  introduce  an  error  in  .S  of  unknown 
amount.  If  the  interference  of  the  orifice  vortex  and  wake  flows  with  primary  separation  acts  to  increase 
S,  then  some  unclear  points  about  the  correlation  could  be  understood. 

Regardless  of  the  agreement  of  the  data  with  this  particular  correlation,  it  is  evident  that  the  spread 
in  the  data  for  small  protuberances  is  reduced  most  by  plotting  S/D  vs.  k/D.  One  tentative  possibility  for 
correlation,  including  small  and  large  cylinders,  would  be  to  consider  S/l)  as  a  function  of  k/I)  for  fixed  M, 
but  variable  Reynolds  number;  e.g.  .  by  fairing  a  curve  through  the  points  of  Figure  9.  A  wider  range  of  the 
other  parameters,  U/6,  etc.,  is  needed  to  arrive  at  a  more  firm  conclusion.  The  result  that  S/D  is  almost 
independent  of  D  but  depends  on  M  for  large  cylindrical  protuberances  is  reasonable  if  the  inviscid  pressure 
field  IS  considered.  There  is  then  only  a  bow  shock  and  its  detachment  distance,  A,  scales  with  D.  The 
pressure  change  across  this  nearly  2-D  shock  is  independent  of  D  but  depends  on  M.  Thus  the  pressure  grad¬ 
ient  imposed  on  the  boundary  layer  has  the  same  dependence.  For  the  small  cylindrical  protuberances,  the 

inviscid  flow  bow  shock  position  depends  on  k'D  and  M  and  the  pressure  change  across  it  depends  on  M.  There¬ 
fore,  it  is  reasonable  that,  for  this  case,  k/D  and  M  have  a  significant  effect  on  S/D.  That  is  what  our 
data  show. 

Variations  of  S/D  with  a  Reynolds  number  will  not  be  shown.  To  obtain  a  significant  change  in,  say, 

Rp  by  changing  D  and  also  keeping  the  other  dimensionless  parameters  approximately  constant,  would  require 

many  more  models  than  we  have  used.  Because  of  limitations  of  the  wind  tunnel  and  small  changes  in  6  with 

R/£,  even  a  factor  of  two  change  in  R^^  would  be  difficult  to  achieve.  The  efore,  changes  in  R/£  must  be 

utilized.  Fxamples  of  S/D  vs.  R/f  arc  included  in  the  figures  discussed  in  the  next  section.  For  all  of 
our  models  the  conclusions  are  that:  (1)  for  fixed  I)  and  k,  S/D  clianges  by  301  at  most  for  the  maximum 
allowable  variation  in  R/£,  with  most  of  that  change  taking  place  at  the  lower  end  of  the  range  of  R/£; 

(2)  S/D  sometimes  decreases  while  for  other  models  it  increases  as  R/£  increases;  for  several  models  S/D  is 
a  non-monotonic  function  of  R/£.  This  variety  in  the  behavior  of  S/D  is  related  to  the  changes  in  the  flow 
structure  as  R/£  is  varied. 


FLOW  STKUCTURF. 

[letecting  the  magnitude  and  kinds  of  ch:uiges  of  S/D  with  R/£  just  mentioned  by  means  of  pressure  or 
heat  transfer  measurements  on  the  surface  would  be  extremely  di.'ficult  and  impossible  using  side-view 
shadowgraphs.  With  conventional  surface  indicator  techniques  it  is  more  likely,  but  this  has  not  been  done. 
The  optical-surface  indicator  technique  can  detect  this  behavior  without  much  difficulty  when  used  with  a 
little  care;  it  visualizes  many  other  features  of  the  flow,  many  of  which  are  discussed  here. 

Upstream  For  convenience  we  shall  divide  the  flow  into  the  regions  upstream  and  downstream  of  the  cen¬ 
ter  of  the  cylinder.  It  is  best  to  start  the  description  of  the  upstream  flow  in  the  plane  of  symmetry  and 
Its  neighborhood.  Separation  and  attachment  lines  have  a  special  appearance  in  that  plane.  The  3-D  vor¬ 
tices  implied  by  these  lines  have  helix-like  streamlines  and  the  pitch  of  the  helix  goes  to  zero  as  the  sym¬ 
metry  plane  is  approached.  Because  of  symmetry,  there  is  no  flow  across  this  plane  but  there  is  flow  out  of 
or  into  it  so  that  streamlines  can  appear  to  end  in  a  side  view  of  this  plane,  being  tangent  to  it.  We  shall 
use  the  same  symbol,  e.g.,  S  for  primary  separation,  to  represent  a  point  in  the  plane  of  symmetry,  its  dis¬ 
tance  from  the  leading  edge  of  the  cylinder,  and  its  continuation  as  separation  or  attachment  lines.  These 
lines  show  that  there  must  be  vortices  off  the  surface  and  it  is  convenient  to  describe  the  flow  structure 
in  terms  of  the  number  of  these  vortices.  There  would  be  additional  vortices  further  off  the  surface  which 
leave  no  trace;  the  complete  flow  off  the  surface  is  discussed  later. 

An  example  of  two  vortices  is  shown  in  Figure  3;  there  is  one  separation  point,  S,  and  one  attachment 
point.  A,  in  the  plane  of  symmetry.  The  two-vortex  pattern  is  most  often  found  in  turbulent  boundary  layer- 
obstacle  interactions.  The  streamwise  extent  of  the  large  vortex  is  about  25  times  that  of  the  small  one. 

For  a  given  small  or  large  cylinder,  at  fixed  M,  the  number  of  vortices  changes  with  R/£.  Our  results 
show  as  many  as  6  of  them.  The  separation  and  attachment  lines  for  0  are  shown  in  Figure  11a;  the  change 
to  4  and  then  to  2  is  sketched  in  Figures  lib  and  11c.  Note  that  S  and  A  are  always  preset"-,  but  the 
structure  between  them  changes.  A  plan  view  shadowgraph  obtained  by  the  optical-surface  indicator  tech¬ 
nique  is  shown  in  Figure  12,  as  an  example  of  6  vortices.  The  sequence  in  Figure  11a,  b  and  c  illustrates 
the  number  of  vortices  deceasing  as  R/l  changes.  These  sketches  are  not  to  scale,  but  the  sequence  is 
that  shown  in  Figure  13  as  R/t  increases.  We  shall  refer  later  to  a  4-inner  vortex  configuration.  This 
denotes  the  situation  of  lib  wherein  A2  and  S2  are  not  present.  If  A1  and  SI  have  disappeared,  but  A2  and 
S2  remain,  this  is  called  a  4-outer  vortex  configuration. 

The  distances  from  the  cylinder  leading  edge  to  these  points,  normalized  with  D,  are  shown  in  Figures 
13,  14,  and  15.  TTie  abscissa  is  the  stagnation  pressure  P^,  which,  for  fixed  M,  is  proportional  to  R/t;  a 

value  of  which  is  noted  to  facilitate  conversion  to  R/l.  In  particular  the  variation  of  S/D  with  R/l,  dis¬ 
cussed  in  the  last  section,  is  given.  The  scatter  in  S/D  for  the  low  values  of  P  ,  mentioned  before.  Is 

also  illustrated.  The  most  difficult  position  to  determine  is  A2.  The  main  problem  is  to  introduce  the 
oil  in  such  a  way  that  there  is  some  in  the  neighborhood  of  A2  after  flow  is  established.  If  oil  is  aspi¬ 
rated  into  the  tunnel,  after  flow  is  established,  some  will  reach  S2  but  a  clear  pattern  at  A2  is  not  ob¬ 
tained.  In  Figures  13  -  15  straight  lines  connect  the  points  or  their  average,  for  ease  in  following  the 
tiends.  In  addition,  dashed  lines  are  used  to  extend  the  trend.  The  paths  followed  by  the  various  points 
will  be  described  for  Figure  13.  At  the  lowest  P^  there  are  3  attachments  and  3  separations,  therefore  6 
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vortices.  Point  A  stays  fixed;  it  is  associated  with  S  and  is  always  present.  The  distance  S  decreases 
suddenly  between  35  and  50  cm  Hg  and  thereafter  changes  little.  This  decrease  appears  to  be  related  to 
the  disappearance  of  A2  and  S2  which  takes  place  for  P^  between  35  and  40  cm  Hg.  Point  A1  does  not  change 

much  but  SI  approaches  it  and  then  they  disappear.  This  is  the  sequence  of  events  depicted  in  Figure  11. 

The  sequence  is  different  in  Figure  14,  which  shows  the  same  type  of  data  for  the  sane  small  protuberance 
but  for  M  •  3.50.  For  P^  <  150  the  4 -inner  vortex  structure  exists,  but  disappears  for  P^  >  150.  The  4- 

outer  vortex  structure  appears  for  some  P  <  150.  For  P  «  150  we  have  6  vortices.  As  P  increases  the 

number  of  vortices  goes  from  4  to  6  to  4  to  2.  That  such  phenomena  also  take  place  for  large  protuberances 
is  shown  by  Figure  15  which  is  for  M  •  3.50.  The  paths  of  the  points  are  very  much  like  those  in  Figure  14. 
There  is  no  data  in  the  small  range  of  P^  between  the  4-inner  and  4-outer  structures,  so  we  cannot  defi¬ 
nitely  say  that  6  vortices  exist.  For  the  three  cases  Illustrated  and  the  others  where  we  have  enough  data 
to  draw  conclusions,  the  relatively  rapid  decrease  in  S/D  for  a  small  increase  in  P  is  associated  with  the 
disappearance  of  A2  and  S2. 

The  details  of  the  process  by  which  an  attachment  and  a  separation  line  merge  and  then  disappear,  in 
or  near  the  synmetry  plane,  have  been  observed.  From  these  visualizations  the  sketches  shown  in  Figure  16 
were  drawn,  for  a  4-inner  vortex  structure.  Parts  a  and  b  illustrate  the  motion  of  A1  and  SI  towards  each 
other.  When  they  meet,  part  c,  an  unusual  pattern  is  obtained;  it  is  like  one-half  of  the  pattern  that 
would  be  obtained  at  a  nodal  point  of  attachment  juxtaposed  with  the  separation  line;  Ref.  7  for  an  example. 
Upstream  of  S,  the  pattern  is  like  that  shown  in  Figure  4b.  Finally,  SI  bifurcates  so  that  near  the  plane 
of  symmetry  the  separation  line  has  disappeared  and  there  is  flow  through  the  center  of  SI.  The  two 
branches  of  SI  are  still  separation  lines;  they  are  similar  to  the  open  type  separation  lines  that  have 
been  found  in  the  flow  over  inclined  bodies  of  revolution,  see  for  example  Ref.  15. 

We  have  not  yet  detected  any  regularity  in  these  changes  in  flow  structure.  They  occur  for  rather 
small  variations  in  Reynolds  number.  This  suggests  there  may  be  a  delicate  balance  in  che  flow  which  is 
upset  by  changing  R/f  so  that  one  structure  easily  changes  to  another.  Note  that  the  results  of  Figures 
13  -  15  are  repeatable  from  test  to  test  and  can  be  obtained  either  by  starting  tunnel  flow  at  a  certain 
P^  or  varying  it  continuously  during  a  test.  Therefore,  it  would  not  seem  proper  to  call  these  changes 

an  unstable  behavior.  Similar  flow  structure  changes  have  been  observed  in  low  speed,  laminar  flow  over 
small  protuberances;  e.g.,  in  Ref.  9.  Norman  states  that  "We  have  seen  one,  three,  five,  and  even  seven 
steady  vortices  forming  in  front  of  upright  cylinders  and  fences  of  varying  widths  as  k/S  and/or 

increased."  He  observed  the  changes  in  the  number  of  vortices  to  occur  in  "discrete  jumps."  The  odd  num¬ 
ber  of  vortices  observed  by  Norman  is  consistent  with  our  even  number.  He  did  not  observe  the  small 
vortex  at  the  base  of  the  protuberance,  or  the  attachment  point  A;  the  size  of  this  vortex  makes  such 
observation  difficult. 

We  shall  now  discuss  the  flow  off  the  surface  but  still  in  the  neighborhood  of  the  plane  of  symmetry. 
This  involves  some  conjecture  since  we  mostly  have  surface  data;  the  vapor  screen  technique  could  not 
resolve  the  multiple  vortex  structure  just  discussed.  Elementary  fluid  dynamic  reasoning  allows  possible 
vortex  structures  to  be  determined.  An  attempt  at  this  was  made  in  Ref.  6,  with  insufficient  surface  data 
to  support  the  conjecture.  We  use  the  work  of  Norman®  to  aid  our  conjecturing  and  give  it  a  more  firm 
basis.  His  careful  use  of  the  smoke  technique  gave  him  some  beautiful  views  of  streamline  patterns.  Some 
of  these  are  shown  and  discussed  by  Morkovin'^.  From  the  visualization  in  the  neighborhood  of  the  plane 
of  symmetry,  two  possible  models  of  the  vortex  structure  were  determined,  called  the  "jet-maze"  and 
"stairstep"  models;  the  former  was  preferred.  We  have  adapted  and  modified  his  rendition  of  the  jet -maze 
model,  with  6  vortices,  in  Figure  17a.  The  modifications  are:  (1)  we  have  no  attachment  point  on  the 
protuberance,  since  the  surface  flow  on  small  cylinders  showed  none,  see  Figure  4b;  (2)  we  have  separation 
near  the  base  at  point  P  for  the  same  reason;  (3)  we  have  an  attachment  point.  A,  already  discussed.  The 
sketches  are  not  to  scale  and  the  streamwise  dimensions  are  magnified  compared  to  cross-stream  dimensions 
for  clarity.  For  the  same  reason  the  shock  surfaces  are  omitted.  Figures  17b,  c,  and  d  show  the  4-outer, 
4-inner,  and  2  vortex  structures  assuming  the  jet -maze  model  applies  to  all  of  them.  The  distances  from 
the  junction  of  the  plane  and  cylinder  to  points  A  and  S  are  approximately  equal.  But  A  and  S  cannot  be 
connected  by  a  streamline  to  have  a  closed  vortex,  by  conservation  of  mass.  The  flow  near  A  comes  from 
high  energy  flow  near  the  edge  of  the  boundary  layer,  which  is  probably  why  the  high  shear  exists  there, 
as  discussed  before.  In  Winkelman's  experiments®,  A  is  in  the  center  of  the  highest  heat  transfer  region 
on  the  surface.  Norman®  did  see  a  smoke  line  following  the  tortuous  path  leading  to  A2  in  17a,  which  is 
not  present  in  the  stairstep  model.  In  our  experiments,  when  oil  is  introduced  through  the  pressure  tap, 
some  is  deposited  near  SI,  Al,  S2,  and,  to  a  lesser  extent,  near  A2.  Since  we  have  no  quantitative  measure 
of  the  distribution  of  droplets  through  the  boundary  layer,  this  information  does  not  allow  a  deduction  in 
favor  of  either  the  jet-maze  or  stairstep  model.  To  appreciate  Figure  17  it  is  well  to  refer  back  to  Fig¬ 
ures  11  -  15.  The  delicate  balance  of  the  vortex  structure,  mentioned  above,  may  be  associated  with  the 
existence  of  the  free  stream  stagnation  points  shown  in  Figure  17. 

If  we  now  briefly  consider  the  flow  away  from  the  symmetry  plane,  the  primary  separation  line,  S, 
remains  distinct  over  the  field  of  view.  But  for  some  of  the  smaller  models,  for  which  more  of  the  flow 
field  is  visible,  this  line  becomes  very  hard  to  distinguish.  The  attachment  at  A  continues  as  a  fairly 
distinct  attachment  line  to  at  least  behind  the  model,  see  Figure  3.  The  other  attachment  lines,  when  they 
exist,  become  less  distinct  more  quickly.  This  is  also  true  for  S2,  but  usually  not  for  SI,  which  may  mean 
that  S2  lifts  off  the  surface  but  SI  remains  near  it.  A  vapor  screen  photograph,  with  the  light  sheet  per¬ 
pendicular  to  the  cylinder  axis,  clearly  shows  one  horseshoe-shaped  dark  region  indicating  that  the  horse¬ 
shoe  vortex  remains  intact  to  at  least  3  diameters  downstream.  Some  painstaking  work  gave  Norman  a  visual¬ 
ization  of  his  flow  around  the  side  of  the  obstacle  and  some  sketches  of  the  vortex  structure.  These  could 
help  us  interpret  our  surface  patterns  but  this  will  not  be  done  here. 

Downstream  This  part  of  the  flow  contains  a  number  of  fascinating  features,  some  of  which  will  be 
briefly  discussed.  More  detail  will  be  given  in  a  separate  paper.  Outside  the  wake  there  is  still  at  least 
one  vortex,  meaning  one  leg  of  the  horseshoe  vortex.  A  secondary  separation  line  exists  even  if  there  is 
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none  irainediately  upstream  of  the  model.  The  horseshoe  vortex,  in  fact,  persists  for  hundreds  of  protuber¬ 
ance  heights  downstream'.  The  near  wake  patterns  of  all  of  our  small  protuberances  listed  in  Table  1  are 
the  same,  topologically,  (-rora  this  statement  it  can  be  seen  that  model  1C  should  not  be  called  small  as 

it  was  in  our  definition;  actually,  it  is  perilously  close  to  being  large,  see  l-igure  6.  A  sketch  of  one 

of  these  patterns  is  shown  in  figure  18.  An  attachment  line  is  shown  as  a  dashed  line;  this  is  almost 
certainly  the  impingement  of  the  flow  that  separates  from  the  top  and/or  the  sidv-s  of  the  protuberance. 

Flow  from  this  attachment  line,  in  addition  to  other  parts  of  the  flow  field  as  shown,  feed  into  the  two 

large  dots  in  a  swirling  manner.  In  the  shadowgraphs  we  see  two  oil  accumulation  dots,  as  in  Figure  3; 
this  shows  a  large  protuberance  flow  pattern  but  the  phenomenon  is  the  same.  The  small  protuberance  near 
wake  surface  pattern  illustrates  Morkovin's  base  flow-through  module**'  for  high  speed  turbulent  ;low.  Some 
further  discussion  of  this  can  be  found  in  Ref.  1.  Suffice  it  to  say  that  these  dots  appear  for  all  of  our 
smal  1-obstac le  near  wake  flows.  Ihey  are  the  surface  traces  of  the  two  tomado-like  vertices  discovered  by 
Gregory  and  Walker*'";  they  rise  up  from  the  surface,  bend  over  into  the  free  stream  direction,  and  continue 
as  the  trailing  vortex  pair.  For  different  orientations  of  the  light  sheet,  the  vapor  screen  shows  only  a 
dark  region  in  the  new  wake;  apparently  it  cannot  resolve  this  complex  structure,  at  least  not  near  a  wall. 
When  the  sheet  of  light  was  placed  normal  to  the  surface  (and  free  stream)  at  distances  between  1.5  and  4.0 
diameters  downstream  of  the  cylinder  leading  edge,  contrasting  light  and  dark  regions  were  observed.  Spe¬ 
cifically,  a  dark  region  of  oval  shape  was  seen;  the  width  to  height  ratio  was  typically  3.0.  The  long 
axis  was  parallel  to  the  surface  and  the  bottom  was  roughly  (0.1)  k  off  the  surface.  The  position  of  the 
two  ends,  along  the  major  axis  of  the  oval,  correlates  with  attachment  lines  in  the  oil  flow  surface  pat¬ 
tern.  If  the  trailing  vortices  remained  stable  we  would  expect  to  see  two  distinct,  dark  regions  indicat¬ 
ing  their  cross-sections.  We  suppose  there  are  two  such  regions  which  are  not  resolved;  this  requires  more 
investigation.  The  surface  pattern,  as  seen  in  Figure  18,  is  consistent  with  the  conjectured  interpreta¬ 
tion.  If  the  direction  of  rotation  observed  in  the  vortices  normal  to  the  surface  (the  dots)  is  continued 
downstream,  as  in  the  trailing  vortices,  then  the  centerline  of  the  wake  would  be  a  separation  line  and 
there  should  be  two,  symmetrically  located  attachment  lines.  This  is  what  we  observe,  as  in  Figure  18,  for 
all  small  protuberances.  Since  our  shadowgraphs  for  all  small  protuberances  show  the  two  dots  and  separa¬ 
tion  along  the  wake  center  line,  we  are  fairly  certain  that  the  above  conjecture  is  correct,  at  least  in  an 
average  sense,  for  the  first  few  diameters  downstream.  As  the  vapor  screen  is  translated  downstream  the 
dark  region  changes  shape  and  gradually  rises  off  the  surface.  The  changes  in  the  near  wake  as  P/f  is  var¬ 
ied  are  minor.  The  effect  of  M  is  more  noticeable;  the  change  from  M  =  1.5  to  2.5  being  greate-  than  that 
from  M  =  2.5  to  4.5.  These  are  not  qualitative  changes,  as  mentioned  at  the  beginning  of  this  subsection. 

In  contrast,  for  large  protuberances  there  are  qualitatively  different  near  wake  patterns  as  R/£  and  M 
vary;  compare  the  shadowgraph  in  Figure  3  with  the  sketch  of  the  near  wake  presented  in  Figure  19.  For 
instance  the  dot-swirl  feature  is  shown  in  the  former  but  not  in  the  latter.  .Sometimes  we  see  oil  accumu¬ 
lation  dots  attached  to  the  cylinder,  fed  in  the  majiner  shown  in  Figure  19.  The  dots  are  generally  on  the 
model  for  low  values  of  R/f  and  move  downstream  monotonical ly  as  R/f  increases,  at  a  fixed  M.  (Figures  3 
and  19  are  for  different  values  of  M. )  That  no  attachment  line  is  observed,  such  as  the  one  normal  to  the 

centerline  in  Figure  18,  is  understandable.  One  feature  is  common  to  all  of  our  large  protuberance  cases, 

now  including  model  1C.  That  is,  the  centerline  of  the  far  wake  is  always  an  attachment  line.  Contrast 
this  with  the  small  protuberance  finding.  The  far  wake,  as  visualized  by  the  vapor  screen,  is  considerably 
more  complex  for  large  protuberances,  compared  to  the  small  protuberance  case.  More  analysis  of  our  vapor 
screen  results  remains  to  be  done.  An  example  of  one  view  of  the  wake,  in  a  i)lane  three  diameters  down¬ 
stream  of  the  leading  edge  of  a  large  cylinder,  is  shown  in  Fig,  20.  Some  of  the  intricate  detail,  at  a 
distance  k  off  the  surface,  is  lost  in  the  reproduction.  Near  the  surface,  instead  of  the  dark  region  being 

oval-like,  as  for  the  small  protuberance,  it  is  shaped  more  like  a  triangle  with  curved  sides  and  rounded 

vertices,  with  the  bottom  "side"  parallel  to  the  surface.  To  explain  the  flow  pattern  of  Figure  19  there 
must  be  two  vortices  in  the  bottom  part  of  the  triangle,  with  circulation  such  as  to  produce  the  attachment 
line.  Understanding  such  a  3-D  wake  requires  more  visualization  of  the  flow  structure. 
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Fig.  1.  Boundary- Layer  Thickness  (5)  vs.  Unit  Reynolds  Number  from  Pitot  Surveys. 


Table  1.  Model  Dimensions  (cm).  Designation 
(e.g.,  2C)  and  Plotting  Symbols. 
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Fig.  2.  Schematic  of  Optical-Surface  Indicator 
Technique  Showing  Small  Protuberance 
Immersed  in  Supersonic  Turbulent 
Boundary  Layer. 
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Fig.  3. 


Plan-View  Shadowgraph  for  Large  Protuberance,  Model  2D,  M  =  2.50  H/l  =  19  3xl0®/m 

*  -  Attachnent  Line,'v  -  Vortex 
Core.  Attachment  Line  Indicated  Originates  at  Point  A. 


Fig.  S.  Vapor  Screen  Photograph  for  Urge  Protuberance,  Model  2D,  with  Light  Sheet 
in  Symmetry  Plane  and  Camera  at  30°  to  Sheet,  M  =  2.50,  R/f  =  9.3xl0®/m. 


Friraar)'  Separation  Distance  (S/D)  vs.  Mach  Number  (M) ,  R/i'  =  9.8x 


Primary  Separation  Distan'.e  (S/D)  vs.  Protuberance  Height  (k/D)  ,  M  =  ; 
R/£  =  9.8xl0®/n),  6  =  2.2Sciii.  Q-  Ref.  4;  —  »-  5  Points  from  Ref.  14 
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Fig.  10.  Prinary  Separation  Distance  (S/D)  vs.  Protuberance  Height  (k/D),  M  .  3  SO 
R/«  =  g.SxloVm.  «  =  2.7SCO.  (5  -  Ref.  4. 


Fig.  11. 


Plan-View  Sketches  of  Separation  and 
Ca)  Six  Vortices;  (b)  Four  Vortices; 


Attachment  Upstream  of  Cylindrical 
(c)  Two  Vortices. 


Protuberance; 


Fig.  12. 


Pl^-View  Shadowgraph  Illustrating  Six-Vortex  Configuration  for  Model  3B, 
M  -  2.50  R/t  -  3.0x10  /m.  S  -  Primary  Separation;  SI,  S2  -  Secondary 
Separations;  Al,  A2  -  Attachment  Lines. 
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Fig.  13.  Position  of  Separation  and  Attachment 
Points  vs.  Stagnation  Pressure  (P^)  • 

Model  2B,  M  =  2.50,  S.OxlC^/m  <;  R/f  < 
19. 3xl0^/m.  Symbols  Defined  in  Fig.  14. 


Fig.  14.  Position  of  Separation  and  Attachment 
Points  vs.  Stagnation  Pressure  (P^)  > 

Model  2B,  M  =  3.50,  1.8xl0^/m  C  R/f  < 
19.9xl0^/m. 


Fig.  15.  Position  of  Separation  and  Attachment  Points  vs.  Stagnation 
Pressure  (P  ),  Model  21),  M  =  3.50,  l.SxlO^/m  <  R/f  •; 

19. 9x10^ Symbols  Defined  in  Fig.  14. 


Fig.  16.  Plan-View  Sketches  Showing  Merging  of  Separation  and  Attachment  Lines,  fa)  Secondary 

Separation  SI  Distinct  from  Attachment  Al;  (b)  SI  Moves  Closer  to  Al;  (c)  SI  Merges  with  Al, 
Forming  One-Half  of  a  Nodal  Point  of  Attachment;  fd)  Open-Type  of  Secondary  Separation  SI, 
with  Flow-Through  Center. 


Plan-View  Sketch  of  Near  Wake  for  Small  Protu¬ 
berance.  Model  2B,  M  =  3. SO.  R/f  »  19.9xl0®/m, 
Separation  Line  Downstream  in  Symmetry  Plane. 


Plan-View  Sketch  of  Near  Wake  for  Large 
Protuberance.  Model  2D.  M  =  3. SO.  K/t  = 
19.9xl0^/m.  Attachment  Line  Downstream 
in  Symmetry  Plane. 


Fig.  20.  Vapor  Screen  View  of  the  Wake  Looking  Downstream,  from  Below;  Light  Sheet  at  3  Diameters 
Downstream.  Model  2D,  M  =  2. SO,  R/f  =  9.3xl0^/m. 
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SUMMARY 

A  cinensatographi  c  study  utilizing  high  speed  notion  picture  phutography  was  carried  out  for  a  series 
uf  supersonic  separated  flow  eonf  igurat  iurs  .  A  two-dimensional  variable  Mach  rnanber  wind  tunnel  was  used 
to  produce  flow  fields  about  several  st Ing-supported  rodels,  including  a  sphere,  a  blunt  body  with  a  lead¬ 
ing  spike  and  a  missile.  Ihe  flow  in  the  wake  of  a  blunt-based,  aslsynnetrlc  model  was  studied  in  -i 
unique,  Support  •  inter  ference  free,  wind  tunnel.  Color  Sthlieren  and  shadowgraph  techniques  were  th*  pri¬ 
mary  diagnostic  tools  used  in  these  studies.  For  sime  film  sequences,  these  flow  v  i  sua  I  I  zat  ion  techniques 
were  enhanced  by  the  addition  of  small  particles. 

The  chief  results  of  these  studies  are  presented  in  a  l6mm  color  motion  picture  film.  Excellent 
qualitative  descriptions  of  various  supersonic,  separated  flow  fields  have  been  obtained  by  viewing  these 
high  speed  motion  pictures  on  a  reduced  time  scale  or  on  a  frame-by-frame  basis.  These  films  assist  re¬ 
searchers  in  obtaining  the  physical  understanding  of  separated  flow  fields  essential  for  making  theoretical 
analyses  of  these  complex  regions. 


1.0  INTRODUCTION 

The  intellectual  curiosity  of  humans  has  resulted  in  observations  of  air  and  water  flows  which  have 
been  recorded  over  the  ages.  Air  is  invisible  and  v/ater  transparent.  Hence,  the  earliest  observations 
.vere  of  the  paths  of  debris  transported  by  the  motion  of  these  fluids.  Thus  our  atmosphere  and  rivers 
served  as  prime  opportunities  for  observations  of  flow  patterns  using  natural  flow  v I sua 1  I zat ion  tech¬ 
niques.  F rcjm  such  observations  conclusions  were  drawn  about  flow  path  lines  and  streamlines.  From  this 
early  start  (such  as  described  by  Leonardo  da  Vinci*)  flow  visualization  ha'  progressed  from  an  art  to  a 
science.  Outstanding  progress  ir  flow  v i sua I i zat i on  has  been  made  during  the  past  decade.' ' 

Many  flow  V 1 sua I  1 zat ion  techniques  have  been  used  in  the  study  of  separated  flows.  These  Include 
Surface  treatments  which  optically  alter  the  interaction  between  a  wall  (surface)  in  a  fluid  as  well  as 
those  that  optically  alter  a  surface  between  a  liquid  and  a  gas.'"'  The  flow  visualization  of  separated 
flows  has  also  included  internal  treatments  whicli  include  methods  that  optically  alter  the  flow  itself 
Such  as  by  the  introduction  of  smoke,  dyes,  neutral  density  heads,  etc.’ 

Although  earlier  investigators  were  convinced  that  they  could  "see"  the  flow  of  optically  transparent 
fluids  (such  as  air  and  water)  through  the  introduction  of  foreign  particles,  many  experimenters  soon 
.'ecognized  that  the  foreign  particles  may  not  be  behaving  in  precisely  the  same  manner  as  the  fluid  itself. 
Early  investigators  also  recognized  that  a  probe  inserted  in  the  flow  for  measurement  purposes  had  an  in¬ 
fluence  on  the  motion  of  the  fluid.  The  discovery  and  development  of  methods  by  which  an  optical  system 
could  be  used  to  visualize  transparent  flows  through  direct  observation  of  the  optical  properties  of  the 
flowing  fluid  (without  the  necessity  for  instrumentation  probes  and  the  introduction  of  foreign  particles) 
was  a  major  step  forward  in  flow  visua I  i  zat ion . ‘ •  Such  methods  provide  a  technique  for  photographically 
recording  all  the  information  observed  by  the  optical  sys  tem .  ’  ’  >  ’ The  results  reported  in  this  paper  re¬ 
lied  primarily  on  the  application  of  such  optical  techniques. 

2.0  FLOW  VISUALIZATION  TECHNIQUES 

A  number  of  fin'-/  visualization  techniques  have  been  utilized  effectively  for  separated  flow  studies 
at  Ru'gers  Universi  The  optical  techniques  of  Schlieren,  shadowgraph,  and  interferometry  have  played 

a  major  role  as  expi  .ental  diagnostic  toots.  Many  past  investigations  with  optical  methods  have  in¬ 

volved  the  use  of  image  photography  to  obtain  a  photograph  of  instantaneous  flow  phe.nomena.  A  good  ex¬ 
ample  is  the  steady  flow  wave  pattern  about  a  model  in  a  supersonic  wind  tunnel.  In  such  a  case,  single 
photographs  were  sufficient  for  obtaining  the  desired  information.  However,  the  need  for  optical  methods 
which  can  record  time  varying  phenomena  has  developed.  The  combustion  jf  fuel  droplets,  the  motion  of 
waves  in  reactive  gases,  the  flow  patterns  about  an  accelerating  body,  and  the  oscillations  of  various 
flow  patterns  are  all  examples  of  time-dependent  phenomena  which  are  best  studied  with  image  recording  on 
film.!''.’' 

Transient  flow  phenomena  involving  separated  flow  regions  have  been  studied  at  Rutgers  utilizing 
high-speed  motion  picture  cameras.  Preliminary  research’'  indicated  that  direct  motion  picture  photography 
of  optical  images  was  possible  and  practical  at  high  framing  rates.  The  cinematographic  studies  used  the 
optical  techniques  of  conventional  Schlieren,  color  Schlieren,  and  shadowgraph. 

2.1  Conventional  Schlieren 

A  convent i ona I  Sch I  ieren  system  of  the  standard  Toepler  type  is  shown  in  Figure  I.  The  light  f rom  a 
source  is  focused  by  a  mirror  into  a  parallel  beam  which  passes  through  the  glass  wall  of  the  test  section 
of  the  wind  tunnel.  If  there  are  no  density  gradients  normal  to  the  light  axis  in  the  wind  tunnel  test 
section  (for  example,  when  the  tunnel  is  turned  off)  the  light  emerges  from  the  test  section  in  an  un¬ 
disturbed,  parallel  beam.  It  is  then  forcused  into  an  image  of  the  source  at  the  focal  plane  of  tne  second 
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parabolic  mirror.  Generally,  the  knife  edge  Is  Inserted  at  this  focal  plane  In  such  a  way  that  It  Inter¬ 
cepts  about  one-lialf  of  the  source  Image.  The  image  of  the  object  in  the  test  section  is  brought  to  focus 
at  the  film  plane  of  the  camera  by  an  auxiliary  lens. 

Figure  2  Illustrates  the  refraction  pattern  for  conventional  Schlleren  system.  The  undisturbed  light 
rays  converge  to  form  an  Image  of  the  source  at  the  knife  edge.  If  the  knife  edge  is  adjusted  for  maximum 

sensitivity,  approximately  one-half  of  the  light  from  the  source  Is  cut  off  and  a  uniform  grey  Image  Is 
produced  at  the  film  plane.  Density  gradients  in  the  test  section  could  cause  refraction  of  light  rays  as 
shown  by  the  dotted  lines  In  the  lower  two  sketches  of  Figure  2.  The  refracted  rays  in  the  center  sketch 
missed  the  knife  edge  entirely  thus  causing  a  bright  white  Illumination  of  the  upper  portion  of  the  film. 

In  the  bottom  sketch  the  opposite  case  of  refracted  rays  being  intercepted  by  the  knife  edge  and  thus 
causing  the  absence  of  light  on  the  upper  half  of  the  film  Is  shown.  The  light  reinforcement  or  cancel¬ 
lation  on  the  grey  image  background  produces  the  familiar  black  and  white  Schlleren  images.  It  Is  obvious, 
from  Figure  2,  that  density  gradients  which  refract  light  rays  parallel  to  the  knife  edge  will  result  in 
no  change  in  illumination  at  the  film  plane.  A  Schlleren  syste~  is  only  sensitive  to  density  gradients 
having  a  component  normal  to  the  knife  edge. 

2 . 2  Color  Schl i eren 

The  Rutgers  color  Schlleren  system'^>^°  is  simply  a  black  and  white  system  with  a  knife  edge  replaced 
by  a  tri-color  filter.  Figure  3  shows  how  the  tri-color  filter  is  used  to  produce  color  images.  The  un¬ 
disturbed  light  rays  of  the  top  sketch  all  pass  through  the  narrow  blue  slit  and  result  In  a  uniform  blue 
Illumination  of  film.  When  a  density  gradient  is  present  which  causes  refraction  of  some  of  the  light 
rays  a  different  color  appea'^s  on  the  film  image.  The  center  sketch  of  Figure  3  shows  light  rays  refracted 
so  that  they  pass  through  the  yellow  filter.  The  bottom  sketch  sliows  light  rays  refracted  in  the  opposite 
direction  so  that  the  refracted  rays  now  pass  through  the  red  filter,  thus  causing  a  red  image  on  the  top 
half  of  the  film.  This  color  Schlleren  system,  like  the  black  and  white  system.  Is  only  sensitive  to 
density  gradients  having  a  component  normal  to  the  axis  of  the  blue  filter. 

2.3  Shadowgraph 

The  direct-shadow  method  of  flow  visualization  (shadowgraph)  utilizes  an  optical  system  identical  to 
that  shown  in  Figure  1,  except  that  there  is  no  knife  edge  or  color  filter  present.  Therefore,  the 
illumination  of  the  image  is  no  longer  sensitive  to  density  gradients  having  a  component  normal  to  a  par¬ 
ticular  axis.  In  fact,  It  can  be  shown,  that  the  change  of  illumination  at  the  film  plane  becomes  propor¬ 
tional  to  the  rate  of  change  of  the  density  gradient  In  the  test  section.  Because  of  Its  simplicity,  the 
shadowgraph  technique  Is  Ideal  for  visualizing  phenomena  Involving  large  changes  In  the  second  derivative 
of  the  density  (such  as  shock  waves). 

2 . k  Particle  Add i t ion 

The  motion  pictjre  films  of  non-steady  separated  flow  regions  utilizing  color  Schlleren  and  shadow¬ 
graph  images  provide  a  great  deal  of  information  about  the  flow  fields.  The  location  of  shock  waves  and 
expansion  fans  which  vary  with  time  may  be  readily  determined.  However,  in  addition  to  determining  the 
overall  flow  fields  of  separated  regions  in  this  manner,  the  flow  within  the  separated  region  was  visual¬ 
ized  by  the  introduction  of  particles.  Particles  were  selected  which  would  follow  the  recirculation  flow 
paths.  Because  of  the  large  range  of  velocities  in  a  separated  region  bounded  by  supersonic  flow.  It  was 
impossible  to  select  a  particle  size  and  density  such  that  the  particles  would  at  all  times  follow  all 
mean  streamlines  in  the  separated  region.  A  number  of  different  particle  materials  and  sizes  were  tested. 
Tal  c  part  ides  proved  to  be  convenient  to  handle,  non-toxic,  and  of  the  proper  size  distributions,  shape 
and  density  In  order  to  follow  the  mean  streamlines  in  a  recirculating  region.  Because  of  their  Irregular 
shape,  talc  particles  have  a  higher  drag  coefficient  than  spherical  particles.  The  talc  particles  utilized 
had  an  average  effective  diameter  of  0.05mm  with  a  distribution  of  larger  and  smaller  size  particles.  Of 
course,  the  resolution  of  the  optical  system  was  not  sufficient  to  identify  Individual  particles  of  such 
a  small  diameter.  Nevertheless,  groups  of  particles  which  followed  mean  streamlines  could  be  easily  Iden¬ 
tified.  The  optical  superpositioning  of  the  paths  of  these  particle  groups  on  the  cinematographic  images 
greatly  enhanced  the  visualization  of  the  separated  flow  regions. 

2.5  Image  Recording 

A  I6mm  Hycam  camera  (Red  Lake  Model)  was  used  to  obtain  high  speed  motion  pictures  of  the  optical 
images  generated  by  the  above  flow  visualization  techniques.  The  camera,  which  utilized  a  rotating  prism 
for  optical  compensation,  had  a  capacity  of  30. k8  m  [100  feet]  of  film.  The  frame  rate  was  adjustable 
from  150  to  8000  frames  per  second. 

An  auxiliary  lens  was  used  to  focus  the  optical  Image  In  the  plane  of  the  film.  The  exposure  was 
controlled  by  regulating  the  size  of  the  light  source.  Since  the  light  source  size  had  to  be  adjusted 
for  each  t  ame  rate,  an  empirical  correlation  of  light  Intensity  versus  frame  rate  was  developed. 

In  most  Instances,  standard  movie  color  film  (GAF-Anscochrome)  with  an  ASA  rating  of  200  was  used. 

A  timing  light,  which  placed  small  blips  of  light  on  the  edge  of  the  film,  was  used  to  determine  the  pre¬ 
cise  frame  rate.  The  timing  light  was  usually  operated  at  1000  cycles  per  second. 

3.0  EXPERIMENTAL  FACILITIES 

3.1  Emil  Buehler  Wind  Tunnel 

Two  different  supersonic  wind  tunnels  at  Rutgers  were  utilized  in  these  cinematographic  studies. 

Table  I  summarizes  the  essential  features  of  these  facilities.  The  first  series  of  separated  flow  regions 
were  associated  with  models  In  the  Emil  Buehler  Wind  Tunnel  (EBWT) .  This  facility  Is  a  blowdown,  super¬ 
sonic  wind  tunnel,  with  an  approximate  maximum  run  time  of  two  minutes.  A  schematic  of  the  tunnel  is 
shown  In  Figure  k. 


The  esynnetrlc,  fixed  geometry,  variable  Hach  number  nozzle  was  designed  by  the  method  of  character¬ 
istics.  The  nominal  test  section  cross-section  Is  10.16  cm  x  II.I43  cm  (It.O  Inches  x  <4.5  Inches).  The 
test  section  Hach  number  can  be  varied  continuously  between  1.3  to  ^.0.  The  flow  angle  deviation  Is  less 
than  1  0.5t. 

The  17.2  X  10**  N/m^  (250  psig)  air  supply  system  consists  of  two  non-lubricated  compressors  In  series, 
aftercoolers,  moisture  separator,  air  dryer  and  storage  tanks.  The  latter  were  located  outside  of  the 
laboratory  area,  and,  therefore,  the  stagnation  temperature  Is  essentially  equal  to  the  atmospheric  tem¬ 
perature.  The  air  dryer  provided  air  with  a  dew  point  of  -73.3°C  (-I00°F)  at  8.6  x  10“*  N/m^  (125  psIg), 
which  Is  equivalent  to  0.25  parts  per  million  of  moisture  on  a  weight  basis.  The  effective  elimination  of 
moisture  and  oil  resulted  In  a  very  adequate  supply  of  compressed  air  for  optical  studies  of  supersonic 
flow  phenomena. 

The  stagnation  pressure  for  the  EBUT  is  controlled  by  a  single-seat  globe  valve  In  conjunction  with 
an  electro-pneumatic  control  system.  This  system  maintains  a  constant  pressure  within  l3^  of  the  stag¬ 
nation  pressure  set  point. 

The  test  section  Is  enclosed  by  two  optical  quality  windows  which  are  located  parallel  to  each  other 

and  perpendicular  to  the  light  path  of  the  Schlleren  system.  The  test  models  were  mounted  with  stings  on 

the  tunnel  support  system,  which  was  attached  to  the  roof  of  the  constant  area  section  following  the  test 
section.  The  angle  of  attack  of  each  model  was  adjustable  by  controls  outside  of  the  tunnel. 

3.2  Rutgers  Axisymmetrlc  Near-Wake  Tunnel 

The  second  facility  utilized  in  this  study  was  the  Rutgers  Axisymmetric  Near-Wake  Tunnel  (RANT).  It 

is  a  blowdown  supersonic  wind  tunnel  with  an  average  run  time  of  20  seconds.  It  uses  dry,  oil-free,  com¬ 

pressed  air  from  the  same  air  supply  system  described  above  as  the  working  fluid.  RANT  Is  shown  schemat¬ 
ically  In  figure  5.  A  detailed  description  of  RANT  has  been  reported  by  Przi  rembel * 

The  annular  nozzle  was  designed  by  the  method  of  characteristics  and  produces  a  uniform  flow  field  at 
a  nominal  Mach  number  of  The  centerbody  and  test  models  are  Integral  parts  of  the  nozzle  configuration 
and  have  constant  outside  diameters  of  7.62  cm  (3.00  Inches).  This  design  eliminates  model  support  Inter¬ 
ference  effects  on  the  near  wake.  The  centerbody  is  hollow,  thus  allowing  pressure  and  temperature  leads 
to  pass  from  the  test  modeis  to  ,  'asuring  instruments  located  outside  of  the  tunnel. 

The  stagnation  pressure  for  the  tUi'el  Is  controlled  by  a  single-seat  globe  valve.  The  control  sys¬ 
tem  for  the  valve  Is  primarily  pneumatic;  however,  electrical  timers  and  solenoid  valves  are  used  for 
automatic  start-up  and  shut  down.  The  stagnation  pressure  was  maintained  within  *3.'4  x  lO’  N/m-  (0.5  psia) 
during  each  test  run.  The  timer  for  the  high  speed  motion  picture  ca.nera  was  also  wired  into  the  tunnel 
control  system. 

The  test  section  Is  equipped  with  rectai  gular  windows  to  allow  for  visualization  studies  of  the  wake 
flow.  The  transition  between  the  flat  windows  and  the  circular  walls  was  designed  to  keep  the  main  tunnel 
flow  attached  to  the  windows  and  to  avoid  detrimental  shock  formation  caused  by  the  nozzle  test  section 
Junet Ion. 

The  experiments  were  conducted  at  a  stagnation  pressure  of  1.05  x  10^’  N/m^  (152.5  psia),  a  free  stream 
Mach  number  of  3.88  and  a  corresponding  Reynolds  number  of  It. 9  x  10*^  per  m  (1.6  x  10^  per  foot).  The  model 
boundary  layer  approaching  the  base  was  turbulent.  The  boundary  layer  was  characterized  by  the  following 
parameters : 

Thickness  (‘)  ■  8.71*  mm  (0.31*1*  Inches) 

Displacement  thickness  (6*)  ■  3.56  mm  (O.lAO  inches) 

Momentum  thickness  (n)  -  0.1*31*  mm  (0.017  inches) 

Detailed  pressure  measurements  on  the  model  and  in  the  near-wake  have  been  reported  by  Sleling, 
Przirembel  and  Page.^^  Of  particular  importance  to  this  flow  visualization  study  Is  the  location  of  the 
rear  stagnation  point.  By  comparing  the  centerline  pitot  and  static  pressures,  the  average  position  of 
this  point  was  0.81*  model  diameters  from  the  base. 

I*.0  DISCUSSION  OF  RESULTS 

The  essence  of  this  study  Is  a  I6  mm  high  speed  motion  picture  film^^,  which  depicts  various  subsonic 
and  supersonic  separated  flow  fields.  A  summary  of  the  various  film  sequences  Is  shown  in  Table  II.  Some 
comments  about  the  content  of  each  sequence  and  so*ne  conclusions  which  can  be  drawn  from  the  film  by  a 
frame-by-frame  analysis  are  given  below. 

I*.l  Cone-Flow  Transients 

During  the  subsonic  portion  of  the  flow,  the  wake,  as  made  visible  by  density  gradients  In  the  free 
shear  layer,  is  open  and  reasonably  steady.  As  a  result  of  the  asymmetric  tunnel  nozzle,  the  upper  portion 
of  the  wind  tunnel  test  section  reaches  supersonic  conditions  first.  The  starting  normal  shock  system 
generates  soitie  very  interesting  shockwave-boundary  layer  interactions  on  the  nozzle  wail.  The  model  wake 
closes  after  the  starting  shock  has  passed  through  the  test  rection.  The  wake  remains  reasonably  steady 
after  that. 

I*. 2  Cone-Aeroelast  I  c  Transients 

The  starting  process  for  the  wind  tunnel  at  M  ■  3.3  is  significantly  different  from  that  at  M  ■  1.9. 
There  Is  no  longer  a  distinct  normal  shock.  Due  to  the  elastic  properties  of  the  sting  and  the  asymitietric 
starting  shock,  severe  oscillations  of  the  model  occur  during  the  start-up.  Of  particular  Interest  are 
the  dynamic  changes  of  the  wake  region  as  the  model  changes  Its  angle  of  attack. 


I(.1  Axl symmet r I c  Cavity-Steady  Flow 


The  supersonic  free  stream  approaching  the  model  Is  steady  with  time.  This  can  be  easily  verified  by 
observing  the  conical  shock  formed  around  the  leading  cone.  The  free  shear  layer  formed  behind  this  model 
does  not  close,  but  Jumps  across  the  gap  to  reattach  on  the  second  model.  Since  the  reattachment  surface 
Is  not  a  smooth  wall  aligned  with  the  free  stream,  the  reattachment  region  Is  very  unsteady.  The  recom- 
presslon  shock  system  moves  about  erratically. 

k.k  Profit  Spike-Steady  Flow 

In  this  case,  the  free  stream  Is  as  steady,  as  for  the  flow  field  of  Section  k.J.  However,  the  free 
shear  layer  associated  with  the  forward  separated  flow  region  docs  not  have  a  suitable  place  tr  reattach. 
Hence,  this  separated  region  Is  very  unsteady.  The  flow  disturbances  propagate  downstream,  and  influence 
the  model  base  region.  Both  the  free  shear  layer  and  the  recompresslor  shocks  display  significant  oscil- 
lat Ions . 

k.S  Sphere-Transient  Flow 

As  observed  In  the  cone  flow,  the  subsonic  wake  appears  to  be  open,  and  wake  closure  only  occurs  after 
the  supersonic  flow  has  been  established.  The  entire  flow  field  in  the  vicinity  of  the  model  Is  steady. 

k.6  Blunt  Base-Trans I ent/Steady 

Since  the  support  system  and  model  are  an  Intrinsic  part  of  the  nozzle,  thvre  is  no  forebody  flow 
field  to  observe  nor  to  Influence  the  wake  flow  region.  During  the  subsonic  portion  of  the  flow-time  his¬ 
tory,  the  wake  is  extremely  turbulent.  An  open  ./ake  Is  observed  as  the  tunnel  starting  shock  system  moves 

along  the  model.  As  this  tunnel  shock  reaches  the  corner  of  the  blunt  base,  the  free  shear  layer  is  par¬ 
allel  to  the  model.  As  the  starting  shock  passes  through  the  wake,  the  near  wake  closes  and  a  distinct 

recompression  shock  system  is  established.  No  visual  evidence  of  a  lip  shock  was  observed.  This  qual¬ 

itative  observation  was  verified  quantitatively  by  pitot  tube  pressure  measurements  reported  by  Przlrembel.^ 
After  the  main  ^low  has  been  established,  some  unsteadiness  of  the  near  and  far  wake  was  observed. 

k. 7  Blunt  Base-Trans i ent/Steady-Part  icle  Injection 

In  order  to  obtain  some  Indication  of  time-averaged  streamlines  and  to  enhance  the  visual  quality  of 
the  flow  field,  talc  particles  were  injected  into  the  base  region.  During  the  subsonic  free  stream  flow 
conditions,  there  was  some  indication  of  three-dimensional  vortices  in  the  wake.  However,  their  behavior 
was  not  periodic  by  any  means.  Prior  to  the  passing  of  the  tunnel  starting  shock  system,  the  particles 
seemed,  at  times,  to  move  in  the  upstream  direction.  As  the  starting  shock  reached  the  base,  the  free 
shear  layer,  which  formed  an  envelope  for  the  injected  particles,  was  again  parallel  to  the  model  and 
aligned  with  the  free  stream.  As  the  free  shear  layer  entrained  fluid  from  the  base  region,  an  inter¬ 
mittent  recirculation  pattern  could  be  observed.  After  the  near  wake  closure,  a  mean  recirculation  flow 
pattern  was  established.  Although  the  resolution  of  the  optical  system  was  not  adequate  to  study  the  path 
of  single  particles,  it  was  possible  to  trace  an  aggregate  of  talc  particles.  The  resulting  path  lines 
are  shown  in  Figure  6.  It  was  observed  that  all  particles  are  contained  within  an  hour  glass-shaped  region 
outlined  by  the  dashed  lines. 

5.0  CONCLUDING  REMARKS 

Excellent  qualitative  descriptions  of  separated  flow  fields  have  been  obtained  by  viewing  motion  pic¬ 
ture  films  of  Schlieren  images.  Color  Schlleren  Images,  in  which  the  density  gradient's  algebraic  sign  Is 
discriminated  by  means  of  color  changes,  are  easily  obtained  and  clarify  the  visual  interpretation  of  the 
Schlieren  field.  The  cinematographic  photography  of  the  motion  of  talc  particle  clusters  in  the  recircu¬ 
lation  region  was  also  productive  of  good  results. 

Viewing  of  these  films  on  a  reduced  time  scale,  or  f rsme-by- f rame ,  enables  researchers  to  obtain  a 
good  physical  understanding  of  both  transient  arid  steady  flows.  These  techniques  are  useful  in  establish¬ 
ing  accurate  descriptions  of  the  flow  field.  At  Rutgers,  the  Information  from  the  cinematographic  studies 
has  been  extremely  helpful  in  the  development  of  theoretical  models  of  separated  flow  fields. 

The  film  referred  to  in  this  paper  and  entitled,  "Cinematographic  Study  of  Separated  flow  Regions" 

Is  available  on  a  loan  basis  from  the  authors. 
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TABLE  I 


Rutgers  Supersonic 

Wind  Tunnels  Used  for  Cinematographic 

Studies 

EBWT 

RANT 

Name 

Emil  Buehler  Wind  Tunnel 

Rutgers  Axisymmetric 
Near-Wake  Tunnel 

Test  section  geometry 

Two- Di mens ional 

Ax i symmet  r i c 

Test  section  size 

10.16  cm  X  11. k3cm 
(k  inch  X  k.5  inch) 

20.32  cm  diam. 

(8  inch  d I ame t e r ) 

Mach  No.  range 

1.2  to  k.O 

3.0  and  3.88 

Stagnation  Temperature 

Atmospheric 

Atmospher i c 

Stagnation  Pressure 

Automatic  control  up  to  10  atm. 

Automatic  control  up  to 

Ik  atm. 

Compressed  Air  Moisture 

Content 

1  part  per  million 

1  part  pe r  million 

Mode  of  Operation 

Intermittent  with  constant 
stagnation  pressure  control 

Intermittent  with  constant 
stagnation  pressure  control 

Control  System 

Electro-pneumat ic 

Electro-pneumat Ic 

.»n*n 


Test  Time  Duration 


Model  Support 


View  Ports 


EBvrr 

Programmable  by  event  timer 
(30  seconds  common) 

Tonventlonal  sting  mount  with 
variable  angle  of  attack 


Optical  Glass 

43. 18  cm  X  12.06  cm 

(17  Inch  X  4. 75  i nch) 


RANT 

Programmable  by  event  timer 
(20  seconds  common) 

Special  design  with  com¬ 
plete  support  by  upstream 
sting,  which  is  an  In¬ 
tegral  part  of  the  nozzle 

Optical  Glass 
22.86  cm  X  10. 16  cm 
(9  inch  X  4  inch) 


TABLE  I  I 

Summary  of  Film  Scenes 


PI  Im  Sequence  Exp. 

- -  Fad  I  ity 


Model  Schematic 


Flow 

Visualization  Flow  Field 

Techniques 


Frame 

Mats 


I.  Cone-Flow 


EBWT 
M  -  1.90 


Color  Schlleren  Transient  2500 


2.  Cone- Flow 


EBVfT 

M  -  3.30 


=>  Color  Schlleren  Transient  2500 

(Aeroel ast Ic) 


3.  Axisymmetric  EBWT 

Cavity  M  -  3.25 


Color  Schlleren  Steady 


7000 


4.  Front  Spike  EBWT 

M  -  3.10 


ColoV  Schlleren  Steady 


7000 


5.  Sphere 


EBWT 

M  -  3.10 


a 


3  Color  Schlleren  Transient  3000 


6.  Blunt  Base 


RANT 

M  -  3.88 


Color  Schlleren  Transient  5500 


7.  Blunt  Base 


RANT 

M  -  3.88 


Color  Schlleren  Steady 


5500 


8.  Blunt  Base 


RANT 

M  -  3.88 


Color  Schl  ieren 
Talc  Particles 


Transient  5500 


9.  Blunt  Base 


RANT 

M  -  3.88 


Shadowgraph  Transient 

Talc  Particles 


5500 


10.  Blunt  Base 


RANT 

M  -  3.88 


Shadowgraph  Steady 

Talc  Particles 


5500 


I  I .  Blunt  Base 


RANT 

M  -  3.88 


Shadowgraph  Transient 

Talc  Particles 


5500 
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•LIGHT  SOURCE 
LEKS 


^  GLASS 
SIDE  WALL 


Fig.  1.  Standard  Toepier  Schllaren  System 


IMAGE  RLAME 


Fig.  2.  Conventional  Refraction  Pattern 


ThI  COLOR  f'Li  IR 


IMAGE  riANC 


I 

_ I  fj  ruiow 

1 


f- . fH'.::. 


1  PLENUM  CHAMBER  4  DIFFUSER 

2  FIXED  NOZZLE  BLOCK  5  MODEL 

3  movable  nozzle  block  6  SUPPORT 


Fig.  3.  TrI-Color  Filter  Refraction  Pattern 


Fig.  It,  EBWT  Schematic 


,t . . . 

^  . ..-I-..- 

i  A. 

TTi  i&aA  r-i  I  m.  iMikA#\/iiA.e 


I  XTTUNC  cnambep  s  windows 

Z  UPSTREAM  STING  STEST  XCTION 
S  NOZZLE  7  DIFFUSER 

4  MODEL  t  EXHAUST 


20  RS 


X  (ndiat) 


Fig.  5.  RAiiT  Schematic 


Fig.  6.  Path  Lines 
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ecoulements  oecolles 

etude  phenomenologique  a  partir  de  vbualisatioms  hvoroovnamoues* 

pw  Hami  WERLE 

0«ic»  National  d'Etudat  at  da  Racharetiat  Adroipatialai  lONERAI 
93320  CHATILLON  (Franca) 


3rScc  au  visutaisatior.a  d'^couleantita  effec.u-jes  au  tunnel 
iiyd.-!^jnaiiii;,ue  le  I'X.  .Ui  dc;ui3  ae  i-onbrnaiep  anii  'en,  il  s  etc 
po.trirl-  i'ontrnprenare  I'ituue  pitj-sl-jue  des  pli.'nom4:.es  de 
a-colle!ii.:r.t  uuto'jr  o’uno  fT-n.-e  vari^ti  d'oostaclea. 

je  cea  r  rultata  obtcnua  h  fai  le  vitesre  9.  ddgage  un 
certain  noaare  ce  ochonaa  fondaoontaux  qui  corresrordent  aux 
principaux  types  de  di'colloaents  obserrt^s  er.  ecouiefurdit  bi-  ou 
tri'-iaension.  el  s  leur  analyse  d  Haillde  en  pr-djise  lee  sirurularlt is 
et  en  souli -po  les  acpectn  transltionnels,  tourbillonnaires  et 
instationmiir^p, 

A  partir  ce  ces  l^oent:-,  il  eet  tente  une  syntli^se,  qui 
a  pour  out  de  caract''riser  les  d.'-colleaents  tridiaensiom-iels  par 
rapport  aux  d  colleaents  qui  se  produisent  er.  courant  nlan  ou  en 
coul'-aent  de  r.Volution. 


(•)  iuelru"^  exptples  ont  dte  grPup-'s  dans  le  filn  0!;:-HA  817  [Pl] 
prdser.te  er.  cours  de  seance.  ■* 


Sa'AitA.'aJ  ■lOiS 


A  p.benooenoloelc  study  oared  on  hydrodynamic  visualizations 
:;lMHAhY 


Tnanks  to  flou  visualizations  obt  ain-  d  at  the  a.-iiA  water  turjiel 
•since  Uany  years,  it  has  oeen  possible  to  undertake  the  pRj’sical  study 
of  caparationa  around  a  oroad  variety  of  oostaclen* 

riva  these  results,  ODtaii.e(l  at  low  speed,  eaerf^t*  a  nunber  of 
lundaier.tal  schemes  which  corresnond  to  the  nai.s  types  of  seoarationc 
ooscrvnd  ir.  two-  or  t'lree-diaensional  flow  ;  their  detailed  analysis 
oapsasizes  their  sinrulcrities  ar  well  as  their  ti-nsitioma.  vortex-like 
and  ur^t^ady  arpeots. 

.-rom  t.hese  elements  -e  attempted  a  synthesis  aiming  at  the 
cnaracterization  of  t.irce-dtmensional  separations  as  compared  to  those 
occurring  in  plane  or  axi.symoetrical  flow. 


I'Ote  :  A  few  examples  are  assembled  in  the  l|;..dA  film  n“  617, 
prr.'^ented  at  the  oyaposium* 
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prraoixjcriow 

Qans  le  cadre  restrelnt  du  present  ou5ffloire»  la 
description  des  ecouleaents  d4coll4s  a  dtH  8tre  liaitde 
^  un  certain  noobr**  de  cas  fondaraentaux  observes  autour 
de  fflod^es  sch^tBatiquca  et  yisualis<j^  au  tunnel  y^ydro- 
dyna&dcue  de  JhdtiXlor.  [l].  ISexa  structures  et  r^urtout 
DOins  cooplezes  que  les  d^coliefflents  ui  se  produisent 
autour  de  naquettes  plus  ulabor^s,  telles  qa'elles 
cont  fflisrs  en  jeu  en  aerodynaaique  appliqu^  [2,  ?2j, 
Xes  principi^uz  phenos^nes  de  base  peuvent  ainsi  faire 
1*00 jet  d*\mc  ar*aly8e  -Are  et  precise# 

Je  document  p  largcsent  inspire  par  Xes  etudes  ar.t^ 
rieur«^s  faites  dans  ce  dooaine  par  S«C«  rlaakell  ^3l» 
£«A.  Sichelbrenner  [4],  Rm  Legendre  [.Sj#  K.  Roy  [6] 
et  bier,  d'outres  l?  -  9]t  se  bomera  ciapleoent  h 
aettre  a  jour  lea  observations  faites  sur  lea  points^ 
an^leSy  li-j'^es,  surfaces  et  cartiCteres  remarnua'^es 
siis  en  evidence  par  les  visualisations  h  basse  vitesse» 
et  k  en  degagor  un  repertoire  .^s  principales  singula- 
rttds  rencontr-*es,  plus  particuli^reaent  dans  le  cas 
des  decollooents  tridiaer.niom.»*ls* 


La  techni'^ue  pratiquee  au  tunnel  depuis  sa  raiie  en 
service  er.  1952  est  trop  connue  pour  Ctre  rappel'je  ici  : 
le  lect^ur  int^.’resac  trouvera,  avec  de  noabreux  exom- 
p’  ej  k  1  *  aprui,  dans  [  1  j  toutes  les  ccuracteristioues 
ct  applications  de  ce  tunnel  vertical,  et  da.ns  ‘  10  -  12, 
F3  fit  ?4j  tous  les  dt:t*ll&  relatifs  aux  ndthodes  qui  y 
sont  pratiqudes.  I'r^'cisons  siinpleaent  que  les  visua- 
lirations  qui  illustrent  ce  document  ont  pour  la  plu- 
part  pte  o^tenues  L  l*aide  de  traceurs  liquides  colores 
de  B^ae  cencite  que  I'eau,  procedd  convenar.t  particu- 
liereaent  pour  les  ccoulonents  parietHUX  (par  ex#  fig#3 
et  7)#  iJans  un  certain  noBore  de  cas,  cec  iaages  ont 
dte  completdcL  ou  recoup. -e?  par  celles  de  tr^ijectoires 
de  traceurs  gazeux  er.  suspenpicn  cans  l*eau  : 

-  oulles  Q*air  ootenues  au  aooent  au  remplissage  du 
r^'servoir  et  aettsnt  en  evidence  la  totality  du  chanp 
dans  des  clans  ac  coupe  lon^ltuuinaux  (par  ex#  fig#2b, 
(if  f  et  g)  ou  trar.ove’*caax  (par  ex.  iig.5i,  j  et  0)  ; 

-  Dulles  Q*nyaro.^ne  degageec  par  electrolyse  et  liai- 
tdes  a  la  seule  surface  de  couront  qui  s'appuic  sur 
la  cathoae,  par  ex#  a  la  nappe  issue  d*un  oord  d*at— 
tacuo  en  flecne  (fig#  51Cf  a  et  n). 


AArrELS  AUX  £C0UL£r*Ui‘.:w  .\QL 

Aussi  bien  pour  faall iariser  le  lecteur  avec  l*exasien 
des  ioares  ainsi  obtenues  cue  pour  completer  cette 
analyse  en  opposant  les  dlcnents  remarcuables  des  dcou- 
leoents  non  ddcollos  et  decoUes,  cette  revue  phenooe- 
nologique  evoque  d*aoord  quelqucs  resultats  sinples 
qui,  'Tuoique  e.idents,  ne  sont  pas  tou jours  presents  h 
1 'esprit#  Lee  aiffdrenter  vues  de  la  fig#  1  mettent 
cloiremer.':  en  cviaence  les  differencec  fondaaentales 
exi.stani  er.tro  les  points  et  lignes  d'arrft  anont  en 
courrnt  plan  et  en  dcoulcoent  de  revolution,  et  les 
points  d*arr$t  et  lilies  de  partage  en  dcoulement  tri— 
iiaen.sionnel#  Pour  les  premiers,  les  lignes  de  courant 
P'.rietales  se  det&cher.t  perp^^r.diciilaireaent  de  part  et 
d'autre  de  la  ligne  d’arr^t  (fig.  la  et  c)  et  dans  le 
cas  liaite  d'un  aodele  de  revolution  axial  et  sans 
incidence  (fig#  le  et  f)^  le  point  d'errSt  avant  (et 


arri&re  lorsqu'il  existe)  est  un  ombilic  selon  la  tei^ 
fflinologle  adoptde  par  H#  ?oincard  [5]  (voir  aussi 
fig#5j9  k  et  a).  A  ce  point  de  divergence  Isotrope  des 
lignes  de  courant  parl^tales  s'oppose  le  point  d'arrit 
amont  non  isotrope  (noeud)  qui  apparait  en  dcoulement 
tridimensionnel  par  suite  de  I'ii^inaison  ou  de  la 
fonae  de  la  naquette  (fig.lg,  h  et  i).  De  ce  noeud  est 
issue  la  (ou  les)  lif?ie(3)  de  partage  qui  ae  forme(nt) 
sur  I'intrados  ou  sur  les  bords  des  modfeles  (fig#1i,  j, 
k,  1  et  7g)#  i>uivant  les  cas,  elle  separe  lea  eourants 
d'intrados  et  d'extrados  (  oc=  0«)  ou  les  dlffdrents 
eourants  d'intrados  («•>  0®)  qui  ae  d^versent  nu  bord 
d'attaque  et  au  bord  de  fuite.  Une  li^ie  de  partage 
n'est  pas  une  ligne  u'arrfit,  mals  unc  ligne  de  courant 
parietale  reaarquable,  de  part  et  d*  autre  de  laquelle 
se  detachent  tangentiellement  les  autres  lignes  de  cou¬ 
rant  parldtales#  La  trace  de  cette  ligne  dans  un 
ce  coupe  perpendiculaire  peut  Stre  assimilde  au  point 
d*a  rdt  du  pseudo-ecouleoent  transversal# 

Ilotons  enfin  que  dans  le  cas  d'un  dcoulement  irro- 
tationnel,  la  surface  de  courant  contenant  ces  lignes 
de  pr^rtage  ou  d'arrSt  est  perpendiculaire  h.  la  surface 
du  m -d^e,  conaae  le  montre  I'expirlence  (par  ex#  flg#1b 
et  d)# 


DEccLLann^'i's  a:  coUftAKr  plan 

SH  HI.  ECOULall-ItJl’i J  Pc.  RjlVQLJTIs^' 

Rapi dement  et  sans  ontrer  dans  les  details  (*),  la 
pr*'  ente  «tude  se  doit  de  passer  en  revue  les  princi- 
paux  types  de  d~colleiDent8  observes  en  courant  plan 
et  en  ecoulement  de  rdvolution,  ce  dernier  etant  bien 
souvent  le  seul  "ca.s  bidimensionnel"  correctement 
realisd  au  courc  des  esrair:,  c'ost-i-dire  exempt  de 
tout  effet  parasite  dfl  aux  parois  entre  lesquelles 
sont  montes  les  modeles  "courant  plan"# 

C'est  ce  qui  peut  $tre  deceit  sur  certaines  vues  de 
la  fig.  2  qui  iliustre  les  ces  bidiraensionr.els  dassi- 
ques  suivants  1 

-  decollcment  generalist  sur  un  c;  lindre  (fig#2a),  exem- 
ple  de  structure  avec  point  do  decollemont  libre  ; 

-  dicoHoment  devant  un  ressaut  de  paroi  (fig#  2b  et  c), 
structure  fonaee  avee  point  de  docollciaent  libre, 
aaic  avee  point  de  recollement  fixe  sur  la  paroi  nor- 
aale  pres  de  I'arSte  suptrieure  ; 

-  decolleraer.t  derrierc  un  ddcrocheaent  de  paroi  (fig.2d, 
e  et  f)  structure  fermde  avec  point  dc  ddeollement 
fixe  au  bord  du  dccrochemcnt,  le  point  de  recollerv'nt 
(laninaire  ou  turbulent  auivant  les  conditions  des 
essais)  rosttx.t  libre  ; 

-  enfin,  djcollement  localise  dans  une  cavite  de  paroi 
(fig.2g)  avec  points  de  ducolleaient  et  de  recollement 
fixes  tous  les  deux# 

Les  vues  groupees  sur  la  fig#3  cooplttont  cette  revue 
dans  le  cas  de  modtlcs  "courant  plan"  san.s  discontinuite 
de  pente  (fig#3a  kh)  et  I'etendont  k  celui  de  maquettes 
axiales  k  ecoulement  de  revolution  (fig.3i  km)#  Dans 
tous  les  exeaples  ci-^essus,  les  lignes  de  courant  pa— 
rietales  situees  de  part  et  d' autre  des  lignes  de 


(*)  Seuls  sont  present es  dans  ce  momoire  des  ecoulements 
avec  decollement  laminaire  dont  la  structure  est 
clairement  mise  en  Evidence  par  les  traceurs  utili¬ 
ses  pour  la  visualisation.  Sn  regime  entierement 
turoulont,  les  ooservations  sont  non  .'.eulement  plus 
difficiles  en  raison  des  fluctuations  de  vitesoe, 
aais  ausci  fortement  gSndes  par  la  diffusior.  du 
colorant  et  les  trajectoires  ddsordonnees  des  bulles 
d'air  servant  ce  traceurs. 
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d^oUeaent  (ou  da  raoolleMnt)  s'y  rattaoliant  (ou  a'an 
ddtachant)  k  peu  pr^s  noinalaaent. 

Oaa  visualisations  qui  prdolssnt  on  outro  1' organi¬ 
sation  et  las  oaructkrss  des  zones  ddcol]  Jos  ont  peznila 
do  degeger  la  schdna  physique  dee  princlpauz  types  da 
ddcolleaent  obserrde  en  coursnt  plan  t 

-  decollsment  gdndralisd  sur  parol  incunrde  (flg.4a} 

QUO  caraoterisent  une  dBlaslcn  pdrlodique  de  toui^ 
biUoos  emportds  par  le  courent  et  um  turbulenoa 
aval  I 

-  ddcolleaent  looallsd  dovant  un  ressaut  ds  parol, 
zone  de  recirculation  qul  est  le  siege  de  tourblUoas 
statlonnalrea,  (flg.4b)« 

Dans  les  conditions  des  easais  rdallsdes  au  tunnel, 
la  surface  da  separation,  frontiers  de  ees  zones  ddcol- 
Ides,  se  ddtaehe  toujours  sous  un  angle  faible  ou  nul. 

lie  oas  d'un  ddcolleiBont  flzd  par  une  aingularltd 
geoadtrlque  du  oodUe  telle  qua  le  bord  d'un  dderocha- 
mcnt  de  paroi  est  sehdaatisd  sur  les  vues  4d  (zone  da 
recirculation  entlireaent  laalnaiie  derrl^re  un  ddcro- 
cheaient  de  faible  hauteur)  et  4e  (esu  Mrte  laninalre 
c8te  ament  et  zone  ttirbulenta  odtd  aval  derrl^re  un 
grand  d^orochaaent).  La  structure  de  cee  zonee  ddeolldes 
finlea  prdsente  une  grande  analogie  avee  cello  des 
bulhes  ddcollds  qul  se  fozaent  au  bord  d'attaque  d'un 
prof  11  port  ant  [l3,  F5],  Dana  toutee  les  experiences 
avee  recoUeaent  da  I'doouleasnt  non  imposd  par  la 
presence  d'une  parol  nomale  falaant  obstacle,  le  rat- 
tachement  da  la  aurface  da  sdparation  sur  la  parol 
aval  a'effeetua  sous  un  an(^e  relativeownt  faible  ou 
nul. 

£nfin,  il  semble  utile  da  revenlr  sur  le  eaa  d'un 
montage  "eouraz.'  plan"  si  souvent  utiliad  an  soufflei-la 
pour  insiatar  sur  les  effots  tridimensionnels  dua  aux 
parols  latdrales  et  qui  tendent  k  se  ddvelopper  partl- 
culi^veiMnt  lorsque  I'doouleaent  ddcolle  sur  le  oodhla  t 

-  dans  le  meiUeur  des  cas,  oela  se  tradult  par  uns 
Idgdre  incurvation  vers  I'aval,  de  la  llgne  de  ddcol- 
leaent  de  part  et  d'autre  du  plan  de  symdtrle  (par  ox, 
fig.Za)  t 

-  dans  d'autres  oas,  auxquela  il  convient  de  falre  tr^s 
attention  si  I'on  no  veut  pas  aboutir  h  dee  conclu¬ 
sions  errondes,  I'laportance  des  ddoollements  parasi¬ 
tes  sur  les  odtds  est  telle  qu'elle  provoque  la 
fomatlon  d'un  col  et  entrains  un  recul  non  rdallste 
du  point  de  ddooUeaent  dsns  la  eons  mddlans  (fona- 
tion  d'un  point  de  partage  reculd)  [lj. 

Seule  la  llgne  de  ddcollement  qul  ceintuie  un  coii>8 
I'ueeld  de  rdvolutlon  sans  incidence  (fig.31,  J  et  k) 
est  exenpte  de  point  de  partage  i  le  tube  ddcolld  ainsi 
formd  pr^onge  le  module  dont  11  oonstltue  le  slUage  ) 
■als  11  peut  aussl  en  venant  se  rattacher  autour  d'un 
parallble,  enfermer  un  bulbe  annulalre  entierement 
laminaire  ou  uixte  et  k  reoollemsnt  turbulent. 


CJiiUCrEiaaiTICti  DBS  DEOaLLSHEMTS  TtapIMiiNSICBHELS 
PAR  aafPOai  APX  DBOaLIilE!NTS  PBECEM»T3 

Les  flg.dc  et  4f  schdmatisent  pour  les  deux  types 
d'ezeinplea  analysds  cl-dessus,  les  modifloations 
fondamentalsa  qul  se  produlsent  dans  I'dooulement  sous 
I'effet  d'une  cooqiosante  trensversale.  Ainsi  se  forme- 
t-il  devant  un  ressaut  de  parol  d'envergure  limltde 
(flg.4c)  des  tourbiUons-pults  allnentds  par  une  mince 
couche  de  courant  et  s'd^ppant  de  part  et  d'autre  de 
1 'obstacle.  Itevant  un  cylindre  flxd  k  la  paroi  (fig.38 
et  b),  oes  tourbillons  sont  inourvda  en  "fer  k  cheval” 


conse  la  llgne  de  ddcollement  nul  les  prdckde  et  qui 
cc  ddveloppo  de  port  et  d' autre  d'un  mint  de  portage 
avenob  (voir  flg.6d)  du  type  "ool"  [5J. 

Derrikm  un  ddcrochement  de  paroi,  I'effet  d'une 
conqiosaute  tranaversalo  liqwrtante  n'est  pi  s  moindre 
(flg.4f),  qu'elle  s'dtaolisse  naturellement  en  raioon 
de  la  gd^dtrie  du  modkle,  per  exemple  dans  le  oas  d'un 
ddcrocheaient  en  chevron  (flg.5h,  i  et  j)  ou  artificielle- 
nent,  telle  qua  la  provoque  un  jet  transversal  [14,  F6]. 
Ces  courants  transvorseux,  dont  1' importance  a  dtd 
soulignde  k  plusieurs  reprises  [6,  15],  ont  pour  effet  do 
provoquer  I'enroulement  de  la  nappe,  qui  se  ddta^  au 
bord  du  ddorochement,  autour  d'un  tourblUon-puits 
(fig.4f}.  Oe  tourblllon  est  ulisentd  par  une  couche  da 
fluids  dont  la  frontikre  vient  ae  rattacher  sur  la  paroi 
aval  sous  un  angle  voioin  de  90". 

Sur  I'ertrados  d'une  aile  delta  mince  avee  incidence, 
on  retrouve  une  organisation  identique  des  tourbillons 
issue  de  I'apex  et  qui  rdsultent  de  I'enroulement  en 
"comet"  des  nappes  qui  se  ddtachent  des  boros  d'attaque 
(flg.Sk  a  o)  1.6,  F7]  I  le  schdma  correspondent  est  clcs- 
sique  (configuration  tourbillons  sdpards),  il  rests 
valable  a8me  en  suporsonique  |.l6j. 

Quand  aucune  singularitd  geometrique  du  modkle  (poin- 
te,  arSte,  bord,  etc.)  ne  fixe  la  llgne  de  ddcollement 
sur  la  Burfece  du  modble,  les  ddoolXements  tridimension¬ 
nels  prdsentent  une  structure  plus  conqileze  et  des 
differences  notables  suivant  la  forme,  I'dlancement  ou 
1 'attitude  du  modkle. 

Ainsi  peut-on  distinguer  sur  I'extrados  d'une  ogive 
[17,  9,  F6j  ou  d'une  aile  delta  c'palsse  [6,  FiJ  t 

-  un  ddoolloment  unique  issu  d'un  point  de  partuge 
axial  avaned  (col)  et  sidge  d'un  tourblllon  en  "fer 
d  chsvol"  dont  les  deux  branches  s'ineurvent  vers 
I'svul  (fig.  5c,  6s  et  7h)  ( 

-  plsgea  deoolldes  suparces  par  un  couloir  sxiel 
sain  non  ddcolld  (flg.5d,  6b  et  71,  J,  k),  cheque 
ligoe  de  ddcolleaent  issue  d'un  point  de  partage 
avanod  oomportant  en  outre  un  foyer  (fig.6d),  point 
de  convergence  spirale  d'od  s'dlkve  un  tourblllon- 
troobe  [5,  16]  % 

-  une  id.age  unique,  mais  rdsultont  de  la  Jonction, 
a  incidence  dlcvde,  d'un  ddcollement  looalisd  k 
I'avant  (bulbs)  et  d'un  ddoollenent  gdndralisd 
arrikre,  par  exenple  sur  une  ogive  k  nez  relativsmsnt 
plat  (fig,5e)  ou  sur  une  silo  annulalre  [l7,  19j« 

Snfin,  le  css  dee  ddooUements  arrikre  tola  qu'ils 
se  produlsent  k  inoidenoe  faible  ou  luills,  notamment 
sur  des  modkles  finis  et  sans  arltes  comme  par  exeaqds 
des  ellipsoldes  (flg.5f  et  ^)  a  dtd  examind  dans  des 
publications  prdeddentes  [4J,  qui,  les  premieres,  ont 
rdvdld  1' aspect  oaractdrlstlque  de  la  ligne  de  ddoolle- 
ment  trldiflenslonnelle,  asymptote  (pratlquement  asaimi- 
Ide  k  une  enveloppe)  dM  lignes  ds  courant  paridtales 
(fig.6d),  ainsi  qua  I'existenos  do  ools  (points  de 
nartsgs)  et  de  noeuds  (points  de  convergence  non 
spirale)  >  voir  par  example  fig.  5f  et  g. 

Le  leoteur  attentif  saura  distinguer  sur  les  flg.5 
et  7  lee  dlffdrentes  singularitds  pasedea  en  revue 
ciHlessue  et  que  I'on  retrouve  aussl  bien  k  la  surface 
ds  parols  avee  obstacles  et  de  voilurea  que  sur  dee 
corps  fuselda. 

De  1' ensemble  des  observations  f sites  au  cours  de 
OSS  sBsals  reaeortant  les  rdsultsts  fondsnentsux 
Buivsnts  applloables  aux  dcoulenenta  permanents  en 
Boysnne  i 

-  da  nAss  qu'sn  dooulemsnt  bidimensionnel  (bulbe  de 
bord  d'attaque,  bulbe  annulalre),  lee  ddooUements 
tridinensionnele  peuvent,  dans  quelquss  oss  relati- 
vement  rares,  Itre  fermds  (bulbs  d'envergure  limitds, 
par  exemple  au  nez  d'une  o^ve  insuffiaanment  profi- 
Ide  ou  au  bord  d'attaque  d'une  aile  annulalre)  t 


394 


-  olors  qv'en  courant  plan  ot  qu’en  ecoulpo'’nt  d« 
volution  los  zon?3  ducoll^s  oisca  en  (Evidence  aont 
toujours  ferauea  Tern  I'enont,  los  structures  tri- 
dlmenaioiin'>lle8  peuvcnt  s'ouvrlr  en  des  points  et 
lignes  singtdlkrcs  (point  de  partagSt  da 

ddcollcnent,  point  da  convergence  splrcle  qul  donne 
naissanco  k  un  tourblllon  trosce)  pour  copter  une 
couche  de  fluide  et  aliaenter  les  tourbillons 
concentres  autour  desquels  s'enroulent  les  nappes 
dnlses  le  long  des  ll'nes  do  decollementa 

Dans  ce  cas,  ces  atructures  trldimensionnellca  sent  nd- 
ocBsairamt  ouvertea  vers  I'aval  pour  evacuer  le  ddblt 
ainsi  Introctuit,  ddbit  que  I'on  relrouve  dans  le  sil- 
lage  ot  plus  particulieroisent  duns  les  noyaux  des 
tourbillons. 

Per  oontre,  lee  structures  ouvertea  vers  I'aval 
stns  evacuation  de  debit  capte  (perce  que  feraees  vers 
I'aaont)  finissent  toujours  par  se  refenoer  au  sein 
du  fl'iide  en  des  points  ou  lii^iea  slngulieres  dont  la 
position  depend  surtout  du  grodient  de  pression  anta- 
soniste. 


SIMGULArtl  JES  AU  SSIK  jU  FLUIDE 

Cette  etude  des  ecoulemcnts  decoliea  ne  serait  pas 
cooplkte  si  elle  ne  conportait  pas  une  evocation,  ne 
serait-ce  que  soomaire,  des  p'qenomenes  de  confluence 
ou  d'eclatement  se  pro'lilsont  au  seln  du  fluiide. 

Sous  I'effet  d'-.in  gradient  favorable,  tel  qu'il 
peut  Itre  realise  par  I'artifice  a'une  pri:.e  d'air 
aval  k  debit  d'entree  eieve  (fig.Ba  et  b),  le  decol- 
les^nt  qul  se  prodult  fU  culot  d'un  obstacle  bldimen- 
sionnel,  plan  ou  axisyndtrique,  peut  Stre  rdduit  k 
une  rone  de  reoirctilation  fermee,  dont  I'ertremltd, 
point  de  confluence  des  courants  exterlours,  est 
pointue  (voir  aussi  fig.3h).  Par  oontre,  dans  le  cas 
d'un  deoolleBcnt  tridinensionnol ,  ooane  il  se  prodult 
derriore  un  oylindm  or.  derepage  (lig.Sd,  e  et  f),  la 
confluence  des  courants  extdrio'irs,  telle  nue  la 
revele  une  coupe  trcnsversale  (fig.Bf),  a'effectue 
nomaleoent  >m  pirn  de  syndtrie  ot  en  un  point  qui 
prend  I'upparenco  d'un  point  de  partago.  Cette 
confluence  est  due  au  courant  tr'irsvercal  qui  s'etoolit 
naturellement  lorsque  le  don  page  du  oylindre  est 
suffisant.  La  mSme  organisation  de  I'ecoulement  peut 
8tre  observde  au-deasus  d'une  ailc  delta  eux  incidences 
eleveos  i  en  effet,  .a  configuration  "tourbillons 
rejoints"  (.16,  i'9]  esc  caracterlsee  par  la  rencontre 
au  sein  du  fluide  des  couches  qul  clloentent  les 
tourbillons  d'extr.  dos  de  choque  c8td  de  I'aile  ; 
vue  en  coupe,  elle  s'effectue  en  un  point  de  partoge 
du  pseudo-uooulement  transversal. 

O'est  au  contreire  devant  un  gradient  defavorablo, 
tol  qu'il  resulte  d'un  effet  d'obstacle,  que  se  prodult 
I'^clatement  d'un  sillage  de  couche  ILiltc  au  sein  du 
fluide  (fig.Bg), 

En  eooulement  tridimensionnel,  le  nSme  precede  a 
penais  de  provoquer  I'eclatoment  artificlel  d'un 
tourblllon  do  voilure  (fig.81,  j  et  k)  |.21,  F1l], 
phenonikne  qui  ae  produit  nnturellenent  .sur  une  ailo 
delta  eux  incidence  nlevdes  i_21,  ?9].  Comme  pour  les 
d^collements,  il  existe  diff 'rents  ti^es  d' 'clatement, 
aussi  bien  dos  poches  fermees  ot  quasi-stationnulrca 
(par  ex.  fig.ai)  que  des  eclatoraents  h  structure 
ouverte  et  trks  instationnaire  (pnr  exeraple  fic.t’k). 


Cette  revue  phiSnondnologlque  des  ddcollemcnts  duns  le 
cadre  rectreint  do  ce  nAsoire  rert.ora  forc'iment  incomple¬ 
te  pnr  suit"’  ciu  noabre  ^leve  et  de  la  conplexite  des 
CCS  existnnto.  Sn  instationnaire,  elle  se  llnitera  k 
quelquos  roanrquos  pu  sujot  des  d jcolloiaontr  et  silleges 
k  caractkre  periodlruo  ou  ooaentancaGnt  instationral’^. 

Sn  courant  plan,  I'exemplc  de  ce  type  le  plus  connu 
est  celui  des  tourbillons  altsm^a  de  Bt'nard  -  Karman 
(fig.'jg)  qui  caract^rlse  In  plupart  du  toops  le  sillage 
d'un  obstacle  fixe. 

Sn  dooulement  de  revolution,  le  sillage  instationnaire 
oorrespondant  est  maraud  par  une  Emission  periodique  da 
tourbillons  toriquee  (fig.jl),  Souvent  ce  phanomkne  ne 
debuto  qu'en  aval  d'une  zono  d'eau  morte  leninaire  dont 
I'importance  crolt  avec  les  nimonsions  du  culot 
(fig*bo)  t  onie  ce  qui  caructerise  la  fomation  de  ces 
tourbillons,  e'est  I'ouverture  periooiauc  de  la  struc¬ 
ture  decollde  vers  I'amont,  altemativement  de  cheque 
efitd  du  uodkle  plan,  ou  sur  toute  la  periphdrie  en 
•^coulement  aziByodtrique, 

Ainsi  contrairement  aux  observations  faitos  en  re¬ 
gime  penaanent,  les  structures  d^coll^es  bidiioensionnel- 
les  peuvent  s'euvrir  vorr,  I'anont  en  instationnaire. 

11  en  est  ainsi  a  fortiori  dans  le  cas  de  oaquettes 
en  mouvament. 

En  courant  plan,  I'exenple  claselque  eat  celui  d'un 
profil  anime  d'oscillations  hamoniques  en  tangage 
autour  d'une  incidence  voisine  de  I'enr^e  de  d^croche- 
ment  [22,  Fllj  ;  le  d^coUeoent  instationnaire  que  I'on 
enregistre  au  cours  rte  chaque  cycle  cotaporte  les  phases 
suivantee  t 

-  apparition  et  ddveloppeaent  au  bord  d'attaque  d'un 
bulbe,  sikge  d'un  tourbillon-puits  ; 

-  d^placeoent  du  bulbe  vers  I'aval  et  echappement  dans 
le  sillage. 

Cette  structure  k  volume  variable  a'ouvre  done  altenia- 
tivement  vers  I'amont  (formation)  et  vers  I'aval 
(4ohappement)  s  elle  "respire"  selon  la  terminologie 
utilise  par  R.  Legendre. 

Le  cos  s^Tsetrique  ou  axisyindtrique  du  tourbillon- 
puits  qui  se  forme  au  cours  d'un  mouveaent  de  ddmarrage, 
par  example  derribre  une  plaque  disposes  nornolement  k 
la  direction  de  la  vites.re  Vo  (fig.3a)  [20,  F10],o3t 
encore  un  exenple  de  structure  eidinensionnelle  momen- 
tar.«?nient  ouverte  vers  I'amont,  comme  seul  en  inctation- 
naire  oela  peut  se  produire.  Il  re.stc  k  evoeuer  le  cas 
des  structures  instationnaires  tribimensionnHllea. 


Les  exemples  de  sillrfo.".  tridinensionnels  k  caractere 
instationnaire  accentue  et  issus  de  moi.blcs  fixe.s  sont 
nombreux  et  il  suffit  de  citer  celui  du  sillage  d'une 
structure  soumise  au  vent  (imneucle-tour,  cherninde, 
etc)  [20,  FlOj  et  de  remarnuer  que  bien  souvent  des 
effets  tridimensionnels  apparaissent  m@me  en  bidimen- 
slonnel  (en  dehors  des  parois  ou  supports  de  montage), 
par  suite  de  ddciiirures  de  la  nappe  qui  s'enicule 
autour  des  tourbillons,  sur  la  Peripherie  ou  le  long  de 
l'enver/.qire,  par  exempls  sur  un  cylindre  [23]. 


<4U.mt  aux  exemples  relatif.s  k  des  modbles  en  mouve- 
ment,  on  peut  raentiomier  oeux  d'une  aile  on  flbohe 
finimse  d'un  nouvement  d'eaciliationa  harnoniaues  en 
tanga^D  ou  ile  translations  altemees  nomules  k  la 
vitesr.e  Vo  (mouvement  de  piloniioment)  [20,  Pioj,  Ler. 
striicturcf.  ddenlder.  miees  en  evidence  pour  une  inci¬ 
dence  noyenne  non  nulle  sont,  comme  en  sl.ationnclre, 
coracterisees  par  la  formation  de  tourbillons  concen- 
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troo,  et  de  c«>  fait  ouvert»s  verr,  I'aaont  pt  I'aval 
(debit  .’es  noyaux),  nais  ce  di-bit  oaptd  et  evasu.;  est 
nOf-ule  pirl3ji'-ue-  ''nt  pu  ia  nouvotsent ,  et  en  parti- 
calier  a 'annul?  chaque  fois  quo  1* incidence  effective 
du  Docile  pass*'  par  0®« 


I'eienple  de  atnicture  tritinen-aionnelle 
observee  lore  a’un  aouveoent  de  ddocrraee,  nui  clSture 
oette  lonqv"  si-rio  de  rirultrtr.,  ost  le  dicollenent  'ui 
se  fora!«  aur  un  ellipsorde  de  r>5volution  allon^?  avec 
incidence  1 J  i  quanJ  la  viteaso  '/o  crolt  a  partir  de  0, 
Cette  atructurc-  ouverte  vena  I'avant  capte  un  ddbit  qui 
provc.ue  1?  rerwntie  vera  I'anont,  do  It  lifjne  de  ddcol- 
leiBcnt  non  fixJe  par  une  ar5te  (cOda«»  aur  une  plaaue 
nonude Vo)  jusou'k  aa  position  de  r-'-ia?  pemanent 
(fiS.Tf). 


OCT  JLUSl JK 

L'etude  k  partir  do  vinualiaaaonE,  des  points, 
li  Tiee  et  surface.-  reoar^Tuablos  au  sein  du  fluido  ct 
aur  les  obottclt.n  foumit  aux  t.beoriciens  et  aux  exp'> 
ri.icntataui'T  ties  informttionr  utiles  et  non  dunueea 
d'inturSt,  qui  „ont  loin  d'Stro  Jvidentes.  i’uis'.ont-olles, 
tn  dtpit  do  lour  caraotere  qualitttif,  lour  penix^ttre 
de  aioux  intorpr 'ter  lourc  pi-opres  n'sultttc  et  innpirer 
ou  t,-uidor  lea  reeherch-  s  effeotuijs  en  vue  d’une  neil- 
leure  oonntissanco  ues  dcoulow>nta  d-colles. 
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Lignes  de  courant 
paridtales 

±  j_ 


y  y 

Ligne  de  Ligne  de 

cMcollement  recollement 


a  cylindre  avec  d^collement 
g^niralisi. 

b  et  c  parol  plane  avec 
d^collement  localise 
devant  un  ressaut. 

d  et  e  parol  plane  avec 
dteollement  localise 
derriere  un  petit  d6- 
crochement. 

f  parol  plane  avec  (Kcolle- 
ment  derriere  un  grand 
d6crochement 
(transition). 

g  parol  plane  avec  cavlt6 
(zone  de  recirculation). 

Visualisation  par  bulles  d'air 

(plan  de  sym^trle)  et  par 

Emissions  color^es  parlitales. 


FIG.  2  -  LIGNES  ET  SURFACES  CARACTERISANT  LES  DECOLLEMENTS  EN  COURANT  PLAN. 


FIG.  3  -  PRINCIPAUX  TYPES  DE  DECOLLEMENTS  ET  SILLAGES  OBSERVES  EN  COURANT  PLAN  ET  EN 
Ecoulement  de  revolution  (l| 


a  ^  d  d^collement  g6n^ralls4  le  long  d'une  parol  Incurv^e  (a  :  zone  lamlnaire  cdt6  amont; 

b  8  d  :  zone  turbulente  cbx6  aval  -  vues  extraltes  d'un  film  d'essai), 

e  d^coliement  localise  du  type  bulbe  avec  recollement  lamlnaire 

f  d^collement  localise  du  type  bulbe  avec  recollement  turbulent 

g  tourblllons  de  B^nard  Karman  dans  le  slllage  d'une  plaque  mince  sans  Incidence, 

h  slllage  derriere  les  cylindres  d'une  maquette  de  falsceau  tubulalre. 

I  slllage  b  I'extrimlt^  d'un  corps  fusel6  sans  Incidence. 

j  d^collement  localise  b  recollement  lamlnaire  autour  d'une  tete  d'engin  sans  Incidence, 

k  d^collement  localise  b  recollement  turbulent  autour  d'une  ogive  b  nez  presque  plat  sans  Incidence. 

I  slllage  au  culot  droit  d'un  corps  de  revolution  sans  InclderKe  en  regime  permanent, 

m  tourblllon  torique  observe  derriere  un  disque  normal  au  vent  au  cours  d'un  mouvement  de  demarrage. 


sur  un  profll. 
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i-ia.  4  -  SCHEMAS  D'ECOULEMENTS  LE  long  0‘UNE  paroi 


■  paroi  incurve 

1.  Iign«$  d«  courant  (4coulem«nt  laminairel; 

7.  fronti4rt  da  la  zona  d4coll4a,  itabla  cAt4  amont, 
lluctuanta  c6t4  aval; 

3.  transition;  O  point  da  d4collamant; 

4.  tourbillora  amport4s  par  la  courant; 
zona  d4coll4a  turbulanta. 


b  paroi  plane  aver  .essaut  (marche  >  0) 

1.  ligrtas  da  courant; 

7.  fronti4ra  da  la  zona  decollia  davant  la  rassaut; 

3.  tourbillon  principal; 

4.  tourbillon  sacondaire; 

5.  Irontiara  da  la  zona  d4coll4a  lur  la  rassaut. 

D  point  da  decollamant. 

R  point  da  recollantant. 


c  paroi  plane  avec  ressaut  d'envergure  limit^e 
(teoulement  tridimensionnel) 

1.  surface  da  separation  aboutistant  la  long  da  la 
ligrta  da  racollament  R; 

2.  tourbillon-puits  principal  lechappamant  transversal) 
autour  duqual  s’anroule  la  surface  da  separation 
iwua  la  long  da  la  ligna  da  decollamant  D; 

3.  tourbillon-puits  at  surface  da  separation  secon- 
dairas. 


d  paroi  plane  avec  petit  dterochement 

1.  lignas  da  courant; 

2.  frontiera  da  la  zorta  decoliea  farmea. 

R  zorte  da  recollamant  laminaire. 


e  paroi  plane  avec  grand  dterochement 

1.  lignas  da  courant; 

2.  coucha  limite; 

3.  frontiera  da  la  zona  decoliea,  stable  cAte  amont, 
fluctuanta  cAte  aval; 

4.  frontiera  da  la  zone  turbulanta; 

5.  tourbillons  amportes  par  la  courant. 

T  transition. 

R  point  da  recollamant  turbulent. 


f  paroi  plane  avec  grand  dterochement 
(teoulement  tridimensionnel) 

1.  lignas  da  courant; 

2.  surface  da  separation  aboutissant  la  long  da  la 
ligna  da  racollemant  R; 

3.  tourbillon-puits  principal  lechappamant  transversal) 
autour  duqual  s'enroule  la  surface  da  separation 
qui  se  detacha  au  bord  du  decrochamant; 

4.  tourbillon-puits  at  surface  da  separation  secon- 
dairas. 


m 


n 


j 


m 


FIG.  5  -  SINGULARITES  CARACTERISANT  LES  DECOLLEMENTS  TRIDIMENSIONNELS. 
a  et  b  d^collement  devant  un  cylindre  fix6  d  la  paroi. 

c,  d  et  e  d^collement  sur  I'extrados  d'une  ogive  plus  ou  moins  profil^e  avec  incidence, 

f  et  g  d^collement  arriere  sur  un  ellipsoVde  aplati  (a  =  6  b  =  2  c). 

h,  i  et  j  nappes  en  «cornet»  issues  des  bords  d'un  d6crochement  de  paroi  en  Kchevronn 

k  a  o  nappes  en  KcornetD  issues  des  bords  d'attaque  d'une  aile  delta  mince  avec  incidence. 

Visualisation  par  Emissions  color^es  (b  d  h),  par  bulles  d'air  (a,  i,  j,  I  et  o)  et  par  bulles  d'hydrogene  (k,  m  et  n) 


F!G.  8  -  DCCOLLEMENTS  AU  SEIN  DU  FLUIOE. 

n  courant  de  revolution  (b),  ferme  sous  I'elfet  d'aspiration. 

(c)  comportant  une  eau  morte  finie  amont  at  une  zone  turbulente  aval. 

I  1.  nappes  s'enroulant  autour  des  tout  billons  principaux  et  secondaires 

n  derapage  (d,  e,  f)  <  2.  frontiire  de  la  couche  alimentant  les  tourbillons 
I  P  point  de  partage. 
plan  (g)  sous  I'effet  (fun  obstacle. 

Hon  de  voilure  Ipoche  d4coll6e  finie) 


point  o'iclatement 

partie  d'un  noyau  d6form6  par  r^clatcment 
axe  du  tourbillon. 
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THE  THREE-DIMENSIONAL  SEPARATION  OF  A  TURBULENT  BOUNDARY  LAYER  BY  A  SKEWED 
SHOCK  WAVE;  AND  ITS  CONTROL  BY  THE  USE  OF  TANGENTIAL  AIR  INJECTION 

by 

David  J.  Peake 

National  Aeronautical  Establishment,  Ottawa,  Canada 

and 

William  J.  Rainblrd 
Carleton  University,  Ottawa,  Canada 


SUMMARY 

The  three-dimensional  Interaction  of  a  skewed  shock  wave  with  a  turbulent  boundary 
layer,  that  Is  generated  by  a  variable-angle  wedge  standing  normal  to  a  flat  test  wall, 
has  been  systematically  Investigated  at  nominal  mainstream  Mach  numbers  of  2  and  4,  up 
to  and  beyond  shock  strengths  sufficient  to  cause  incipient  th'  ee-dlmenslonal  separation. 
The  Reynolds  number  based  on  the  undisturbed  test  boundary-layer  thickness  of  0.2-lnch, 
growing  along  the  nozzle  sidewall  of  the  NAE  5  »  5-lnoh  blowdown  wind  tunnel,  was  '^-2  x  10®. 
The  experimental  measurements,  made  under  essentially  zero  heat  transfer  conditions.  In¬ 
cluded  extensive  mapping  of  the  test  surface  static  pressures,  selected  pitot  pressure  and 
stagnation  temperature  profiles  obtained  with  a  servo-controlled  3-tube  yawmeter;  Preston 
tube  Impact  pressures,  and  oil  dot  surface  flow  visualization.  Some  limited  Schlleren  In¬ 
vestigations  were  made  to  verify  shock  angles. 

In  the  Mach  number  2  flowfleld,  with  wedge  deflection  angles  of  8  and  11.5°,  blowing 
air  at  Mach  3  (also  at  ambient  stagnation  temperature)  was  introduced  upstream  of  the 
Interaction  and  tangential  to  the  wall,  through  a  rearward- facing  step.  The  objective 
was  to  control  and  remove  the  three-dimensional  separation.  The  Jet  excess  momentum  for 
this  control  situation  was  slightly  more  than  the  momentum  deficit  of  the  undisturbed 
boundary  layer.  In  addition  to  the  control  of  the  magnitude  of  the  blowing  momentum,  the 
direction  of  the  wall  Jet  could  also  be  changed  by  rotating  the  line  of  the  Jet  efflux. 

The  optimum  direction  of  blowing  was  found  to  be  along  a  line  somewhere  between  the  de¬ 
flected  surface  of  the  wedge  and  the  line  of  the  oblique  shock  wave  (or  the  3D  separation) . 
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Angle  betv/een  local  resultant  velocity  vec^'or  In  the  viscous  flow  and  external 
stream  resultant  velocity  vector  at  the  outer  edge  of  the  boundary  layer 

Angle  between  resultant  velocity  vector  in  the  viscous  flow  and  tunnel  centre¬ 
line 

Local  skin  friction  coefficient 
Diameter  of  static  pressure  orifice 
Boundary- layer  thickness 

Boundary- layer  thickness  where  local  resultant  velocity  Is  0.995  of  velocity  at 
boundary-layer  edge 

Streamwlse  displacement  thickness  »  ( j.  -  dh 
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Crossflow  displacement  thickness  =  -/  E  —EL.  qh 
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Reference  undisturbed  boundary-layer  thickness  In  empty  wind  tunnel 

Deflection  angle  of  wedge  shock  generator  measured  with  respect  to  tunnel 
centre-line 

Height  above  test  surface 

Shape  factor  of  streamwlse  boundary-layer  profile,  »  Bi/Bii 
Mass  flux  of  blc  Jet 
Local  mean  Mach  number 

Local  Mach  number  at  exit  of  supersonic  Jet  blowing  nozzle  for  blc 
Mach  number  calculated  from  ratio  of  static  to  stagnation  pressure 
Mach  number  calculated  from  Rayleigh  pitot  relation 
Static  pressure 

Pressure  measured  In  static  hole  Immediately  upstream  of  obstacle  block 
Static  pressure  at  reference  measuring  station  1 

Calculated  static  pressure,  downstream  of  swept  shock,  according  to  'Oblique 
Shock  Tables' 

Stagnation  pressure  of  undisturbed  mainstream  flow 
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Pqj  stagnation  pressure  of  blc  Jet  blowing  air 

Pp  Pitot  pressure 

Rj  Reynolds  number  based  on  boundary-layer  thickness,  6q,  and  local  mainstream 

conditions 


Reynolds  number  based  on  streamwlse  momentum  thickness  of  boundary  layer  and 
locci  mulnstrearii  conditions 
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Mean  density  within  boundary  layer 
Mean  density  at  outer  edge  of  boundary  layer 
Adiabatic  wall  temperature 
Intermediate  temperature 

Stagnation  temperature  measured  In  settling  chamber  of  wind  tunnel 
Corrected  total  temperature  at  cobra  probe  thermocouple 
Corrected  total  tempei  ature  at  outer  edge  of  boundary  layer 
Wall  temperature 

Rotation  of  blc  Jet  blowing  nozzle  unit  with  respect  to  perpendicular  to 
tunnel  centre-line  in  (x,y)-plane 
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momentum  thickness  of  streamwlse  flow 
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Component  of  mean  velocity  within  boundary  layer  parallel  to  direction  of 
external  streamline  at  outer  edge  of  boundary  layer  -  called  streamwlse  flow 

Resultant  mean  velocity  within  boundary  layer,  (In  2D  flow,  ug  =  u) 

Mean  velocity  at  outer  edge  of  boundary  layer 

Mean  velocity  of  blc  jet  blowing  air  at  Jet  nozzle  exit 

Component  of  mean  velocity  within  boundary  layer  normal  to  direction  of 
external  streamline  at  outer  edge  of  boundary  layer  -  called  crossflow 

Axial  distance  from  centre  of  rotation  of  turntable  Jet  blowing  nozzle  on 
tunnel  centre-line 


XT  Location  of  traverse  station  of  cobra  probe  or  circular  pitot  tube  orifices 

along  x-axls 

XWLE  Axial  location  of  leading-edge  of  movable  wedge  shook  generator 

XSWINV  Axial  location  of  calculated  shock  wave  from  deflected  wedge,  assuming 

Inviscld  flow  on  either  side  of  shock 


y  Lateral  distance  In  plane  of  tunnel  floor  f:  om  centre  of  rotation  of  turntable 

Jet  blowing  nozzle.  Positive  Is  In  direction  away  from  deflection  test  surface 
of  wedge  shock  generator 


ABBREVIATIONS 


SUBSCRIPTS 


blc  boundary-layer  control  E  outer  edge  of  boundary  layer 

2D  two-dimensional  J  Jet 

3D  three-dimensional  i'  wall 

1.0  INTRODUCTION 

The  three-dimensional  Interaction  between  a  turbulent  boundary  layer  developing  along 
a  surface  and  a  perpendicular,  glancing  oblique  shock  wave  (sometimes  called  a  'skewed' 
shock  wave)  -  see  Figure  1  -  Is  a  phenomenon  of  considerable  Importance  In  the  design  of 
swept  wings,  wlng/body  and  tall/body  Junctions,  and  quasi  2D  Intakes.  Despite  several 
previous  Investigations Green  noted®  that  there  was  little  quantitative  understanding 
of  Interactions  between  swept  shock  waves  and  turbulent  boundary  layers,  although  Stalker* 
and  Stanbrook^  Introduced  some  qualitative  features  In  their  early  work,  while  later 
investigations  by  McCabe®  and  I  owrle**  provided  some  Insight  Into  the  crossflows  developing 
In  the  Interaction.  Much  of  the  existing  analysis  has  been  developed  for  so-called 
'infinite'  swept  flows,  and  so  is  of  a  quasi  two-dimensional  nature;  while  most  experi¬ 
ments  have  been  conducted  using  the  nozzle  boundary  layers  In  relatively  small  supersonic 
wind  tunnels  At  a  given  mainstream  Mach  number,  the  flow  deflection  angle  for  so-called 
'Incipient  separation'  has  usually  been  determined  as  when  the  limiting  streamlines  be¬ 
came  parallel  to  the  projection  of  the  shock  wave  (In  the  external  stream)  on  to  the  wall, 
and  Korkegl®  has  made  a  simple  correlation  of  incipient  separation  data  from  References  3 
and  *4 . 


In  an  attempt  to  remedy  some  of  the  deficiencies  of  the  earlier  Investigations,  a 
systematic  series  of  experiments  was  planned  and  executed,  utilizing  the  NAE  5  x  5-lnoh 
blowdown  (pilot)  wind  tunnel.  In  these  experiments,  the  mean  flow  features  Including 
wall  static  pressure,  surface  Impact  pressure  and  limiting  streamline  direction,  and  pitot 
and  stagnation  temperature  profiles,  were  gathered  through  swept  Interactions  at  main¬ 
stream  Mach  numbers  of  2  and  4;,  up  to  and  beyond  flov  deflection  angles  through  the  shock 
wave  that  produced  three-dimensional  separation.  The  Reynolds  number  based  upon  the  main¬ 
stream  conditions  and  the  undisturbed  boundary-layer  thickness,  6o,  of  0.2-lnch,  was'v2xio®. 
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Subsequently,  for  the  Mach  2  flow,  a  small  convergent/divergent  tangential  wall  Jet 
nozzle  was  installed  in  the  test  wall  (Figure  2)  upstream  of  the  interaction  region,  to 
investigate  whether  a  strong  three-dimensional  shock-induced  separation  could  be  con¬ 
trolled  or  destroyed  by  a  Mach  number  3  supersonic  wall  Jet.  (The  planning  of  the  3D 
experiment  followed  the  criteria  established  by  Peake^  for  supersonic  blowing  boundary- 
laypr  c^ni-rol  In  a  '•wi'-dlrarnaljnal  Bhuok/bnuniary-layer  intrr’sefton).  The  direction  of 
the  Jet  efflux  could  be  orientated  at  various  angles  with  respect  to  the  line  of  sepa¬ 
ration,  as  we  see  on  the  diagrammatic  sketch  of  Figure  1. 

This  experiment  was  planned  as  one  of  several  at  NAE,  to  ascertain  the  fluid  mecha- 
niea  .ral  rar  Iti  i  -w  and  fliowt  h  full  i"  oiTHJtlaf  t 

of  the  3D  shock/boundspy-layer  Interaction  results  Is  presented  in  Reference  8,  while  a 
review  of  other  NAE  work  Is  published  In  Reference  9- 

2.0  EXPERIMENT 

Figure  2  Illustrates  the  outlet  of  the  5  x  5-lnch  Mach  number  2  supersonic  nozzle  that 
comprises  one  of  the  test  sections  of  the  pilot  wind  tunnel.  It  Is  composed  of  flat  top 
and  bottom  plates  (the  usual  nozzle  sidewalls)  that  are  separated  by  the  two  contoured 
nozzle  blocks.  Nozzle  block  pairs  providing  nominal  mainstream  Mach  numbers  of  2  and  It 
were  used  In  the  tests.  One  of  each  pair  of  nozzle  blocks  has  two  slots  to  accept  the 
support  struts  of  the  vertical,  plane/trlangular-sectloned  wedge  shock  generator.  The 
generator'  can  translate  parallel  to  the  tunnel  axis  and  can  be  pitched  about  its  leading- 
edge  . 


The  test  boundary  layer  with  free  transition,  developed  along  the  bottom  plate  of  the 
wind  tunnel.  The  nominal  two-dimensional  boundary  layer  In  the  empty  tunnel  (about 
0.2-lnch  thick)  was  traversed  with  a  0.0164- Inch  dla.  pitot  tube  which  was  also  used  as  a 
Preston  tube  at  the  wall.  The  three-dimensional  boundary  layer  was  Investigated  with  a 
'cobra'  probe  comprising  a  flattened  three-tube  measuring  head  (Figure  3)  where  the  two 
outer  tubes  are  each  chamfered  back  at  45-degrees  to  form  a  yawmeter,  while  the  centre 
tube  (0.028-lnch  wide  x  0.012-lnch  high)  Is  a  rectangular  pitot.  As  the  probe  Is 
traversed  out  through  the  viscous  flow,  from  an  Initial  position  at  the  wall  to  a  maximum 
extension  of  about  0.8-lnoh,  a  yaw  servo-system  turns  the  probe  head  to  align  It  with  the 
oncoming  flow  dlrecticn.  Local  flow  angles  in  a  plane  parallel  with  the  test  floor,  and 
pitot  pressures,  can  hence  be  measured  at  the  wall  and  through  a  skewed  boundary  layer. 
Probe  height  above  the  surface  accurate  to  better  than  iO. 001-inch  and  yaw  angle  toi0.2°, 
are  measured  by  geared  multi-turn  potentiometers.  The  pitot  pressure  was  recorded  by  a 
close-coupled  50  psla  pressure  transducer.  The  probe  extension  rate  can  be  pre-selected: 
a  traverse  height  of  0.5-inch  was  usually  sampled  in  about  15-»30  seconds. 

Figure  4  shows  the  assembly  of  the  cobra  probe  and  Its  appearance  above  a  test  wall. 

To  measure  the  variation  of  stagnation  temperature  through  the  viscous  flow,  an 
unshielded  Iron-constantan  thermocouple,  of  bead  diameter  0.002-lnch,  was  mounted  above 
the  pitot  orifice  -  see  Figure  3  -  so  perml'  ting  pneumatic  and  temperature  measurements 
to  be  taken  simultaneously.  The  temperature  probe  design  was  similar  to  the  stagnation 
line  probe  Introduced  by  Bradfleld  et  al*®  and  Harris**,  the  Installation  of  which  was 
particularly  suitable  for  adapting  to  the  cobra  probe.  Upon  calibration  of  the  thermo¬ 
couple  In  the  tunnel  mainstream  flow,  at  various  Mach  numbers  downstream  of  the  shock 
wave  from  the  variable-angle  wedge,  the  recovery  factors  were  found  to  be  0.960  ±  0.003, 
being  slightly  less  than  the  factors  found  In  Reference  10. 

The  local  near  adiabatic  wall  temperature  was  measured  using  flush-mounted  thin 
plate  elements  to  which  thermocouples  were  attached  on  the  side  away  from  the  flow. 

A  rectangular  cut-out  was  machined  in  the  test  floor,  to  accept  alternative  and 
removable  Inserts  that  are  fitted  with  Instrumentation  and  equipment  for  the  Interaction 
phase  (wall  static  pressure  orifices,  yawmeter  traverse  and  wall  temperature  stations) 
and  for  the  control  phase:  the  blowing  nozzle,  as  seen  on  Figure  2.  The  throat  dimension 
of  the  blowing  nozzle  could  be  changed  in  order  to  provide  a  variable  Mach  number  of  the 
injection  air,  of  between  1.5  and  4.5.  (Only  Jet  Mach  numbers  of  3  were  used,  however). 
The  Jet  slot  height  of  0.1-lnch  was  half  of  the  undisturbed  boundary-layer  thickness, 
while  Jet  stagnation  pressures  could  be  varied  up  to  20  atmospheres  at  ambient  stagnation 
temperature . 

The  maximum  values  of  stagnation  pressure  used  In  the  mainstream  flow  at  Mach  numbers 
2  and  4  (limited  by  the  strength  of  the  wedge  strut  supports)  were  2.4  and  12  atmospheres 
respectively . 

3 . 0  RESULTS 

3.1  Empty  Tunnel  Flow 

Some  initial  tests  in  the  empty  wind  tunnel  were  conducted  to  determine  the  two- 
dlmenslonallty  of  the  undisturbed  test  boundary  layer  on  the  tunnel  floor  at  nominal  Mach 
numbers  of  2  and  4.  The  uniformity  of  the  flow  was  assessed  by  reviewing  wall  static 
pressures,  surface  oil  flow  visualization,  mean  velocity  profiles  at  several  lateral 
positions  and  at  two  axial  stations  in  the  working  section,  and  local  surface  skin 
friction.  For  brevity,  we  shall  only  comment  upon  the  Mach  2  flow. 
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Figure  5  shows  surface  pressure  and  oil  dot  flow  visualization  results  at  Mach  2, 
with  a  stagnation  pressure  In  the  mainstream  flow  of  3*1  psla  (corresponding  with  a 
Reynolds  number  based  on  the  undisturbed  boundary-layer  thickness,  6o“0.2-lnch,  equal 
to  150,000).  This  value  of  blowing  pressure  was  used  for  all  of  the  Mach  2  traverse 
measurements  through  the  swept  Interaction  to  be  discussed  later.  The  surface  pressures 
were  made  non-dlmenslonal  by  reference  to  the  static  pressure  at  a  station  labelled  1  In 
the  upstream  part  of  the  working-section.  The  surface  pressures  and  oil  flow  visual¬ 
ization  In  Figure  5  Indicate  reasonable  unlfomilty  across  the  width  of  the  test  section. 

The  lines  of  0.015-lnch  diameter  static  pressure  orifices,  labelled  Y,  Z,  A,  B,  D  and 
E  on  the  test  floor,  and  the  two  axial  stations  numbered  ^  and  18  where  circular  pitot 
traverses  were  taken,  may  be  Identified  on  Figure  5*  We  should  note  that  the  origin  of 
the  X-absclssa  Is  arbitrarily  set  at  the  position  of  the  turntable  centre-line  of  the 
blowing  experiment  (see  Figure  2)  -  this  Is  for  convenience  In  referencing  the  later 
data  with  blowing.  Such  origin  Is  situated  8.625-lnches  upstream  of  the  exit  of  the 
tunnel  working  section,  and  ll.l^-lnches  downstream  of  the  throat  of  the  Mach  2  nozzle. 

Figure  6  displays  mean  velocity  profiles  at  Mach  2  as  deduced  from  the  traverse 
measurements  with  the  circular  pitot  tube  at  the  axial  stations  numbered  and  18.  The 
velocity  profiles  were  computed  assuming,  through  the  boundary  layer,  constant  static 
r>ressure  equal  to  the  local  wall  condition  In  the  absence  of  the  pitot  tube;  and  constant 
stagnation  temperature  equal  to  the  tunnel  settling  chamber  temperature.  The  boundary- 
layer  thickness,  6995,  is  that  where  the  local  mean  velocity  reaches  99.5  percent  of  the 
local  boundary-layer  'edge'  or  mainstream  velocity,  and  the  displacement  correction  for 
the  circular  tube  corresponds  with  that  of  Reference  12. 

We  see  on  Figure  6,  that  the  uniformity  Is  acceptable  at  both  stations  4  and  18. 

The  locations  C  and  X  are  1.25-lnches  or  6do  on  either  side  of  the  tunnel  centre-line. 

At  station  18,  the  nominal  two-dimensional  profiles  are  described  better  by  a  l/7th  than 
a  l/9th  power  law,  although  towards  the  edge  of  the  boundary  layer,  the  profiles  Indicate 
more  fullness  than  either  power  law  would  predict.  A  contributing  factor  might  be  the 
presumed  high  mainstream  turbulence  level  resulting  from  Intense  pressure  fluctuations 
generated  at  the  tunnel  control  valve  and  measured  In  the  tunnel  working  section*^ 

(APrms/Po percent  at  Mach  2),  producing.  In  conjunction  with  the  rapid  acceleration 
of  the  boundary  layer  from  tunnel  throat  to  Mach  2  conditions  and  associated  non-equlllb- 
rlum  situation,  an  Increase  In  width  of  the  zone  of  Internd  ttency  *“* .  Other  profiles 
obtained  with  the  cobra  probe  compared  satisfactorily  with  the  circular  tube  results®. 

Boundary-layer  Integral  parameters  and  local  surface  skin  friction  results  for  the 
empty  tunnel  Mach  2  flow,  as  deduced  from  the  circular  pitot  and  cobra  probes,  are 
plotted  on  Figure  7.  We  see  only  a  very  small  Increase  in  boundary-layer  thickness,  dis¬ 
placement  thickness  and  momentum  thickness,  along  more  than  S-inches  of  the  test  region 
(equivalent  to  about  150  momentum  thicknesses).  The  results  from  the  circular  pitot 
seem  to  provide  thicknesses  slightly  less  than  from  the  cobra  probe:  neither  changes  In 
the  rectangular  flattened  tube  displacement  correction  used  for  the  cobra  probe*®  (which 
is  debatable),  nor  Inserting  Tq  *  constant  across  the  boundary  layer.  Instead  of  using 
the  cobra  measured  total  temperature  alstrlbutlon,  made  substantial  effect  upon  this 
comparison. 

Pitot  pressures  at  the  wall  expressed  In  terms  of  the  corresponding  local  skin  fric¬ 
tion  coefficients  according  to  the  correlation  of  Lradshaw  and  Unsworth*®,  are  also  shown 
on  Figure  7.  The  surface  pitot  measurements  from  the  cobra  probe  provide  us  with  a  local 
skin  friction  coefficient  consistently  less  than  that  given  by  the  circular  tube  by 
ACp  s  0.00035.  Although  the  measurements  of  skin  friction  by  Quarmby  and  Das*^  with 
rectangular  pitot  tubes  in  Incompressible  flow  demonstrated  Insignificant  differences 
from  the  circular  tube  calibration  of  Patel*®  (where  the  height  of  the  probe  was  used  in 
correspondence  with  the  outer  diameter  of  the  circular  tube)  we  Interpret  the  cobra  probe 
geometry  with  its  chamfered  flattened  side  tubes,  to  require  a  calibration  in  a  high 
Reynolds  number  pipe  flow.  It  Is  worthy  of  note  that  a  chamfered  three-tube  surface  yaw 
probe,  but  with  three  circular  tubes  affixed  together,  was  used  In  conjunction  with  Patel's 
calibration*®  In  Reference  19,  when  the  surface  direction  of  the  flow  was  initially  unknown. 
We  further  note  on  Figure  7,  that  the  circular  tube  result  from  Bradshaw's  and  IJnsworth's 
correlation*®  is  less  by  ACp  •  0.000*)  than  the  adiabatic  wall,  Spaldlng/Chi^®  result  at  the 
corresponding  momentum  thickness  Reynolds  number.  The  discrepancy  Is  In  all  likelihood 
bound  up  with  the  recovery  of  the  test  boundary  layer  from  Its  large  degree  of  three- 
dlmenslonallty  In  the  expanding  nozzle  flow  to  one  with  a  very  small  residual  convergence 
(toward  the  centre-line)  in  the  working  section. 

3.2  Surface  Pressure  Distributions  and  Flow  Visualization  at  Mach  2 

In  the  Presence  of  the  Wedge 

The  static  prer.sure  distributions  along  the  test  surface  and  a  selection  of  photo¬ 
graphs  of  oil  dot  streak  patterns  obtained  with  the  vertical-standing  wedge  In  the  test 
section,  are  shown  on  Figure  8.  On  each  pressure  distribution,  we  observe  the  theoretical 
shock  pressure  rise  In  Invlscld  flow  corresponding  with  the  mainstream  Mach  number,  while 
the  origin  of  the  abscissa  is  the  calculated  shock  wave  position  where  It  intersects  the 
given  line  of  pressure  holes.  The  abscissa  scale  Is  normalized  with  respect  .to  the 
nominal  undisturbed  boundary-layer  thickness,  Ap,  of  0.2-lnch.  Each  pressure  distribution 
Is  In  the  direction  of  the  undisturbed  stream  parallel  to  the  tunnel  centre-line  at  dif¬ 
ferent  y-values  or  lateral  distances  from  the  wedge  apex,  and  for  clarity,  only  those 
measurements  from  lines  Z  through  B  have  usually  been  plotted.  The  flow  Is  from  left-to- 
rlght,  and  the  triangular  cross-section  of  the  wedge  has  been  outlined  In  Ink.  The  wedge 


40-6 


£t  8“  to  the  centre-line).  Constant  reference  to  Figure  11  will  assist  the  reader  with 
the  ensuing  discussion. 

The  measurements  from  the  cobra  probe  (prior  to  their  manipulation  Into  velocity 
profiles)  are  shown  on  Figures  12  and  13  as  simultaneously  gathered  pitot  pressures,  total 
temperatures  and  yaw  angles  (with  respect  to  trte  tunnel  centre-line  direction)  plotted 
against  vertical  distance  from  the  test  surface,  h-lnches.  The  relative  dispositions  of 
the  changes  In  the  profile  shapes  are  clear  on  Figure  12. 

The  profiles  exhibited  on  Figure  13  are  those  taken  along  the  tunnel  centre-line 
only,  where,  as  on  the  static  pressure  plots,  the  calculated  shock  wave  location  Is  the 
origin  for  the  abscissa.  The  flow  Is  from  left-to-rlght . 

The  scale  for  the  pitot  pressure  profiles  as  related  to  the  settling  chamber  stag¬ 
nation  pressure  Is  given  at  the  top  of  Figure  13,  and  the  local  wall  static  pressures  are 
written  beneath  the  abscissa.  The  upstream  profiles  display  the  characteristics  of  the 
nominal  two-dimensional  flow  existing  there.  At  26o  upstream  of  the  calculated  shock 
position,  we  observe  a  substantial  outward  movement  of  the  sonic  line,  coupled  with  a 
rapid  decrease  In  pitot  pressure  signal  as  the  local  mainstream  Is  approached.  This 
pitot  pressure  deficit  would  be  consistent  with  passage  through  a  densely  packed  fan  of 
compression  waves  that  commences  ahead  of  the  location  of  the  calculated  shock  front. 

This  outer  gradient  of  pitot  pressure  disappears  suddenly  at  the  calculated  shock 
position.  Indicating  a  sudden  Increase  In  local  Mach  number  as  h->  0.5-inch.  With  further 
distance  downstream,  the  sonic  line  slopes  back  towards  the  wall.  We  note  that  espe¬ 
cially  through  the  interaction,  near  the  calculated  shock  position,  the  pitot  pressure 
adjusts  very  slowly  towards  the  level  In  the  local  mainstream  flow. 


The  centre  graphical  display  of  Figure  13  shows  the  measured  total  temperature  pro¬ 
files,  referenced  to  the  stagnation  temperature  In  the  tunnel  settling  chamber:  1  percent 
of  Tq  Is  roughly  5°R.  The  total  temperature  rises  rapidly  In  the  laminar  sublayer  Imme¬ 
diately  adjacent  to  the  wall,  before  assuming  some  constancy  in  the  wall  law  region. 
Thereafter,  It  continues  to  Increase  and  to  overshoot  the  mainstream  flow  level  by  typi¬ 
cally  one  half  of  one  percent  of  Tq.  The  presence  of  the  overshoot  in  the  temperature 
distributions  (which  moves  further  from  the  wall  with  progression  through  the  Interaction) 
means  that  the  total  enthalpy  defect  in  the  layer 
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should  be  small,  tending  to  zero  for  a  boundary  layer  on  a  thermally  insulated  surface. 


If  the  total  temperature  distributions  are  expressed  in  terms  of  the  quotient 
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they  can  be  compared  against  the  Crocco  relationship^*  put  Into  a  3D  formulation. 


F  =  ^ 


where  ug  is  the  resultant  velocity  in  the  viscous  flow.  We  noted  that  when  plotting  the 
ratio  of  temperature  differences  as  ordinate  versus  ug/ug  as  abscissa,  the  results  were 
situated  well  above  the  line  of  100  percent  correlation  on  the  graph.  The  parabolic 
relation  of  Walz^^, 


provided  even  worse  comparison.  Neither  of  these  frequently  assumed  2D  type  temperature 
distributions  appear  to  exist,  therefore,  In  the  swept  Interaction  presently  under  dis¬ 
cussion. 


The  yaw  angle  distributions  corresponding  with  the  pitot  and  total  temperature  plots 
Just  discussed,  are  shown  on  the  lowest  of  the  three  sets  of  profiles  on  Figure  13.  The 
skew  at  the  wall.  In  a  direction  that  turns  away  from  the  deflected  wedge  surface,  begins 
to  Increase  from  Its  nominal  2D  value,  at  least  36o  upstream  of  the  calculated  shook  wave 
location.  As  we  move  downstream  (but  still  upstream  of  the  shock)  the  extent  of  the  yawed 
flow  region  normal  to  the  wall,  a.-id  the  maximum  yaw  angle  grow  progressively;  while  at  the 
prescribed  boundary-layer  edge,  the  yaw  angle  has  not  returned  to  the  nominal  mainstream 
flow  direction  parallel  to  the  tunnel  centre-line.  The  yaw  angle  continues  to  reduce  up 
to  26o  away  from  the  surface  (see  profile  no.  8,  for  instance).  Immediately  upstream  of 
the  shock,  at  profile  no.  11,  we  note  the  opposite  behavior  -  see  Figure  12  -  above  the 
boundary- layer  edge,  the  yaw  angle  Increases  slowly,  this  trend  carrying  over  Into  the 
recovering  flow  downstream  of  the  calculated  shock  location. 

We  recollect  that  our  diagnosis  of  the  oil  flow  visualization  records  on  Figure  8 
contended  that  no  3D  separation  existed  at  4w=8°.  The  raw  profile  Information  that  we 
have  Just  examined  would  seem  to  support  this  view,  for  we  shall  see  In  Section  3-6,  that 
the  stagnation  temperature  profiles  appear  to  be  sensitive  indicators  of  three-dimensional 
separated  flow  regions.  In  contrast,  the  Mach  2,  6w = 8°  temperature  profiles  on  Figure  13 
display  no  sudden  variation  In  characteristics. 


40^ 


ut  8°  to  the  centre-line).  Constant  reference  to  Figure  11  will  assist  the  reader  with 
the  ensuing  discussion. 

The  measurements  from  the  cobra  probe  (prior  to  their  manipulation  Into  velocity 
profiles)  are  shown  on  Figures  12  and  13  as  simultaneously  gathered  pitot  pressures,  total 
temperatures  and  yaw  angles  (with  respect  to  trte  tunnel  centre-line  direction)  plotted 
against  vertical  distance  from  the  test  surface,  h-lnches.  The  relative  dispositions  of 
the  changes  In  the  profile  shapes  are  clear  on  Figure  12. 

The  profiles  exhibited  on  Figure  13  are  those  taken  along  the  tunnel  centre-line 
only,  where,  as  on  the  static  pressure  plots,  the  calculated  shock  wave  location  Is  the 
origin  for  the  abscissa.  The  flow  Is  from  left-to-rlght. 

The  scale  for  the  pitot  pressure  profiles  as  related  to  the  settling  chamber  stag¬ 
nation  pressure  Is  given  at  the  top  of  Figure  13,  and  the  local  wall  static  pressures  are 
written  beneath  the  abscissa.  The  upstream  profiles  display  the  characteristics  of  the 
nominal  two-dimensional  flow  existing  there.  At  26o  upstream  of  the  calculated  shock 
position,  we  observe  a  substantial  outward  movement  of  the  sonic  line,  coupled  with  a 
rapid  decrease  In  pitot  pressure  signal  as  the  local  mainstream  Is  approached.  This 
pitot  pressure  deficit  would  be  consistent  with  passage  through  a  densely  packed  fan  of 
compression  waves  that  commences  ahead  of  the  location  of  the  calculated  shock  front. 

This  outer  gradient  of  pitot  pressure  disappears  suddenly  at  the  calculated  shock 
petition.  Indicating  a  sudden  Increase  In  local  Mach  number  as  h-> 0.5-inch.  With  further 
distance  downstream,  the  tonic  line  slopes  back  towards  the  wall.  We  note  that  espe¬ 
cially  through  the  Interaction,  near  the  calculated  shock  position,  the  pitot  pressure 
adjusts  very  slowly  towards  the  level  In  the  local  mainstream  flow. 

The  centre  graphical  display  of  Figure  13  shows  the  measured  total  temperature  pro¬ 
files,  referenced  to  the  stagnation  temperature  In  the  tunnel  settling  chamber:  1  percent 
of  Tq  is  roughly  5°R.  The  total  temperature  rises  rapidly  in  the  laminar  sublayer  Imme¬ 
diately  adjacent  to  the  wall,  before  assuming  some  constancy  In  the  wall  law  region. 
Thereafter,  It  continues  to  Increase  and  to  overshoot  the  mainstream  flow  level  by  typi¬ 
cally  one  half  of  one  percent  of  Tq.  The  presence  of  the  overshoot  In  the  temperature 
distributions  (which  moves  further  from  the  wall  with  progression  through  the  Interaction) 
means  that  the  total  enthalpy  defect  In  the  layer 


should  be  small,  tending  to  zero  for  a  boundary  layer  on  a  thermally  Insulated  surface. 


If  the  total  temperature  distributions  are  expressed  In  terms  of  the  quotient 
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where  un  Is  the  resultant  velocity  In  the  viscous  flow.  We  noted  that  when  plotting  the 
ratio  of  temperature  differences  as  ordinate  versus  UB/ug  as  abscissa,  the  results  were 
situated  well  above  the  line  of  100  percent  correlation  on  the  graph.  The  parabolic 
relation  of  Walz^^, 
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provided  even  worse  comparison.  Neither  of  these  frequently  assumed  2D  type  temperature 
distributions  appear  to  exist,  therefore.  In  the  swept  Interaction  presently  under  dis¬ 
cussion  . 


The  yaw  angle  distributions  corresponding  with  the  pitot  and  total  temperature  plots 
Just  discussed,  are  shown  on  the  lowest  of  the  three  sets  of  profiles  on  Figure  13.  The 
skew  at  the  wall.  In  a  direction  that  turns  away  from  the  deflected  wedge  surface,  begins 
to  Increase  from  Its  nominal  2D  value,  at  least  36o  upstream  of  the  calculated  shook  wave 
location.  As  we  move  downstream  (but  still  upstream  of  the  shock)  the  extent  of  the  yawed 
flow  region  normal  to  the  wall,  and  the  maximum  yaw  angle  grow  progressively;  while  at  the 
prescribed  boundary-layer  edge,  the  yaw  angle  has  not  returned  to  the  nominal  mainstream 
flow  direction  parallel  to  the  tunnel  centre-line.  The  yaw  angle  continues  to  reduce  up 
to  26q  away  from  the  surface  (see  profile  no.  8,  for  Instance).  Immediately  upstream  of 
the  shock,  at  profile  no.  11,  we  note  the  opposite  behavior  -  see  Figure  12  -  above  the 
boundary- layer  edge,  the  yaw  angle  Increases  slowly,  this  trend  carrying  over  Into  the 
recovering  flow  downstream  of  the  calculated  shock  location. 

We  recollect  that  our  diagnosis  of  the  oil  flow  visualization  records  on  Figure  8 
contended  that  no  3D  separation  existed  at  6w=8°.  The  raw  profile  Information  that  we 
have  Just  examined  would  seem  to  support  this  view,  for  we  shall  see  In  Section  3.6,  that 
the  stagnation  temperature  profiles  appear  to  be  sensitive  Indicators  of  three-dimensional 
separated  flow  regions.  In  contrast,  the  Mach  2,  6w  *  8®  temperature  profiles  on  Figure  13 
display  no  sudden  variation  In  characteristics. 
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3.*<  Crossflow  and  Streamwlse  Flow 


Let  us  now  examine  selected  profiles  on  Figure  14  obtained  with  the  cobra  probe  at 
the  three  lines  of  traverse  stations  (see  Figure  11).  Where  profiles  at  nominally  the 
same  distances  upstream  or  downstream  of  the  calculated  shook  position  along  each  of  the 
lateral  traverse  lines  (y/6o  ■  constant)  have  been  gathered,  they  will  be  overplotted, 
and  a  mean  line  drawn  through  them. 

Taking  the  measured  values  of  total  temperature  and  pitot  pressure,  coupled  with  the 
assumption  of  constant  static  pressure  across  the  viscous  flow  equal  to  the  local  wall 
value,  the  distribution  of  resultant  mean  velocity  can  be  calculated.  We  might  Interject 
that  since  at  any  given  Mach  number  In  the  flow,  the  resultant  velocity,  ug,  depends  only 
upon  the  half  power  of  the  local  absolute  stagnation  temperature,  whether  we  use  a  con¬ 
stant  stagnation  temperature  through  the  boundary  layer  equal  to  Tq,  or  whether  we  use 
that  measured  locally  In  the  flow,  causes  insignificant  change  in  the  calculated  result 
for  U3.  Of  greater  significance,  is  the  a;  sumption  of  constant  static  pressure  across 
the  boundary  layer.  We  can  see  from  Figures  8,  9  and  10  for  example,  that  upstream  of 
the  eal''ula’'t*'l  ah.'ck  wavt  li.c?tlun,  thi  wall  :rt.RRiirL  is  | tj*^tntlaily  greater  than  in 
mainstream,  whereas  downstream,  it  is  potentially  less,  if  the  distribution  of  pressure 
rise  In  the  mainstream  follows  the  pattern  of  the  Invlscld  flow  calculation.  In 
Reference  23,  at  a  nominal  Mach  number  of  3,  we  saw  that  a  linear  reduction  in  static 
piesSuie  o'f  If!  pel  otJit  fr  om  tiit  wall  1.0  tilt  nialiiatreaiii,  iiiade  aljout  a  2  pei  teiit  Jlffei  enuB 
in  both  normalized  density  and  velocity  ratios  when  compared  with  using  a  constant  static 
pressure  across  the  flow.  These  differences  tended  to  be  self-compensating.  Hence,  the 
overall  effect  was  for  only  a  2  percent  reduction  in  displacement  thickness.  On  the  other 
hand,  there  was  a  massive  Increase  in  local  momentum  thickness  of  about  OO  percent  (due  to 
the  lower  values  of  velocity  ratio)  thereby  reducing  the  local  shape  factor.  If  indeed, 
the  static  pressures  are  monotonlcally  increasing  or  decreasing  substantially  across  the 
3D  viscous  flow,  we  would  not  expect  to  view  major  variations  in  the  resultant  normalized 
velocity  profiles,  but  momentum  thickness  parameters  might  be  in  doubt. 

Knowing  the  local  flow  direction  and  mean  velocity  at  the  boundary  layer  edge,  ug 
can  be  resolved  into  streamwlse  flow  and  crossflow  components,  u  and  v,  where  u * ug  and 
V“0  at  h  •  6.  Representative  boundary-layer  u  and  v  profiles  of  the  Mach  2,  6^*8°  flow, 
are  shown  on  Figure  Id.  The  traverse  height  perpendicular  to  the  wall  and  the  velocities 
have  been  normalized  by  local  values  of  6995  and  Ug  respectively. 

The  wall  static  pressure  ratio  Increases  in  the  downstream  direction  when  proceeding 
'downstairs',  to  the  left  for  the  crossflow,  and  to  the  right  for  the  corresponding 
strfamwlse  flow.  The  symbol  code  at  the  top  left-hand  corner  dlstltiguishes  the  traverse 
locations  and  Figure  11  should  be  sought  to  identify  the  traverse  positions  relative  to 
the  calculated  shock  wave  location. 

The  difficulties  of  finding  adequate  representation  for  the  crossflow  profiles  is 
illustrated  on  the  left-hand  side  of  Figure  Id,  where  the  experimental  measurements  at 
the  calculated  shock  location  are  compared  against  the  parabolic  form  suggested  by 
Mager^**,  which  Is 


The  angle,  6,  on  the  test  surface,  is  between  the  local  limiting  streamline  direction  and 
the  projection  on  to  the  surface  of  the  Invlscld  streamline  at  the  boundary-layer  edge. 
This  profile  representation  clearly  forces  agreement  immediately  adjacent  to  the  surface*, 
but  is  more  full  throughout  the  boundary  layer  than  its  exper'meii' al  counterpart.  The 
maximum  value  of  crossflow  velocity  ratio  and  flow  angle,  tends  almost  to  a  constant  value 
downstream  of  the  calculated  shock  position.  The  thesis  of  Lowrle*'  dealt  almost  exclu¬ 
sively  with  representing  chosen  velocity  profiles  in  a  swept  interaction  region  by 
Johnston's25»2°»2^  triangular  model  for  crossflow.  Such  a  representation  does  not  work  for 
the  present  flow®. 

It  remains  to  be  seen  whether  the  family  of  hodograph  crossflow  models  suggested  by 
Shanebrook  and  Hatch^®  and  discussed  In  terms  of  the  compressible,  3D  turbulent  boundary 
layer  in  Reference  29,  would  yield  any  satisfactory  degree  of  comparison  in  a  non-equilib¬ 
rium  boundary  layer,  such  as  in  the  swept  interaction.  Comparisons  between  selected 
members  of  the  hodograph  family  of  Shanebrook  and  Hatch^®  and  the  nozzle  wall  crossflow 
profile  data  of  Hall  and  Dickens^**  were  good.  But  to  find  analytical  profiles,  the  method 
of  least  squares  must  be  used  to  fit  the  experimental  hodographs  with  the  crossflow  models 
from  the  theoretical  subfamilies^®.  Such  a  technique  Is  not  too  helpful  when  attempting 
to  calculate  a  flowfield  before  experimental  results  are  taken.  For  reasons  such  as 
these,  the  use  of  a  three-dimensional  boundary-layer  calculation  method  such  as  that  due 
to  Nash  that  Is  based  upon  the  turbulent  kinetic  energy  equation®®  would  appear  a  more 
worthwhile  pursuit,  in  which  no  assumptions  about  crossflow  profile  shapes  have  to  be 
made.  In  fact,  the  Hash  prcgrtitjre®*  In  which  the  experimental 

butlon  and  the  upstream  2D  boundary-layer  properties  were  boundary  conditions,  was  used 
to  calculate  the  flowfield  and  the  calculated  profiles  were  in  good  qualitative  agreement 


•There  Is  a  discrepancy,  however,  between  the  flow  near  the  surface  from  the  cobra  probe 
traverse  and  that  on  the  parabolic  distribution.  This  is  due  to  the  fact  that  the  ] oca- 
wall  shear  stress  direction  from  the  oil  flow  visualization  has  been  Inserted  for  B, 
hatliep  than  the  eotr-a  pPobe  Aetermlried  yaw  ihgle  to  th;  wall-. 
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with  the  cobra  probe  measurements®. 

In  contradistinction  with  the  crossflow  profiles,  the  streamwlse  flow  on  Figure  llJ 
demonstrates  an  almost  self-preserving  character  once  Into  and  through  the  region  of 
strong  Interaction,  but  with  a  profile  much  less  full  than  that  given  by  the  2D,  l/7th 
power  law. 

3.5  Integral  Parameters.  Local  Skin  Friction  and  Wall  Conditions 

at  Mach  2  with  6^*8° 

Figures  15,  I6  and  17  Illustrate  the  growth  of  the  boundary  layer  through  the 
Mach  2  swept  Interaction  region.  All  of  the  profile  data  are  plotted,  taken  along  both 
the  tunnel  centre  and  of f/centre-llne  stations  (at  y/6o“0.1^  and  0.75).  The  three  lines 
of  results  are  Identified  with  different  symbols.  The  shaded  symbols  are  at  those  two 
traverse  stations  along  the  projected  Invlscld  streamline,  downstream  of  the  calculated 
shock  wave  position.  We  note  that  the  qualitative  Interpretation  of  the  results  Is  the 
same,  whether  we  stay  on  one  line  of  traverse  measurements,  or  whether  we  follow  the 
Invlscld  streamline  path. 

In  the  axial  direction,  there  Is  a  lag  In  the  growth  of  the  streamwlse  and  crossflow 
thickness  parameters,  until  about  16^  downstream  from  the  commencement  of  the  pressure 
rise,  where  the  local  static  pressure  gradient  Is  at  Its  maximum.  (We  note  on  Figure  17, 
licwever,  that  the  deflection,  B,  of  the  limiting  streamlines  responds  immediately  to  the 
application  of  the  pressure  rise).  During  the  following  2(iq  of  downstream  distance,  the 
component  displacement  and  momentum  thickness  parameters  show  rapid  growth  until  the 
calculated  shock  position  Is  reached,  after  which  the  pressure  gradient  begin.*?  to  reduce 
significantly.  Nevertheless,  In  the  streamwlse  flow  sense  at  least,  changes  In  density 
are  more-or-less  compensated  by  the  local  changes  In  velocity:  for  the  streamwlse  shape 
factor,  H  (=  Of!  Figure  15,  shows  only  a  small  overall  reduction  through  the 

ir.teraction  region.  This  is  what  we  would  expect  from  the  appearai.ce  of  the  streamwlse 
flow  profiles  on  Figure  ll4. 

In  addition,  on  Figure  I6  we  detect  a  thickening  of  the  viscous  flow  with  Increase 
of  lateral  distance  from  the  wedge  apex,  so  that  In  the  range  of  measurement,  the  flow 
appears  more  quasl-conlcal  than  quasl-cyllndrlcal ,  as  we  discussed  in  Reference  32. 

On  Figure  I6,  we  show  the  thickness  parameters  along  the  tunnel  centre-line,  cal¬ 
culated  by  the  comnresslble  3D  turbulent  boundary-layer  method  of  Nash®°»®*,  for  this 
Mach  2,  5^  =  8°  flow  case.  The  calculated  results  offrr  a  near  Invarlancy  of  boundary- 
layer  thickness,  and  only  a  small  Increase  In  the  growth  of  the  true  displacement 
surface ® with  distance  downstream  through  the  swept  Interaction,  in  contrast  with  the 
rapid  growth  of  the  measui’ed  Individual  .streamwlse  and  crossflow  components.  The  plot 
of  displacement  thickness  on  Figure  If,  Illustrates,  perhaps,  that  the  viewing  of  the 
components  In  the  streamwlse  and  cross! low  directions  does  not  necessarily  provide  the 
correct  physical  Impression  of  the  true  displacement  effect.  In  a  qualitative  sense,  the 
true  displacement  thickness  differs  from  the  streamwlse  flow  value  because  the  boundary 
layer  causes  some  flow  at  right  angles  to  the  direction  of  the  external  streamlines®**. 

The  measured  distribution  of  surface  pressure  shown  on  Figure  15  is  not  unlike  that 
found  In  an  unseparated,  two-dlmensli_nal  flow®®,  while  the  slightly  ele.ated  temperature 
of  the  test  wall  Indicates  less  change  *.i  temperature  gradient  along  the  wall  than  the 
corresponding  adiabatic  wall  temperature  distribution. 

The  distribution  of  the  local  skin  friction  coefficient  Cp  (Figure  17)  obtained 
using  the  streamwlse  momentum  deficit  thickness  In  the  Intermediate  temperature  formulation 
of  Sommer  and  Short®®,  also  possesses  the  same  qualitative  form  as  In  2D  flow:  a  rapid 
fall  In  Cp  as  the  shock  Induced  pressure  ratio  Increases  to  Its  maximum  pressure  gradient 
condition,  followed  by  a  more  gentle  reduction  where  the  pressure  gradient  Is  virtually 
constant,  to  a  near  exponential  return  to  equilibrium  further  downstream.  The  Nash  cal¬ 
culation  method  utilizing  a  law  of  the  wall  formula  to  give  Cp  provides  satisfactory 
agreement  with  this  particular  correlation  of  the  velocity  profile  data  acce  ding  to  the 
Gommer/Short  Cp  method®®. 

Cn  Figure  17,  we  have  plotted,  as  reference  datums,  the  empty  tunnel  Cp  values  for 
the  circular  pitot  tube  and  the  cobra  probe  calculated  according  to  the  correlation  of 
Bradshaw  and  Unsworth®®,  and  the  offset  between  them  that  we  discussed  In  Section  3.1. 

Data  points  from  the  cobra  profiles  In  the  undisturbed  boundary  layer  upstream  of  the 
Interaction  ( 3ommer/Sho -t )  are  In  good  agreement  with  the  empty  tunnel  results  of  the 
circular  Preston  tube  measurements  at  the  wal 1  (Bradshaw/Unswo.’th) . 

In  the  region  of  the  static  pressure  rise  (Figure  15)  S.  (XT-XSWINV)/6q  s  -2, 
where  the  Initial  pressure  gradient  Is  largest  and  virtually  constant,  the  local  stream- 
wlse  flow  Cp  values  Indicate  a  smaller  reduction  with  downstream  distance  than  the 
corresponding  resultant  Cp  measured  by  the  cobra  probe  at  the  wall.  (For  the  latter 
results,  the  correlation  of  Bradshaw  and  Urisworth *  ®  using  local  adiabatic  wall  temperature 
and  Mach  number  computed  from  the  local  wall  pressure  to  upstream  stagnation  pressure 
ratio,  compare  relatively  well  with  the  correlation  of  Hopkins  and  Keener®^  using  the 
Intermediate  temperature  hypothesis  and  local  Mach  number  from  static  to  pitot  pressure 
ratio).  The  limiting  streamline  deflection  Increases  progressively  in  the  region,  so 
that  the  crossflov;  shear  stress  at  the  wall  must  be  Increasing  at  a  rate  faster  than  the 
•sfiear  stress  in  the  streamwlse  flow  direction  Is  decreasing.  On  this  basis,  we  would 
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expect  that  the  magnitude  of  the  resultant  surface  shear  stress  should  fall  less  rapidly 
than  the  sti-eamwlse  component  alone,  when  the  opposite  appears  to  occur.  Tentatively, 
these  differences  might  perhaps  be  reconciled  from  our  earlier  discussion  where  we  l.idl- 
cated  that  If  there  were  a  substantial  static  pressure  gradient  normal  to  the  wall.  In 
which  the  pressure  reduces  towards  the  mainstream,  an  enhanced  streamwlse  momentum 
deficit  thickness  would  result,  leading  to  an  overall  reduction  In  the  streamwlse  Cp 
component . 

The  lower  graph  on  Figure  17  displays  the  rapid  Initial  growth  In  the  divergence  of 
the  local  limiting  streamline  direction  with  respect  to  the  undisturbed  flow,  followed  by 
a  virtually  constant  value  of  Bql  and  a  subsequent  region  of  slow  decay.  We  note  that 
the  limiting  streamline  direction  through  the  Interaction  region  as  measured  from  the  oil 
flow  visualization,  always  leads  the  nearest  value  of  yaw  angle  to  the  wall  that  Is  ob¬ 
tained  from  the  cobra  probe;  but  that  In  the  relaxing  region  downstream  of  the  calculated 
shock  position,  the  measurements  recover  to  one  of  good  comparison.  Since  good  agreement 
was  previously  obtained  between  cobra  probe  and  oil  flow  directions  at  the  wall  In  3D 
boundary-layer  experiments  on  right-circular  cones*®,  where  a  substantial  region  of  col- 
llnear  flow  existed  adjacent  to  the  wall,  we  Infer  from  the  present  discrepancy  In  BcL 
through  the  Interaction  region,  that  yaw  conditions  near  tne  wall,  oetween  the  wall  ana 
the  first  data  point  measurable  with  the  cobra  probe,  are  still  changing  rapidly,  and 
that  regions  of  colllnear  flow  are  very  small. 

Ir  rtis  jr>  fc4jm.iliiry-l’iy*<r  c  Iculail:-.'-  f  tfiw  Iw  f  muilatwl  li  with 

swept  flows  with  side  stream  surfaces  parallel  to  the  oncoming  flow.  Hence,  the  forced 
omission  of  the  deflected  wedge  surface  as  a  boundary  constraint  in  the  calculation, 
causes  the  computed  skew  angle  at  the  wall  downstream  of  the  shock  to  be  less  than  that 
measured,  by  an  amount  roughly  equal  to  the  deflection  angle  of  the  wedge. 

3 . 6  In  a  Three-Dimensional  Separated  Flow  at  Mach  ^ 

What  features  different  and  distinct  from  the  Mach  2,  6w  “  8°  flow  would  we  expect  in 
the  presence  of  a  3D  separation?  To  answer  the  question,  we  look  at  a  flow  example  at 
Mach  Incipient  sepa’^atlon  at  Mach  *4  would  appear  to  occur  at  a  flow  deflection  angle, 
6'^,  close  to  6°  -  see  jference  8  -  so  that  Increasing  the  wedge  angle  by  a  further  10°, 
produces  a  strong  three-dimensional  separation  region  that  is  shown  on  Figure  l8.  The 
upper  photographs  demonstrate  limiting  streamline  motion  beneath  the  calculated  and 
experimental  shock  wave  positions,  toward  a  separation  envelope  situated  at  about  55o  up¬ 
stream  of  the  shock  wave,  along  the  tunnel  centre-line.  (The  nominal  undisturbed  boundary 
layer  thickness  is  about  the  same  at  Mach  ^  as  at  Mach  2,  for  the  tunnel  run  conditions 
used).  The  leading  expansion  wave  from  the  wedge  tralllng-edge  is  now  relatively  much 
closer  to  the  calculated  shock  location,  and  attenuates  the  pressure  rise  sharply  at  66o 
aft  of  the  calculated  shock  intersection  point  with  the  tunnel  centre-line.  The  view  of 
the  wedge  surface  at  the  bottom  of  Figure  18  shows  a  divergent  limiting  streamline 
pattern  on  the  wedge  face  close  to  the  corner  (this  may  also  be  observed  more  clearly 
towards  the  top  of  the  wedge).  The  attachment  surface  continues  across  to  the  wedge 
tralllng-edge,  and  on  to  the  tunnel  floor  as  we  see  by  the  divergent  limiting  .streamline 
pattern  Just  ahead  of  the  projection  of  the  tralllng-edge  expansion. 

The  sidewall  limiting  streamline  pattern  demonstrates  a  cellular  structure  not  un¬ 
like  that  found  on  2D  aerofoils  in  transonic  flow*®,  and  in  no  way  may  this  be  considered 
as  a  quasl-2D  separation! 

Figures  20  and  21  Illustrate  the  cobra  probe  pitot,  total  temperature  and  yaw  pro¬ 
files  along  the  tunnel  centre-line  through  this  Mach  ^4,  6w“l6°  separated  flow.  A  map  of 
the  seven  stations  relative  to  the  calculated  shock  wave  location  is  given  on  Figure  19. 
These  centre-line  stations  were  chosen  to  provide  profile  measurements  from  upstream  of 
the  three-dimensional  separation  line  to  a  position  downstream  of  the  calculated  shock 
wave  location. 

The  pitot  pressure  profiles  on  the  top  graph  of  Figure  21  are  sufficiently  close  In 
spacing  through  the  Interaction  to  allow  a  construction  of  the  forward  oblique  leg  of  the 
shock  bifurcation  at  the  foot  of  the  wedge  shock.  The  position  of  the  oblique  shock  leg 
is  given  by  the  noticeable  and  sudden  deficit  in  pitot  pressure  observable  on  the  plotted 
distributions,  and  as  we  might  expect,  the  3D  separation  line  is  situated  near  to  the 
intersection  of  this  oblique  shock  wave  and  the  test  surface.  Downstream  of  the  3D 
separation  line,  the  presence  of  shear  layers  with  heat  transfer  is  indicated  by  rapid 
changes  and  troughs  in  the  pitot  distributions  that  are  matched  closely  In  position  by 
troughs  on  the  temperature  plots. 

From  these  distributions,  we  may  postulate  that  the  deficit  troughs  correspond  with 
the  core  flow  of  a  flattened  vortex  structure  of  the  rolled-up  shear  layer  from  the  3D 
separation  line,  much  like  the  flow  model  proposed  by  Cooper  and  Hankey  In  Reference  ^0. 
The  axis  of  the  vertex  would  appear  Just  ahead  of  the  line  of  the  calculated  shock  wave 
(the  origin  of  which  is  the  wedge  apex)  where  the  'overshoot'  towards  0°  on  the  yaw  pro¬ 
file  is  at  its  maximum.  Along  a  traverse,  in  the  region  of  the  flattened  vortex  core 
structure,  we  would  expect  the  yaw  angle  to  Increase  Initially  from  the  surface  due  to 
the  outboard  movement  of  the  underside  of  the  vortex.  But  this  is  not  measured. 

From  these  measurements,  therefore,  the  significant  changes  In  the  total  temperature 
distributions  are  a  good  Indicator  of  a  three-dimensional  separated  flowfleld. 
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its  construction,  while  the  rearward  facing  steps  situated  between  the  extremities  of  the 
Jet  nozzle  and  the  tunnel  endwalls  Introduce  regions  of  disturbed  flow  bordering  the  Jet. 

The  surface  oil  streaks  on  Figure  23  Indicate  negligible  change  In  direction  of  the 
Jet  flow  about  Its  redirected  centre-line  along  the  test  floor.  The  Jet  stagnation 
pressure  of  167  psla  yields  a  calculated  static  pressure  In  the  Mach  3  Jet  flow  about 
equal  to  the  Mach  2  mainstream  static  pressure.  The  abrupt  change  In  slope  of  4°  between 
the  Jet  nozzle  wall  and  the  tunnel  floor  In  the  plane  of  the  Jet  exit  generates  a  shock 
wave  and  consequent  Increase  In  local  static  pressure,  which  Is  almost  Immediately  can¬ 
celled  by  the  reflection  of  the  shock  wave  within  the  Jet,  as  an  expansion  from  the  free 
Jet  boundary  -  see  Figure  23.  At  10  Jet  slot  heights  (56o)  downstream  of  the  Jet  exit, 
the  wall  static  pressure  has  returned  to  the  nominal  mainstream  value  within  the  limits 
of  ilO  percent  of  the  reference  undisturbed  static  pressure,  pj. 

What  of  the  uniformity  of  the  Jet  flow  across  the  width  of  the  Jet  nozzle  exit? 
Because  of  the  large  number  of  static  pressure  orifices  In  the  wind  tunnel  floor,  and  the 
obstruction  of  the  supply  pipe  to  the  blowing  nozzle  (see  Figure  2)  It  was  not  possible 
to  Install  either  the  cobra  probe  or  the  circular  pitot  probe  traversing  gear.  Instead, 
as  well  as  relying  on  local  static  pressure  distributions  we  chose  to  use  the  obstacle 
block  indirect  skin  friction  measuring  devices  that  Nltuch***  had  Investigated  (following 
the  suggestion  of  Ralnblrd)  In  a  low  speed  tunnel  flow.  The  optimum  dimensions  and 
geometry  that  Nltuch  found  for  the  obstacle  block  are  shown  on  Figure  2i),  where  the 
height,  width  and  length  of  the  block  are  typically  3,  '^•5  and  9  times  the  diameter  of 
the  static  hole  against  which  the  block  is  to  be  abutted.  A  seml-clrcular  cut-out, 
positioned  at  the  centre  of  the  forward  facing  side  of  the  block,  along  with  a  drill  bit 
In  the  static  hole,  facilitates  the  accurate  and  positive  location  of  the  block  with 
respect  to  the  Inside  of  the  static  hole.  As  with  the  geometrically  similar  Preston  tube 
devices,  the  disturbance  to  the  local  flow  produced  by  a  congruent  family  of  obstacle 
blocks,  provided  they  are  immersed  within  the  law  of  the  wall  region  of  a  turbulent 
boundary  layer,  will  be  governed  only  by  wall  variables  and  a  characteristic  size  of  the 
obstacle  (the  height).  The  blocks  can  be  calibrated  in  a  pipe  flow  and  Vlnh**^  has 
demonstrated  that  under  high  Reynolds  number  conditions,  the  calibration  for  the  geometry 
of  block  described  Is  similar  to  that  of  Patel's  calibration**  for  the  Preston  tube. 

Figure  24  shows  the  static  and  obstacle  block  pressures  across  the  wind  tunnel  at 
17.5  slot  heights  or  almost  94o  downstream  of  the  Jet  exit,  with  the  Mach  3  wall  Jet  on 
and  off.  (For  a  qualitative  determination  of  the  variation  of  local  wall  shear  stress, 

'..e  can  clearly  observe  the  disturbance  pressure  due  to  the  obstacle  block  and  compare  It 
against  the  undisturbed  static  pressure,  Pi,  at  the  reference  station  1). 

We  see  on  Figure  24  that  the  static  pressure  distribution  across  the  tunnel  is 
unaltered  by  the  addition  of  the  Jet  flow  at  this  station  downstream  of  the  Jet  slot.  In 
contrast,  the  block  pressure  ratios  display  a  non-uniform  distribution  reminiscent  of  a 
preferential  cellular  type  flow;  that  the  tunnel  flow  itself  was  not  responsible  for  the 
unevenness  Is  shown  by  the  Jet-off  block  pressure  ratios  measured  with  the  same  blocks, 
which  Indicate  relatively  good  spanwlse  uniformity  of  surface  shear  stress.  Hence  the 
Jet  flow  provided  a  high  mean  level  of  local  wall  shear  stress,  modulated  by  a  periodicity 
across  the  span  of  the  Jet.  As  the  local  skin  friction  coefficient  is  very  roughly 
proportional  to  (P5/P1  -  1),  all  other  parameters  being  equal,  we  can  see  that  the  Jet  flow 
has  Introduced  a  wall  shear  stress  about  5  times  that  existing  in  the  empty  wind  tunnel, 
with  a  typical  amplitude  of  modulation  of  about  0.7  times  the  level  of  the  wall  shear 
stress  In  the  undisturbed  flow. 

Sections  3-2  and  3-3  have  Included  a  discussion  of  the  flow  In  the  swept  Interaction 
region  at  Mach  2,  generated  by  an  8°  wedge  deflection.  We  recollect  that  In  spite  of 
substantial  skewing  of  the  boundary  layer,  3D  separation  had  not  yet  begun.  This  flow 
regime,  therefore,  provides  an  initial  datum  against  which  to  check  the  effects  of  adding 
the  Mach  3  Jet. 

Figure  25  Is  comprised  of  a  series  of  Illustrations  (oil-dot  flow  visualizations  and 
pressure  distributions)  depicting  the  Jet  efflux  Issuing  beneath  and  at  various  angles  to 
the  direction  of  the  undisturbed  boundary-layer  flow,  of  between  -20°  and  +30°,  where  the 
mixing  distance  between  the  Jet  exit  and  the  shock  front  varies  from  about  2  to  20  60, 
depending  on  0j . 

We  might  think  that  blowing  at  sa;'  8j  ■  30°  would  offer  the  most  benefit  for  con¬ 
trolling  the  3D  separated  flows,  for  In  so  doing,  the  direction  of  the  Jet  surface  shear 
must  be  turned  through  more  than  60°  for  it  to  follow  the  line  of  a  typical  3D  separation 
at  Mach  2,  generated  by  a  wedge  standing  normal  to  the  floor.  In  other  words,  the 
penetration  ability  of  the  Jet  should  be  sufficient  to  erase  the  separation.  With  the 
geometrical  constraints  of  the  experimental  configuration,  however,  the  wedge  obstruction 
acts  as  a  bluff  protuberance  to  produce  a  near  normal  shock  to  the  oncoming  Jet  flow,  and 
a  consequent  massive  3D  separation  that  we  view  on  the  lowest  photograph  of  Figure  25. 

If  we  now  rotate  the  Jet  efflux  such  that  It  is  parallel  with  the  undisturbed 

boundary  layer  at  the  Jet  slot,  we  still  perceive  a  3D  separation.  We  now  have  a  flow 

with  substantial  separation  with  the  Jet  on  as  compared  with  the  swept  Interaction  at 
6w«8°  with  no  Jet,  where  no  separation  existed!  Incipient  separation  of  the  new  boundary 

layer  growing  beneath  the  wall  Jet  peak  will  occur  at  corresponding  with  the  local  Jet 

peak  Mach  number,  provided  the  latter  Is  greater  than  the  Mach  number  of  the  mainstream. 

We  remember  from  Sections  3.2  and  3.6  that  fiy  for  Incipient  separation  decreases  as  the 
local  oncoming  Mach  number  to  the  wedge  Increases.  Clearly,  with  Mj  *  3,  the  wedge  angle 
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for  Incipient  separation  Is  less  than  8°.  Under  these  circumstances,  the  enhanced 
surfac.  shear  stress  provided  by  the  Jet  Is  Insufficient  to  remove  the  3D  separation  at 
the  given  'Initial'  mixing  distance  of  about  46o  between  the  Jet  exit  and  the  wedge 
leading-edge. 

If  we  follow  the  progression  of  photographs  from  the  centre  of  Figure  25  to  the  top 
of  the  page,  we  observe  that  by  aligning  the  Jet  efflux  somewhere  between  the  wedge 
deflection  angle  of  8°  and  the  shock  wave  deflection  angle  of  37“  (at  Mach  2),  the  3D 
separation  line  Is  caused  to  disappear. 

On  the  left-hand  side  of  Figure  25,  some  representative  wall  static  pressure  distri¬ 
butions  along  the  centre-line  and  line  A  for  Bj  «  +30°  and  -20®  are  plotted.  We  see  that 
one  aspect  of  the  controlling  mechanism,  for  Instance,  with  Bj  at  -20°  Is  the  reduction 
In  overall  shock  pressure  rise  generated  by  the  Jet  flow  expanding  locally  around  the 
wedge  leading-edge,  to  a  value  less  than  the  calculated  shock  pressure  rise.  In  addition, 

the  Jet  Is  now  blowing  In  a  direction  along  which,  from  the  wedge  apex,  there  exists  a 

favourable  pressure  gradient  (In  the  absence  of  the  Jet)  due  to  the  relaxation  along  the 
shock  direction,  of  maximum  pressure  rise  with  distance  from  the  wedge  leading-edge. 

For  these  reasons,  coupled  with  the  substantial  wall  shear  stress  Introduced  by  the 
Jet  flow,  the  3D  separat'on  would  also  appear  to  be  erased  at  0j  = -25°  and  6y=11.5°,  as 
we  see  on  Figure  26. 

We  have  measured  no  mean  flow  profiles  In  the  3D  Jet/boundary-layer  combination,  and 
consequently  we  can  only  rely  on  our  2D  results’  as  a  qualitative  guide.  In  the  limited 
number  of  experiments  with  Mowing  that  we  have  managed  in  the  present  constrained 
geometrical  conditions.  It  Is  not  clear,  for  example,  whether  the  advised  direction  of 
blowing  herein  would  carry  over  to  controlling  a  3D  shock-induced  separation  on  say  a 
swept  wing  or  body  flow  with  Internal  shock  waves^®. 

More  work  clearly  needs  to  be  done  on  a  flow  mod«l  producing  a  3D  separation  without 

the  constraint  of  a  solid  vertical  wall  In  proximity  to  the  Jet. 

4 . 0  CONCLUSIONS 

Based  on  measurements  of  the  near-zero  heat  transfer  turbulent  boundary  layer  on  a 
flat  wall  In  a  swept  Interaction  region  at  Mach  2  and  ^4,  generated  by  a  wedge  standing 
normal  to  the  test  wall,  and  at  a  Reynolds  number  of  ^2  *  10®  based  on  the  undisturbed 
boundary-layer  thickness,  6o,  of  0-2  inch,  we  conclude  that: 

1.  T.he  development  of  the  viscous  flow  In  the  swept  Interaction  region  leading  even¬ 
tually  to  3D  separation  with  Increasing  deflection  angle  of  the  wedge.  Is  a  gradual, 
progressive,  relatively  steady,  and  essentially  quasl-conical  process  near  the  wedge, 
in  which  the  flow  leaves  the  3D  separation  line  as  a  shear  layer  that  rolls  up  into 

a  flattened  vortex  within  the  depth  of  the  original  undisturbed  boundary  layer. 

There  appears  to  be  no  sudden  eruption  of  viscous  vortical  fluid  from  the  test 
surface.  In  fact,  the  precise  wedge  angle  at  which  Incipient  separation  occurs  Is 
particularly  elusive,  unless  the  observation  of  parallelism  of  the  limiting  stream¬ 
lines  with  the  calculated  (or  visualized)  shock  wave  Is  adopted  as  the  Incipient 
separation  criterion. 

2.  The  optimum  direction  of  a  Mach  3  supersonic  wall  Jet  to  control  the  shock-induced 
separation  (caused  by  the  aforementioned  wedge  In  a  flow  at  Mach  2)  Is  along  a  line 
between  the  wedge  deflection  angle  and  its  shock  wave  angle  (or  the  3D  separation 
line) . 
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Fig.S  Pressure  distributions  and  flow  visualization.  Empty  tunnel  flow  at  Mach  2 
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Fig.  19  Map  of  cobra  probe  traverse  locations  at  Mach  4,  6^  =  16° 
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AN  EXPLORATORY  STUDY  OF  A  THREE-DIMENSIONAL 
SHOCK  WAVE  BOUNDARY  UYER  INTERACTION  AT  MACH  3 

by 

B.  Oskam,  I.  E.  Vas  and  S.  M.  Bogdonoff 
Princeton  University 
Princeton,  New  Jersey  08540,  IJ.S.A. 


SUMMARY 

An  exploratory  experimental  investigation  has  been  carried  out  on  the  three  dimensional  flow  fields 
caused  by  the  interaction  of  oblique  shock  waves  and  a  planar  turbulent  boundary  layer.  The  study  was 
performed  at  a  free  stream  Mach  number  of  2.95,  a  Reynolds  number  per  inch  of  1.6  x  .0^  and  near  adiabatic 
wall  conditions.  The  interaction  was  studied  on  two  experimental  configurations  having  different  initial 
boundary  layer  thicknesses  (4  =  0.13  and  0.5S  inches).  Both  surface  measurements  as  well  as  complete  flow 
field  surveys  were  performed. 

The  main  contributions  of  the  present  investigation  are  two  experimentally  derived  flow  field  models 
for  shock  generator  angles  of  4°  and  10°.  Based  upon  both  static  pressure  and  surface  flow  patterns,  as 
well  as  heat  transfer  data,  the  interaction  region  can  be  characterized  as  quasi-two-dimensional  along  the 
shock  direction  in  the  region  studied. 

A  critical  examination  of  the  occurance  of  "ordinary"  flow  separation  and  its  character,  as  applied 
to  the  present  problem,  was  carried  out.  It  was  concluded  that  McCabe's  criterion,  as  used  by  the  pre¬ 
vious  investigators,  is  not  a  sufficient  condition  to  determine  the  onset  of  flow  separation. 


LIST  OF  SYMBOLS 
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local  speed  of  sound 

specific  heat  at  constant 
pressure 

local  skin  friction  coeffi¬ 
cient 


‘’c 

C.  ■  -TV'"- ■  s. — t-  local  heat  transfer  coeffi- 

^  Wp^VV  cient 


/ITT 

u  *v 
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‘«c 

Re 

t 

T 


PlUifi 


4  u  , 


Mach  number 

static  pressure 
convective  heat  transfer 

Reynolds  number  based  on  4 

time 

temperature 


coordinate  normal  to  X-axis  in 
plane  of  the  test  surface  measured 
f’-om  leading  edge  of  shock  generator 

coordinate  normal  to  X-  and  Y-axis 
measured  from  test  surface 


a  «  arctan  (-)  yaw  angle 


angle  between  oil  line  and  X-axis 

maximum  of  Op  for  fixed  shock 
generator  angle 

effective  shock  generator  angle 
measured  with  respect  to  X-axis 


B  =  arctan  {-)  pitch  angle 


boundary  layer  thickness  at 
(Xj  =  -'  AX)  for  fixed  Y 

average  4.  (as  defined  in  Section 
4.3)  ^ 

displacement  thickness 


T 


aw 


u.v.w 


u 


inc 


adiabatic  wal  1  temperature  AX 

a 

velocity  components  in  X,  Y 
and  Z  directions 

p 

u-velocity  transformed  by 

van  Driest  transformation  ° 

of  Ref.  8 

T 

W 

skin  friction  velocity 


upstream  extent  of  interaction 
momentum  defect  thickness 
viscosity 
density 

surface  shearing  stress 
kinematic  viscosity 


X 


X 


s 


coordinate  parallel  to  tun-  Subscripts 

nel  axis  measured  from  leading 
edge  of  shock  generator  1 

coordinate  parallel  to  X- 

axis  measured  from  calculated  2 

shock  position 


as  in  free  stream  ahead  of  inter 
action 

uniform  conditions  behind  shock 
wave  as  calculated  from  oblique 
shock  theory 
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Subscripts  (Cont'd) 
w  wall  conditions 

vD  van  Driest 


1.  INTRODUCTION 

Since  the  early  studies  of  supersonic  flow,  there  has  been  continued  research  on  the  problems  of  the 
inieraction  of  shock  waves  and  turbulent  boundary  layers.  These  studies  have  been  concerned  with  geo¬ 
metries  where  the  pressuic  gradients  were  imposed  in  the  streamwise  direction,  resulting  in  planar,  two- 
'  dimensional  flows.  In  most  cases  of  practical  importance,  there  are  probably  significant  three-dimensional 

effects.  In  nominally  two-dimensional  flows  this  three-dimensionality  is  associated  with  end  or  corner 
'  restraints  and  involves  gradients  in  flow  properties  in  all  three  directions.  However,  there  is  a  large 

j  class  of  three-dimensional  flows  which  contain  one  particular  direction  along  which  flow  properties  vary 

I  only  slowly.  In  this  class  of  shock  wave/boundary  layer  interactions,  one  might  expect  a  quasi-two- 

dimensional  character  and  therefore  a  simplification  over  the  full  three-dimensional  problem. 

The  study  presented  herein  deals  with  such  a  quasi -two-di mensional  interaction  between  an  oblique 
i  shock  wave  and  the  turbulent  boundary  layer  on  a  surface  parallel  to  the  stream  but  perpendicular  to  the 

plane  cf  the  shock.  Interactions  of  this  kind  arc  found,  for  example,  on  the  sidewalls  of  rectangular 
supersonic  air  intakes  or  oblique  shock  diffusers.  The  geometry  produces  both  streamwise  as  well  as 
transverse  pressure  gradients  resulting  in  significant  cross  flows  in  the  boundary  layer.  These  complex 
three-dimensional  flows  have  been  the  subject  of  only  a  few  studies,  primarily  because  of  the  experimental 
I  difficulty  involved  in  the  full  resolution  of  the  flow  phenomena.  McCabe'  and  Lowrie^  have  studied  the 

problem  both  experimentally  and  theoretically.  McCabe  presented  an  approximate  inviscid  theory,  based  on 
vorticity  arguments,  which  relates  the  limiting  surface  streamline  angle  to  the  shock  conditions.  This 
theory  incorporates  some  fairly  sweeping  assumptions,  which  result  in  an  oversimplification  of  the  physi¬ 
cal  situation  and  therefore  severely  limits  the  understanding  that  can  be  gained  from  it.  A  more  compli¬ 
cated  and  also  more  realistic  treatment  has  been  given  by  Cowrie.  His  analysis  is  primarily  based  on  the 
'  argument  that  the  pressure  gradient  term  in  the  momentum  equation  is  much  larger  than  the  shear  stress 

j  term  and,  consequently,  the  problem  is  treated  as  inviscid  rotational  fluid  flow.  The  development  of 

cross  flows  within  the  boundary  layer  can  be  predicted  in  this  way,  but  only  in  an  initial  region  of  the 
interaction  where  the  pressure  gradient  is  indeed  the  dominant  effect.  It  should  be  noted  that  Lowrie 
assumed  constant  static  pressure  in  the  direction  normal  to  the  wall  in  both  his  theory  and  his  experi¬ 
ments.  He  reported  that  boundary  layer  profiles  that  showed  a  static  pressure  variation  of  more  than 
were  discarded. 

I  1  4 

j  Token  and  Neumann  have  concentrated  on  surface  heat  transfer  as  it  is  most  important  for  direct 

I  practical  applications.  Although  McCabe,  Lowrie  and  Token  provide  a  large  amount  of  information  about  the 

j  three-dimensional  interaction  of  an  oblique  shock  wave  with  a  turbulent  boundary  layer  each  of  these 

I  studies  leaves  a  significant  part  of  the  phenomenon  unresolved. 

!  The  present  study  involves  the  same  general  problem  as  examined  by  the  previous  investigators  but 

■  with  a  somewhat  different  objective;  to  examine,  in  a  well-defined  experimental  set-up,  the  complete  flow 

I  field  of  the  inter-iction  and  to  directly  connect  this  flow  field  with  the  surface  rhenomena.  The  goal  is 

to  provide  a  better  understanding  of  the  phenomena  by  considering  many  different  aspects  of  the  complete 
I  interaction  ano  to  form  a  framework  for  future  experimental  and  theoretical  studies. 

I 

I  Variable  strength  shock  waves,  at  a  Mach  number  of  2.95,  interacting  with  a  high  Reynolds  number 

'  turbulent  boundary  layer  were  the  general  framework  of  the  experimental  program.  The  shock  interaction 

j  studied  was  at  some  distance  from  the  shock  generator  to  try  to  determine  the  characteristics  of  the  inter- 

I  action  in  a  region  not  directly  influenced  by  the  streamwise  comer  formed  by  the  shock  generator  and  the 

test  surface.  Major  concentration  was  on  the  study  of  the  interaction  using  one  relatively  thick  turbu¬ 
lent  boundary  layer  (Model  1),  but  the  scope  of  the  study  was  extendeo  to  a  much  thinner  turbulent  boun¬ 
dary  layer  (Model  2)  to  examine  scaling  effects. 

Special  attention  was  paid  to  the  phenomenon  of  flow  separation  in  three  dimensions.  It  should  be 
noted  that  a  unique  characteristic  of  three-dimensional  flow  is  that  it  can  separate  from  the  surface 
without  the  mean  surface  shear  stress  becoming  zero.  This  type  of  flow  separation,  known  as  ordinary 
separation,  has  to  be  distinguished  from  singular  separation  whose  principal  characteristic  is  that  the 
mean  wall  shear  stress  is  zero  at  the  separation  point  (e.g.,  the  separation  in  planar,  two-dimensional 
flows  is  singular).  Previous  investigators  of  the  present  problem  have  indicated  the  occurance  of  ordi¬ 
nary  separation  along  a  line  defined  on  the  basis  of  surface  oil  flow  patterns.  The  present  investigation 
examines  this  ordinary  separation  on  the  basis  of  both  surface  phenomena  as  well  as  flow  field  measurements. 

2.  EXPERIMENTAL  PROGRAM 

2. 1  Geometrical  Arrangements 

A  schematic  of  the  experimental  configuration,  showing  the  region  of  detailed  measurement,  is  pre¬ 
sented  in  Fig.  1.  The  oblique  shock  was  generated  by  a  variable  angle  shock  generator  which  spanned  the 
'unnel  between  top  and  bottom  wall.  As  noted,  the  region  of  study  extends  upstream  of  the  interaction  to 
establish  the  incoming  boundary  layer  characteristics.  The  test  region  does  not  extend  to  the  shock  gen¬ 
erator,  and  is  limited  in  extent  by  the  expansion  from  the  trailing  edge  of  the  shock  generator  and  the 
reflection  of  the  shock  from  the  wall  opposite  to  the  shock  generator.  In  any  such  experimental  set-up, 
extraneous  interference  effects  from  the  boundaries  of  the  region  of  study  can  be  expected  and  great  effort 
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was  made  to  evaluate  these  effects.  The  length  of  the  shock  generator  was  made  long  enough  so  that  the 
expansion  from  the  tiailing  edge  did  not  interfere  with  the  region  of  study  and  a  detailed  examination  was 
made  of  the  region  of  influence  of  the  reflection  of  the  shock  wave  from  the  opposite  wall. 

One  of  the  key  parameters  of  the  study  is  the  effect  of  shock  strength  which  was  varied  by  changing 
the  deflection  angle  of  the  shock  generator.  TWo  configurations  of  this  general  format  (Fig.  2)  were 
studied  in  detail;  their  main  difference  was  the  thickness  of  the  boundary  layer  coming  into  the  inter¬ 
action  region.  Most  of  the  studies  were  carried  out  on  Model  1,  because  the  relatively  thick  turbulent 
boundary  layer  allowed  high  resolution  measurements  to  be  made  throughout  the  interaction  region.  The 
configuration  of  Model  2  Incorporates  a  much  smaller  incoming  boundary  layer  thickness  and  thus  covers  a 
larger  region  of  the  interaction  in  terms  of  boundary  layer  thickness  than  Model  1.  A  more  detailed  des¬ 
cription  of  the  experimental  geometries  is  given  in  Ref.  5. 

2.2  Wind  Tunnel 


The  experimental  study  was  carried  out  in  the  Princeton  University  blowdown  wird  tunnel.  The  test 
section  has  a  cross  area  of  8  inches  by  8  inches.  The  test  conditions  for  the  present  tests  were  a  Mach 
number  of  2.95,  a  stagnation  pressure  of  100  psia,  an  average  stagnation  temperature  of  472°R  and  a  tunnel 
wall  temperature  of  10  to  20t  above  the  adiabatic  wall  temperature.  These  test  conditions  resulted  in  a 
Reynolds  number  per  inch  of  1.6  x  10®  and  a  maximum  test  time  of  6  minutes.  Details  of  the  basic  facility 
are  given  in  Ref.  6. 

Previous  measurements  had  indicated  that  the  boundary  layer  flow  over  the  bottom  and  top  walls  were 
equivalent  and  planar,  two-dimensional.  The  bottom  wall  boundary  layer  was  used  as  the  test  layer  for  the 
Model  1  study.  Windows  positioned  in  the  top  and  bottom  walls  were  used  either  as  observation  or  instru- 
mentition  ports.  In  general,  pressure  distribution  studies  were  carried  out  with  instrumentation  mounted 
in  tie  bottom  window.  The  top  window  was  used  as  an  observation  port  for  photography  of  oil  flow  patterns 

2.3  Surface  Measurements 


Oil  flow  studies:  A  technique  developed  for  the  present  test  conditions  used  a  fluorescent  oil 
applied  upstream  of  the  region  ot  study  before  the  tunnel  was  started.  Approximately  10  seconds  after  the 
tunnel  was  operating,  photographs  were  taken  of  the  oil  pattern.  The  particular  mixture  used  consisted  of 
clear  motor  oil  and  green  fluorescent  dye  thinned  with  kerosene.  The  oil  patterns  were  illuminated  by  a 
high  intensity  ultra  violet  light  source.  This  particular  combination  of  ultra  violet  excitation  and 
green  fluorescence  made  it  possible  to  filter  out  the  ultra  violet  reflections  coming  from  the  metal  test 
surface.  Good  results  were  obtained  under  all  test  cc.iditions. 

Surface  static  pressure:  Measurements  were  made  on  Model  1  using  an  instrumented  plate  which  fitted 
into  the  botton.  window  port.  A  large  number  of  static  pressure  taps  was  necessary  to  map  the  full  flow 
field  involving  the  interaction  and  to  account  for  the  change  in  shock  location  when  the  shock  generator 
angle  was  varied.  During  a  test,  a  fixed  shock  generator  position  was  held  while  a  scanivalve  measured 
the  static  pressure  distribution.  The  basic  static  pressure  window  port  could  not  be  used  for  Model  2,  so 
the  test  surface  itself  was  instrumented  with  an  arrangement  of  '.catic  pressure  orifices. 

Heat  transfer:  Several  techniques  were  investigated  to  measure  the  heat  transfer  rate  over  the  test 
area.  The  method  finally  chosen  was  a  quasi-transient  method  i  sing  a  slug  calorimeter  since  it  matched 
best  to  the  tunnel  operating  procedures,  gave  reasonable  spatial  resolution  and  is  rather  simple  to  manu¬ 
facture.  Figure  3  shows  a  photograph  of  the  heat  transfer  plug  and  the  insert  which  provides  the  hot  air. 
A  line  drawing  of  the  slug  calorimeter  arrangement  is  given  in  "ig.  4, 
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it  is  necessary  that  the  test  piece  (slug)  be  heated  to  a  temperature  higher  than  the  surrounding  wall 
temperature.  This  heating  was  provided  by  impinging  a  tiny  jet  of  hot  air  to  the  inside  of  each  slug 
calorimeter.  After  the  hot  air  heating  is  stopped,  the  slug  would  attempt  to  reach  the  wall  recovery 
temperature  as  time  progresses.  At  an  intermediate  time,  tp  ,  while  the  slug  temperature  is  dropping  it 
equals  to  the  wall  temperature.  From  an  exponential  curve  fitted  to  the  measured  slug  temperature-time 
data  points,  the  temperature-time  gradient  was  evaluated  at  to  .  The  convective  heat  transfer  follows 
from  this  temperature-time  derivative  ind  the  calorimeter  properties.  Heat  conduction  from  the  slug  to 
the  surrounding  wall  was  minimized  by  separating  the  slugs  from  the  aluininum  plug  by  nylon  insulation.  It 
was  determined  that  no  correction  due  to  insulation  losses  were  necessary. 

Skin  friction:  The  Preston  tube  was  used  to  get  some  indication  of  the  skin  friction.  As  the  pre¬ 
sent  problem  involves  both  pressure  gradients  and  cross  flows,  there  will  be  uncertainties  in  the  results, 
particularly  for  the  case  of  large  cross  flows.  The  Preston  probe  was  first  aligned  with  the  surface  oil 
flow  direction,  then  rotated  10°  in  both  directions.  Although  the  Preston  tube  reading  was  relatively 
insensitive  to  such  rotation,  the  largest  measured  value  was  used  to  evaluate  the  skin  friction.  The  cali¬ 
bration  scheme  proposed  by  Bradshaw^  was  used  to  evaluate  the  skin  friction.  He  extended  the  subsonic 
calibration  equation  to  compressible  flow  in  an  alternate  way.  Instead  of  using  calibration  factors  to 
transform  to  the  subsonic  calibration  coordinates,  he  added  a  compressibility  correction  function  to  the 
subsonic  calibration  equation.  This  new  function  has  variables  which  are  based  upon  wall  conditions  only. 

2.4  Flow  Field  Measurements 


To  carry  out  detailed  flow  field  measurements  in  the  interaction  region,  a  probe  drive  system  with 
two  degrees  oi  freedom  was  used.  It  moved  the  probes  normal  to  the  wall  and  yawed  them.  The  probes  them¬ 
selves  were  supported  by  a  streamlined  section  which  extended  from  the  top  wall  down  towards  the  bottom 
wall  boundary  layer  where  the  measurements  were  taken. 

Pitot-yaw  surveys:  To  determine  the  flow  angles  in  the  X-Y  plane  throughout  the  flow  field,  a  cobra 
probe  has  been  employed.  The  cobra  probe  was  traversed  and  yawed  in  such  a  way  that  the  two  side  pressures 
remained  equal  so  that  the  flow  yaw  angle  and  pitot  pressure  could  be  determined  at  the  same  time. 
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Static  pressure  surveys:  Since  It  was  clear  that  significant  variations  in  the  static  pressure  would 
take  place  within  the  Interaction  region,  it  was  necessary  to  determine  the  local  static  pressure  in  order 
to  evaluate  the  local  flow  velocities  and  density.  To  obtain  a  measure  of  the  local  values,  a  small  cone- 
cylinder  probe  was  designed  to  be  used  in  conjunction  with  the  probe  drive  mechanism  noted  previously. 

The  static  pressure  orifices  were  located  11  diameters  downstream  of  the  tip.  The  probe  rotated  in  the 
X-Y  plane  about  the  orifice  location  and  was  kept  aligned  with  the  known  flow  direction.  A  calibration 
of  the  angle  sensitivity  of  the  probe  In  uniform  flow  was  performed  and  it  was  found  that  over  ^  A^,  the 
static  pressure  varied  less  than  2%  from  the  correct  value. 

Total  temperature  surveys:  To  complete  tne  measurements  from  which  the  local  velocities  can  be  ob- 
tained,  measurements  were  made  of  the  total  temperature  throughout  the  interaction  region.  Although  the 
wall  temperature  was  approximately  1S\  above  its  adiabatic  value,  the  measurement  of  small  variations  of 
total  temperature  provide  for  increased  accuracy  of  the  deduced  flow  field  data.  The  probe  used  was  a 
fine  wire  probe  which  had  a  thermocouple  junction  in  the  middle  of  the  wire.  This  thermocoi^le  consisted 
of  the  junction  between  alumel  and  chromel  wires  which  had  a  thickness  of  0.002  inches  diameter. 

A  more  detailed  description  of  the  experimental  techniques  used  is  given  in  Ref.  S. 

3.  INCOMING  BOUNDARY  LAYER  CHARACTERISTICS 

The  boundary  layers  that  interacted  with  the  shock  wave  were  surveyed  extensively  and  were  shown  to 
be  two  dimensional  across  the  width  of  the  wind  tunnel.  It  should  be  noted,  however,  that  the  upstream 
boundary  of  the  interaction  region,  as  determined  from  the  start  of  the  wall  static  pressure  increase,  is 
a  swept  line  which  is  approximately  parallel  to  the  shock  wave.  This  results  in  a  variation  in  thickness 
of  the  boundaiy  layer  coming  into  the  interaction  region  since  the  boundary  layer  is  growing  in  the  stream- 
wise  direction.  The  boundary  layer  that  interacted  with  the  shock  wave  in  the  Model  1  configuration  ori¬ 
ginated  from  the  tunnel  nozzle  and  increased  in  thickness  from  0.52  to  0.58  inches  along  a  typical  inter¬ 
action  region  for  a  10  degree  shock  generator  angle.  The  boundary  layer  for  Model  2  was  generated  on  a 
flat  test  plate  which  spanned  the  tunnel  and  was  located  2  inches  above  the  tunnel  bottom  wall.  The  cor¬ 
responding  increase  in  thickness  of  this  thinner  Model  2  boundary  layer  was  much  larger  because  of  its 
shorter  running  length  and  amounted  to  a  variation  of  0.11  to  0.16  Inches.  These  increases  of  the  incoming 
boundary  layer  thickness  along  the  shock  wave  have  to  be  taken  into  account  when  the  scale  of  the  inter¬ 
action  length  is  evaluated  in  terms  of  a  local  boundary  layer  thickness. 

Boundary  layer  parameters  derived  from  the  measurements  are  tabulated  for  two  typical  initial  pro¬ 
files  for  Model  1  and  2,  respectively: 
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Model  1 

0.540 

0.162 

0.052 
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1.6  X  10^ 

Model  2 

0.132 

0.040 

0.008 

0.00150 

1.6  X  10^ 

The  corresponding  velocity  profiles  were  transformed  to  the  incompressible  law  of  the  wall  variables  by 
using  the  van  Driest  transformation  as  given  in  Ref.  8.  These  profiles  are  then  compared  with  the  incom¬ 
pressible  wall-wake  law  as  given  by 
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where  W(^)  =  1  -  cos(ii  ^) ,  C  *  5.0,  k  =  0.41,  n  *  0.52  . 

The  comparison  (see  Fig.  5)  shows  that  the  test  boundary  layers  can  be  described  as  fully  developed, 
"equilibrium",  turbulent  boundary  layers. 

The  overall  size  of  the  region  of  study  for  both  Model  1  and  2  in  terms  of  boundary  layer  thickness 
is  represented  in  Fig.  6  and  compared  with  those  of  pre\ious  studies  by  McCabe,  Lowrie  and  Token.  Model  1 
provides  results  in  an  area  which  is  also  covered  by  McCabe  and  Lowrie,  but  outside  the  region  studied  by 
Token.  Model  2  covers  a  larger  range  not  heretofore  explored. 

The  general  coordinate  system  used  in  obtaining  and  presenting  the  data  is  also  shown  in  Fig.  6. 

The  shock  location,  calculated  from  the  oblique  shock  theory,  is  used  as  the  origin  for  the  coordinate. 

4.  ANALYSIS  OF  RESULTS  AND  DISCUSSION 


4. 1  Three-Dimensional  Separation 

The  notion  of  flow  separation  on  planar  surfaces  in  both  two-dimensional  as  well  as  three-dimensional 
t.ow  is  that  a  boundary  layer,  flowing  tangentially  alongside  a  solid  surface,  breaks  away  from  this  sur¬ 
face  due  to  an  adverse  pressure  gradient.  In  planar,  two-dimensional  flows  the  customary  definition  of 
Reparation  requires  that  the  mean  wall  shear  stress  vanishes  at  the  separation  point.  This  definition  is 
quite  satisfactory  for  such  cases  as  it  implies  the  start  of  flow  reversal.  In  three-dimensional  flow, 
however,  the  situation  is  more  complicated,  illustrated  by  the  fact  that  three-dimensional  separation  has 
a  two-fold  mechanism  (see  Lighthill,  Ref.  9).  This  mechanism  is  explained  by  using  the  concept  of  limiting 
surface  streamlines  (or  skin  friction  lines).  If  ore  considers  a  streamline  at  a  small  distance  from  the 
surface,  then  it  follows  from  the  continuity  equation  that  this  streamline  has  to  depart  from  the  surface 
not  only  in  case  of  vanishing  wall  shear-stress,  but  also  in  a  case  where  the  topography  of  the  limiting 
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surface  streaalines  is  such  that  they  converge.  They  can  coalesce  and  form  a  line  of  ordinary  separation. 
Although  the  notion  of  flow  separation  as  applied  to  two-  or  three-disensional  flow  is  the  sane,  the  main 
nechanisn  through  which  flow  separation  takes  place  can  be  different;  for  exanple,  three-dimensional  flow 
can  separate  from  the  wall  along  a  separation  line  without  the  mean  surface  shear  stress  becoming  zero. 

This  type  of  flow  separation  is  known  as  ordinary  separation  (see  Maskell,  Ref.  10)  and  has  to  be  dis¬ 
tinguished  from  singular  separation  whose  main  characteristic  is  that  the  mean  wall  shear  stress  vanishes 
at  the  separation  point. 

In  applying  these  ideas  of  flow  separation  to  the  present  problem,  previous  investigators  have  pro¬ 
posed  several  ways  in  which  the  onset  of  flow  separation,  over  any  region  of  significant  size,  can  be 
determined  from  surface  flow  patterns.  The  main  characteristic  of  a  line  of  ordinary  separation  is  the 
tangential  convergence  of  the  surface  streamlines  into  one  single  line.  Maskell  proposed  that  the  order 
of  magnitude  of  the  rate  of  this  convergence  be  the  same  on  each  side  of  the  separation  line.  Rogers  and 
Hall“  have  relaxed  this  criterian  for  separation,  by  suggesting  that  for  the  condition  of  incipient  sepa¬ 
ration  the  limiting  surface  streamlines  converge  toward  the  separation  line  only  in  the  upstream  region, 
immediately  downstream  they  are  parallel  to  it  and  further  downstream  they  turn  progressively  away  from  it. 

Although  these  criteria  of  ordinary  flow  separation  are  based  upon  limiting  surface  streamlines,  and 
thus  have  to  be  verified  by  actual  flow  field  measurements,  they  are  believed  to  be  physically  correct. 
Care,  however,  must  be  taken  in  applying  these  criteria  especially  in  turbulent  boundary  layers  where  the 
equivalence  between  limiting  surface  streamlines  (skin  friction  lines)  and  oil  flow  lines  is  not  an  obvious 
matter.  In  the  following  sections,  there  are  several  discussions  specifically  aimed  at  trying  to  clarify 
questions  about  this  ordinary  flow  separation.  Finally,  objections  will  be  raised  against  McCabe's  cri¬ 
terion  for  separation  as  used  in  other  investigations  (Refs.  1-4)  of  the  present  problem. 

4.2  Surface  Flow  Patterns 


Some  results  obtained  during  the  oil  flow  studies  are  presented  in  Figs.  7  through  10  with  ag  «  4 

and  10  degrees  for  both  Model  1  and  2.  The  oil  lines  for  ag  =  4°  downstream  of  the  calculated  shock 

location  are  deflected  to  a  maximum  angle  of  about  10°,  which  is  about  twice  the  shock  generator  angle 
but  remains  well  below  the  shock  wave  angle.  For  ag  «  10°  the  oil  lines  turn  to  angles  which  are  sub¬ 
stantially  larger  than  the  shock  wave  angle  and  coalescence  of  the  oil  streaks  occurs  as  a  consequence. 
Special  attention  should  be  paid  to  the  difference  in  scale  of  an  average  boundary  layer  thickness  between 
Model  1  and  2.  Because  of  this  large  region  of  Model  2  (see  Fig.  6)  there  emerges  an  area  downstream  of 
the  shock  wave  for  og  «  10°  where  the  oil  streak  lines  are  parallel  to  the  shock  generator  again.  This 
region  (11)  is  indicated  on  Fig.  10. 

The  interpretation  is  that  the  interaction  is  completed  and  the  boundary  layer  has  again  reached  a 
planar,  two-dimensional  character  in  this  area  indicated.  The  implication  of  this  observation  is  that, 
fo'  example,  in  the  case  of  og  *  10°,  Y  •  2.25  inches,  it  takes  about  30  boundary  layer  thicknesses  down¬ 
stream  of  the  shock  wave  before  all  cross  flows  have  disappeared  from  the  boundary  layer.  This  length  of 
the  downstream  extent  of  the  interaction  has  never  been  observed  in  previous  investigations  and  is  a  direct 
result  of  the  large  region  covered  by  Model  2.  The  fact  that  the  end  of  the  interaction  does  not  appear  on 

the  surface  flow  patterns  for  ag  smaller  than  6°  is  an  indication  that  the  downstream  extent  of  the 

interaction  in  the  X-direction  is  larger  for  smaller  shock  generator  angles. 

These  surface  flow  patterns  can  be  reduced  to  quantitative  data  by  measuring  the  angles  of  local  oil 
lines  with  respect  to  the  X-direction  along  a  line  of  Y  >  constant.  Results  obtained  from  that  process 
for  shock  generator  angles  ranging  from  2  up  to  12  degrees  are  presented  in  Fig.  11  for  Model  2.  The 
theoretical  shock  wave  angles  are  shown  to  the  left  hand  side  of  these  figures.  From  Fig.  11  it  can  be 
seen  that  the  rate  of  decrease  of  the  local  oil  line  angles  with  distance  X^  for  small  generator  angles, 
ag  ^  6°,  is  much  smaller  than  for  the  larger  ag's  .  This  results  in  a  larger  downstream  extent  for 
weaker  shocks.  The  explanation  of  this  seemingly  contradictory  result  lies  in  the  topography  of  the  flow 
field  that  is  associated  with  the  surface  flow  patterns. 

For  (Xq  »  6°  and  smaller,  the  total  yaw  angles  occurring  in  the  flow  field  remain  smaller  than  the 
shock  wave  angle.  These  flow  fields  are  similar  to  a  classical  three  dimensional  boundary  layer  flow  that 
negotiates  a  transverse  pressure  gradient.  This  transverse  pressure  gradient  causes  the  slower  moving 
fluid  in  the  bottom  portion  of  the  boundary  layer  to  deflect  to  larger  angles  than  the  faster  moving  fluid 
in  the  outer  portion  of  the  boundary  layer.  This  process  in  which  cross  flows  are  produced  by  the  trans¬ 
verse  pressure  gradient  is  an  instantaneous  process  or  in  other  words  the  cross  flows  are  created  at  the 
physical  location  where  the  transverse  pressure  gradients  are  present.  These  pressure  gradients  disappear 
in  going  downstream  of  the  shock  location.  The  cross  flows,  however,  do  not  vanish  instantaneously,  but 
rather  decay  slowly.  The  driving  force  in  this  decay  process  is  the  magnitude  of  the  cross  flow  itself. 

So  as  the  cross  flow  gets  smaller,  the  rate  of  decay  decreases,  and  the  downstream  limit  of  no  cross  flow 
is  only  reached  asymptotically,  resulting  in  very  large  downstream  extent  for  ag  £^6°. 

For  larger  generator  angles  (ag  ^8°)  other  processes  play  a  role  in  the  decay  of  cross  flows. 

Since  the  yaw  angles  are  no  longer  smaller  than  the  shock  angle,  it  can  no  longer  be  considered  as  regular 
flow  field,  but  rather  a  flow  with  large  secondary  flows  imbedded  in  it.  The  fluid  in  which  the  large 
cross  flows  are  produced  is  transported  along  the  shock  direction  and  thus  out  of  the  plane  of  observation, 
the  X-Z  plane.  This  reorganization  process  of  the  flow,  as  described  in  a  later  section  on  the  flow  model, 

causes  fluid  in  which  much  smaller  cross  flows  are  present  to  pitch  down  toward  the  wall  resulting  in  a 

strong  decay  of  oil  line  angles  with  distance  Xj  for  Og  ^  8°. 

McCabe^  has  proposed  a  simple  approximate  secondary  flow  theory.  This  theory  assumes  that  the 
limiting  streamline  angle  does  not  vary  with  distance  downstream  of  the  shock  wave.  This  is  an  oversimpli¬ 
fication  of  the  actual  situation  as  can  be  seen  from  Fig.  11.  However,  if  the  predicted  limiting  stream¬ 
line  angle  is  assumed  to  be  a  representation  of  the  maximum  of  the  distribution  of  oil  line  angles  for  a 
given  shock  generator  deflection,  “omax  >  ****  theory  is  a  good  approximation  of  the  present  experi¬ 
mental  data,  as  shown  in  Fig.  12.  Tne  theoretical  shock  wave  angle  is  also  indicated  in  the  figure. 
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McCabe  has  also  suggested  a  criterion  for  ordinary  separation  which  defines  the  flow  as  separated  if 
the  oil  lines  are  deflected  to  an  angle  larger  than  the  shock  wave  angle.  This  criterion  indicates  that 
the  flow  is  separated  for  ag  >  from  the  present  data  (see  Fig.  12).  The  justification  of  this  cri¬ 

terion,  however,  is  very  much  in  question  since  it  would  not  coincide  with  the  first  appearance  of  an 
ordinary  separation  line  as  shown  by  McCabe  himself.  This  criterion  also  implies  that  the  minimum  shock 
generator  angle  needed  for  flow  separation  decreases  indefinitely  as  the  shock  wave  angle  decreases  with 
increasing  Mach  number  (see  Korkegi,  Ref.  12).  This  last  observation  indicates  that  even  the  practical 
value  of  McCabe's  criterion  is  not  at  all  clear. 

4.3  Static  Pressure  Distributions 


A  typical  static  pressure  distribution  is  shown  in  Fig.  13.  The  distance  is  normalized  by  the 
boundary  layer  thickness,  6j  ,  at  the  beginning  of  the  pressure  rise.  The  upstream  extent  of  the  inter¬ 
action  region  measured  from  the  shock  position  is  about  12  ij  and  largely  independent  of  the  shock  strength 
at  this  station  of  Y  ■  2.25  inches  of  Model  2.  The  downstream  extent  is  more  difficult  to  define  in  terms 
of  the  static  pressure  distribution  because  this  limit  is  reached  asymptotically.  The  observation  that 
the  scale  of  this  downstream  extent  is  of  the  order  of  20  to  30  times  the  incoming  boundary  layer  thickness 
at  Y  x  2.25  inches  is  of  quite  some  significance.  This  scale  was  also  extracted  from  the  surface  flow 
patterns. 

Static  pressure  distributions  obtained  along  several  instrumentation  lines  of  Y  •  constant  were  also 
cross  plotted  as  isobar  patterns.  A  typical  isobar  pattern  is  shown  in  Fig.  14  for  og  •  10°,  Model  1. 

As  can  be  noted,  the  lines  of  constant  static  pressure  are  approximately  parallel  to  the  shock  wave  and 
only  to  a  small  amount  diverging  along  the  shock  direction.  This  indicates  that  the  pressure  distribution 
is  quasi-two-dimensional  in  the  sense  that  this  flow  quantity  is  constant  in  the  shock  direction  to  a  good 
approximation. 

Some  comparison  can  be  made  with  the  data  obtained  by  other  investigators.  The  test  conditions  are 
listed  in  the  following  table: 


Mach 

ave 

Re.  . 
inch 

Re. 

Number 

(inches) 

ave 

Lowrie 

(Ref. 2) 

3.44 

0.412 

1.02  X  10^ 

4.20  X  10^ 

McCabe 

(Ref.l) 

2.94 

0.230 

2.06  X  10^ 

0  47  X  10® 

Token 

(Ref. 3) 

3.71 

6.0 

2.91  X  10^ 

17.5  X  10® 

Model 

1 

2.95 

0.55 

1.6  X  10^ 

8.8  X  10® 

Model 

2 

2.95 

0.133 

1.6  X  10^ 

2.1  X  10® 

The  test  Mach  number  of  all  these  studies  is  around  3  and  the  wall  temperatures  are  all  near  adia¬ 
batic.  The  boundary  layer  thickness,  however,  varies  by  a  factor  of  40.  If  the  intersection  of  a  line 
drawn  tangent  to  the  maximum  slope  of  a  static  pressure  distribution  and  the  line  P  •  1  ,  is  taken  as  the 
beginning  of  interaction,  then  the  upstream  extent,  AX  ,  can  be  defined  as  the  distance  between  the  calcu¬ 
lated  shock  location  and  this  beginning.  The  upstream  extent  of  the  interaction,  nondimensionalized  by 
the  local  incoming  boundary  layer  thickness,  is  shown  in  Fig.  15.  The  Y  coordinate  in  this  plot  is  non¬ 
dimensionalized  by  the  boundary  layer  thickness,  6j  ,  averaged  over  the  distance  between  the  shock  gener¬ 
ator  leading  edge  and  the  station  Y  =  constant  considered.  This  average  of  6j  is  indicated  by  . 

The  general  agreement  of  the  data  in  Fig.  15,  despite  the  difference  in  Mach  number  and  deflection 
angles,  has  an  important  implication.  If  one  recalls  that  Sj  varies  by  a  factor  of  40,  one  can  reach 
the  conclusion  that  the  boundary  layer  thickness  can  provide  a  basis  for  scaling  parameters  in  thi:,  type 
of  problem, 

4.4  Heat  Transfer  Distribution 


The  heat  transfer  results  are  presented  as  a  nondimensional  ratio  of  the  local  heat  transfer  coeffi¬ 
cient  divideo'  by  the  flat  plate  value  predicted  by  the  van  Driest  method^^  for  the  test  conditions  upstream 
of  the  interaction.  It  should  be  noted  that  the  local  heat  transfer  coefficient  is  defined  as  the  local 
heat  transfer  rate  nondimensionalized  by  free  stream  coi.ditions  ahead  of  the  interaction.  The  wall  temper¬ 
ature  conditions  are  uniform  throughout  the  interaction  region. 

The  results  indicate,  as  shown  in  Fig.  16,  that  heat  transfer  rate  decreases  somewhat  as  the  shock 
is  approached  in  the  streamwise  direction,  and  increases  almost  linearly  with  the  downstream  distance  from 
the  shock  position.  No  conclusion  about  the  peak  heat  transfer  could  be  reached  as  the  maximum  occurred 
at  the  boundary  of  the  region  of  study  of  Model  I.  The  heat  transfer  results  are  also  cross  plotted  as  a 
heat  transfer  pattern  in  the  X-Y  plane  and  an  example  is  given  in  Fig.  17  for  ag  =  10°,  Model  1.  The 
results  show  a  general  uniformity  of  the  heat  transfer  field  and  demonstrate  again  the  quasi-two-dimensional 
nature  of  the  interaction  region. 

4.5  Preston  Tube  Measurements 

The  skin  friction  was  deduced  from  Preston  tube  measurements  taken  along  Y  =  4.0  inches  on  Model  1 
for  0(5  »  2°  to  10°.  These  results  of  these  measurements  are  shown  in  Fig.  18  where  the  skin  friction  has 
been  nondimensionalized  by  the  upstream  flat  plate  value.  The  most  significant  observation  is  that  the 
skin  friction  distribution  is  almost  equivalent  to  the  heat  transfer  distribution.  This  implies  that  the 
Reynolds  analogy  is  valid  as  a  first  approximation.  If  ordinary  separation  occurs  it  is  not  required  that 
the  skin  friction  vanish,  therefore,  no  conclusion  about  separation  can  be  reached  by  these  results. 
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4.6  Analysis  of  Coin)lete  Flow  Field  Data 

A  complete  picture  of  the  mean  flow  field  In  the  X-Z  plane  can  be  constructed  from  the  measured 
quantities,  pitot  pressure,  yaw  angle,  static  pressure,  and  total  temperature.  If  the  static  pressure 
and  the  pitot  pressure  at  a  point  In  the  field  are  known,  the  Mach  number  can  be  calculated  directly  from 
the  Isentropic  relations  for  subsonic  conditions,  and  from  the  Rayleigh  Pitot  formula  In  an  Iterative 
cycle  for  supersonic  cases.  The  total  energy  equation  war  then  applied  to  give  the  static  temperature  and 
thus  the  density  and  u,v  velocity  components.  In  addition,  the  velocity  component  in  the  Z-directlon, 
w  ,  can  be  deduced  from  the  density  and  u,v  velocity  distributions  by  integrating  the  continuity  equa¬ 
tion  and  using  the  boundary  ccndition  w  •  0  at  z  ■  0  .  Hence: 


(2) 


The  derivatives  in  the  integrand  were  obtained  by  locally  fitting  a  second  order  poly.iomial  through  three 
data  points  followed  by  a  differentiation  of  the  polynomial.  Data  was  taken  in  one  X-Z  plane  only.  To 

overcome  this  difficulty  of  bvaluating  the  ^  derivative,  the  data  in  the  X-1  plane  at  \  »  4.0  inches 

9y 

was  projected  along  the  shock  direction  to  higher  and  lower  values  of  Y  .  This  procedure  assumes  that 
the  interaction  region  is  perfectly  two-dimensional  along  the  shock  direction,  but  it  was  found  that  the 
eesttlumt  m  ms  twA  set44t4«e  to  smeli  <>rm^  H  tk*  dtwtl  jr.  e  .  s 

of  the  projection  directions  through  the  interaction.  The  accuracy  of  the  w  component  obtained  by  dif¬ 
ferentiation  and  integration  of  the  original  data  is  less  than  that  of  u  and  v  .  After  the  w-component 


arctan  (— ))  can  iie  found, 
'u 


is  computed, the  pitch  angle  &  (defined  as  B 

measurement  technique  of  obtaining  u  and  v  is  only  valid  if  w 
This  requirement  was  checked  a  posteriori  and  found  to  be  satisfied, 


It  should  be  noted  that  the 
remains  small  compared  to 
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The  stat'c  pressure  distribution  in  the  X-Z  plane  at  Y  =  4.0  inches  for  og  =  10*^,  shown  in  Fig.  19, 
indicates  that  within  the  interaction  there  is  no  major  region  (in  terms  of  6)  where  the  static  pressure 
is  uniform.  The  flow  ahead  of  the  shock  is  characterized  by  compression  waves  extending  to  well  outside 
the  incoming  boundary  layer.  The  static  pressure  field  downstream  of  the  shock  has  a  more  complicated 
distribution.  The  Mach  number  distribution  in  this  X-Z  plane  is  mostly  supersonic,  Fig.  20.  A  shallow 
subsonic  region  was  measured  close  to  the  wall  near  the  shock  location. 


Large  yaw  angles  are  measured  in  the  interaction  region  (see  Fig.  21).  The  largest  yaw  angles  of 
occurred  a  small  distance  from  the  wall  and  Xj  ^  3  .  Despite  this  small  region  where  the  yaw  angles 
are  larger  than  the  shock  wave  angle,  there  is  an  extensive  region  downstream  of  the  shock  wave  where  the 
yaw  angles  are  substantially  less  than  the  shock  generator  angle  (a^  «  10°). 

-  tlvtcxnjk  tl*  l*ho«»T  tr  Fi.g  21i  vjiHk 

The  compression  waves  ahead  of  the  shock  do  not  only  cause  increasing  yaw  angles  but  also  increasing  pitch 
angles.  Going  through  the  shock  wave  these  pitch  angles  don't  seem  to  decrease  initially,  however,  at 
Xj  %  3  rapid  changes  take  place  and  the  pitch  angle  becomes  negative. 

In  view  of  the  question  about  ordinary  separation,  it  should  be  noted  from  this  figure  that  the  pitch 
angle  ^nds  to  zero  as  the  wall  is  approached.  This  observation  is  of  particular  importance  at  the  posi¬ 
tion  (X^  %  -3)  where  the  oil  lines  tend  to  coalesce.  This  is  the  region  where  one  would  expect  locally 
large  pitch  angles.  The  surveys  were  taken  at  stations  one  boundary  layer  thickness,  6;  ,  apart.  Keeping 
this  streanwise  resolutio.i  in  mind  it  can  be  concluded  that  a  local  coalescence  of  oil  How  lines  is  not 
necessarily  .'f..ated  to  locally  large  streamline  inclination  with  respect  to  the  wall  surface.  There  is, 
however,  a  tendency  of  the  flow  to  depart  from  the  wall  (B  positive)  but  it  is  uniformly  spread  out  over 
many  boundary  layer  thicknesses. 


4.7  Flow  Models  and  Separation 

To  depict  the  flow  field  in  the  X-Z  plane  at  Y  =  4.0  inches,  the  following  flow  model  is  constructed 
for  oq  »  10°,  see  Fig.  23.  The  region  A  is  the  undisturbed  uniform  flow  ahead  of  the  interaction  with  a 
planar  turbulent  boundary  layer  at  the  wall.  The  typical  character  of  region  B  is  that  it  has  very  slowly 
increasing  yaw  angles  which  remain  lower  than  the  shock  generator  angle  (a(,  »  10°)  even  in  subregions  B2 
and  Bj  and  only  reach  the  10°  level  far  downstream.  In  region  C  (the  area  extending  downward  from  region 
B  and  approaching  the  wall)  large  yaw  angles  prevail  (10°  a  ^  55°).  Yaw  angles  larger  than  the  shock 
wave  angle  (aj),  »  28°)  occur  in  subregion  C2.  The  far  flow  field  downstream  of  the  shock  and  outside 
region  B  contains  waves  originating  from  the  interaction,  region  D.  The  decrease  in  pitch  angles  B  ob¬ 
served  by  going  from  subregion  B2  to  B5  generates  expansion  waves  in  the  external  flow  (subregion  Dj). 
Compression  waves  are  present  in  subregion  D2  where  the  flow  has  to  turn  parallel  to  tlie  wall  again. 

The  corresponding  flow  model  for  ag  •  4°  is  also  presented,  see  Fig.  24.  The  measurements  on  which 
this  model  is  based  are  given  in  Ref.  5.  Unlike  the  oq  =  10°  case,  the  yaw  angles  in  this  case  remain 
well  below  the  shock  wave  angle.  This  means  that  no  reorganization  process  occurs  as  in  the  case  of  ciq  > 
10°  where  the  net  transport  of  fluid  along  the  shock  direction  incurred  negative  values  of  B  .  Although 
it  was  determined  that  the  maximum  pitch  angles  were  quite  small  (1.5°),  they  are  significantly  larger  than 
those  associated  with  boundary  layers  developing  under  zero  pressure  gradient  conditions. 

It  is  obvious  that  for  og  =  4°,  although  the  streamlines  are  slightly  departing  from  the  wall 
(6  ^  1.5°),  that  there  is  no  question  about  separation.  For  the  og  =  10°  case,  however,  the  question  of 
whether  the  boundary  layer  should  be  called  separated  is  not  an  obvious  matter.  If  one  examines  the  oil 
flow  patterns  for  Oq  •  10°  (Figs.  8  and  10)  more  carefully,  the  observation  can  be  made  that  although  the 
oil  lines  are  converging  and  tend  to  coalesce  upstream  of  the  calculated  shock  position,  they  do  not  con¬ 
verge  into  one  single  line.  The  region  in  which  coalescence  occurs  is  growing  in  size  in  the  direction 
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along  the  shock.  This  observation  is  consistent  with  the  idea  that  the  size  of  the  interaction  region  is 
increasing  with  distance  along  the  shock.  It  is  exactly  this  gradual  increase  in  size  that  permits  the 
oil  lines  to  converge  without  incurring  locally  large  pitch  angles  B  corresponding  to  separation  of  the 
flow  from  the  wall.  This  directly  leads  to  the  conclusion  that  the  flow  is  also  unseparated  for  =  10°. 

Tiie  results  clearly  indicate  that  the  qualitative  difference  between  attached  flows  and  flows  with 
ordinary  separation  for  the  present  problem  cannot  be  taken  for  granted.  The  definition  of  ordinary  sepa¬ 
ration  becomes  then  a  matter  of  some  conjecture  but  does  not  seem  to  be  as  crucial  as  its  counterpart  in 
planar  two-dimensional  flow  concerning  singular  separation. 

5.  CONCLUSIONS 

A  detailed  study  was  carried  out  of  the  three-dimensional  flow  fields  caused  by  the  interaction  of 
oblique  shock  waves  and  a  planar  turbulent  boundary  layer.  "’Tie  main  results  are  the  following; 

1.  Two  flow  field  models  have  been  constructed  based  on  experimental  data  for  shock  generator 
angles  of  4°  and  10°.  The  measurements  give  a  complete  description  of  the  flow  fields. 

2.  Based  on  the  10°  flow  field  data,  it  is  concluded  that  McCabe's  criterion  for  incipient  separa¬ 
tion  is  not  sufficient  to  define  flow  separation. 

3.  The  interaction  region  is  quasi-two-dimensional  in  an  area  at  sufficient  distance  from  the  shock 
generator.  This  means  that  although  all  three  velocity  .'omponents  play  an  important  role,  the  fluid  vari¬ 
ables  vary  only  slowly  along  the  shock  direction. 

4.  The  heat  transfer  rate  decreases  as  the  shock  is  anproached  in  the  streamwise  direction  and 
increases  almost  linearly  with  downstream  distance  from  the  shock  location. 

5.  Reynolds  analogy  is  valid  as  a  first  approximation  to  the  problem. 

6.  Boundary  layer  thicknesses  will  provide  a  basis  for  scaling  parameters  of  the  upstream  extent 
as  a  function  of  the  tratisverse  distance  Y. 

7.  The  downstream  extent  of  the  interaction  in  X-direction  is  at  least  four  times  as  large  as  the 
upstream  one. 
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Hg.  1:  Schematic  of  Experimental  Configuration 


Fig.  2:  Model  1  and  2  Configurations 
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Fig.  3:  Heat  Transfer  Plug 


Fig.  4:  Slug  Calorimeter  Arrangement 
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Fig.  6;  Regions  of  Study  and  Coordinate  Syst< 
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Fig.  7:  Photograph  of  Oil 
Flow  Pattern,  a_  =  4°, 
Model  1 
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Fig.  8:  Photograph  of  Oil 
Flow  Pattern,  a„  =  10°, 
Model  1 
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Fig.  9;  Photograph  of  Oil 
Flow  Pattern,  a-  =  4°, 
Model  2 
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Fig.  10:  Photograph  of  Oil 
Flow  Pattern,  =  10°, 
Model  2 
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Fig.  14:  Surface  Isobar  Pattern,  =  10  , 
Model  1 
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Fig.  15:  Upstream  Extent  of  Interaction  Region 


Fig.  16:  Heat  Transfer.  Y  ■  4.0  inches.  Model  1 


Fig.  17:  Heat  Transfer  Pattern, 
Oq  ■  IQO,  Model  1 


Fig.  18;  Skin  Friction, 

Y  ■  4.0  inches.  Model  1 
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Fig.  19:  Static  Pressure 
Contour  Plot  in  XZ> 
Plane,  Y  «  4.0  inches, 
a~  -  10°,  Model  1 
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Fig.  20:  Mach  Number 
Contour  Plot  in  XZ- 
Plane,  Y  «  4.0  inches 
OLf  •  10®,  Model  1 
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COMMENT  ON  PAPER  41 


by 

Royal  Aircraft  EttabUthmrnt 
Famborou^,  Hants,  UK 


The  Authon  raise  the  question  of  whether  or  not  the  flow  resulting  from  the  interaction  between  the  shock 
waves  and  the  boundary  layer  is  to  bo  regarded  as  separated,  and  conclude  that  for  10°  it  is  not,  even  for 
model  2.  A  conceptually  useful  criterion  for  deciding  whether  separation  has  taken  place  is  provided  by  considering 
the  limit  of  infinite  Reynolds  number.  If  the  size  of  the  disturbed  region  vanishes  in  this  limit,  the  flow  is  attached: 
if  the  disturbed  region  remains  of  finite  extent,  the  flow  is  separated.  The  Authors’  analysis  suggests  that  the  extent 
of  the  interaction  region  measured  parallel  to  the  wall  scales  with  the  boundary  layer  thicknen,  u  shown  in  Figure 
1 S,  and  this  is  consistent  with  an  attached  flow.  However  no  results  are  presented  to  indicate  how  the  extent  of 
the  interaction  region  measured  normal  to  the  wall  differs  between  models  1  and  2.  It  would  help  to  resolve  the 
question  if  adequate  data  could  be  obtained  on  the  extent  of  the  interaction  region  meuured  normal  to  the  wall  on 
model  2. 

In  my  view,  it  is  easier  to  interpret  the  oil-flow  (Fig.  10)  and  the  static  pressure  distribution  (Fig.  13)  on  the  basis 
that  a  shear  layer  separates  ahead  of  the  calculated  shock  position  and  rolls  up  into  a  vortex  just  downstream  of  the 
calculated  shock;  while  further  downstream  an  attachment  line  gives  rise  to  fresh  boundary  layers,  one  flowing 
towards  the  calculated  shock  and  the  other  parallel  to  the  shock  generator. 
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SUMMARY 

Pressure  distributions  obtained  in  wind  tunnel  tests  on  several  wing-fuselage  configurations  at  high  subsonic 
Mach  numbers  are  used  to  illustrate  several  shock-induced  separation  scenarios  that  are  essentially  3D  in  nature. 
Pearcey's  Type  B  interactions,  distinguished  by  prior  history  effects,  appear  in  several  different  forms.  The 
described  results  in  general  are  characteristic  primarily  of  aft-cambered  airfoils. 

1.  INTRODUCTION 

Shock-induced  separation  frequently  plays  the  key  role,  not  only  in  the  cruise  performance  of  aircraft,  but 
in  the  maneuver  performance  when  buffet  limits  the  maneuver  envelope. 

The  detailed  nature  of  the  maiiy  aspects  of  shock-induced  separation  in  the  planar  case  has  been  thoroughly 
investigated  and  clearly  explained  by  the  well-known  early  efforts  of  Pearcey  of  NPL,  whose  recent  absence  from 
transonic  research  has  been  a  great  loss.  In  the  case  of  swept  wingis  the  efforts  of  Hall  and  Rogers  of  NPL  and  RAE, 
Kiichemann  of  RAE,  and  Haines  of  ARA  have  set  the  stage  for  much  of  our  present  understanding  of  the  complexities 
added  by  the  third  dimension. 

b  the  present  presentation  we  shall  review  some  3D  features  of  sbock-tnduced  separation  that  were  recently 
observed  in  wind  tunnel  tests  on  wing-Auelage  configurations  at  high  subsonic  Mach  numbers.  The  configurations 
were  all  high  wing  types  having  wing  sweeps  ~  25°  or  45°  and  aspect  ratio  of  ~  5.  The  wings  incorporated  an  aft- 
cambered  airfoil,  and  the  results  to  be  described  are  in  large  part  peculiar  to  this  type  of  airfoil.  The  wings  were 
Airther  twisted  with  a  twist  typically  suggested  by  subcritical  theory. 

htroductory  to  the  3D  results,  we  shall  first  present  several  relevant  planar  examples  of  shock-induced 
separation  which  will  set  the  stage  for  the  3D  cases  and  will  serve  in  part  to  accentuate  the  3D  effects. 

2.  PLANAR  EXAMPLES 

b  the  present  section  we  shall  first  present  experimental  pressure  distributions  for  the  planar  airfoil  case 
characterizing  the  flow  in  the  mld-semispan  region  of  the  25°  wing-Aiselage  configurations.  The  concept  of  the 
Type  B  interaction  due  to  Pearcey  will  then  be  reviewed,  followed  by  a  planar  example  having  a  counterpart  occurring 
in  cne  of  the  3D  examples. 

2. 1  PRESSURE  DISTRIBUTIONS  FOR  AIRFOIL  I 

Tests  on  Airfoil  I  (10%  thickness  ratio)  were  carried  out  earlier  in  the  NAE  (Ottawa)  2D  high  Reynolds 
number  wind  tunnel  (Ref.  1).  The  pressure  distributions  at  hb  0.76  at  various  values  of  a  are  shown  in  Fig.  1. 

Hero  the  value  of  Nb  0. 76  and  the  10%  thickness  ratio  correspond  approximately  to  the  values  normal  to  the  25° 
sweep  in  ttie  3D  case  (Configuration  A)  to  be  discussed.  The  test  Reynolds  number  was  30  x  10^  inch  chord. 

The  results  of  Fig.  1  show  that  even  at  the  lowest  a  of  !<>  (below  drag  divergmice)  there  is  a  shock-induced 
separation  present  on  the  upper  surfoce  (though  of  limited  extent)  which  has  reduced  the  pressure  rise  across  the 
shock  relative  to  the  Invlsckl  (normal  shock)  value  shown  by  the  dashed  line.  The  reduced  shock  pressure  rise  here  is 
caused  by  the  modification  of  the  nornul  shock  at  the  surface  in  the  inviscld  case  to  a  strong  oblique  shock  as  a  result 
of  the  wedge-mosed  viscous  ramp  effect  that  now  appears  aft  of  the  shock  due  to  the  displacement  effects  of  the  shock- 
induced  separation.  The  presence  of  the  viscous  ramp  will  alter  the  effective  shape  of  the  airfoil  and  will  cause  an 
upstream  displacement  of  the  shock  relative  to  the  inviscld  flow  location. 

Clearly  as  the  Incidence  is  Increased,  the  shock  wave  is  strengthened,  the  Interaction  with  the  boundary  layer  worsened 
leading  to  an  expanding  viscous  ramp,  finally  culminating  in  an  Increasing  upstream  shock  displacement  relative  to 
the  invlscid  location.  By  this  deteriorating  shock-induced  separation  the  orderly  monotonic  rearward  movement  of 
the  shock  with  increasing  Incidence  in  the  invlscid  case  is  "decelerated"  such  that  at  a  given  state  of  the  worsening 
interactton  the  rearward  shock  displacement  is  halted  and  then  reversed  to  an  upstream  direction.  Buffet  onset 


AIRFOIL  I 


Figure  1.  Pressure  Distributions  on  Airfoil  I  Obtained  In  the  NAE  2D  High 
Reynolds  Wind  Tunnel  at  Ab  =  0.76  and  Re.  No.  =  30x  loVlS 
inch  Chord. 
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appear*  to  be  oloaely  related  to  the  reveraal  atage  of  the  ahock  movement. 

For  aft-cambered  alrfoila  tt  la  further  seen  In  Fig.  1  that  an  abrupt  adverse  (aubcrltlcal)  pressure  gradient 
arises  along  the  midchord  region  of  the  lower  surface  causing  a  separation  further  downstream,  lihe  effect  of  this 
separation  Is  to  reduce  the  aft  overpressures  by  an  order  of  hCp  ~  0. 15  as  determined  by  calculations. 

ki  the  case  of  aft-cambered  airfoils  there  Is  further  a  more  "global"  effect  of  the  aft  separations  affecting 
both  the  upper  and  lower  surfaces  -  namelyi  that  of  reducing  the  plateau  underpressures  on  the  upper  surface  and  the 
plateau  overpressures  on  the  lower  surface  by  the  resulting  reduction  of  the  effective  aft  camber.  Wo  shall  see  later 
that  this  effect  will  have  a  serious  consequence  In  the  3D  case. 

2.2  A  TYPE  B  INTERACTION 


It  Is  well  known  that  the  "well  being"  of  a  boundary  layer  to  resist  separation  when  encountering  an  adverse 
pressure  gradient  la  measured  by  the  "fullness"  of  the  velocity  profile.  Thus  when  a  boundary  layer  has  suffered  a 
loss  of  fullness  in  its  prior  history  and  then  encounters  an  abrupt  adverse  gradient  before  it  has  fully  recovered,  it 
will  be  clearly  less  immune  to  separation.  It  Is  this  situation  Pearcey  (Ref.  2)  has  labeled  a  Type  B  interaction. 


ti  the  classic  experiments  of  Seddon  (Ref.  3)  where  the  interaction  of  a  near-normal  shock  with  the  turbulent 
boundary  layer  along  a  flat  plate  was  examined,  one  can  see  the  qualitative  nature  of  the  degradation  of  the  turbulent 
fullness  1^  the  shock-induced  separation  and  its  subsequent  recovery.  Thus  in  Fig.  2  we  show  the  velocity  profiles 
in  the  recovery  zone  measured  by  Seddon.  Though  the  rate  of  recovery  Is  most  probably  distorted  by  the  Influence  of 
the  wind  tunnel  sidewall  boundary  layers,  one  can  see  nevertheless  how  badly  the  profile  fullness  is  degraded  by  the 
separation  even  after  the  boundaiy  layer  has  reattached.  Here  the  measure  of  the  degree  of  "Type  B  ness"  In  a  given 
case  would  be  dependent  upon  the  ratio  ( >  1 )  of  the  profile  recovery  length  to  the  distance  to  the  nearest  downstream 
adverse  pressure  gradient  of  significance. 
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Figure  2.  Velocity  Profiles  in  the  Recovery  Zone  Measured  by  Seddon. 


hi  Fig.  3  we  now  show  an  interesting  case  for  Airfoil  I  in  buffet  at  the  extreme  conditions  of  M«  =  0.90  and 
o  =  4°  at  a  Reynolds  number  of  3.1  x  10® /O  inch  chord  where  a  Type  B  separation  is  triggered  on  the  lower  surface 
by  a  shock-induced  separation  on  the  upper  surface. 


Figure  3. 

A  Feed-Back  Type  B  Separation 
Phenomenon  for  Aft-Cambered  Airfoils. 
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To  delineate  the  chain  of  events  leading  to  the  above  phenomenon  let  us  start  from  a  flow  below  buffet  onset 
and  increase  Nb  to  the  value  of  0. 9  of  Fig.  3  keeping  a  fixed  incidence  of  4*^.  An  immediate  change  occurring  is  the 
strengthening  of  the  upper  surface  shock  and  the  consequent  severe  separation  of  the  boundary  layer.  The  Cp  distri¬ 
bution  over  the  lower  surface  during  these  initial  moments  will  most  probably  remain  unchanged  as  suggested  by  its 
observed  invariance  with  Ab  in  steady  state  tests  where  severe  aft  separation  is  absent.  (This  initial  invariant 
distribution  (for  Ab  =  0.85;  a  =  4*^)  is  shown  by  the  dashed  line  in  Fig.  3. ) 

With  the  severe  aft  upper  surface  separation  the  effective  aft  camber  will  be  decreased,  and  the  consequence 
of  this  will  now  propagate  to  reduce  the  lower  surface  plateau  overpressures.  This  then  will  lead  to  low  supersonic 
Mach  numbers  arising  upstream  of  the  pronounced  convexity  (m  the  lower  surface  (between  the  circles*  of  Fig.  3) 
along  which  the  flow  will  now  expand  further  to  higher  Alach  numbers.  The  resulting  supersonic  region  will  then  be 
terminated  by  a  lower  surface  shock;  and  this  shock  acting  in  conjunction  with  the  "subcritical"  adverse  gradient 
already  present  will  worsen  the  aft  lower  surface  separation  in  an  exaggerated  Type  B  Interaction.  The  worsened 
aft  lower  surface  separation  will  now  reduce  further  the  effective  aft  camber  triggering  the  chain  of  events  shown  in 
Fig.  3. 


At  the  same  time  there  is  the  countering  effect  that  the  decrease  of  the  effective  aft  camber  will  also  decrease 
the  upper  surface  plateau  Alach  numbers  tending  to  decrease  die  strength  of  the  upper  surface  shock  that  initially 
triggered  the  described  sequence  of  events. 

hi  summary  we  have  seen  In  Fig.  3  an  example  where  an  upper  surface  phenomenon  has  triggered  the 
generation  of  a  severe  Type  B  Interaction  on  the  lower  surface  through  the  far  reaching  effects  of  the  aft  camber. 

3.  SOME  3D  SHOCK- INDUCED  SEPARATIONS 

hi  wlng-fuselage  flows  we  encounter  examples  of  shock-induced  separations  which  are  both  quasl-planar  in 
nature  (as  might  occur  in  the  wing  mld-semispan  region)  and  those  which  are  essentially  3D  in  nature  having  no 
counterpart  in  planar  flou-s.  The  latter  arise  simply  because  of  the  3D  nature  of  the  shock  configuration  causing  the 
separation  and  the  3D  behavior  of  the  boundary  layer  itself,  particularly  those  which  are  badly  separated.  We  shall 
give  some  examples  of  both  types  of  interactions  in  the  present  section. 

3. 1  EXAMPLE  I  (25°  SWEEP)  -  TYPE  B  INTERACTION 

hi  wing-fuselage  configurations  the  shock  pattern  is  complicated  by  the  Inviscid  spanwlse  propagation  effects. 
To  illustrate  the  nature  of  this  distortion  of  the  shock  confi^ration  let  us  consider  Configuration  A  at  Ab  =  0. 9  at 
lY  =  3°.  This  configuration  has  a  high  wing  with  a  quarter  chord  sweep  of  25°  and  incorporates  the  Airfoil  I  described 
earlier.  The  fuselage  has  an  essentially  rectangular  cross-sec^tion. 

The  resulting  shock  pattern  on  the  wing  surface  is  shown  in  Fig.  4.  On  the  upper  surface  it  is  seen  that  a 
forward  shock  has  now  appeared  which  may  be  attributed  to  the  presence  of  the  relatively  lo<v  suctions  over  the  glove 
region  and  on  the  upper  surface  of  the  Aiselage.  The  effects  of  the  latter  have  propagated  laterally  across  the  span 
along  the  Mach  lines  (bicharacteristics)  to  cause  the  forward  shock. 

The  corresponding  chordwise  (streamwlse)  pressure  distributions  at  selected  spanwlse  stations  are  next 
shown  in  Fig.  5.  Here  the  Cp  is  defined  in  terms  of  the  free  stream  "dynamic"  pressure,  and  Cp  (25°)  is  the  value 
corresponding  to  the  local  velocity  whose  component  normal  to  the  25°  sweepline  is  sonic. 


Figure  4.  Shock  Pattern  for  Configuration  A  at  Ab  = 
0.90,  a  ~  3°,  and  Re.No.  ~  4  x  10® /mean 
chord. 


Figure  5.  Corresponding  Chordwise  Pressure 
Distributions. 
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A  oompariaon  of  the  dletrlbutlonB  of  Fig.  6  with  the  planer  dietributtona  of  Fig.  1  will  give  a  qualitative 
picture  of  the  3D  effeota  tiiough  the  oorreapoodenoa  ia  aomewhat  clouded  by  the  unknown  Induced  incidence  in  the  3D 
caae.  Unqueatlonably  the  appearance  of  the  foward  abock  haa  weakened  and  dlaplaced  rearward  the  primary  termi¬ 
nating  ahock  wave  of  the  2D  caae  even  in  the  mid-wing  panel  region. 

The  more  intereattag  phenomenon  uf  Flga.  4  and  6  la  however  the  appearance  of  the  lower  aurface  ahock.  The 
appearance  of  auch  a  ahock  la  not  triggered  by  aevere  upper  aurface  aeparation  aa  in  the  planar  caae  of  Fig.  3,  but  by 
the  3D  invlacid  lateral  propagation  effeota  from  the  uncontoured  aide  aurface  of  the  fuaelage.  Here  expanaion  wavea 
are  generated  which  propagate  outboard  onto  the  aenattive  "throat"  region  of  the  lower  aurface  creating  the  lower 
aurface  auperaonic  region  and  the  terminating  ahock  wave.  The  latter  haa  bei  n  again  unfortunately  poaitioned  in  au 
undeairable  )uxtapoaitlon  with  the  abrupt  aubcrltlcal  adverae  preaaure  gradient  due  to  the  aft  camber  cauaing  a 
Type  B  woraening  of  the  aft  lower  aurface  aeparation.  Ihe  reault  of  thla  aeparation  deatroys  much  of  the  aft  over- 
preaaurea  that  make  aft  cambering  attractive.  (The  correapondlng  invlacid  oveipreaaure  level  being  indicated  by  the 
daahed  line  in  Fig.  5. )  Finally  the  reaultlng  reduction  of  the  effective  aft  camber  in  turn  feeda  back  to  abet  in  the 
"atrengthening"  of  the  auperaonic  region  aa  In  Fig.  3. 

3.2  EXAMPLE  D  (25<*  SWEEP)  -  AN  ANOMOLOUS  TRAILING  EDGE  PRESSURE  DIVERGENCE 

to  the  reaulta  for  the  aecond  wing-Aiaeiage  configuration  (Configuration  B)  many  of  the  aame  features  on  the 
upper  surface  were  exhibited.  Configuration  B  also  had  a  wing  with  a  quarter  chord  sweep  of  ~  25°  mounted  as  a  high 
wing  on  a  fuaelage  of  near-rectangular  crosa-sectioi^  but  with  a  significantly  larger  glove.  The  airfoil  section  was 
similar  to  that  of  Configuration  A. 

An  interesting  phenomenon  was  found  In  the  case  of  Configuration  B  at  hk  =  0. 90  relating  to  the  behavior  of 
the  trailing  edge  pressure  which  sometimes  is  used  (perhaps  inadvisedly  in  the  3D  case)  to  detect  the  onset  of  buffet, 
bi  Fig.  6  we  have  plotted  the  trailing  edge  pressure  at  the  spanwise  station  p  =  0. 75  at  both  Mo  =  0. 90  and  0. 80  at 
various  values  of  a,  (The  Reynolds  number  here  was  approximately  7  x  lO^/mean  chord).  The  behavior  of  the  trailing 
edge  pressure  at  XU  ~  0. 80  is  the  usual  variation  that  one  is  accustomed  to.  but  at  M>  -  b.  00  a  premature  humping  has 
taken  place  at  lower  incidences.  To  determine  the  cause  of  the  premature  divergence  we  have  plotted  in  Fig.  7  the 
pressure  distributions  at  o  -  0^  and  6^  where  higher  trailing  edge  pressures  prevail,  and  where  a  much  lower 
"separated"  pressure  prevails. 

An  explanation  of  the  above  behavior  of  the  trailing  edge  pressures  can  be  seen  in  Fig.  8  where  the  flow 
patterns  for  the  three  incidences  have  been  sketched  based  upon  the  surface  pressures.  Here  the  greatly  depressed 
trailing  edge  pressure  at »  =  4°  appears  to  be  caused  by  the  simultaneous  presence  of  significant  shock-induced 
separations  on  both  the  upper  and  lower  surfaces,  both  most  probably  of  IVpe  B,  which  are  not  both  simultaneously 
present  at  o  =0°  and  6®. 

At  O'  -  0°  severe  shock-induced  separation  is  present  only  on  the  lower  surface,  while  at  6®  it  is  present 
only  on  the  iqpper  surface  as  a  T^Pe  B  interaction. 

At  Mb  =  0. 8  neither  shock  wave  nor  severe  separation  appears  on  the  lower  surface  in  the  above  incidence 

range. 

3.3  EXAMPLE  HI  (45®  SWEEP)  -  A  CASE  WITH  SEVERE  SPANWISE  CONTAMINATICW 

Finally  we  consider  a  wing-foselage  configuration  where  the  high  wing  has  a  sweep  of  45®.  Ihe  airfoil 
section  is  aft  cambered.  In  Fig.  9  we  show  the  shock  traces  on  the  wing  surface  at  Ms  ~  0.95  and  o~  9®,  whUe  in 
Fig.  10  we  give  the  corresponding  chordwise  pressure  distributions  at  several  span  stations.  (The  Reynolds  number 
was  approximately  4  x  10^ /mean  chord. ) 

For  this  hi^  sweep  case  we  see  the  consequences  of  the  lateral  contamination  that  arises  on  both  the  upper 
and  lower  surfaces  of  the  wing  due  to  the  sweep  effect.  On  the  upper  surface  it  is  seen  that  the  separated  air  formed  “ 
in  the  inboard  regions  has  been  transported  down  the  "sweep  lines"  contaminating  and  worsening  the  shock-induced 
separation  forther  outboard.  At  the  span  station  71=  0. 75  the  degree  of  contamination  is  indicated  by  the  large  extent 
of  the  separation  bubble  relative  to  the  mild  strength  of  the  forward  shock  which  has  a  Mach  number  normal  to  the 
shock  of  approximate^  1. 2.  Further,  in  the  outboard  region  the  forward  shock,  which  in  an  inviscid  case  would  be 
configured  topologically  as  in  Fig.  3,  has  been  displaced  significantly  upstream  in  the  outer  half  of  the  wing,  elimi¬ 
nating  the  outboard  shock. 

If  we  examine  the  lower  surface  pressure  distributions  in  Fig.  10,  we  see  that  a  comparable  spanwise  flow 
of  the  inboard  separated  air  formed  aft  of  the  sdDcritlcal  adverse  gradient  has  occurred  greatly  increasing  the  dead 
air  displacement  effects  in  the  outboard  regions.  Die  consequences  have  resulted  in  a  near-halving  of  the  aft  over¬ 
pressures  St  the  span  station  '’  =  0.9  relative  to  those  et  'n  =  0.3. 

4.  CONCLUDING  REMARKS 

The  several  examples  described  herein  suggest  the  wide  variety  of  forms  shock-induced  separations  can 
assume  in  the  3D  case.  The  nature  of  such  separations  is  of  course  dependent  not  only  upon  the  3D  shock  wave  con- 
f.gui  alloTi  ttself,  but  nixxi  prior  history  efbeta  b  the  boanJary  eHeeted  throngti  (he  w eakeiitiig  uf  the  TtloeKy 

profile  by  previous  events  (lype  B),  or  by  the  spanwise  contamination  effects  as  by  the  spanwise  flow  of  the  separated 
air  seen  in  Bcample  m. 
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Figure  6.  Trailing  Edge  Pressure  Variation  with 

a  at  Span  Station  t  =  0. 75  for  Configuration  B 
(250)  Sweep). 
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Figure  7.  Chordwlse  Pressure 
Distributions  for 
Various  c?  at  t  *-  0. 75 
for  Configuration  B 
(25®  Sweep). 
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Figure  8.  Suggested  Associated  Flow  Patterns. 
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In  the  highly  sensitive  arena  of  transonic  flow  the  Interactions  as  described  between  the  faivlscld  and  viscid 
flows  continue  to  beha\’e  In  the  strong  Interaction  mode. 

Ihe  examples  presented  here  mostly  represent  extreme  cases.  They  have  been  presented  to  illustrate  flow 
mechanisms  that  undoubtedly  occur  less  spectacularly  under  design  conditions.  A  fuller  physical  understanding  of 
the  many  facets  of  shock- Induced  separation  will  enable  one  to  diagnose  more  accurately  wind  tunnel  results  and  to 
provide  meaningful  configuration  improvements  to  prevent  the  appearance  of  the  more  severe  forms  of  3D  shock- 
induced  separations  envolving  type  B  interactions  or  spanwise  contaminations. 
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AN  ADDED  NOTE  -  Prospects  for  an  Early  Prediction  Method 

Boundary  layers  of  practical  concern  are  turbulent.  As  such  we  must  not  forget  that  we  are  confronted  with 
an  unsteady  phenomenon.  Thus,  for  example,  at  a  separation  "point”  (which  In  fact  may  be  a  zone)  reversed  flow  at 
the  surface  need  not  exist  continually  but  only  during  a  statistically  dominant  fraction  of  the  time,  hi  cases  of  well- 
behaved  unseparated  turbulent  boundary  layers,  the  "scale"  of  the  unsteadiness  Is  of  sufficiently  higher  order  than 
the  characteristic  scale  of  the  (macroscopic)  flow,  that  viable  (time  averaged)  steady  models  of  the  turbulent  transport 
could  be  postulated  and  deflnltlzed  empirically  in  terms  of  a  few  parameters. 

For  the  more  complex  cases  envolving  the  milder  forms  of  separation,  for  example,  the  low  speed  type  rear 
separations  on  an  airfoil,  the  above  phenomenoingical  procedure  so  far  has  been  dismally  inconsistent.  The  causes 
may  be  several  fold  -  either  the  above  time-averaging  has  been  strained,  or  more  likely  the  turbulent  transport  has 
been  inadequately  defined  in  terms  of  the  proper  macroscopic  flow  vai  iables  or  their  gradients.  Undoubtedly  such 
mundane  matters  as  the  quality  of  the  tunnel  air  flow  or  that  of  the  experimentors,  or  the  fact  that  a  "2D"  separation 
may  in  fact  be  30  also  participate  to  muddle  the  situation. 

In  the  present  case  '-t  shock-induced  separations  there  is  little  question  that  the  usual  coarse-graining  comes 
a  cropper  since  the  characteristic  scale  of  the  turbulent  transport  clearly  is  no  longer  of  higher  order  than  the  relevant 
mau:roscopic  scale  of  the  flow  which  in  the  present  case  is  measured  by  the  "thickness"  of  the  shock  pressure  rise.  It 
is  this  absence  of  local  equilibrium  of  the  turbulent  transport  that  complicates  the  present  situation.  Indeed  if  we  take 
the  liberty  of  borrowing  a  concept  from  non-equilibrium  chemically  reacting  flows,  the  concept  of  "frozen"  turbulent 
transport  might  permit  us  to  bridge  the  precipitous  shock,  if  indeed  such  a  concepit  is  meaninghil,  but  then  a  suitable 
non-equilibrium  turbulent  transport  model  must  still  be  developed  for  the  smoother  relaxing  recovery  zone  down¬ 
stream  of  the  shock. 

Needless  to  say  the  prospects  of  acquiring  a  viable  empuical  non-equilibrtum  turbulent  transport  model  within 
the  meaningftil  future  is  bleak. 

The  applied  aerodynamic ist,  at  this  stage,  should  be  content  with  a  procedure  that  will  yield  the  pressure 
distribution  in  a  real  flow.  Thus  he  need  concern  himself  only  with  the  displacement  effects  of  the  boundary  layer. 

Thus  as  a  near-term  expedient  it  is  suggested  that  the  immediate  effort  be  directed  towards  developing  a  model  for 
the  viscous  ramping. 

Such  an  approach  was  investigated  in  a  preliminary  fashion  in  the  planar  emre.  Here  in  a  finite  difference 
calculation  empirical  pressures  were  prescribed  along  ih"  airfoil  surface  (downstream  of  severe  adverse  gradients) 
where  significant  viscous  displacement  effects  are  expected,  while  elsewhere  the  airfoil  slopes  were  prescribed.  The 
results  of  the  calculation  would  then  yield  the  effective  shape  of  the  airfoil  (and  hence  the  viscous  ramping)  that  would 
directly  yield  the  real  pressure  distribution  including  the  correct  shock  location.  &i  the  above  example  the  viscous 
ramp  aft  of  the  shock  was  found  to  be  composed  of  a  wedge  nose  section  (conforming  to  the  oblique  shock  pressure  rise) 
followed  by  a  section  having  the  same  curvature  as  the  airfoil  itself,  with  a  final  thickened  displacement  layer  starting 
just  upstream  of  the  trailing  edge.  By  carrying  out  a  sequence  of  such  calculations  a  viscous  ramp  model  could  itself  be 
phenomenologically  formulated,  or  on  a  more  sotdii.stlcated  level  empirically-fitted  "equilibrium"  functions  in  the  Head- 
Green  procedure  could  be  determined  using  the  know  lege  of  the  displacement  thickness  distributions.  (H':re  the  Head- 
Green  procedure  is  an  integral  method  embodying  a  non-equilibrium  transport  mechanism  analogous  to  that  suggested 
by  Bradshaw. )  Die  above  procedure  would  require  the  static  pressures  to  be  reasonably  invariant  across  the  boundary 
layer,  as  was  found  by  Seddon's  measurements.  Die  conditions  directly  below  the  shock  impingement  point  are  of 
course  unknown,  so  that  here  the  oblique  shock  relations  via  the  shock  polar  must  be  assumed  to  be  applicable.  Die 
suggested  phenomenological  modeling  of  the  vluxius  ramp  is  primarily  intended  for  Type  A  shock-induced  separations 
that  are  qua8i-2D  in  nature.  Die  contemplation  of  extending  the  modeling  to  Type  B  interactions  or  to  3D  separations 
with  spanwise  contamination  as  described  earlier  is  indeed  frightening,  but  or.  the  other  hand  a  proper  configuration 
design  would  strive  to  avoid  such  occurences  at  least  at  the  primary  operating  conditions,  clearly  making  such  ex¬ 
tensions  less  urgent. 
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ROUND  TABLE  DISCUSSION 


Profeaior  Genten:  Ladies  and  Gentlemen,  We  will  start  the  Round  Table  Discussion  on  Flow  Separation.  I  would 
rather  like  to  call  it  a  general  discussion  instead  of  a  Round  Table  Discussion  because  I  have  the  feeling  that  we 
all  should  participate  in  a  general  discussion  about  the  subject  we  were  talking  about  this  week.  The  procedure  I 
have  in  mind  is  the  following;  to  start  our  general  discussion  1  asked  a  few  experts  to  give  their  point  of  view  about 
the  outcome  of  the  meeting  so  far.  The  idea  is  that  we  have  first  the  summaries  about  the  meeting  and  perhaps 
some  thoughts  about  the  future  outlook  and  then  we  will  start  the  general  discussion.  We  will  have  all  the  brief 
reports  from  the  experts  Hrst  and  afterwards  the  general  discussion.  If  you  agree  on  this  procedure  I  have  the  great 
pleasure  to  introduce  to  you  the  experts  here  at  the  table:  Professor  Inger,  US,  who  will  give  his  views  about  the 
Laminar  Separation  Session;  Professor  Young,  UK,  will  give  his  thoughts  about  Turbulent  Two-Dimensional  Separation; 
Mr  Smith,  UK,  who  gave  already  an  excellent  survey  paper  about  the  subject  he  is  responsible  for  which  is  Three- 
Dimensional  Turbulent  Separation.  Last  but  not  least,  I  asked  Professor  Bogdonoff,  US,  to  give  a  particular  report 
on  all  the  experimental  difficulties  in  measuring  at  or  close  to  separation  or  in  a  separation  region.  We  should  start 
by  asking  Professor  Inger  to  give  his  views  about  laminar  separation. 


Professor  Inger:  I’d  like  to  break  my  comments  down  into  two  major  categories:  one,  analytical  studies  and  two, 
numerical  methods.  Also  interspersed  will  be  a  few  side  comments  about  experimental  considerations. 

First,  let  me  summarize  what  we  heard  in  the  field  of  analytical  work.  In  my  view  a  major  aspect  of  this 
conference  was  the  emergence  of  matched  asymptotic  (or  “multiple-deck")  methods  as  a  very  potent  new  approach 
to  understanding  viscous-inviscid  interaction  and  separation  phenomena.  This  outgrowth  of  the  ground-  work  of 
Stewartson  and  Messiter  would  seem  to  be  the  logical  next  step  up  from  Prandtl’s  orginal  boundary  layer  concept  as 
an  asymptotic  approximation,  and  hence  particularly  appropriate  to  the  conference  theme  laid  down  by  Professor 
Schlichting  in  his  opening  Prandtl  Memorial  Lecture.  In  addition,  these  asymptotic  treatments  emphasize  the  ideas 
of  proper  scaling  and  order  of  magnitude  analysis,  both  of  which  again  originated  with  Prandtl. 

I  feel  the  asymptotic  approach  also  provides  some  very  important  in-sights.  First  it  expos<-s  much  of  the  under¬ 
line  physics  and  the  “fine  grain  structure"  of  the  flow.  Secondly,  it  delineates  the  basic  scalinc  of  both  the  indepen¬ 
dent  and  the  dependent  variables  and  thus  should  prove  very  useful  in  guiding  numerical  studies  of  these  type  of 
problems.  In  fact  we  have  seen  some  such  usage  occurring  already.  Thirdly,  we  learn  how  to  deal  with  and  eliminate 
local  singularity  phenomena,  in  particular  the  classical  (and  physically-unrealistic)  separation  point  singularity  can  be 
very  neatly  disposed  of  by  asymptotic  analysis  when  viscous-inviscid  interaction  is  taken  into  account.  Finally,  it  is 
capable  with  some  additional  work  of  extension  to  turbulent  flows  as  well  as  laminar  and  we  can  see  the  beginnings 
of  this  already. 

Now  let  me  make  some  critical  comments  on  analytical  studies.  As  Professor  Schlichting  reminded  us  in  his 
opening  lecture,  theory  must  ultimately  lead  to  predictions  of  experimentally  verified  facts  and  should  be  useful 
to  engineers.  In  my  view  the  laminar  multiple-deck  analyses  are  weak  in  this  regard;  there  is  need  for  some  good 
basic  lowspeed  laminar  flow  experiments  specifically  designed  to  prove  out  these  theories.  The  conference  was 
notable  for  its  lack  of  this  type  of  experimentation  (of  course  this  can  be  done  at  high  Mach  numbers  but  then  the 
sevci  ompressibility  and  dP/dy  effects  severely  complicate  the  issue).  A  weakness  of  the  theory  which  should 
be  improved  upon  is  that  it  tends  to  be  rather  esoteric  and  very  limited  as  to  the  geomet.ical  situations  and  the  values 
of  the  basic  parameters  to  which  it  is  applicable  (e.g.,  Reynolds  numbers  of  10*  or  larger).  Burggrafs  paper  tended 
to  suggest  that  asymptotic  methods  might  in  fact  be  used  to  suggest  some  approximate  analytical  approaches  of  a 
“layered”  type  that  can  yield  engineering  analysis  tools  valid  over  a  much  more  practical  range  of  flow  conditions 
and  configurations.  For  example,  although  perhaps  not  commonly  appreciated,  the  very  successful  method  of 
Stratford  (which  was  referred  to  repeatedly  at  this  conference)  is  in  fact  precisely  such  a  method;  if  you  re-read  his 
original  paper  you  will  see  that  it  is  based  on  such  a  layered  approach.  I  think  we  can  go  a  lot  further  in  this 
direction. 

Now  let  me  turn  to  some  brief  remarks  on  what  we  heard  about  numerical  solutions.  First,  it  has  been  firmly 
established  that  provided  viscous-inviscid  interaction  is  taken  into  account,  the  boundary  layer  equations  provide 
accurate  engineering  solutions  for  flows  including  separation  bubbles  (for  details  on  a  very  fine  scale,  Navier-Stokes 
terms  must  be  included,  but  such  detail  is  to  my  knowledge  outside  the  realm  of  experimental  detection).  Over  a 
very  wide  range  of  practical  conditions  for  moderate  Mach  numbers,  we  may  also  neglect  the  lateral  pressure  gradient: 
however  at  high  Mach  numbers  in  regions  of  separation  or  reattachment  we  likely  should  include  dP/dy  to  get  a 
good  prediction  of  the  flow,  but  we  can  still  do  this  with  a  boundary  layer  type  of  model  if  it  includes  the  inviscid 
y-momentum  equation.  In  cases  where  there  are  highly  curved  bodies  we  also  may  have  to  include  either  longitudinal 
or  transverse  curvature  terms,  but  with  these  additions  we  can  probably  handle  most  of  the  configurations  of  practical 
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interest.  Secondly,  I  personally  was  pleased  to  see  that  it  has  finally  become  generally  accepted  that  the  mathematical 
“singularity”  at  separation  is  eliminated  by  the  inclusion  of  viscous-inviscid  interaction  (as  Professor  Schlichting 
mentioned,  it  sometimes  takes  a  long  time  for  an  idea  to  catch  on:  the  original  paper  by  Catherall  and  Mangier  which 
really  demonstrated  this  elimination  was  published  in  I%6!).  Incidentally,  I  think  our  colleagues  in  the  unsteady 
boundary  layer  business  should  address  this  point  more  actively. 

Another  conclusion  I  draw  is  that  there  now  seem  to  be  some  pretty  good  finite  difference  programs  which  can 
treat  separation  bubble-type  problems  and  which  will  be  cost-effective  and  superior  to  integral  methods  in  being  more 
flexible,  more  extendable  to  turbulent  flow,  and  free  from  spurious  super  sub-critical  jumps  and  saddle  point  singula¬ 
rities  that  are  creatures  of  many  integral  methods.  However,  it  appears  that  the  success  of  many  schemes  still  is  very 
sensitive  to  the  choice  of  suitable  variables  and  coordinate  systems  for  the  particular  problem  and  hence  to  the 
cleverness  of  the  investigator.  Moreover,  it  is  not  clear  why  some  investigators  seem  to  be  doing  very  well  indeed  at 
very  high  Reynolds  numbers  even  with  Navier-Stokes  problems  where  others  experience  severe  problems  in  stability 
and  so  forth.  Perhaps  like  experimental  work  we  ought  to  start  running  each  others  computer  programs  to  find  out 
just  what  the  realities  are,  how  sensitive  they  arc  to  the  investigators  doing  the  program,  etc.  Finally,  it  is  worth 
stressing  that  the  purely  numerical  approach  works  well  only  for  problems  which  are  already  reasonably  well  under¬ 
stood.  For  new  problem  areas  with  new  phenomenon  in  the  foreseeable  future,  quite  a  bit  of  analysis  and  experiment 
will  always  be  required  before  numerical  analysis  is  either  feasible  or  desirable. 


Professor  Gersten;  Thank  you  very  much  for  your  very  interesting  comments.  As  I  said  before,  I  would  like  to 
proceed  immediately  to  the  next  report  by  Professor  Yorng  on  two-dimensional  turbulent  boundary-layer  separation. 


Professor  Young:  Thank  you  Mr  Chairman.  I  must  say  that  some  of  the  points  that  Professor  Inger  made  about 
problems  of  laminar  separation  could  equally  well  be  made  with  regard  to  turbulent  boundary  layer  separation. 

I  recall  that  in  Mr  Smith's  paper  he  pointed  out  that  we  study  separation:  (a)  to  understand  it,  and  (b)  to 
control  it.  Perhaps  we  should  keep  those  objectives  very  much  in  mind  in  reviewing  what  has  been  discussed  during 
the  course  of  this  meeting.  If  we  ask  ourselves  what  sort  of  problems  we  can  solve  we  sec  that  at  least  in  the  two- 
dimensional  case  they  are  the  weak  interaction  problems  where  the  boundary  layer  has  a  relatively  small  effect  on  the 
external  flow.  If  therefore  we  consider  problems  in  which  the  actual  pressure  distribution  is  given  then  it  seems  to 
me  that  we  have  adequate  methods  of  calculation  for  determining  the  position  of  separation.  Which  method  we  care 
to  choose  is  almost  a  matter  of  taste,  there  are  both  good  integral  and  good  differential  methods  available.  However, 
in  most  cases  we  are  dealing  with  situations  where  we  do  not  know  the  final  pressure  distribution  and  the  problem 
in  general  is  a  strong  interaction  one  where  the  separation  induces  a  large  change  in  the  external  How  and  consequently 
the  external  flow  reacts  back  on  the  boundary  layer  in  a  way  that  cannot  readily  be  predicted  at  the  outset.  It  is 
for  such  problems  that  one  notes  relatively  little  by  way  of  information  or  work  that  was  reported  at  this  meeting. 
Perhaps  there  is  not  really  very  much  going  on,  it  is  a  difficult  area  but  I  hope  that  it  will  be  an  area  to  which 
people  will  turn  their  attention  increasingly,  because  in  most  practical  situations  involving  separation  the  interaetion 
is  a  strong  one.  One  has  only  to  think  of  problems  of  wing  stalling  or  of  the  chock  stall  both  in  two  and  three 
dimensions.  We  need  to  be  better  supplied  with  experimental  information  as  well  as  theoretical  methods  if  we  are 
to  deal  with  those  situations  with  any  confidence. 

Between  the  problem  of  the  attached  boundary  layer  and  that  of  the  fully  separated  boundary  layer  we  have 
the  small  bubble  situation  of  the  kind  which  was  envisaged  in  many  of  the  papers  on  shock  boundary  layer  inter¬ 
action  with  reattachment  of  the  boundary  layer  after  a  small  region  of  separation.  Here  it  seems  that  we  are  deve¬ 
loping  quite  a  number  of  methods  involving  variants  of  the  boundary  layer  equations  coupled  with  the  external  flow, 
variants  of  what  some  people  referred  to  as  the  Navier-Stokes  equations  but  in  which  the  way  in  which  the  turbulence 
was  modelled  was  perhaps  the  weakest  feature.  It  seems  to  me  that  perhaps  this  problem  of  turbulence  modelling  is 
where  we  should  direct  much  further  research  in  the  future.  One  is  aware  from  experimental  data  that,  for  example, 
the  entrainment  in  a  turbulent  boundary  layer  that  is  attached  to  the  surface  can  be  very  different  from  the  entrain¬ 
ment  when  it  is  separated,  or  indeed  when  it  is  reattaching.  Generally  when  it  is  reattaching  the  turbulence  level  is 
extremely  high  and  the  entrainment  rate  is  very  high.  These  sort  of  changes  in  the  structure  of  the  turbulent 
boundary  layer  are  not  as  far  as  1  can  see  very  readily  reflected  in  tho.se  models  which  have  so  far  been  used  and  this 
seems  to  me  a  major  area  for  further  work  both  experimental  and  theoretical.  We  have  seen  (though  with  perhaps 
a  degree  of  hind  sight  on  the  part  of  the  people  concerned)  that  by  fiddling  various  constants  and  introducing  lag 
terms  etc.  a  degree  of  agreement  between  theory  and  experiment  has  been  obtained  which  for  many  engineering 
purposes  may  be  very  acceptable.  However,  one  hopes  that  some  of  the  methods  of  which  we  heard  will  in  fact  be 
proven  for  cases  other  than  those  on  which  they  have  been  based  and  therefore  shown  to  be  satisfactory  in  a  general 
way. 


The  question  has  been  raised  by  Dr  Simpson  of  the  possible  importance  of  normal  stresses  in  regions  approaching 
separation  and  I  agree  that  this  needs  further  attention. 

To  sum  up  the  overall  picture,  we  seem  to  be  dealing  with  the  weak  interaction  case  fairly  effectively  but  there 
is  a  good  deal  more  work  to  be  done  in  modelling  turbulence  in  shear  layers  and  we  are  only  just  on  the  fringe  of 
dealing  with  the  more  general  problem  of  strong  interaction. 
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I  have  also  listed  what  I  thought  were  some  of  the  detailed  problems  that  were  thrown  up  during  the  course  of 
our  discussions  on  which  we  need  more  work.  There  is  the  question  of  static  pressure  variations  across  the  boundary 
layer  in  regions  of  separation.  I  think  that  it  was  Professor  Liepmann  who  said  he  thought  that  with  the  development 
of  the  laser  anemometer  we  shall  no  longer  have  to  worry  about  static  pressure  variations.  I  find  myself  less  optimistic 
on  that  matter.  It  seems  to  me  that  we  are  interested  in  the  static  pressure  distribution  in  its  own  right  quite  apart 
from  getting  our  velocity  profiles  correct. 

It  also  seems  to  me  that  the  transonic  problem  in  two  and  three  dimensions  is  one  that  we  do  not  really  under¬ 
stand  as  well  as  we  should  not  only  because  of  the  complexity  of  the  shockwave  patterns  that  can  develop,  as  we  heard 
about  this  morning,  but  because  we  arc  very  unclear  about  the  nature  of  the  interaction  between  boundary  layers 
and  shocks  and  its  dependance  on  the  oncoming  boundary  layer.  Indeed  the  whole  of  the  argument  that  is  currently 
going  on  as  to  how  large  a  wind  tunnel  you  need  for  this  sort  of  work  turns  on  the  fact  that  we  do  not  know 
whether  by  increase  of  Reynolds  number  the  resulting  decrease  in  thickness  and  change  of  profile  of  the  boundary 
layer  approaching  the  region  of  interaction  can  result  in  major  changes  in  the  final  interaction  pattern  or  not.  It 
seems  from  the  evidence  in  the  highest  Reynolds  wind  tunnels  that  we  have  that  the  changes  with  Reynolds  number 
can  still  be  quite  large.  Perhaps  here  is  where  some  of  the  theories  if  they  were  adequately  developed  could  be  very 
helpful.  I  would  like  to  see  someone  attempting  fairly  detailed  parametric  studies  changing  the  oncoming  boundary 
layer,  particularly  its  thickness  and  its  profile,  and  investigating  the  nature  of  the  resulting  interaction  assuming  that 
we  can  devise  a  theory  which  people  will  accept  for  the  interaction  itself.  There  was  one  paper  which  made  a  start 
in  this  direction,  it  seems  to  me  that  this  is  a  field  of  work  that  could  well  be  encouraged. 

I  was  interested  to  see  that  there  were  two  papers  on  trying  to  control  separation.  This  is  again  an  area  which 
did  not  receive  very  much  attention  in  the  course  of  this  meeting  -  perhaps  it  might  be  one  that  will  turn  up  more 
strongly  in  a  future  meeting,  I  hope  not  at  the  200th  anniversary  of  Prandtl  but  before  then!  I  believe  that  this  is 
an  area  of  experimental  work  that  CvAild  weH  produce  some  very  valuablv  dividends  for  tht  practising  engineer  in  due 
course. 

The  question  of  steadiness  of  separated  Hows  was  touched  on  during  the  course  of  the  meeting.  The  general 
tyuaHloo  of  unsUAdy  atradytunla  is  a  itu^  cas.  wurtby  uf  uuitltcr  tytafkaiuin  but  (t  cuuuJ  hi  ignored  <d  thi’ 
context  of  separation.  Separation  is  a  rather  unsteady  phenomenon  and  we  need  to  examine  more  closely  than  we 
have  in  the  past  the  nature  of  the  unsteadiness;  it  is  probably  of  low  frequency  in  general  and  as  such  might  be 
amenable  to  analysis. 

Finally,  a  perennial  plea  that  we  perhaps  ought  not  to  rely  too  much  on  using  the  biggest  and  fastest  computers 
that  there  are  around,  they  are  extremely  costly.  One  gets  the  impression  that  people  who  have  access  to  them  tend 
to  forget  their  basic  initial  cost  or  the  cost  of  large  program  development  but  sometime  or  other  the  bill  will  have 
to  be  paid.  I  think  that  there  is  an  increasing  need  to  develop  methods  of  calculation  which  are  relatively  quick  and 
cheap  for  most  engineering  purposes.  The  very  expensive  program  can  be  used  for  test  cases  of  the  cheaper  methods 
but  cannot  remove  the  need  for  such  methods.  I  think  that  covers  all  the  points  I  want  to  make. 


Professor  Gersten:  Thank  you  very  much,  Professor  Young,  for  this  excellent  survey.  We  would  like  to  go  on  with 
the  report  by  Mr  Smith. 


Mr  Smith:  Thank  you  Professor  Gersten.  I  wish  that  I  could  present  as  clear  and  tidy  a  picture  as  my  predecessors 
have.  I  get  the  impression  that  in  the  three-dimensional  field  each  paper  we  had  practically  stood  by  itself  and  as 
far  as  summarizing  it  goes  I  could  do  very  little  more  than  repeat  the  survey  lecture  that  1  gave  you  to  start  with. 
However  I  have  been  told  not  to  do  this  but  to  be  brief  and  a  little  provocative.  I  take  it  that  means  not  wasting 
my  time  saying  how  much  I  enjoyed  the  meeting  but  I  should  like  to  say  that  I  think  it  has  been  great  fun  and  to 
thank  whoever  is  responsible  for  the  invitation. 

Most  of  the  things  that  I  find  I  want  to  say  are  comments  on  what  was  missing, and,  if  I  might,  I  should  like 
to  go  straight  outside  the  area  I  am  supposed  to  talk  about  and  come  back  to  the  triple  deck  solutions.  What  was 
missing  for  me  was  an  assessment  of  the  work  of  Sychev  (Mekh.  Zhid.  Gaza,  3,  pp. 47-49,  1972).  so.  for  the  sake  of 
getting  something  on  the  record,  I  should  like  to  say  just  a  few  words  about  this,  and  if  one  of  the  experts  in  this 
field  cares  to  demolish  what  I  say  I  should  be  only  too  delighted.  The  mathematics  I  take  it  are  quite  correct  and 
I  don’t  wish  to  dispute  the  relevance  of  asymptotic  series.  However  1  had  the  impression  that  Sychev  said  rather 
more  than  this  and  the  first  thing  that  I  thought  he  said  was  that  two  dimensional  laminar  separation  is  always 
provoked  by  a  steep  adverse  pressure  gradient  immediately  upstream  of  the  separation  point.  And  the  second  thing 
that  I  thought  he  said  was  that  the  position  of  the  separation  on  the  bluff  body  is  close,  that  is.  close  in  the  asymptotic 
sense,  to  the  point  at  which  a  constant  pressure  streamline  can  leave  the  body  without  a  curvature  singularity.  In 
other  words  the  location  of  separation  on  a  bluff  body  is  determined  by  an  inviscid  mechanism.  Now.  I  don't  believe 
either  of  those  two  things.  I  think  that  his  results  are  valuable,  as  Professor  Inger  was  saying,  in  that  they  give  a 
local  description  of  what  is  happening;  but  I  don’t  think  they  give  the  sort  of  overall  information  which  I  under¬ 
stand  that  he  claims. 
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Now  the  other  thing  that  was  missing,  I  thought,  from  the  program,  and  this  is  not  the  fault  of  the  participants 
but  the  fault  of  the  planners,  is  the  thing  that  Professor  Young  was  referring  to;  the  absence  of  unsteady  separation 
from  our  considerations.  As  we  know,  many  of  the  separi<tions  that  are  of  practical  interest  and  importance  to 
aircraft  designers  are  essentially  unsteady  separations,  buffeting,  helicopters,  stall,  there  are  dozens  of  problems. 

We  know  also  that  Professor  Sears  and  his  students  have  done  something  to  add  to  our  understanding  of  how  unsteady 
separation  takes  place,  at  least  in  two  dimensional  flows,  and  I  should  have  liked  to  explore  these  ideas  and  to  see 
how  much  solid  ground  there  is  in  this  rather  difficult  area.  Also  like  Professor  Young,  I  was  disappointed  that  so 
many  papers  concentrated  on  small  scale  separations,  to  the  extent  that  we  actually  spent  some  time  discussing  who 
could  see  the  smallest  one!  My  own  suspicion  is  that  if  a  separation  can  be  modelled  by  boundary  layer  theory  then 
it  is  likely  to  be  unimportant. 

If  I  could  try  to  draw  together  these  two  aspects  of  two-dimensional  separated  flow,  the  need  to  understand 
the  unsteady  flow  and  the  need  to  model  the  larger  scale  flows,  1  should  like  to  suggest  that  attempts  to  treat  large 
scale  separations  as  time  dependent  flows  could  well  lead  to  an  increase  in  our  understanding.  This  ties  in  with  the 
question  of  what  we  should  use  our  big  computers  for,  apart  from  developing  engineering  calculation  methods.  We 
should  use  them  for  numerical  experiments  because  numerical  experiments  well  carried  out  can  lead  to  an  increase 
in  our  understanding  of  the  physical  world.  I  should  like  to  see  numerical  experiments  trying  to  model  large  scale 
separations  through  an  unsteady,  essentially  inviscid  approach.  If  you  don’t  have  a  big  computer,  you  might  try 
writing  down  the  equations  and  boundary  conditions  that  ought  to  be  satisfied,  because  I  don’t  think  this  has  really 
been  done  either.  Well,  I  hope  that  has  been  provocative  at  any  rate. 

The  overall  impression  I  get  from  the  papers  is  not  particularly  cheerful:  most  people  seem  to  be  managing  to 
keep  their  heads  above  the  waves,  but  not  very  much  more  than  this.  I  thought  that  there  were  two  hopeful  signs, 
though.  One  was  the  advent  of  laser  anemometry  as  described  to  us  by  Professor  Simpson.  The  other  one  was  the 
continuing  possibility  of  acquiring  relevant  and  helpful  information  from  relatively  simple  experiments  as  demonstrated 
by  Professor  Young.  I  thought  his  paper  was  a  first  class  example  of  this,  where  in  a  fairly  simple  set  up  one  could 
discover  a  flaw  in  what  I  regard  as  the  best  boundary-layer  method  we  have,  that  of  Bradshaw. 

As  far  as  the  papers  on  three  dimensional  flows,  which  I  am  supposed  to  be  talking  about,  are  concerned  1 
found  the  experimental  ones  most  stimulating,  particularly  of  course  the  flow  visualization.  These  gave  us  all  an 
enormous  amount  to  think  about.  The  results  which  Dr  McCroskey  presented  on  behalf  of  Sedney  and  Kitchens 
were  really  very  beautiful  and  nicely  supplemented  by  the  results  he  was  able  to  include  from  the  German  experiments 
and  by  the  picture  which  Dr  Sutton  showed  us.  Now  I  was  very  surprised  by  the  pictures  of  spirals  originating  from 
free  stagnation  points,  because  1  always  tend  to  think  in  terms  of  inviscid  flows,  and  these  did  not  look  at  all  like 
vortex  sheets  embedded  in  irrotational  inviscid  flows.  Are  they  in  fact  just  phenomena  of  inviscid  sh^  '^r  flows?  In 
other  words,  if  we  accept  that  the  flow  is  rotational  but  still  inviscid,  would  we  find  the  same  curious  separation 
pattern,  with  free  stagnation  points  out  in  the  flow?  There  are  very  few  shear  flow  solutions  for  flows  past  obstacles 
and  I  think  this  is  an  area  of  considerable  interest;  at  one  extreme  it  interests  the  environmental  aerodynamicists 
with  their  flows  around  buildings  and  at  the  other  extreme  it  interests  people  who  put  probes  in  boundary  layers  and 
Hnd  unexpected  large  upstream  influences.  The  topic  of  oblique  shock-wave  interactions  is  one  which  1  missed  out 
from  my  summary  lecture.  It  is  something  which  is  only  recently  being  taken  up  again  and  there  was  little  to  say 
about  it  then.  There  is  dearly  rather  more  to  say  about  ii  now  and  I  hope  that  we  can  perhaps  talk  about  it  a  bit 
giving  Professor  Bogdonoff  a  chance. 


Profeasor  Gersten;  Thank  you  very  much,  Mr  Smith.  I  think  your  brief  report  was  perfect  and  also  provocative  as 
requested.  Before  we  go  on  I  just  want  to  mention  the  fact  that  we  had  the  intention  to  have  a  session  on  unsteady 
separation  and  actually  I  approached  Professor  Sears  to  give  a  survey  paper  on  this  subject  but  unfortunately  he  was 
not  able  to  come  and  do  it.  Moreover,  it  turned  out  that  we  had  not  enough  papers  on  this  subject  to  fill  up  a 
whole  session  on  unsteady  separation.  Therefore  we  had  to  cancel  it  for  this  meeting  because  we  had  already  enough 
papers  on  other  subjects.  This  is  the  explanation  why  unsteadiness  was  perhaps  not  fully  discussed  here.  Now  let’s 
go  on  with  Professor  Bogdonoffs  remarks. 


Professor  Bogdonoff:  I  would  like  to  give  a  view  on  this  meeting  from  an  obviously  prejudiced  point  of  view  as  an 
experimentalist.  First,  I  was  rather  disappointed  in  the  balance  of  the  meeting  between  looking  at  things  and 
essentially  rubbing  them  finer  as  compared  to  looking  at  things  where  we  don’t  even  know  the  gross  details.  If  I 
had  to  give  a  general  opinion  of  the  meeting  it  seems  to  me  that  we  have  put  much  less  emphasis  on  the  possible 
real  value  of  much  of  our  work  by  not  concentrating  more  on  three  dimensional  turbulent  flows  which  are  what 
the  real  world  is  mostly  about. 

Now  the  usual  answer  for  this  is  that  you  work  with  laminar  flows  and  do  the  easier  job  first.  But  it  is  not 
at  all  clear  that  studying  laminar  Bows  in  great  detaifwill  always  give  you  a  great  understanding  of  what  is  going  to 
happen  when  it  becomes  turbulent.  There  are  in  many  examples  complete  changes  in  order  of  magnitude  of  the 
effects  when  the  flow  becomes  turbulent.  I  was  impressed  with  the  efforts  that  are  going  in  to  the  very  detailed 
computational  methods  and  obviously  the  very  powerful  tool  that  the  computer  is,  but  1  am  still  apalled  as  to  what 
they  use  as  the  test  points  to  prove  that  these  massive  programmes  are  correct.  One  assumption  is  that  if  you 
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include  the  full  Navier-Stokes  equations  then  you  don't  have  to  worry  about  it  since  with  a  fine  enough  mesh  you 
come  out  with  the  right  answer.  However,  there  are  still  key  questions  about  the  detailed  computations  of  the 
Navier-Stokes  equations  which  have  been  covered  in  other  conferences. 

I  think  that  we,  as  experimentalists,  should  try  to  provide  a  set  of  redundant  experiments  cross  checked  with 
Californian  air,  Princeton  air,  Canadian  air  and  European  air  which  can  provide  the  real  guidelines  for  the  computa¬ 
tional  techniques.  There  is  now  so  much  being  invested  in  these  systems  that  the  necriisity  is  great  for  having  some 
very  well  detailed  and  agieed  upon  correct  experiments  to  use  as  the  test  points.  I  found  very  little  of  this  being 
done  in  the  compressible  high  speed  area  analogous  to  the  effort  at  Stanford  a  few  years  ago. 

In  the  other  end  of  the  affair  I  was  disappointed  in  the  lack  of  major  activities  which  utilize  new  capabilities  that 
clearly  are  very  early  in  the  design  stage  and  perhaps  will  simply  be  reflected  in  time  by  changes  in  the  kind  of  experi¬ 
ments.  Mr  Simpson  gave  us  the  only  results  of  this  meeting  using  a  laser  anemometei .  There  indeed  has  been  a  sort  of 
revolution  in  experimental  techniques  in  the  last  few  years  and  hopefully  this  v/ill  be  the  base  for  a  set  of  experiments 
which  might  provide  much  mure  than  the  usual  sort  of  surface  conditions  which  all  of  us  are  used  to.  I  think  that  much 
of  what  we  talk  about  in  the  way  of  three-dimensional  flows  are  best  described  by  that  group  of  blind  men  examining  an 
elephant.  Mr  Smith  drew  I  think  a  very  good  set  of  remarks  about  three-dimensional  flows  but  the  fact  of  the  matter  is 
that  there  are  many  three-dimensional  flows  for  which  we  do  not  even  understand  gross  physical  phenomena.  I  would  like 
to  simply  pick  on  some  of  my  colleagues  who  continually  talk  about  vortices  due  to  skewed  shocks  when  I  know  of 
detailed  experiments  which  have  shown  a  vortex.  I  think  that  there  are  many  of  these  complex  three-dimensional 
flows  which  are  strong  interactions  in  Professor  Young’s  category  that  are  going  to  have  to  be  predicted  by  the 
computational  techniques.  Much  of  what  we  have  in  three-dimensional  flows  in  a  way  is  sort  of  pre-conditioned  by 
the  fact  that  we  have  worked  with  two-dimensional  flows  for  so  long  we  have  a  tendency  to  skew  it,  put  another 
parameter  in,  and  draw  our  physics  for  that.  It  may  not  indeed  be  a  useful  technique  or  method  of  approach.  From 
the  experimental  side  the  two  things  which  I  might  say  look  to  be  most  useful  in  the  Field  that  we  are  in  is;  one, 
this  business  of  trying  to  provide  very  good  models  upon  which  we  can  base  the  analytical  or  computational  studies 
that  we  are  doing,  and,  the  second  is  a  concentration  by  all  sorts  of  techniques,  conventional  and  new,  which  are 
coming  through  non-intrusive  instrumentation.  These  techniques  will  provide  a  model  of  three-dimensional  flows  to 
hopefully  form  a  solid  base  upon  which  these  massive  two-dimensional  calculations  will  be  even  more  massive  in 
three  dimensions.  They  hopefully  will  provide  some  reality  in  what  we  are  trying  to  compute  to  get  closer  to  the 
kind  of  problems  that  are  real,  the  kind  of  problems  that  Yoshihara  talked  about,  the  kind  of  problems  which  we 
face  in  the  design  of  real  fluid  mechanical  things  where  three-dimensional  turbulent  boundary  layers  are  present. 

I  really  think  that  this  should  be  the  driving  function  for  much  of  our  work.  It  means  that  the  experimentalists 
and  theoreticians  will  have  to  work  a  lot  harder,  but  it  seems  to  me  the  time  has  come  for  real,  practical  problems 
to  be  the  main  focus  of  our  effort. 


Professor  Gersten:  Thank  you  very  much.  Professor  Bogdonoff.  Now,  we  should  start  the  general  discussion.  The 
subjects  of  the  whole  meeting  and  the  brief  reports  given  by  the  experts  are  now  open  for  discussion.  I  would  like 
to  suggest  that  we  try  to  have  an  order,  in  other  words  the  laminar  problems  First  and  the  turbulent  ones  next,  but 
it  is  not  necessary.  The  discussion  is  opened  now. 


Professor  Liepmann;  1  should  like  to  make  a  few  remarks,  not  aimed  at  a  specific  presentation  but  concerning 
turbulent  boundary  layers,  separation,  and  shock  wave  boundary  layer  interaction  in  general. 

First  of  all  it  cannot  be  emphasized  enough  that  separation  is  not  a  local  boundary  layer  problem  but  a 
phenomenon  which  depends  on  the  flow  in  the  large.  Boundary  layer  theory  is,  after  all,  a  perturbation  procedure 
to  correct  a  potential  flow  for  the  comparatively  small  viscous  effects.  For  flow  past  a  flat  plate,  the  inviscid 
potential  problem  is  unique;  for  bluff  bodies,  transonic  flow  with  shock  waves,  etc.,  the  flow  in  the  large  and  hence 
the  pressure  field  are  themselves  dependent  on  the  viscous  or  turbulent  shear,  and  not  given  in  advance.  Consequently, 
the  computation  of  the  point  of  z.ero  shearing  stress  on  the  basis  cf  boundary  layer  theory,  with  a  given  pressure 
distribution,  is  not  the  essential  part  of  the  separation  problem.  Besides  the  flat  plate  at  zero  angle  of  attack,  only 
in  some  cases,  such  as  shock  wave  boundary  layer  interaction  on  a  plane  surface,  does  one  have  a  priori  an  idea  how 
the  global  pressure  distribution  looks  and  can  treat  the  separation  locally.  In  this  respect  I  regret  that  comparatively 
little  emphasis  in  this  meeting  was  directed  to  ordinary  subsonic  separation  from  bluff  bodies. 

In  a  problem  inherently  as  complex  as  separation  it  is  clear  that  computational  methods  are  very  important. 
However,  it  seems  to  me  worthwhile  to  stress  two  points:  Computations  of  turbulent  flow  are  still  empirical  and, 
to  a  large  extent,  interpolation  procedures  to  bridge  between  sets  of  measurements.  Any  extension  of  such  computa¬ 
tions  to  cases  where  no  good  measurements  yet  exist  is  not  safe  and  has  to  be  approached  with  much  caution. 

The  second  point  I  would  like  to  emphasize  is  the  importance  of  overall  physical  and/or  analytical  ideas  to 
provide  some  guidance  for  detailed  and/or  computational  approaches.  For  example,  before  extending  turbulent 
shear  flow  computations  to  high  Mach  numbers  one  should  ask  the  question,  does  a  turbulent  boundary  or  shear 
layer  exist  for  very  large  Mach  number?  The  increasing  acoustic  radiation  from  turbulent  flow  with  increasing 
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Mich  number  will  eventuilly  become  •  ligniflcint,  ind  ponibly  dominant  part  of  the  turbulent  energy  balance. 

Hence,  at  lufflciently  high  Mach  number,  the  turbulence  muit  be  modifled  and  poaaibly  this  “radiation  damping* 

3t  high  M  will  shift  transition  and  turbulence  to  higher  and  higher  Re . 

Similarly,  the  interplay  between  wave  and  wake  drag  is  obviously  of  primary  importance  in  shock  wave  boundary 
layer  interaction  problems.  Here  too,  I  miss  the  use  of  overall  considerations:  For  example,  consider  a  setup  consi^ 
ting  of  a  wedge  and  a  flat  plate  in  supersonic  flow,  with  the  wedge  shock  impinging  on  the  flat  plate.  For  inviscid 
flow  only  the  wedge  experiences  drag.  For  viscous  flow,  in  the  absence  of  interference  the  plate  has  wake  drag,  the 
wedge  predominantly  wave  drag.  With  shock  wave  boundary  layer  interaction  both  the  wave  and  wake  resistance 
are  modified.  Is  the  net  result  an  increase  or  decrease  in  the  overall  drag?  The  example  is  certainly  somewhat 
academic  but  the  problem  of  transonic  drag  due  to  shock  waves  and  separation  is  rather  similar  in  concept.  It  is  by 
no  means  self-evident  that  separation  Increases  the  drag  since  the  change  in  the  effective  shape  weakens  the  shock 
and  hence  reduces  the  wave  resistance.  Indeed,  I  would  expect  an  even  trade  off  for  weak  waves  in  both  cases. 


Professor  Gersten:  Thank  you.  Professor  Liepmann.  I  have  a  question  to  ask  you  about  your  first  remark  concerning 
the  definition  of  separation  which  in  your  opinion  has  nothing  to  do  with  boundary  layers.  I  was  a  little  shocked  by 
this  remark  because  there  is  the  problem  of  bubbles.  Do  you  think  bubbles  have  nothing  to  do  with  separation? 

For  example  there  is  this  famous  work  by  Maugler  and  Catherall  and  their  boundary  layer  calculation,  where  they  get 
separation  and  reattachment  with  a  small  bubble.  Would  you  call  this  separation  and  reattachment  or  not? 


Professor  Liepmann;  There  is  certainly  a  small  part  of  the  separation  problem  which  involves  local  separation  bubbles 
which  can  be  handled  with  a  sort  of  pseudo-boundary  layer  theory.  The  shear  layers,  the  bubble  and  backflow  can  be 
computed  in  some  cases  neglecting  the  normal  pressure  gradient. 


ProfoBor  Gertsen:  So  you  would  distinguish  between  a  weak  and  a  strong  separation?  Weak  separation  takes  place 
within  the  boundary  layer  and  strong  outside  the  boundary  layer. 


Professor  Liepmann;  Yes,  I  think  that  one  may  distinguish  between  local  separation  and  break-away.  The  former  is 
more  an  exercise  for  the  reader  and  the  latter  a  real  deep  problem. 


Mr  Bore:  I  was  very  relieved  to  find  in  the  last  lecture  that  someone  referred  to  an  aeroplane;  with  wings! 

Dr  Yoshihara  referred  to  the  case  of  swept  shock  waves  where  the  boundary  layer  may  cease  moving  in  a  direction 
normal  to  the  shock  wave,  but  nevertheless  on  a  real  wing  the  low-momentum  flow  can  move  spanwise  parallel  with 
!>*.'  shock  wave  intersection.  This  is  an  interesting  point  that  we  come  across  quite  frequently,  of  course,  on  wings. 

I  would  like  to  register  three  thoughts.  First  (I  think  this  one  is  worth  a  lot  of  money!),  the  spanwise  movement 
of  low  momentum  boundary  layer  along  a  shock  wave  can  be  interrupted  deliberately,  for  example  by  a  chordwise 
vortex  from  a  leading  edge  fence  or  vortex  generators.  I  have  not  heard  any  comments  on  this  practically  very 
important  matter  here.  Secondly,  on  wings,  aircraft  designers  are  not  much  worried  about  separation  bubbles  of 
small  extent.  What  we  are  worried  about  is  not  incipient  or  microscopic  separation  bubbles:  we  are  worried  by  a 
boundary  layer  failing  to  reattach  before  the  trailing  edge.  Third  point:  From  a  practical  point  of  view  the  study 
of  control  of  separation  (or  should  I  say  perhaps  arranging  that  the  boundary  layer  reattaches  before  the  trailing  edge) 
by  chordwise  vortices  should  be  very  worth  while.  Maybe  turbulent  flow  itself  could  be  regarded  as  flow  with  a 
large  number  of  vortices  milling  around,  so  to  study  closely  the  effect  of  one  vortex  (or  a  simple  array  of  vortices) 
on  the  boundary  layer  could  be  very  revealing  as  well  as  practically  useful. 


Dr  Korkegi:  I  would  like  to  make  a  comment  on  some  of  the  differences  between  two-dimensional  separation  and 
separation  due  to  skewed  or  glancing  shocks  which  I  don't  think  came  out  too  clearly  in  the  meeting  and  is 
extremely  important.  Specifically,  turbulent  boundary  layers  are  much  more  prone  to  separate  due  to  a  skewed  or 
glancing  shock  interaction  than  due  to  a  two-dimensional  interaction.  1  realize  several  of  us  are  aware  of  this,  but 
I  don’t  believe  it  was  really  brought  out  to  any  extent  in  this  meeting.  It  is  extremely  important  from  a  practical 
stand  point  for  supersonic  flows  in  rectangular  inlets  or  flows  at  the  junctions  of  wings  and  bodies,  control  surfaces 
and  wings,  etc.  In  fact,  just  recently  I  had  published  a  short  note  on  a  correlation  for  the  prediction  of  incipient, 
three  D  turbulent  flow  separation  which  is  ridiculously  simple.  It  was  based  on  an  analysis  of  McCabe’s  published 
a  few  years  ago  and  I  noticed  it  was  referenced  in  some  of  the  papen  presented  this  past  week.  Just  to  give  you  a 
result  very  simply,  it  states  that  the  pressure  rise  beyond  which  a  turbulent  boundary  layer  will  separate  due  to  a 
skewed  shock  interaction  is  something  like  l.S  (I  believe  that  was  mentioned  this  morning  by  Dr  Peake)  independent 
of  Mach  number,  Reynolds  number,  or  what  have  you.  It  has  been  borne  out  by  recent  experiments  over  a  Mach 
number  range  of  2  to  6.  Anyhow  what  is  important  is  the  order  of  magnitude.  In  other  words  a  pressure  rise 
greater  ttian  1 .5  due  to  a  skewed  shock  is  likely  to  cause  turbulent  boundary  layer  separation.  If  we  now  look  at 
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the  two-dimensional  turbulent  separation  case  we  find  that  the  pressure  rise  beyond  which  the  turbulent  boundary 
layer  will  separate  i$  very  laise  and  increases  with  infireasiog  Mach  number  While  1  don’t  have  ipecifk  numben  in 
mind  I  believe  it  is  something  like  10  for  a  Mach  number  of  4  or  S.  Therefore,  in  rectangular  ducts  and  similar  type 
configurations  we  really  don't  have  to  worry  about  the  two-dimensional  separation  problem  but  rather,  the  three- 
dimensional  one.  It’s  the  one  that  occurs  on  the  wall  adjacent  to  the  compression  surface  and  can  give  rise  to  non- 
uniform  conditions,  loss  of  total  head,  etc.,  in  rectangular  inlets  of  airbreathing  engines  and  other  similar  configura- 
tium.  I  feh  H  was  needed  to  bring  tliis  out  as  I  don’t  thhik  H  wits  really  tuuched  on  to  any  great  extent  in  this 
symposium. 


Profesur  Bogdonoff:  Well  there  is  a  basic  area  of  disagreement  but  it  points  out  that  I  think  is  a  very  key  thing 
here.  The  work  referred  to  by  Dr  Korkegi  puts  on  the  same  plot  something  called  three-dimensional  separation  and 
two-dimensional  separation  and  it  is  my  own  strong  feeling  that  you  are  comparing  apples  and  oranges.  Three- 
dimensional  separation  is  completely  different  then  two-dimensional  separation,  the  results  of  three  dimensional 
separation  end  up  to  be  a  completely  different  kind  of  flow  phenomena.  Two-dimensional  separation  with  its  reverse 
flow,  a  mixing  mechanism  and  a  dissipative  mechanism  is  completely  different  from  the  so  called  three-dimensional 
separation.  To  refer  to  the  paper  presented  by  Mr  Oskam,  something  called  three-dimensional  separation  has  been 
defined  on  surface  flow  condicions  which  at  least  as  far  as  1  am  concerned  has  little  to  do  with  the  dissipative 
mechanism  and  the  kinds  ci  losses  which  are  usually  associated  with  things  called  separation.  I  think  there  is  a 
major  difficulty  in  trying  to  compare  words  which  we  use  in  the  same  way.  We  keep  using  this  word  separation  in 
three  dimension  as  compared  to  two-dimension  and  I  think  this  is  one  of  my  basic  points  that  I  tried  to  make; 
that  is,  carrying  over  from  two-dimension  to  three-dimension  phenomena  which  are  quite  different,  and  using  the 
same  words  I  think  causes  some  problems. 


Dr  Korkegi:  1  do  not  agree  with  Prof.  Bogdonoff.  I  accept  that  there  is  a  difference  between  three-dimensional 
separation  and  two-dimensional  separation;  however,  when  one  looks  at  the  physics  of  the  phenomena  one  can  see 
certain  elements  of  similarity.  Clearly  in  two-dimensional  separation  one  has  reverse  flow  rather  than  a  structure  of 
vortices.  However,  whenever  one  has  a  sufficiently  strong  interaction  of  a  shock  that  is  skewed  to  a  boundary  layer 
one  is  going  to  have  vortices  produced  and  scavenging  of  the  flow  by  these  vortices.  I  don’t  think  we  want  to  have 
a  hang  up  about  the  interpretation  of  what  we  mean  by  separation  and  reattachment  in  two-dimensional  flow  and 
three-dimensional  flow.  Classically  we  are  used  to  thinking  of  separation  and  reattachment  as  being  associated  with 
the  shear  stress  going  to  zero  at  the  wall.  But  that  is  only  an  interpretation  that  is  valid  for  two-dimensional  flow. 

I  think  we  can  still,  as  Mr  Smith  and  others  have  talked  about,  refer  to  the  term  separation  in  the  three-dimensional 
case.  Otherwise  we  are  getting  into  an  exercise  in  semantics.  In  rather  simple  terms,  I  view  separation  as  a  line  along 
which  the  flow  lifts  off  a  surface  regardless  of  what  the  shear  is,  and  reattachment  (or  attachment  .  .  .),  one  along 
which  the  flow  impinges  on  the  surface  regardless  what  the  shear  is.  If  we  keep  that  physical  concept  and  don’t  get 
hung  up  on  the  classical  interpretation  we  will  develop  a  better  understanding  of  what  goes  on.  1  disagree  further¬ 
more  that  one  cannot  draw  some  relationship  between  certain  types  (let  me  be  cautious  here)  of  three-dimensional 
“separation”  and  two-dimensional  “separation”.  In  fact  I  simply  view  many  regions  of  three-dimensional  boundary 
layer  separation  or,  rather,  their  projection  in  a  plane  normal  to  the  lines  of  interaction  -  as  similar  to  two- 
dimensional  separation  with  cross-flow  and  mass  transfer.  All  I  am  trying  to  point  out  is  that  one  can  draw  some 
analogies  without  necessarily  being  too  naive.  With  reference  to  my  earlier  comment,  whether  or  not  one  wishes  to 
refer  to  the  phenomenon  as  “separation”,  it  is  nevertheless  an  experimentally  verified  fact  that  a  turbulent  boundary 
layer  will  separate  much  earlier  due  to  its  interaction  with  a  skewed  shock  than  with  a  two-dimensional  one  and, 
therefore,  it  is  the  former  interaction  which  is  of  practical  concern  in  supersonic  inlets.  1  think  I  have  said  enough 
and  probably  I  have  used  more  time  than  Professor  Bogdonoff  did. 


Professor  Rom:  I  would  like  to  make  a  comment  about  the  weak  and  strong  interactions.  It  should  be  noted  that 
the  multilayer  method  can  treat  only  relatively  weak  interactions  which  are  characterized  by  having  a  “slender” 
viscous  interaction  region.  That  is,  the  viscous  thickness  is  small  relative  to  the  length  of  the  interaction  region.  In 
this  case  the  multilayer  methods,  which  are  based  on  extensions  of  the  boundary  layer  concepts  are  applicable  and 
give  useful  results.  However,  in  cases  of  strong  interactions,  that  is  when  the  viscous  thickness  is  large,  the  use  of  the 
boundary  layer  concepts  breaks  down.  In  my  opinion,  this  is  the  realistic  problem  to  which  Prof.  Liepmann  referred 
when  he  spoke  about  the  “real”  separation  regions  obtained  in  flows  over  bluff  bodies. 

The  difference  between  weak  and  strong  interactions  is  clearly  demonstrated  when  one  uses  the  Reynolds 
number  based  on  a  single  parameter,  to  correlate  also  results  obtained  for  flows  with  strong  interaction.  It  is  my 
suggestion,  that,  in  the  case  of  strong  interactions,  one  has  to  include  an  additional  scaling  length.  In  such  a  flow 
the  viscous  thickness  is  determined  by  an  interaction  parameter  in  addition  to  the  Reynolds  number  which  is 
determined  by  the  free  stream  conditions  and  a  characteristic  length.  This  result  can  be  demonstrated  by  evaluating 
the  scaling  laws  appropriate  to  the  Navier-Stokes  equations  for  large  Reynolds  numbers.  In  this  case  two  independent 
length  parameters  can  be  defined,  one  in  the  external  inviscid  region  and  another  in  the  viscous  region.  The  scaling 
relations  are  then  obtained  by  defining  the  compatability  relations  for  strong  interaction  on  the  boundary  between 
these  regions.  The  emergence  of  the  requirement  for  this  additional  length  parameter  is  well  illustrated  in  the 
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investigation  presented  in  this  Symposium  by  Professor  Burggraf.  It  is  shown  in  Burggrafs  analysis  that  in  the  case 
of  low  supersonic  flow  over  a  shallow  ramp  the  multilayer  method  describes  quite  well  the  experimental  data. 

However,  for  steep  ramps  there  is  a  large  difference  between  the  multilayer  theory  prediction  and  the  experimentally 
measured  pressure  distributions.  It  is  found  that  in  order  to  correlate  the  data  the  ramp  angle  must  be  included. 

This  can  be  taken  as  an  example  of  possible  difficulties  in  using  the  boundary  layer  scaling  to  correlate  results  obtained 
in  cases  of  strong  interaction. 


Professor  Gersten:  I  have  a  question  to  you  about  this  point  of  view.  Think  of  the  simple  incompressible  two 
dimensional  flow  around  a  circular  cylinder.  What  do  you  think  is  the  second  parameter  to  describe  the  separated 
flow  for  high  Reynolds  numbers?  The  Reynolds  number  is  one  parameter.  What  is  your  suggestion  for  the  second 
parameter  in  such  a  How? 


Professor  Rom:  In  the  case  of  the  cylinder  flow,  there  is  the  wake  width  which  is  dependent  on  the  position  of 
separation.  As  you  well  know,  there  are  still  difficulties  in  calculating  this  position,  and  correlating  the  available 
experimental  data. 


Professor  Gersten;  But  take  the  Navier-Stokes  equations,  there  is  one  parameter  in  the  Navier-Stokes  equations, 
namely  the  Reynolds  number.  Where  is  the  other  parameter?  Where  does  this  second  parameter  come  into  the 
picture?  I  don’t  see  where  it  comes  in. 


Professor  Rom;  Well  this  is  a  very  good  point.  However,  numerical  solutions  of  the  Navier-Stokes  equations  for 
high  Reynolds  number  flows  over  solid  boundaries  (i.e.  cases  which  arc  treated  in  the  limiting  cases  by  the  boundary 
layer  theories)  require  use  of  different  length  scales  for  the  grid  mesh.  A  very  fine  mesh  for  the  viscous  region  and 
a  relatively  coarse  mesh  in  the  external  flow. 


Professor  Gersten:  So  you  are  saying  that  the  Navier-Stokes  equations  arc  not  sufficient  to  describe  the  flow  problem? 


Professor  Rom:  No,  the  Navier-Stokes  equations  are  sufficient,  to  the  best  of  our  knowledge.  But,  their  solution, 
in  the  case  of  high  Reynolds  number  flows,  introduce  different  characteristic  length  scales*,  one  in  the  region  of  large 
gradients  (“viscous”  rones)  and  another  in  the  essentially  inviscid  external  flow. 


Professor  Gersten:  Perhaps  its  a  mathematical  problem,  not  a  physical  one. 


Professor  Rom:  The  physics  of  the  problem  are  well  brought  out  in  the  presently  discussed  solutions  of  the  Navier- 
Stokes  equations.  However,  one  must  be  careful  not  to  distort  the  mathematical  model  of  the  physical  flow  when 
approximations  are  introduced. 


Professor  Gersten;  Could  we  perhaps  interrupt  for  a  moment  and  ask  Professor  Inger  about  his  views  on  this  parti¬ 
cular  problem.  Professor  Inger,  are  you  prepared  to  give  a  comment  on  this  particular  point,  that  the  Reynolds 
number  is  not  sufficient  and  that  a  second  parameter  is  necessary. 


Professor  Inger;  I  concur  with  your  view.  Professor  Gersten. 


Professor  Gersten:  Good.  I  felt  that  Sychev's  work  was  perhaps  not  appreciated  enough  here.  I  found  that 
Mr  Smith  was  perhaps  a  little  bit  hard  on  him,  at  least  from  my  point  of  view.  Professor  Inger,  what  do  you  think 
about  Sychev’s  work  as  a  basis  for  this  particular  problem? 


Professor  Inger:  I  feel  that  Sychev  has  used  the  asymptotic  approach  well  to  delineate  the  basic  flow  structure  in 
the  high  Reynolds  number  limit.  However,  an  even  better  expert  would  be  Professor  Messiter  who  has  dealt  with 
Sychev’s  work  in  great  detail;  if  he  is  here  I  would  like  to  hear  his  views.  (Professor  Messiter  was  not  present.) 


*  Note  added  in  proof:  These  characteristics  “lengths”  are  analogous  ic  the  characteristics  “time”  scales,  which  are  defined  in  the 
numerical  solution  of  the  time  dependent  Navier-Stokes  equations.  This  was  pointed  out  later  in  the  discussion  by  Professor  Ghia. 
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Professor  Liepmann;  The  idea  underlying  the  work  of  Sychev,  was  well  as  the  earlier  contribution  of  Roshko,  are 
in  my  opinion  similar  in  spirit  to  that  of  the  Kutta  condition.  I.e.,  it  is  attempted  to  arrive  at  a  specific  potential 
flow  problem  through  the  use  of  some  overall  knowledge  of  the  vortex  wake. 


Mr  Smith:  Sorry  Professor  Liepmann  but  I  did  not  understand  from  what  you  said  precisely  which  side  of  the 
argument  you  have  come  down  on.  At  first  I  thought  you  were  agreeing  with  me  that  it  was  a  local  solution,  and 
then  towards  the  end  of  your  remarks  I  thought  you  said  it  was  a  way,  like  the  Kutta  condition,  of  determining  the 
overall  flow  field  from  an  essentially  inviscid  argument.  Now  arc  you  saying  that  you  believe  in  the  deduction  of 
the  overall  flow  field  from  the  inviscid  argument? 


Professor  Liepmann:  Yes  I  think  I  do  how  shall  I  put  it  It  is  not  an  argument  which  is  derived  fully  but  which 
I  believe  takes  into  account  a  certain  global  behaviour  of  the  flow,  and  from  it  arrives  at  a  local  condition.  In  this 
sense  I  consider  it  similar  to  the  Kutta  condition. 


Professor  Gersten:  There  must  be  an  asymptotic  solution  of  the  Navier-Stokes  equations  for  very  high  Reynolds 
numbers  fur  a  circular  cylinder  which  must  be,  except  for  certain  thin  local  layers,  essentially  a  global  inviscid  How 
solution,  because  the  Reynolds  number  goes  to  infinity. 


Professor  Liepmann:  I  believe  that  the  solutions  of  the  Navier-Stokes  equations  are  unique.  However,  the  potential 
solutions  are  not.  For  large  Re  one  of  these  potential  flows  will  be  close  to  the  Navier-Stokes  solution.  Further¬ 
more,  the  solutions  to  the  Navier-Stokes  equations  must  be  very  sensitive  to  the  initial  conditions  (to  make  the 
existence  of  turbulence  understandable).  For  numerical  schemes  this  sensitivity  may  pose  a  problem. 


Dr  Peake:  I  think  that  my  remarks  are  addressed  more,  perhaps  to  Professor  Bogdonoff  than  to  the  other  Panel 
members,  for  I  would  challenge  the  statement  that  we  know  little  about  three-dimensional  flow  fields  in  general. 
There  has  been  a  large  amount  of  work  done  particularly  by  the  RAF.  and  ONF.RA  during  the  last  twenty  years, 
which  is  well  documented,  and  which  is  not  read  nor  referenced  as  often  as  it  should  be;  perhaps  I  may  also  be 
allowed  a  “plug”  for  some  cf  the  investigations  (mainly  experimental)  that  we  have  done  at  NAF.  in  Canada. 

Secondly,  much  of  the  discussion  about  incipient  separation  is,  perhaps,  academic,  for  in  the  practical  design 
case,  we  want  to  avoid  a  catastrophic  situation  produced  by  the  separated  flow.  In  some  instances,  flow  conditions 
past  incipient  separation  may  well  be  tolerable  and  the  flow  field  still  usable. 

Thirdly,  to  illustrate,  for  example,  the  type  of  large-scale  (vortical)  separated  flow  fields  from  shock  induced 
separations,  I  would  refer  to  Professor  Rainbird's  work  on  right-circular  cones  to  Mach  4.25,  where  the  external 
How  field  measurements  above  the  leeside  of  the  cone,  show  clearly  the  large-scale  rolled-up  shear  layers. 


Professor  Newman:  1  want  to  make  three  points.  The  first  relating  to  Smith's  question  about  whether  rotation  and 
an  inviscid  solution  would  give  the  flow  pattern  shown.  This  is  a  point  which  is  well  made  and  should  be  investigated. 
We  should  also  remind  ourselves  that  this  type  of  study  has  gone  on  in  great  detail  for  turbo  machinery  and,  in 
particular,  1  think  in  the  work  of  llallock  and  Hawthorne  it's  a  very  well  developed  subject.  The  second  point  I 
want  to  make  is  based  on  Liepmann's  comment  about  turbulent  solutions  being  interpolations  between  measurements, 
it  is  a  perfectly  correct  observation  I  think.  The  problem  that  we  have,  and  nobody  on  the  Panel  has  brought  it  up, 
is  that  we  do  not  know  how  to  predict  the  Reynolds  shear  stress  which  Reynolds  left  us  (p  u'v')  .  The  primitive 
attempts  to  do  this  by  Prandtl,  Von  Karman  and  G.O.Taylor  who  tried  to  relate  this  to  the  local  field  are  obviously 
wrong,  and  Townsend  did  us  a  great  service  in  focusing  attention  on  the  turbulent  energy  equation.  Unfortunately, 

I  think  at  the  present  time  the  relationship  between  the  theoreticians  in  this  area,  or  the  numerical  modeller,  and 
the  people  who  make  the  measurements,  is  far  from  happy.  On  the  part  of  the  people  wiio  make  measurements, 
they  are  tending  to  make  higher  and  higher  order  correlation  measurements  with  and  without  time  delays,  or  to 
study  the  present  structures  in  flows  such  as  jets  and  wakes.  The  people  who  arc  modelling  the  Reynold  stresses 
are  doing  so  almost  without  any  help  from  the  experimentor.  In  particular,  there  is  a  very  great  need  to  measure 
the  local  fluctuating  pressure  in  order  to  be  able  to  correlate  it  with  the  local  fluctuating  velocity  and  velocity 
gradient,  and  I  mean  now  of  course  the  fluctuating  velocity.  So  if  anybody  has  any  bright  idea  as  to  how  to  measure 
local  fluctuating  pressure,  this  would  be  very  valuable.  In  fact  I  would  like  to  finish  my  remarks  by  opening  up  a 
real  Pandora’s  box  in  suggesting  to  you  that  perhaps  Reynolds  misled  us  right  at  the  very  start  in  time  averaging  the 
Navier-Stokes  equations.  There  probably  is  a  much  more  appropriate  way  of  handling  turbulent  flow  with  another 
sort  of  averaging  and  of  course  I  am  not  in  a  position  to  suggest  one. 


Dr  Korsi:  It  has  already  been  pointed  out  by  other  discussers  that  this  conference  has  limited  its  scope  to  deal  mainly 
with  rather  weak  types  of  separation  and  relatively  weak  interactions.  This  is  consistent  with  the  preference  to  attack 


or  rcuttack  such  problems  which  are  reasonably  well  understood  and  amenable  to  ever  more  refined  analytical  or 
numerical  treatment.  A  radically  different  situation  arises  when  we  are  called  upon  to  cope  with  real  problems  for 
rviiich  hew  sohitwns  nmst  be  fottird,  and  for  whiA  an  iniJentanJ^  nrasf  first  be  Sutjglrt.  To  Hlwrtnrte  rny  puiirt, 

I  wish  to  enumerate  some  areas  of  concern  related  to  a  typical  mission  profile  of  space  shuttle  operations,  such  as: 

( 1 )  Plume  induced  separation,  base  pressure,  and  base  heating  problems  arising  from  Space  Shuttle  Main 
l-'ngine  (SSMR)  and  Solid  Rocket  Booster  (SRB)  operation  during  full  flight  of  the  very  complicated  iake-off  confi¬ 
guration  (Figs.  1,2); 

(2)  Flow  separation,  local  heat  transfer  peaks  resulting  from  plume  impingement  on  the  fuselage  as  the  Solid 
Rocket  Motor  (SRM)  staging  engines  initiate  Fxternal  Tank  (FT)  jettisoning; 

(3)  Plume  impingement  during  orbital  maneuvers  with  the  Reaction  Control  System  (RCS)  and  later  plume 
induced  separation  leading  to  aerodynamic  heating  and  control  problems  during  reentry  and  descent. 

It  is  of  interest  to  note  that  such  problems  have  not  been  covered  in  our  sessions  even  though  we  should  be 
greatly  concerned  about  them  and  aware  of  our  need  to  know,  particularly  since  earlier  experience  with  the  X-IS 
has  clearly  established  the  severity  of  heat  transfer  and  control  problems  associated  with  large  scale  separations  and 
jet  mixing  region  impingement.  Such  problems  are  germane  to  fully  separated  flows  and  always  correspond  to 
strong  inviscid-viscid  interactions. 

For  fully  separated  flows,  the  wake  closure  conditions  are  of  utmost  importance.  This  can  be  easily  shown  by 
observing  that  the  separation  point  of  slipstreams  can  move  upstream  drastically  as  plumes  of  propulsive  jets  expand 
upon  encountering  lower  ambient  pressures;  yet,  the  conditions  consistent  with  free  interaction  concepts  remain 
satisfied  locally.  Hence,  it  appears  to  me  that  closure  conditions  at  the  end  of  large  separation  wakes  have  not 
(except  for  comments  given  by  Prof.  Liepmann  and  the  references  made  by  Dr  Sirieix  in  his  review  lecture)  received 
the  attention  they  deserve  when  dealing  with  the  mechanisms  controlling  separated  flows. 

A  second  observation  is  related  to  critical  remarks  made  earlier  by  Dr  Bogdonoff  concerning  attempts  to  achieve 
a  better  understanding  of  separated  flow  problems  by  generating  numerical  experience,  mainly  by  utilizing  large 
computer  systems.  The  often  striking  elegance  of  procedures  can,  however,  mask  the  lack  of  insight  into  the  essential 
physical  features  of  interactive  flow  mechanisms  controlling  transitional  and  turbulent  separated  flows.  We  should 
be  skeptical  of  accepting  seemingly  accurate  solutions  if  they  merely  reflect  the  opportunistic  introduction  or  use  of 
a  sufficient  number  of  free  parameters. 

Systematic  study  of  relevant  yet  basic  -  flow  components  controlling  separation  and,  especially,  fully 
separated  flows  can,  however,  often  be  carried  out  with  advantage  by  first  order  or  second  order  analytical  approxi¬ 
mations.  Careful  delineation  of  components,  their  rational  treatment  by  analysis  and  subsequent  synthesis  into 
overall  flow  models  can  only  be  achieved  if  the  understanding  of  essential  physical  concepts  retains  priority  over 
and  furnishes  guidance  for  strictly  algebraic  procedures.  Only  on  this  basis  can  problems  of  great  complexity  be 
attacked.  This  includes  the  cases  of  flow  separation  I  have  mentioned  in  connection  with  space  shuttle  missions. 


Mrs  Ghia;  First  of  all,  I  would  like  to  thank  Professor  Gersten  and  the  Programme  Committee  for  organizing  such 
a  successful  meeting.  Coming  now  to  the  technical  comments,  I  think  that,  even  in  numerical  analyses,  we  have  to 
emphasize  the  importance  of  theoretical  work  because  it  is  the  suitable  combination  of  the  two  together  that  makes 
a  successful  solution  technique,  not  numerical  analysis  alone.  Of  course,  one  should  always  aim  to  check  numerical 
results  against  experimental  data;  however,  if  no  experimental  data  is  available  for  a  given  problem,  I  think  checking 
against  analytical  results  for  limiting  cases  or  limiting  solutions  can  serve  the  purpose.  Secondly,  in  seeking  boundary- 
layer-type  modelling  of  Navier-Stokes  equations,  one  can  never  over-emphasize  the  significance  of  proper  coordinate 
systems  and  dependent  variab!  s  in  formulating  these  equations.  This  is  because,  when  one  makes  an  approximation 
in  the  Navier-Stokes  equations,  the  vector  properties  of  the  equations  are  lost  and  the  resulting  solutions  have  to 
depend  upon  coordinate  systems.  This  was  the  reason  I  was  rather  puzzled  by  the  question  that  was  raised  earlier 
about  using  the  transformed  conformal  coordinates,  as  compared  to  Cartesian  coordinates,  to  study  the  flow  past  a 
cylinder.  I  would  feel  very  uncomfortable  using  Cartesian  coordinates  to  do  the  cylinder  flow  problem.  If  polar 
coordinates  can  be  considered  appropriate  for  the  cylinder  problem,  I  don’t  see  why  a  more  suitable  coordinate  system 
system  is  not  more  appropriate. 

As  regards  to  the  difficulty  of  computing  high  Reynolds  number  flows  using  Navier-Stokes  equations,  I  think 
the  reason  for  that  is  mainly  because  there  arc  two  different  time  scales  and  two  different  length  scales  in  the 
problem,  one  for  the  viscous  region  and  another  for  the  inviscid  region.  It  is  important  to  choose  the  relaxation 
factors  in  the  iterative  numerical  scheme  or  the  time  steps  in  ADI  schemes  such  that  both  the  time  scales  are  given 
proper  representation  simultaneously.  For  the  matrix  inversions  associated  with  implicit  schemes,  one  also  has  to 
be  concerned  about  satisfying  the  condition  for  diagonal  dominance  of  the  matrix.  For  problems  that  are  primarily 
of  a  boundary-layer  nature,  the  solution  for  high  Reynolds  number  flows  should  not  be  too  difficult  if  one  takes 
into  account  the  boundary-layer  nature  of  the  flows  in  addition  to  the  other  factors  just  discussed. 
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Again,  I  du  agree  with  Professor  Liepinann  about  the  importance  of  eliminating  the  pressure  as  a  primary  variable 
for  ineoinpressible  Hows  because  it  seriously  retards  the  solution  convergence  rate.  Hven  for  three-dimensional  flow 
problems,  I  think  there  are  advantages  to  working  with  the  vector  potential  and  vorticity  formation  or  a  velocity- 
vortieity  formulation,  in  spite  of  the  fact  that  no  reduction  is  achieved  in  the  number  of  dependent  variables  with 
these  approaches  in  the  case  of  three-dimensional  problems.  Nevertheless,  for  three-dimensional  problems  with  very 
complex  geometrical  configurations,  one  may  have  to  give  second  thoughts  to  the  various  possible  formulations  and 
dependent  variables. 

I'inally,  a  few  words  about  the  cylinder  How  problem  and  the  discussion  which  whs  just  going  on  here.  I  too, 
have  some  apprehension  about  the  success  of  a  true  boundary-layer  model  in  studying  this  problem.  This  is  the 
reason  why  we  have  tried  to  formulate  those  particular  coordinates  for  the  cylinder  problem  to  determine  a  Navier- 
Stokes  solution  first,  and  then  make  certain  approximations  to  the  full  equations  to  approach  a  boundary-layer-type 
model  and  see  how  well  the  approximate  models  work.  If  displacement  thickness  effects  are  properly  taken  into 
account,  while  also  providing  sufficient  resolution  for  the  viscous  region,  especially  the  wake  region,  then  the  approxi¬ 
mate  models  should  probably  prove  to  be  adeiiuate.  Thank  you. 


Professor  Stollery:  I  enjoyed  the  I’anel's  words  of  wisdom,  many  of  which  I  agree  with,  fieorge  Ingcr  made  a  couple 
r)f  ttoinis  ke  said  lliat  some  HKtfe  l.siMiiar  ■■iitetimetiJs  wie  iknri.b‘d  uul  1  dtunkl  have  Lhoui'tu  llut  CKeu-  ihi-rr* 
of  laminar  experiments  to  keep  the  triple  deck  individuals  happy  for  quite  some  time.  He  mentioned  again  this 
terrible  red  herring  of  sub-  and  super  critical  flows.  I  would  like  to  emphasize  that  the  jump  needed  in  super-critical 
How  is  a  means  to  an  end.  It  may  look  unpleasant  but  it  is  practically  very  useful,  I  think  it  should  be  treated  just 
in  that  light.  I’inally  I  would  very  much  like  to  support  Dr  Peake  and  argue  against  Professor  Liepmann,  which  is 
always  dangerous,  and  suggest  that  incipient  separation,  far  from  being  a  word,  is  a  very  valuable  concept  indeed. 

It  is  the  boundary  between  attached  and  well  separated  Hows  and  this  is  precisely  what  the  designer  needs  to  know. 
Maybe  we  should  interpret  it  with  more  clarity  and  a  tittle  more  carefully  but  I  think  we  do  owe  a  debt  to  those 
people  who  probed  it  in  great  detail  because  they  showed  us  some  of  the  traps  we  can  fall  into.  We  must  now  think 
along  the  lines  of  significant  departures  in  skin  friction  or  heat  transfer,  the  things  wc  are  interested  in.  when  defining 
incipient  separation. 


Professor  De  Ponte;  I  will  ask  Professor  Bogdonoff  ii,  for  a  good  experiment,  he  means  only  to  measure,  let’s  say, 
skin  friction  and  so  on  and  not  to  measure  for  example  the  shearing  stresses,  because  wc  have  seen  here  only  one 
paper  in  which  shearing  stresses  were  measured  and  I  think  we  need  this  for  modelling  turbulence.  This  is  the  first 
question.  I  think  its  important  to  have  at  least  less  accurate  but  more  information  on  more  parameters  for  checking 
computer  programmes  and  the  second  question  is  you  don’t  think  that  we  need  at  least  a  better  technique  to  know 
complex  flows  in  the  range  between  one  meter  per  second  and  supersonic  speed. 


Professor  Bogdonoff:  I  think  the  comment  is  a  ■’ood  one.  I  was  trying  to  differentiate  between  two  different  kind 
of  tests.  We  clearly  need  to  support  in  the  future,  the  kind  of  detailed  information  which  we  really  have  not  spent 
much  time  with  in  the  past  simply  because  we  are  not  sure  of  what  drives  the  final  results.  There  is  now  beginning 
a  great  deal  of  effort  on  obtaining  detailed  turbulent  structure  through  boundary  layers.  It  is  going  to  take  a  long 
time  to  get  enough  of  that  information  verified  and  checked  and  useful.  It  is  the  kind  of  information  which  is 
going  to  be  necessary  for  the  overall  computer  modelling,  which,  at  the  moment,  is  far  ahead  of  the  ability  of  the 
experimentalists  to  supply. 

Many  of  the  experiments  we  do  are  just  for  gross  modelling  and  clearly  we  don’t  want  to  say  that,  for  any 
boundary-layer  experiment  you  want  to  make,  you  have  to  measure  a  turbulent  shear  stress.  I  mean  that  clearly 
would  wipe  out  a  great  deal  of  activity,  it  seems  to  me  that  you  have  to  have  some  perspective  as  to  what  is  key 
in  the  problem  you  are  looking  at,  and  I  think  that  we  arc  going  to  have  to  if  wc  are  going  to  supply  the  details. 
Obtaining  high  quality,  detailed  experimental  boundary-layer  data  will  take  a  great  deal  of  time  and  effort  before 
you  really  believe  it  enough  to  go  ahead  and  build  theoretical  models  on  it. 


Professor  Gersten;  Thank  you  very  much.  I  think  it  is  now  time  to  come  to  the  end  of  this  meeting.  It  is  for  me 
a  great  pleasure  to  express  my  sincere  thanks  to  all  the  people  who  helped  to  make  this  meeting  possible  and,  I 
hope,  successful.  1  would  like  to  thank  the  Mayor  and  people  of  the  City  of  Gottingen  for  offering  us  this  beautiful 
hall  and  for  the  reception.  I  would  like  to  thank  Professor  Schlichting  and  the  people  in  the  AVA  as  they  worked 
here  as  hosts.  I  would  like  to  thank  in  particular  the  man  who  did  most  of  the  work  here  and  this  is  Dr  Meier  the 
heal  coordinator.  Of  course  I  would  like  to  thank  Mr  Lawford  and  Mel  le  Rivault.  They  worked  most  of  the  time 
behind  the  scene  but  nevertheless  permanently.  I  would  like  to  thank  those  individuals  responsible  for  translation, 
projection,  and  sound  acoustics  I'inally  of  course  I  would  like  to  thank  the  session  chairmen  and  the  members  of 
the  Programme  Committee  and  also  the  experts  who  took  part  in  our  final  round  table  discussion.  Many  thanks  to 
the  authors  and  to  all  the  people  who  eontrihiited  to  the  diseiissinn  So.  the  meeting  is  now  closed  and  we  have 
to  separate  from  Gottingen  but  hopefully  perhaps  wc  will  somewhere  and  sometime  reattach. 


